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FERROELECTRIC ELECTROREFLECTANCE OF 

GOLD FILMS 

Y. ISHIBASHl and H. L. STABLER 

Scientific Laboratory, Ford Motor (.'ompany, Dcarbt^rn. Michigan. U S. A. 

[Received 1 tehruary \969, in revised form ^ April 1969) 

Abstract — The modulation of the reflectivity of gold film deposited on BaTiOj was studied as the 
ferroelectric polarization of the substrate was reversed repeatedly. The fractional modulation of the 
reflectance. ARIR. was measured as a function of the frequency, v. of the incident light. The positions 
of anomalies in [ARIR)[v) agree with the positions of similar anomalies found previously in the modu- 
lated reflectance of an electrolyte-gold interface This similarity suggests strongly that the ARIR is due 


to excessive charges induced on the gold 

INTRODUCTION 

Reflectivity modulation has been accomp- 
lished by several different techniques over 
the last three years. Since the brief report of 
the ferroelectric method [ 1 1 there has been the 
electrolyte electric field method 12..^], the 
pie/- 0 -rcflectance method [4], and the tempera- 
ture variation methodl.^] The modulated 
reflection spectra have shown structure not 
seen in the unmodulated reflectivity. How- 
ever, their interpretation is not very clear 
because the details of the band structure of 
metals (especially the poorly defined metal 
films commonly used) are not necessarily 
well understood, compared with those of 
semiconductors. Although the clc< iric field 
modulation effect is expected to be more 
direct and simpler to explain than the other 
two, there is the added complication that this 
method measures the reflection from a thin 
film of metal in intimate contact with another 
material (electrolyte or ferroelectric) which 
might he changed by the same process that 
changes the metal film reflectance. This was, 
in fact, the interpretation of [3] and f6J. Thus, 
it is interesting to measure (he field modula- 
tion effect using a ferroelectric and compare 
the result with that found by the electrolyte 
method. The common features of the observed 
spectra derived from these two methods are 


most likely due to the inherent modulation of 
the metal films. The present paper reports 
the wavelength dependence of the reflectance 
of thin gold films modulated by the ferro- 
electric method and compares it to the 
measurements by Feinleib of the reflectance 
of gold films modulated by the electrolyte 
electric field method [3]. 

EXPERIMENTAL METHOD AND RESULTS 
Gold films were evaporated at 10 ** Torr. 
onto BaTiOa r plates. The crystals were flux 
grown and had been etched in boiling H^jPO.,. 
poled, and carefully washed before the 
evaporation. Gold was chosen for its chemical 
stability. Films of 200, 400 and 1000 A thick- 
ness were studied. Monochromatic light, 
selected by a monochromator from a tungsten 
or deuterium source, was show n continuously 
at near normal incidence onto the air side of 
the gold film to be measured, which reflected 
the light into a I P28 phototube. A diagram of 
the experimental arrangement is shown at 
the bottom of Fig, I. A 350 c/s square-wave 
voltage, applied between the measured gold 
film and another metal film on the opposite 
face of the BaTiOj crystal, reversed the 
crystal's ferroelectric polarization, altering 
the charge induced on the film by ±52/u.C/cm‘^ 
at each half cycle. In order to make the rever- 
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Fig. 1. Relative reflectivity modulation, of thin gold films due to 

the polarization reversal of their ferroelectric BaTiO., substrates, as a 
function of photon energy. AR = R+ - R . where R, is the reflectivity 
of the film with a positive induced charge and R- is that of the film with 
a negative induced charge The diagrams below the graph compare the 
experimental arrungcmenls of the present experiment with that of 

Feinleibi3]. 


sal time much less than a half-period, about 
60 V was applied to the ~ 0 02 cm thick 
crystals. A phase-sensitive amplifier, using the 
350 c/s square wave as a reference, detected 
the changes in the phototube output which 
were synchronous with the changes in 
induced charge on the gold film. This signal. 
A/?, divided by R, the unmodulated reflec- 
tivity at that wavelength, is plotted as a func- 
tion of wavelength in Fig. 1 . for several 400 A 
thick films and one 200 A thick film. Since the 
A/? signal for the 1000 A thick films was 
considerably smaller than these, its wave- 


length dependence could not be discerned 
reproducibly through the noise. 

The electric field and the induced charge in 
the gold film are expected to be localized very 
close to the gold-BaTiOj interface, so the 
light can only be affected if it penetrates the 
metal film both before and after reflection. 
Since the attenuation length is about 400 A. it 
is plausible that the 1000 A thick films gave 
much smaller effects than the 400 A films. On 
the other hand, the 200 A thick films are hard 
to reproduce. Results were not reported 
below 2-5 eV for the 200 A thick films because 
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they were not sufficiently reproducible from 
one film to another at those low energies. 

In Fig. 1 the modulated reflectivity, ^RlR, 
for three different 400 A films, is shown to 
have very similar structure, but to differ in 
absolute value. This type of signal variation 
was also found by merely moving the spot at 
which the light was reflected from place to 
place on the same film. It looks very similar to 
the difference Feinleib reported between his 
two apparently similar silver films [3], but is 
presumably of different origin. 

DISCUSSION AND CONCLUSIONS 

The results of Feinleib for electroreflectance 
of a gold film measured by the electrolyte 
method are also shown in Fig. 1 for com- 
parison. They agree with the present results in 
the peak at 2-3 eV, the dip at 3-7 eV, and the 
plateau at 3-0-3-3eV. These similarities, in 
spite of the use of an electrolyte (KCI in 
water) by Feinleib and the use of BaTiOa in 
the present experiment, suggest strongly that 
the two methods are measuring the same 
* effect, the reflectivity changes of the gold 
film, not, primarily, the electrolyte or BaTiOa. 
This indicates that, contrary to previous 
interpretations [3 ,6] the excess charges in 
the ~ 1 A thick surface [7] of the gold film 
(next to the BaTiOg or the electrolyte) are 
able to change the reflectivity by the same 
order of magnitude as the far thicker charged 
layers in semiconductors [8]. This may mean 
that the reflectivity depends mainly on the 
number of electrons/cm^ the photon sees, not 
how deep they are. 

One possible spurious effect is the change of 
reflectivity of the film by stretching caused by 
the piezoelectric strain of the crystal due to 
the applied voltage. Since the piezoelectric 
strain is proportional to the dot product of 
the field and polarization, it is approximately 
the same during successive half periods. How- 
ever, if some of the domains are not reversed 
or if the reversal time is very different in the 
two directions, there could be a piezoreflec- 
tive signal. To estimate an upper limit on 


this effect, a d.c. voltage larger than the peak 
a.c. switching voltage was added to the a.c. to 
keep the total voltage applied to the crystal 
always of one sign. This voltage sequence, 
since it qould not reverse the polarization but 
changed the applied voltage as much from 
one-half cycle to the next as the usual se- 
quence, created a piezoelectric strain clearly 
greater (and probably very much greatef^ 
than that created by the usual voltage se- 
quence. However, in agreement with an esti- 
mate based on the results of Garfinkel et al. 
[9,10] the reflectivity change, A/?, even in 
this case was not large enough to observe, 
thus proving that piezoreflective effects are 
not contributing observably to the results 
shown. 

There are two principal advantages of the 
ferroelectric method over the electrolyte 
method. One is that the electroreflectance can 
be measured for light which is absorbed by 
saltwater, such as infrared. A second is that 
with a suitable ferroelectric substrate, say 
triglycine sulfate, measurements can be made 
at low temperatures. Taken together these 
allow the electroreflectance to be measured 
over the same wavelength and temperature 
ranges as the thermal and piezoreflectance, 
thereby promoting cross comparisons. In 
fact, a very close comparison of the four 
modulation methods could be made on a 
single film on a ferroelectric substrate. The 
ferroelectric field effect would be measured as 
described here; the piezoreflectance would be 
measured by use of simultaneous dc and ac (of 
amplitude 20-50 times that used presently); 
the thermal modulation reflectance and 
electrolyte electroreflectance could be 
measured as previously reported [3 ,5]. 
Such an experiment would have the great 
advantage of avoiding questions about the 
reproducibility of thin metal films. 

SUMMARY 

The modulation of reflectivity of gold films 
deposited on BaTiOs single crystals due to 
their polarization reversal has been measured 
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THE INFLUENCE OF THE ELECTROLYTE ON THE 
COMPOSITION OF ANODIC OXIDE FILMS’ ON 

TANTALUM* 

G. AMSEL, C. CHERKl. G. FEUILLADEt and J. P. NADAI 

Croupe de Physique des Solides de I'Ecole Normale Sup 6 rieure, Tour 23, 9 Quai Saint-Bemard, 

Paris 5^me 

(Received 26 December 1968; in revised form 24 February 1969) 

Abstract— We have studied the influence of the electrolyte on the composition of dielectric films 
formed by anodic polarisation of tantalum. The electrolytes used were mainly aqueous solutions of 
salts and acids (H 1 SO 4 , H,P 04 . HNO.., etc.) at various concentrations. A new method of microanalysis 
of the light elements (O'*. O'*. N'* and D) contained in the films has been coupled with the more 
classical methods of study {growth rate, capacity measurements, and the use of Redox systems in 
solution). The absence of large incorporation of elements other than oxygen and tantalum in films 
formed in aqueous salt solution and very dilute acids has been shown. In films formed in concentrated 
acids the incorporation of anion.s of the type Ax Oy*^ is so important — 30 per cent of the total number 
of anions in the case of films formed in 95% H,S 04 — that it is no longer possible to consider these 
films as oxides. The results obtained by deduction from the analysis of oxygen are in good agreement 
with those obtained from direct analysis for nitrogen. The film properties (rate of chemical attack, 
dielectric constant, formation field, molar volume etc.) depend on the nature of the electrolyte used 
for formation. 


1. INTRODUCTION 

While it has long been known that tantalum 
can be anodically oxidized in nearly all elec- 
trolytes except fluorides [ 1], the role played by 
the electrolyte in determining the chemical 
composition, physical properties and mechan- 
ism of formation of the films developed at the 
surface of the tantalum has not been clarified. 
The purpose of this article is to point out the 
new aspects taken by the study of the in- 
fluence of the electrolyte on film properties, 
when the classical methods of investigation 
in this domain (growth rate, capacity measure- 
ments, use of Redox systems in solution) are 
coupled with the techniques of non-destruc- 
tive nuclear microanalysis of the isotopes of 
oxygen, nitrogen and other light elements 
[2-4], These elements do not have isotopes 
with radioactive lifetimes long enough to 
permit the use of radioactive tracing measure- 


*Supported by the Centre National de la Recherche 
Scientifique RCP No. 69-157 and the D.R.M.E. 

^Present address: Centre de Recherches C.G.E., 91- 
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ments. The nuclear methods used here have 
been developed in our laboratory and certain 
of their aspects applied as early as 1962 to 
the study of anodic oxidation of metals [5], 

As the properties of anodic films as well as 
the oxidation kinetics, are bound to the chem- 
ical composition of the film formed, it is 
essential to solve the problem of the deter- 
mination of film composition. In the light of 
the literature (see later) this problem is posed 
with acuteness, for the massive incorporation 
of elements other than oxygen contained in 
the bath has been observed in certain cases. 
Thus the notion of oxide itself must be sub- 
mitted to a critical examination; in reality 
it is preferable to reserve the term oxide for 
the case where it has been proved that the 
film contains nothing but oxygen and metal, 
or where other elements are incorporated only 
in trace amounts. We will sp>eak of ‘anodic 
films’ in the other cases. 

The new experimental methods of which 
we dispose permit in particular the specifica-.. 
tion of the origin of the oxygen contained in 
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the films by tracing with 0‘*. Furthermore, 
the nature and ratios of incorporations when 
these are important, can be obtained by com- 
parison of the quantities of oxygen determined 
by nuclear analysis of O’" with those equiva- 
lent to the ionic charge C?ox passed during 
formation. Likewise, nuclear methods allow 
the presence in the films of elements, such as 
nitrogen, which are unobservable with clas- 
sical methods of radioactive tracing, to be 
established directly, We propose in this 
article to study the connection existing be- 
tween the growth rate, the nature and quantity 
of incorporations, and the properties of the 
films formed in different types of electrolyte. 
In particular, we have tried to establish 
whether the incorporation of elements other 
than oxygen occurs in the form of monoatomic 
ions or by the intermediary of polyatomic ions 
of the type Ax Oy"” originating in the solution. 
It should be emphasized that in this study only 
total incorporations are studied, possible 
non-homogeneities of the films not being 
taken into account. The electrolytes used 
were essentially aqueous solutions of salts, 
acids of various concentrations, and in some 
cases, anhydrous organic solvents containing 
different types of solute. 

2. LITERATURE SURVEY 
In most studies it is tacitly assumed that 
anodic films are little different in chemical 
composition from pure tantalum oxide TaaO,,. 
Nevertheless, as early as 1954 Vermilyea(6] 
demonstrated a difference in chemical re- 
activity in HF between oxide films formed in 
concentrated and dilute acids, In the case 
of oxidation in 45% and 60% H^SO^ he de- 
duces an inhomogeneity of undetermined 
nature in the thicknes.s of the film. Then again 
he found a yield, defined as the ratio of the 
gain in weight of the electrode to the weight 
of oxygen equivalent to the current passed, 
greater than 100 per cent. With the aid of radio- 
active tracers and S"* Randall et al.[l] have 
shown that the inhomogeneities discovered 
by VermiJyea are chemical in nature and due 


to the presence of sulphur and phosphorus 
whose concentration in the film depends on 
the concentration of the sulphuric and phos- 
phoric acids used for formation. Again, in the 
case of oxidation in H3PO4, they observed a 
decrease in the dielectric constant of the 
oxide on increasing the concentration of the 
acid. Their results on the distribution of im- 
purities in the oxide are. however, in contra- 
diction with the earlier results of Draper [8-9], 
who proposed a logarithmic distribution of 
impurities with depth in the film. The results 
of Randall et who show that the ratio 

of the number of moles of phosphorus to the 
number of moles of tantalum in films formed 
in 14-7 M H-^PO^ is of the order of 20 per cent, 
indicate massive incorporation of elements 
foreign to the oxide. For his part, in a com- 
parative study of anodic oxidation of various 
metals, Kover[10] supposes the massive in- 
corporation of protons in the films and the 
existence of lower valencies of the metals, 
in order to explain anomalies in the apparent 
charge of the oxygen ion observed in oxida- 
tion in various electrolytes. However, no 
direct experimental proof has been presented 
to support these hypotheses. 

The influence of the electrolyte and the 
presence of chemical impurities originating in 
the solutions iu-e observed in the anodic oxida- 
tion of other metals such as zirconium 1 1 1 , 12], 
aluminium[l 3, 14), and niobium]?], and of 
semiconductors such as silicon[l5j. These 
experiments were performed mainly in dilute 
acids and only small amounts of incorporation 
were observed. 

Among the numerous investigations on the 
kinetics of oxidation of tantalum the little 
information that is available on the influence 
of the electrolyte is due to Young] 16] who 
showed that the potential necessary for the 
formation of a film of given optical thickness, 
at given current density, increases markedly 
with the concentration of sulphuric acid while 
the charge necessary for this formation de- 
creases. On the other hand Vermilyea]6] and 
Voung]16] have shown that the product CV 
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(C = capacity of the film measured in the 
electrolyte, V = limiting potential of formation 
of the film) remains almost constant whatever 
the nature and concentration of the electro- 
lyte. Vermilyea[6] pointed out that the con- 
stancy of this product indicates that the 
superficial charge carried by the interfaces is 
constant. In consequence, the nature of the 
electrolyte has little influence on the value of 
the field eE inside the dielectric. Young f 1 6] 
interprets the ensemble of the results on the 
kinetics in non-aqueous solutions by a change 
in oxide structure caused by a decrease in the 
thermodynamic activity of the water (source 
of oxygen for the film), and a change in kin- 
etics at the oxide-solution interface. However. 
Calvert and Draper[18] observed no funda- 
mental changes in the structure of the films 
which remain amorphous at the temperature 
of oxidation for all concentrations of the 
sulphuric acid of formation. 

It can be seen that the problem of the origin 
of the oxygen in anodic films has not been 
studied in detail. With few exceptions!?. 9. 1 1] 
most authors make the tacit assumption that 
the only .source of oxygen is water. In addi- 
tion, it has until now been difficult to disting- 
uish between the incorporation of substances 
in the oxide under the form of polyatomic ion 
of type Aj.O„"". of monoatomic ions, or even 
of incorporation of the electrolyte itself in the 
eventual pores or micro-fissures of the oxide 
[19,20]. As will now be shown, these difficul- 
ties can be overcome by using nuclear 
methods for the precise analysis for oxygen. 

3. PRINCIPLES OF THE EXPERIMENTAL 
METHODS 

(A) The use of Redox systems in solution for 
the evaluation of electronic losses in the 
course of anodic oxidation 

The starting point for any quantitative study 
of anodic oxidation is the determination of 
the ratio of the ionic current to the total oxida- 
tion current. Gravimetric methods of deter- 
mining the current efficiency used by 
Vermilyea[21], assume a priori the chemical 


purity of the oxide and a knowledge of its 
density. In this paper we have used the 
variation during oxidation of the potential of 
platinum electrode in a solution containing a 
Redox system to determine directly the elec- 
tronic losses, without making any hypothesis 
on the nature of the oxide. 

A known reversible Redox system (Fe^/ 
Fe®"^), capable of absorbing a current of elec- 
trons at least equal to the real losses during 
oxidation, is substituted for the natural Redox 
(0^“/0H~) responsible for the electronic 
los.ses (Fig. 1). It has been experimentally 



Fig. 1. Charge transfer during oxidation in an electrolyte 
containing a Redox system in solution. 

verified that the introduction of Fe^^/Fe®'*' at 
the concentrations used does not perturb the 
growth rate of the films, which guard their 
properties. 

We have established experimentally that 
the form of Red used (10“®M/I. Fe®"^) pre- 
sents a limiting current density of oxidation 
varying between 500 /x A/cm® on agitation by 
bubbling with nitrogen, and 50 A/cm® with- 
out agitation. These values appear sufficiently 
large to absorb all electronic losses for oxida- 
tion current densities comprised between 
OT mA/cm® and lOmA/cm®. The variations 
of Redox potential of a platinum probe can be 
related, using Nernst’s formula, to the quan- 
tities of electricity AQ due to the electronic 
losses by; 

AQ = «FlFlRedl,^^ (1) 

with^ and/4 = iOA+/ 2 ..-K*r/,ur> 

lOxli 
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where n is the number of electrons exchanged 
during the oxidation-reduction reaction, 
10x1, and )Red|, are the initial concentrations 
of the oxidized and reduced forms, A''P is the 
variation of equilibrium potential and W 
the volume. The chosen values of the par^ 
meters are at ambient temperature. jRedl, 

1 O'* M/ J , JT = 5 cm^ and /x = 20. U nder these 
conditions a variation of A't' ~ ImV corres- 
ponds to Ae~ 10 * C. It is known that 
1000 A of Ta^Os corresponds approximately 
to 0-2 C/cm*, which would correspond to a 
total oxidation charge of the order of a coul- 
omb in the range of oxidized surfaces studied 
(4-30 cm*). It can be seen that if a sufficient 
charge has passed, the sensitivity of the 
method is excellent, and electronic losses 
inferior to I per cent of the total charge 
passed during oxidation can be detected. 

(B) Growth rate at constant current density 


(whatever the type of mobile ions, and there- 
fore the form of the relation between and 
E) to the extent that these remain the same 
throughout the growth of the film. 

Using (2) and Faraday’s law, one obtains 
for a current efficiency of 1 00 per cent 


dt 



(3) 


where w = MIp is the molar volume. 

If the film composition remains constant 
during oxidation the gradient of the curve 
y~V(t} is constant. The other parameters 
being constant, this gradient is proportional 
to the molar volume and the field. On the 
other hand, any deviation from linearity neces- 
sarily indicates a change during the process, 
either of the molar volume or of the relation 
characterising the growth. 

Capacity measurements may give : 


Let us consider a planar sample of tantalum, d / 5 \ I 

surface 5, on which is grown a non-porous dF u / ~ 

anodic oxide. Let L be the potential at the 

terminals of the cell, and I the current density a quantity directly accessible to experimental 
of oxidation, held constant in these experi- measurement. It is known [22] that the varia- 
ments. The potential drop in the oxide of tion of e as a function of frequency between 
geometric thickness x, is L,.,. L is the sum of 10* and 10^ Hz is of the order of I per cent 


the potential drop in the electrolyte, and 
the interfacial overpotentiais. At constant / 
it can be considered that the variations in V 
are equal to those in L,,*; dV. The 

film formation ionic current density is y,,,. 
If the current efficiency is constant. / is con- 
stant and hence is constant. This also 
leads to the field E across the film E ~ V,Jx 
being constant under the condition that the 
/aw connecting E and y,,,, =f(E) remains 

unchanged throughout the whole duration of 
the process. One therefore obtains, noting 
that dFox = dF. 

d/ Edt ■ 

It must be emphasized that (2) is verified for 
all the growth laws of the oxide, y,,* =f(E), 


only. It follows that any variation in e implies 
necessarily a change in the nature of the film. 

The study of V(i) and (SIC) as function of 
V therefore permits by means of (.3) and (4). 
the experimental determination of to£ and 
fE in various electrolytes who.se influence on 
film properties can hence be illustrated. 

The knowledge of the thickness x allow.s 
separate determination of w, E and €. Direct 
measurements of the geometric thickness 
(Tolansky, Nomarsky) necessitate mechanical 
polishing of the surfaces in order to obtain 
optically plane surfaces. These have not been 
employed here since mechanical polishing 
perturbs the oxidation kinetics. It will be 
shown later what conclusions may be drawn 
from the measurements described here in the 
absence of precise information on the thick- 
ness X. 
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(C) Nuclear microanalysis 

The method of nuclear microanalysis em- 
ployed to analyse the constituents of oxide 
layers consists of direct observation of the 
charged particles originating from nuclear 
reactions induced by the beam from a particle 
accelerator. A detailed aiccount of this method 
is given in references [2-4]. 

The quantitative analysis therefore consists 
of comparing the counting rate, in a conveni- 
ently chosen energy range, of particles from 
the target under study, with those from a 
standard. The results obtained are completely 
independent of the nature and structure of the 
analyzed films or of the substratum. We can 
thus determine the surface density of the 
nuclei of O'®, O'®, N'^, etc. . . The essential 
characteristics of the nuclear reactions 
used are indicated in Table 1 . 


dently of the use of standard targets), we have 
determined the number of O'® atoms present 
in the target from the oxidation charge 0ox. on 
assuming that the chemical formula of these 
films is Ta^Oj. Knowing that the charge on an 
oxygen atom in the layer was two electrons, 
Faraday’s law gives 0'312xl0'* atoms of 
oxygen 1 6 per cm* for an oxidation charge of 
1 C/cm*. To the amount of oxygen deduced 
from Qax must be added the number of oxygen 
atoms present on a metallic plate not oxidized 
anodically contained in the initial oxide 
(20 A to 40 A). 

Nuclear methods give a number proportion- 
al to the true quantity of analyzed atoms per 
unit surface, whatever the roughness of the 
substratum. To obtain a standard it is suffici- 
ent to know the absolute value of this true 
quantity by weighing or any other method 


Table 1 . Experimental conditions for nuclear microanalysis 


Nucleus 

Q,« 

0'“ 

NH 

D 

S 

Nuclear 

0'«(d.p)0'»*0'"(p.a)N’* 


D(d.p)T 

S«(d,p)S“ 

reaction 



N'nd.ctlC”- 



Bombarding 

900 

730 

1270 

550 

800 

energy (KeV) 






Mylar 

19^ 

12m 

19/i 

6m 

19m 

Energy of panicle 





at detector 



3 56 



(MeV) 

1 

II 

4-62 

2-3 

6-6! 

Coiintingt 






rates 

160 

450 

43 




tThe counting ratc!> arc given for a target containing 10'® atoms/cm* bombarded 
with a current beam of I fiA for 1 mn. 


Standard targets were chosen according to 
the following principles. For O'®, tantalum 
oxide formed in aqueous solutions of salts, 
more particularly of ammonium citrate, po- 
tassium nitrate and sodium chloride was used. 
As the current efficiency in these conditions is 
nearly 100 per cent, and the incorporation of 
impurities in oxides formed in aqueous solu- 
tions is negligible (both these results have 
been established during this work, indepen- 


such as coulometric measurements (if the 
current efficiency and the nature of the film 
are known). Thus the roughness does not 
intervene if the absolute value is determined 
in this way. Nevertheless, it is useful to have 
standards as smooth as possible (r = 1) to 
increase the accuracy of the measurements, 
the uniformity of the samples being assured, 
The standards for O'® are oxides of tantalum 
formed in solutions of water enriched in O'® 
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to a known isotopic concentration and contain- 
ing very small quantities of a non-oxygenated 
salt. The isotopic concentration in such a 
target is known with the same precision as 
that of the water[3]. 

The absolute precision of the oxygen 
standards, taking account of the vanous 
intervening factors (surface, charge current 
efficiency, initial oxide layer) is between 3 to 
4 per cent. The microanalysis reproducibility 
was found to be better than 1 per cent. 

In the case of nitrogen, the standard target 
is a thin layer of tantalum nitride obtained by 
reactive sputtering, whose nitrogen content 
is determined by destructive chemical analy- 
sis [4]. In the actual state of advancement of 
the work the nitrogen content of the target is 
known to within 10 per cent. 

The detection of deuterium arising from 
treatments carried out in heavy water, has 
been used only to prove its absence in certain 
targets. The reaction serving as analysis, 
D{d.p)T requires a beam of deuterons. This 
creates the peculiar situation where the beam 
itself introduces deuterium into the target. The 
sample under examination is therefore com- 
pared with a .sample of the same nature 
containing a priori no deuterium: if the two 
samples give identical counting rates the ab- 
sence of deuterium can be concluded with an 
upper limit of 3-10'^ atoms/cm^ calculated 
from the data of (22). 

For sulphur, we have not as yet any con- 
venient standard targets for this nucleus, and 
no quantitative determination has been made. 
Radioactive tracing methods are very sen- 
sitive for supihur, and we have been content 
to compare our results with those given in 
the literature [7-9], 

(D) The use of nuclear microanalysis 

After undergoing anodic treatment during 
which the growth rate was studied, the sam- 
ples were submitted to nuclear microanalysis. 
Thus the true total number of O'® per cm^ 
A^olb, contained in the target was obtained. In 
order to make a comparison with coulomciric 


measurements the oxygen content of the 
spontaneous initial oxide layer, which is de- 
termined beforehand with precision, must be 
subtracted from No 16. Let N;16 be the cor- 
rected value thus obtained, due entirely to the 
anodic treatment. Since the coulometric 
measurements provide C„x, a theoretical num- 
ber of oxygen atoms per cm*, can be 
deduced on a.ssuming that oxygen is incor- 
porated in the film in the form of divalent ions 
O*-. Thus a film formation oxygen yield R is 
defined by: 


An R greater than unity signifies an average 
charge per oxygen atom of less than two. This 
can only be explained if a fraction of the oxy- 
gen atoms is incorporated in the form of 
polyatomic anions, where the charge per 
oxygen atom is less than two. For example 
this charge is equal to i in , k in NO;,'. 

I in OH , etc. On making a hypothesis on the 
nature of the oxygenated anion in question 
for a given electrolyte, the fraction of oxygen 
atoms incorporated in the form of polyatomic 
anions (or the fraction of polyatomic anions) 
can be deduced from the value of /? (if /? >I ). 

The values of R may be obtained with a 
good precision as the two main sources of 
error cancel out. In virtue of the remarks 
made earlier it can be seen that the roughness 
factor does not influence the values of R. On 
the other hand, the absolute error on the stan- 
dard target drops out also, as the yield may be 
written; 

— ^('>16 A/()q aqueous 

A/,') 16 aqueous yv„q 

Since by definition of the standard target /Vo</ 
aqueous = A/;i6 aqueous. Thus R depends in 
fact on relative measurements and the only 
errors to be taken into account are related to 
the non-reproducibility of the results. 

With a view to determining the origin of 
oxygen in the films, tracing experiments have 



COMPOSITION OF ‘ANODIC OXIDE FILMS’ 


2123 


been carried out using a salt enriched in O’" 
and dissolved in various concentrations in 
water*. To increase the precision of the 
method we have in certain cases used water 
depleted 30 times in O’" content, that is with 
an O’" concentration certainly less than 0-01 
per cent. Nuclear analysis for O'* in oxide 
films formed in these solutions allows the pro- 
portion of oxygen coming from the salt to be 
determined. In order that the determination of 
the source of oxygen be unambiguous, there 
must be no isotopic exchange between the salt 
used and water at ambient temperature. The 
results obtained by Samuel [24] at the Weiz- 
mann Institute, showing that isotopic ex- 
change between KNO;,‘" and water in various 
oxidation baths is negligible even at I00°C, 
lead to the use of KNO., enriched 77 per cent 
in O'". 

Such methods cannot be extended to study- 
ing the origin of oxygen in acids such as boric 
acid, or in concentrated acids, where isotopic 
exchange may be very important at ambient 
temperature. But work with labelled ammoni- 
um citrate, whose isotopic exchange with 
water is equally reduced [26], is in progress 
on diverses metals. 

4. EXPERIMENTAL 
(A) Frcparation (jf the films 

The tantalum used was unannealed, of 99-95 
per cent purity, and 0-2 mm thick. The sam- 
ples are rectangles (2 cm* for each face), to 
which a tantalum wire, 0-5 mm dia. was elec- 
trically welded to ensure electrical contact. 
Traces of copper deposited by the weld elec- 
trodes were eliminated during chemical 
polishing. A special cutting tool was used to 
obtain geometrically identical samples. In 
addition, the thin tantalum wire had the ad- 
vantage that it reduced the influence of the 
level of the electrolyte on the oxidized surface. 
The standard samples are usually cleaned with 


*AII products with non-natural isotopic concentrations 
of oxygen were provided by the Weizmann Institute 
(Israel). 


acetone before being chemically polished for 
15 sec in a mixture of 5 vol. of 95% H2SO4, 
2 vol. of 53% HNO3 and 2 vol. of 40% HF. 
Electrochemical polishing, in a solution of 9 
vol. of 95% H2SO4 and 1 vol. of 48% HF at 
100 m A/cm* during 20 min did not demonstrate 
a notable influence of the state of the surface 
on the oxidation. In these two types of polish- 
ing it is supposed, after Young[25], thaTthe 
ratio of the real to the apparent surface is 
near unity. This allows the use of nuclear 
analysis in all cases without corrections, since 
the effect of roughness can be ignored. All 
acids used during polishing were of high purity. 
After polishing, prolonged rinsing with deion- 
ised and twice-distilled water is necessary to 
eliminate traces of impurity. The organic 
solvents, anhydrous salts with natural isotopic 
concentration, and acids are analytically 
pure products whose maximum water content 
is known. Particular care is taken in their 
manipulation to avoid contact with the am- 
bient atmosphere and absorption of water. 
Concentrations of the electroljdes are 
expressed in weight. 

When water with an isotopic concentration 
different from natural (enriched or depleted) 
is used, particular care must be taken in its 
manipulation to avoid isotopic exchange with 
the constituents of the atmosphere (humidity, 
C02)13]. The particular techniques for mani- 
pulating such water will be described in a 
future article mentioned below. A special 
5 cm* cell [26] was used for the high cost of 
labelled electrolytes with a sample support 
described in [27]. 

Oxidation is carried out at constant current, 
which can be regulated between 0-1 and 10 
mA/cm* until a given limiting voltage is reach- 
ed. The oxidation charge Qox is in this case 
determined by the time of oxidation. The cur- 
rent given by the programmed supply Harrison 
6209 B is stable to 1 -5 per cent for a variation 
in output voltage of 100 V. The current vari- 
ation can be reduced to 0-5 per cent by manual 
control. The variation of the voltage at the 
terminals of the cell is continuously recorded. 
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A Keithley voltmeter, input impedance 10‘'‘ 
ohms, measures the voltage to within 1 per 
cent. To avoid the u.v. effects described in 
[28J, oxidation is carried out in darkness. 
Typical conditions for oxidation are T — 
27-5“C with 0-5 mA/cm^ < / < 2 mA/cm*. 
After oxidation the samples are rinsed and con- 
served in high purity acetone. Capacity mea- 
surements are made at 1590 Hz in a 40 per 
cent solution H2SO4 by means of a Wayne 
Kerr measuring bridge. The chemical reactivity 
of the oxides is studied in a solution of 300 g 
NH^F/1. of HF, as used by Pringle [29]. The 
addition of ammonium fluoride to the hydro- 
fluoric acid reduces the speed of dissolution 
of the oxides formed in aqueous solution to 
62±3 A/min at 27-5°C, while in pure hydro- 
fluoric acid it is of the order of 1200 A/min [6]. 
The bath used for dissolving is regulated to 
within 0-25°C. To avoid inhomogeneities in 
chemical attack, the samples are agitated 
gently during the dissolution. 

(B) T he use of the Redox systems 
The measurement of current efficiency by 
means of Redox systems necessitates the use 
of a cell with separated anode and cathode 
compartments, connected by a capillary tube 
whose resistance (— lO^fl) imposes a current 
flow of less than a few mA. A second cell en- 
closes the reference calomel electrode and the 
potential of a platinum probe immersed in the 
anode compartment is measured with respect 


to this electrode by means of a high impedance 
electronic millivoltmeter. For high intensi- 
ties the separation of the compartments is 
given up; a cathode of small surface area (< 
] mm*) is chosen in order to easily reach the 
limiting current for reduction of the oxidised 
form Fe*"^ which, in addition, is maintained at 
very low concentration (/x = Fe*'*^/Fe®"^ = 20). 
Contamination of the bath by evolved Hs is 
avoided by placing the cathode very near the 
surface of the liquid. To improve the sensi- 
tivity of the method we have used samples of 
standard dimensions and samples having 
large surfaces (30 cm*) obtained by coiling a 
wire. 

5. EXPERIMENTAL RESULTS 
{/() Determination of current efficiency 
Measurements have been carried out in 
three aqueous solutions (0-5 percent ammoni- 
um citrate, I N H2SO4 and 0 01 N H2SO4) at 
different densitie.s of oxidation current (from 
O-I mA/cm* to 7 mA/cm*), and for chemically 
polished electrode surfaces varying between 
4 and 30cm*. In Table 2 we have indicated 
the electronic losses expressed as a percentage 
of the total current for different values of the 
density of oxidation current, and for different 
values of It can be seen that current 
efficiency is at least 99 per cent for oxidation 
in aqueous media. It should be noted that no 
gaseous oxygen appears at the anode during 
film formation, in accordance with the ob- 


Tabfe z. Determination of electronic losses during anodic oxydation 


Electrode area 
cm^ 

Current density 
mA/cm’ 

Electrolyte 

(7cm’ 

Electronic losses 
(per cent) 

30 

1 

0 0 IN H 2 SO 4 

0 16 

01 

.30 

1 

O OIN HjSO, 

0-34 

0-4 

30 

01 

0 OIN HjSO, 

01 

0-25 

30 

01 

OOlNHjSO^ 

0-3 

0-3 

4 

7 

OOlNHjSO, 

0-3 

005 

30 

01 

INHjSO, 

0-3 

0-45 

30 

1 

0-5% ammonium 
Citrate 

0-1 

0-1 

30 

1 

0-5% ammonium 
citrate 

0-3 

0 15 
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servations of Young [17]. With tantalum 
polished mechanically but not chemically the 
electronic losses are not reproducible and are 
of the order of several per cent of the total 
oxidation current. In this case bubbles of 
oxygen appear at the anode. 

For oxidation in non-aqueous media Redox 
systems cannot be used because they are 
irreversible. To determine the current effici- 
ency we have attempted to estimate the elec- 
tronic losses, which can cause evolution of 
oxygen at the anode on simulating such evo- 
lution with an anode which is not oxidisable 
(platinum). In all the media studied, him 
formation takes place without evolution of 
bubbles at the anode. To improve the sen- 
sitivity of the measurement, the oxidation 
charge was increased by using sintered or 
rolled tantalum anodes with large surfaces 
(400 cm®). Here again the absence of evolved 
gas indicated that the electronic losses are 
indeed less than a few per cent. 

Although these results are less precise and 
more difficult to make quantitative than those 
obtained with Redox systems, they constitute 
nevertheless a rather convincing indication 
that the current efficiency can be assumed to 
be very near to unity in non-aqueous media. 
This assumption will be made in the present 
article. 

(B) Influence of the nature of the electrolyte 
on ftrowth rate and physical properties 

(1) Aqueous solutions of salts (concentra- 
tion between 0-5 per cent and saturation). In 
this type of electrolyte the increase of the 
potential is a linear function of time in accor- 
dance with equation (3), and for a given oxida- 
tion current density, the gradient dF/dr is 
independent of the nature and concentration 
of the solute. At 27-5'’C dVidt = 20-3 F/min at 
I mA/cm®. The optical thickness, capacity 
and oxygen content of the oxide obtained for 
a given and given limiting potential remain 
independent of the solute used and its 
concentration. 

(2) Acids (HnPO^, HjSO„ HNO3, 


HCOOH). With this type of electrolyte the 
following effects are observed: The potential 
V(/) is no longer a strictly linear function of 
time when the acids used are at high concen- 
tration (95% H2SO4; 98% HCOOH). In Fig. 
2 the variation of (F(0 — Fo)// is plotted as a 
function of time for oxidation at 1 mA/cm® • Fo 



Fig. 2. Variation of F- VJi as a function of time in dif- 
ferent electrolytes. Current density for oxidation J„ — 
I mA/cm''. (1) Aqueous solutions of salts, i% HjSOi, 
53^^ HNOi, 1% HNO 3 dimethyl sulfoxide -I- KNO,. 
(2) 9m HNO 3 . (3) 85% H 3 PO,. (4) 80% H,S04. (5) 98% 
HCOOH. (6)95% HjSO,. 

is the initial potential drop. The deviation of 
F(f) from linearity is specially marked for 
95% H2SO4. However, even in this case, the 
variation of dVIdt from the begining to the end 
of the oxidation is not greater than 10 per cent, 
and becomes negligible in 80% H2SO4, 85% 
H3P04, and in more dilute acid solutions. The 
average slope (defined as the average of the 
slopes at the beginning and end of oxidation), 
increases with acid concentration. Figure 3 
shows the variation of average slope with the 
concentration in weight of HJSO4. The lower 
limit corresponds to the slope dVjdt obtained 
for aqueous solutions of salt. For oxidation in 
very dilute H3PO4 (I per cent) the value of 
dVidt = 22-6 F/min at 1 mA/cm® is however 
slightly greater than dVjdt in aqueous solu- 
tions. As for the physical properties, it is 
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Fig. 3. Variation of the average K- Vj! as a function of 
concentration in weight of H 2 SO^. Current density of 
oxidation J, „ = I inA/ctn^. 


established by observation of interference 
colours of the films, that the optical thickness 
(nx where n is the refractive index) of anodic 
films formed in concentrated acids, is less 
than that of film formed at the same current 
density and limiting potential in aqueous 
solutions. This effect becomes very clear for 
H2SO4 concentration greater than 50 per cent, 
that is about the concentration where the 
growth rate deviates markedly from the rate 
in aqueous solution. For example, an oxide 
formed at 50 V in 95% H2SO4 has the same 
optical thickness as an oxide formed in 
aqueous solution at .tl V and at the same 
current density. 

The capacity measurements confirm the 
observations of VermilyeafbJ and Young[l6] 
who found that the product CV remains ap- 
proximately constant al constant current 
density whatever the electrolyte used for 
formation. In Fig. 4 S/C is plotted as a func- 
tion of the limiting potential of oxidation, 
straight lines are obtained whatever the elec- 
trolyte used. According to equation (7) this 
implies that is constant during oxidation. 
The curves of S/C against V are almost the 
same for the different electrolytes except for 



Fig. 4. Dielectric thickness (A'/t) of films formed in 
vanous electrolytes as a function of the limiting potential 
of oxidation. = I mA/cmF • Aqueous solutions of 
salts and dilute acids, +9.3% HNO,. A 95% HjSO^. 

X 85% H 2 PO 4 . 

95% and 94% HNO.., where the slope 

is slightly greater. 

The speed of chemical attack in the mixture 
NH4F--FIF depends on the nature and con- 
centration of the acid. At 27 it varies from 
62±3A/min for oxides formed in aqueous 
solution or very dilute acids, to about 500 
A/min and 120 A/min for fHms formed in 95% 
F12S04 and 80% HzS04 respectively. In the 
latter ca,ses the velocity of attack is no longer 
strictly constanl. 

(3) Orjt'an/c anhydrous solutions containing 
various types of solute. 7'he organic solvents 
used, dimethyl sulfoxide (e == 48-9), dimethyl 
formamide (e = 36-7). aceto-nitrile (e = 36-2), 
were chosen for their large dissolving power 
and their low water content; 0- 1 per cent. The 
anhydrous salts used were dissolved to satura- 
tion point. 

The following observations were made: 
tantalum is oxidized in the absence of water 
only when salts with oxidizing anions (nitrite, 
bichromate, permanganate) are used; in the 
presence of stable anions (SO4*-, NO3-, 
P04®“, Cl“) oxidation occurs only when water 
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is added. The breakdown potential increases 
with the quantity of water added to the solvent; 
for oxidation in organic solutions containing 
oxidizing anions or water at a concentration 
> 3 per cent, the increase of K as a function of 
t is linear. The slope ^Vjdt is the same as that 
for oxidation in aqueous solution (20*3 V/min 
at I mA/cm*), and the films obtained have the 
same physical characteristics; when the solute 
is a concentrated acid (95% HjSO^) the aver- 
age value of the slope dWd/ depends on the 
absolute concentration of the acid in the 
solvent and on the nature of the solvent. At 
low total concentration (2% SO4H2 at 95% in 
volume in dimethyl sulfoxide), the value of 
the slope, 23-3 V/min at 1 mA/cm^ is close to 
that obtained in aqueous solution. The slope 
increases with absolute concentration of acid 
in the solvent. In parallel the optical thickness 
decreases for the same oxidation current and 
limiting potential, and the rate of chemical 
attack increases. 

(C) Origin of oxyf(en in films formed in 
aqueous solutions of salts 

The origin of the oxygen was sought in 
aqueous solutions of KNO3 at concentrations 
varying between 0-5 and 5 per cent. The salt 
was enriched to 77 per cent in O** and the 
water depleted 30 times. The ratio of the O'* 
content of the salt and the solvent was thus 
about 11x10^. Measurements showed that 
at all concentrations the quantity of oxygen 
originating in the salt is negligible; it is there- 
fore the same for the incorporation of NO3". 
In fact the O*** content in the layers was 
evaluated at 0-8 x 10^'*, the water depleted 30 
times corresponding to 0-7 x lO'"*. Given the 
lack of precision of the determination of the 
depletion (measured by mass spectrometry), 
a conservative estimation shows that less than 
2 X 10"^® of the oxygen atoms in the film come 
from the salt. 

It is observed that the counting rate due to 
the reaction 0'®(p, alN’-' in a layer formed at 
I mA/cm® up to 100 V in an enriched KNO3 
solution (S per cent) is only about three times 


greater than the counting rate of a non-oxidiz- 
ed tantalum plate. This corresponds to the 
O** content of the natural oxide film, (= 30 A) 
whose isotopic composition is normal {0*204% 
0‘®). The correction due to this initial Wm was 
therefore very important. It can be made by 
subtraction since experiments have shown 
that the oxygen present in the thermal layer 
before oxidation remains there afterwards. 
These results illustrate the extreme sensitivity 
of nuclear methods combined with the use of 
greatly depleted water. 

(D) Influence of the nature of the electrolyte 
on the oxygen yield 

In this study films were formed at a current 
density of 1 mA/cm® and up to a predetermin- 
ed limiting potential of oxidation V. In Figs. 
5 and 6 we have plotted the variation of Qox 
and N'J6 with V for different types of electro- 
lyte. The following remarks can be made: the 
variation of 5/C. Qox and N/,16 with V is linear 



Fig. 5. Charge Qox required for formation of films in 
various electrolytes as a function of the limiting potential 
of oxidation ^ I mA/cm*. + Aqueous solutions of salts 
and dilute acids. • 93% HNO,. x 85% H^PO^, A 95% 
H^SO^. 
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Fig. 6 . Number of oxygen atoms contained in the films 
formed in various electrolytes, as a function of the limit- 
ing potential of oxidation. 1 mA/cm^ • Aqueous 
solutions of .salts and dilute acids, + HNO.i 93%. A FI 5 SO 4 
95%, X H 3 PO, 83%. 

in all the electrolytes studied except 95% 
H2SO4. In the last case the relation between 
Q and V is no longer strictly linear, this being 
a direct consequence of the variation of dVldt 
during film formation at constant cun ent. For 
films formed in aqueous solutions of salts the 
slopes of iVyl6(K) are independent of 

the nature and concentration of the salts. When 
the electrolyte is a concentrated acid, on the 
contrary, the slopes do depend on the nature 
and concentration of the acid. For very dilute 
acids the slopes are the same as in aqueous 
salt solutions. 

In Table 3 the oxygen yields for films form- 
ed at 1 mA/cm* and 50 V are shown for a 
great variety of electrolytes (concentrated 
and dilute acids, aqueous solutions of salts, 
dimethyl sulfoxide + KNO2). It is clear from 
this table that the yield R increases with acid 
concentration, and on the other hand that 
aqueous solutions of salts, very dilute acids 
and organic solutions containing an oxidizing 


Table 3. Determination of oxygen yields 


Electrolyte 

AfiI 6 

^aqueous 

Af<4aqueout 

NvR 

R 

(per cent) 

95% H,S04 

0-657 

2-855 

187 

N/t0HsSO4 

1 

1 

100 

85% H 3 PO 4 

0-694 

1-855 

129 

70% H,P04 

0-897 

1-324 

119 

N/I0H,PO, 

0-998 

0-994 

99 

93%HNOs 

1-04 

1-26 

131 

50% HNO 3 

1-13 

0-978 

104 

N/IOHNO 3 

1-01 

0-985 

99-5 

Dimethylsulfoxyde + 
KNOj 

I 02 

1 01 

103 

Aqueous solution 
KNOa 5% 

1 01 

1 01 

102 

Aqueous solution 
ammonium citrate 
0-5% 

t 

1 

100 


tConditions of formation of the films = 1 mA/cm*; 

50 V. 


salt, have equivalent yields R. Taking into 
account the errors in 

A/pq aqueous 

A^'I6aqueous A/pq 

the absolute accuracy of the measurement of 
yield can be estimated as 2 to 3 pter cent. The 
influence of the oxidation current density on 
the values of R is under study. 

(£) Direct analysis of incorporated elements 
other than oxygen 

Analysis of nitrogen by the study of par- 
ticles energy spectra obtained from nuclear 
reactions in anodic films has been carried 
out for films formed in 93% FINOp, 50% 
HNO3, 10% HNO3, in aqueous solutions of 
KNO3 at a concentration of 5 per cent, and in 
organic solutions saturated in KNOj. The pre- 
sence of nitrogen has been established in the 
case of 93% FlNOg only. The number of nitro- 
gen atoms in the film increases linearly with 
the quantity of oxygen, (see Fig. 7, p. 2133) 
whatever the current density for oxidation 
(between 1 mA/cm* and 10 mA/cm*). On com- 
paring with the standard target of tantalum 
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nitride known to within 10 per cent an in- 
corporation ratio of 8*75 ±0*90 atoms 
of nitrogen per 100 atoms of oxygen is 
found. This corresponds to an incorpora- 
tion of 7-7±0'8xl0*^ atoms cm*V“* 
for oxidation at 1 mA/cm*. For oxidation in 
50% HNO3, 10% HNO3 and in the aqueous 
and organic solutions studied, no nitrogen was 
observed in the films. The total quantities 
measured in this case were of the order of 
2 X 10‘* atoms/cm* corresponding to the traces 
caused by chemical polishing, detected in a 
non-oxidized sample of metal. This shows that 
for these films there is less than one atom of 
nitrogen per 1 500 atoms of oxygen in oxides 
formed at 100 V. 

For oxides formed in 95% H2SO4 and 80% 
H2SO4 we have observed nuclear reactions 
characteristic of sulphur. However, the in- 
stability of the standard targets to bombard- 
ment makes quantitative analysis imprecise 
at present 

Analysis by nuclear reaction of deuterium 
in films formed at up to lOOV in aqueous 
solutions of DjO’® or in solutions of H 3 PO 4 in 
DjO'® (7 vol. of H 3 PO 4 for 3 vol. of DjO*®) 
have given negative results. Taking account 
of the limited sensitivity of the detection of 
deuterium is less than one deuterium atom per 
100 oxygen atoms. 


6. INTERPRETATION 

(y4) Growth rates 

For oxidation in aqueous solution at con- 
stant temperature the ionic current density is 
related to the electric field by: 


J ox OL exp^£ (5) 

where a and /3 are constants and pE > 1. 
This law is obtained from the classical theory 
of ionic conduction in high field for the case 
of only one type of carrier. The value of 
dVidt for given is obtained on combining 
(3) and (5), which leads to: 


df 


Oi 

lOF 


7 1 LoB=^ 

•'”/3 * a 


( 6 ) 


The constants- a and /3 characteristic of the 
oxidation of tantalum in aqueous media have 
been determined by Vermilyea[30] from a 
study of the Tafel slope. He gives a (mAcm”®) 
= exp(-32-5) and p (A F"') = 505 at 27>5“C. 
Assuming that the film formed is pure TagOs, 
density p = 8-74 gcm~® then one obtains for 
Jox — 1 mA/cm*; dV/dt = 19-8 F/min and for 
the differential thickness (which often quanti- 
tatively characterises the growth) dxfdV — 
15-6 A/V. The experimental values of the 
growth constants obtained in aqueous elec- 
trolytes for Jox = 1 mA/cm®: dV/dt — 20*3 
V/min and dxIdV = 15*3 A/V, deduced from 
dVIdt with the same assumptions on the purity 
and density of the films, are therefore in good 
agreement with the values deduced from the 
constants given by Vermilyea. 

With two types of electrolyte: aqueous salt 
solutions and organic solutions containing 
water, or unstable oxygenated anions, the 
growth rate, oxygen content, dielectric thick- 
ness, optical thickness and chemical reactivity 
in HN4F-HF are almost identical. The ab- 
sence of any influence of the solute on the 
nature and properties of the films tends to 
prove that the incorporation of anions is 
small. Thus the oxide developed at the metal 
surface should be very close to chemical 
purity. The oxygen entering the film in the 
form 0*~ comes either from the hydroxyl ion, 
or from the unstable oxygenated anions. The 
absence of O'* and nitrogen in films formed in 
aqueous solutions of KNO3 enriched in O'*, 
confirms that the incorporation of anions 
originating in the salt is very small in that case. 

For acids the growth rates are strongly 
dependent on the concentration when this 
is greater than 40% per cent, in the case of 
H2S04. H3PO4, HCOOH, and 80 per cent in 
the case of HNO3, where the acid-water 
bonds are weaker. Below these concentrations 
the growth rate and the characteristics of the 
films formed are almost the same as those for 
oxidation in aqueous solutions, leading to the 
supposition that in this case too, the incor- 
poration of anions is small. The analogy 
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between these two types of film is confirmed 
by the absence of nitrogen in films formed in 
HNOg at concentrations less than 50 per cent, 
and is in fact in agreement with the results of 
Randall et al.[l] who, using radioactive tra- 
cers, showed that in films formed in 0-1 M 
H2SO4 and 0 0 1 M H3PO4 the incorporation 
of sulphur and phosphorus amounted to only 
5/1000 and 1/100 respectively of the total 
weight of the film. Such proportions have 
negligible influence on film properties. The 
fact that for the same current of formation the 
average slope dK/dt increases with the acid 
concentration is, according to (3), due to an 
increase, with increasing acid concentration, 
either in the total molar volume of the oxide 
formed, or in the field of oxidation E. The 
first hypothesis can be explained by the large 
incorporation of polyatomic anions (S04‘'*“, 
NOg-. P04^“, etc...) characteristic of the acid. 
The possible increase of the field E will be dis- 
cussed later. It can be pointed out in addition 
that the variation with time of dk’/d/, observed 
in concentrated acids (95% HaSOJ. may be 
caused by the variation with time of the molar 
volume of the film formed, corresponding to a 
chemical inhomogeneity in the thickness of 
the film which agrees with the observation in 
[6-8]. That the chemical reactivity, i.e. the rate 
of dissolution of the anodic film, is strongly 
influenced by the nature and concentration 
of the acid used confirms the fact that the 
electrolyte plays an active role in the growth 


rate, by changing the physico-chemical nature 
of the film developed on the tantalum. 

(B) Oxygen yield and the incorporation of 
anions 

The anomaly in the oxygen yield R for 
oxides formed in concentrated acids (see Table 
3) confirms the hypothesis, deduced from the 
variation of dT/dr, that there is incorporation 
of polyatomic ions. The incorporation of 
protons by way of OH" ions assumed by 
KoverflO] seems unlikely. Indeed, the ano- 
maly in the yield R increases, the greater the 
hydration energy of the acid. This should 
lead to a reduction in the concentration of free 
water (i.e. not bound by the solvatation of 
the acid anions and in the coordination 
spheres of acid molecules). On the other hand, 
the search for deuterium by nuclear reaction 
in films formed in deuterated solutions gave 
negative results. The limit of sensitivity of 
the method indicates in all cases a concentra- 
tion of less than one proton per hundred 
oxygen atoms. Elsewhere. Nannoni[3l] 
confirms the absence of tritium in niobium 
oxides (which have a behaviour analogous to 
tantalum oxides) formed in solutions of tri- 
tiated water. Thus the anomaly in the yield 
R would seem to be better explained by the 
incorporation of anions AxOy"” character- 
istic of the acid of formation, than by the in- 
corporation of hydroxyl ions. Table 4 gives 
the number of oxygen atoms /V,'J 6 determined 


Table 4. Percentage of polyatomic anions with respect to the total number of 
anions in films formed at 50 V and 1 mAlcm^ 


Electrolyte 

Total number 
of oxygen 
atoms 

( 10 "^ atoms/cm*) 

Number of 
divalent 
oxygen atoms 

to 

(I 0 ‘''atoms/cm'‘) 

Number of 
oxygen atoms 
in the anions 
S04*-,N03-, 
PO 4 ’ , 

( 10 “ atoms/cm'') 

Number of 
atoms of 
S.N.P 

( 10 '-' atoms/cm*) 

Polyatomic 
anions 
(per cent) 

95% 

93% HNO 3 
85% HaPO^ 
70% H,P04 

292 

410 

309 

400 

156 

313 

240 

336 

184 

115 

104 5 

100 

46 

37 

27-5 

25 

30 

10-3 

12-2 

7-7 
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by nuclear reaction, the number of 0®“ ions 
equivalent to the oxidation charge and 
the total number of AxOy"~ anions deduced 
from Qox and N'^16, for various concentrated 
acids in which the yield is markedly greater 
than 100 per cent. In H2SO4, H3PO4 and 
HNO3, it has been assumed that the only com- 
plex anions present are S04*~, and 

NOs' respectively. It can be seen that in the 
case of 95% HjSO^ there is more oxygen in 
the form of polyatomic anions AxOy"“ than 
in the form of monoatomic anions The 
quantitative results obtained on oxidation in 
93% HNO3 are important, since they confirm 
that the hypothesis of incorporation in the 
form of polyatomic anions is valid in this case. 
Indeed the total number of nitrogen atoms 
(7-4x10'^ atoms cm'^V~') present in the 
layer determined from Qox and on 

assuming incorporation in the form of NOs", 
is close to the number determined directly 
(7-7:+: 0-8 x lO*"* atoms cm“'^V-‘). 

Given the high proportion of polyatomic 
anions which they contain, the films developed 
on the surface of tantalum in concentrated 
acids, may be considered as oxysalts, whose 
global chemical composition is given by 
Ta^Osd^y, (AxOy),oy/„ where y depends on 
the acid concentration. 

(C) Water dependence of the amount of 
incorporation 

It is clear that the incorporations increase 
with decreasing water content of the solutions. 
Nevertheless, it seems that the governing 
factor for this process is not the simple ratio 
of the number of anions to that of water mol- 
ecules in the bath. Rather the hydration 
energy of the electrolyte seems to be the 
fundamental parameter determining the 
amounts of incorporation. In fact, incorpora- 
tions from acids are observable only at rather 
low water concentrations, and are more im- 
portant in H2SO4 and H3PO4 where the 
hydration energy is higher than in HNO3 for 
an equivalent water concentration. (The 
energy released in forming an equimolar 


mixture of acid and water is twice as high for 
HgS04 than for HN03[32].) The fact that the 
hydration energy of the electrolyte is an im- 
portant parameter is also found in the study 
of the grdwfh rate in 95% H2SO4 diluted in 
dimethyl sulfoxide or acetonitrile. We have 
observed that for a given concentration 
of acid, the growth depends on the absor 
lute concentration of acid in the bath. 
This dependence seems to be due to the fact 
that sulphation of the organic solvent changes 
the bond energy between the acid and water, 
and this favours the creation in the bath of 
free water, 

(D) Variation of physical values 

The variation in chemical composition of 
films formed in concentrated acids with re- 
spect to the pure oxide developed in ‘aqueous’ 
or ‘oxidizing’ media, would seem to be the 
essential reason for variations in the values 
characterising these films (molar volume, 
field of formation, dielectric constant, re- 
fractive Index). Although the geometric thick- 
ness is unknown the quantitative variation 
of the characteristic values of films formed in 
95% H2SO4 can be determined, knowing the 
proportion of sulphur in the film. Assuming 
that the molar volumes of oxide and sulphate 
are additive, the molar volume of the sulphate 
is determined on supposing that the difference 
in sieric hindrance between the S04^~ and 
ions is the same for tantalum as for other 
metals (Cu, Ni, In, Bi), For these metals it is 
empirically verified that : 

1 / 1 / 

^ sulf. ^ oxide ^ jq 

Valency of metal ~ 

where V^uu. — molar volume of sulphate, 
f'oxide — molar volume of oxide. 

If 30 per cent of the anions are (elec- 
trolyte 95% H2SO4) the density of the layer 
becomes 5-92 g/cm® instead of the 8-74 g/cm® 
generally quoted for pure TasOj. The increase 
of 95% in the molar volume of the films form- 
ed in 95% H2SO4 with respect to the molar 
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volume of films formed in aqueous solution, 
is not sufficient to explain the observed in- 
crease in dVidt, which is more than 250 per 
cent. To explain such a variation the increase 
in E in expression (3) must be considered. 
Taking into account the variations of dVjdi 
and the molar volume, the field E for oxidation 
in 95% H2SO4 can be determined as a function 
of the field E for oxidation in aqueous solution 
at the same current density. It is found that 

EuaSOi ~ ^ »q|.. _ 

€ and E being determined separately, it is 
found that the product eE is constant what- 
ever the concentration of H2SO4 used for 
formation. For oxidation at I mA/cm^ ^E — 
l '75±0-2 10'« V/cm. The value of tE deter- 
mined from the product CV given by capacity 
measurements is tE= 2 ±0-2 10’''V/cm. The 
reasonable agreement between these two 
values of eE justifies the hypothesis used to 
determine the density and the differential 
thickness dxjdV at 1 mA/cm^ for films formed 
in 95% H2SO4, that is that the molar volumes 
of the oxide and sulphate of tantalum are 
additive. It should be noted that this result 
confirms [6, 16] that the effective field acting 
on mobile carriers during oxidation (that is 
the Lorentz field which is proportional to 
e£' when e is large), is independent of the 
dielectric constant of the film developed on 
the tantalum. 

7. DISCUSSION AND CONCLUSION 
One of the most important points of our 
experimental observations is that anodic films 
formed on tantalum in concentrated acids are 
not pure tantalum oxide TajOs, but have 
different chemical compositions. In fact for 
acids of very high concentration the film 
formation oxygen yield differs greatly from 
unity, which indicates clearly that foreign 
elements are incorporated under the form of 
polyatomic anions. Taking into account that 
this occurs in large quantities, these incorpora- 
tiom can no longer be considered as traces 
<rf impurity, as in the case of films formed in 
very dilute acids. Apparently above a certain 


range of acid concentration the films formed 
on tantalum are oxysalts, whose exact chem- 
ical composition depends on the nature and 
concentration of the acid. Assuming that the 
composition of films formed in H2SO4, HNO3 
and H3PO4 is Ta205(i_y)(S04)5.y, TajOjid-y) 

(NOaXioy) and Ta2O2(,-y,(PO4),07/3 respective- 
ly, the proportion of polyatomic ions in the 
films with respect to the total number of ions 
bound to the tantalum have been calculated 
from 0OX and Wo 16 (Table 4). The hypothesis 
has been verified quantitatively for the oxy- 
nitrate. It can be confirmed from the results 
of Randall et al.[l] on the presence of in 
films formed in 85 per cent (14-7 M) H3P’*04. 
We had 5-5 x 10'^ atoms of phosphorous per 
cm^ per V for films formed at 1 mA/cm^ in the 
electrolyte, while from the curves of Randall 
et giving the weight of phosphorous in 

films formed under analogous conditions, the 
presence of phosphorous can be estimated as 
between 3 and 4 x 10''* atoms per cm'' per V. 
Given the uncertainty in the determination 
of the absolute value by radioactive tracing, 
and the fact that the comparison is not made 
on the same samples, the agreement between 
the results is satisfactory. 

It therefore seems that although decomposi- 
tion of the P04'*‘ ion into POg" and O"", and 
consequent oxidation by oxygen arising from 
this decomposition is possible, these are not 
the dominant processes. In fact, on assuming 
incorporation under the form PO;,“, the quan- 
tity of phosphorous in the film calculated from 
oxygen yields is an order of ten greater than 
the quantity determined by Randall et al.{l\. 
Nevertheless, in certain cases oxidation by 
oxygen arising from the decomposition of 
anions must be considered. Thus Draper [8] 
explains film formation in a totally anhydrous 
medium such as 100% H2SO4 by the existence 
of the oxygen liberating action: 

S04^ 0 *--hS 03 . 

It should be noted that decomposition 
of a fraction of the 804"“ ions at the anode 
does not change the oxygen yield and chem- 
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ical formula of films formed in 95% H2SO4, 
as only tracer experiments could distinguish 
between 0®“ ions coming from water or 
from S04*“. Amsel et a/. [33] proved, using 
tracing that a similar effect occurs in 
films formed in solutions of KNO3 in glycol 
or N-methylacetamide containing a small 
percentage of water (= 1 per cent). The ab- 
sence of nitrogen in these films indicated the 
probable decomposition of the NO," ions. 
This phenomenon, which could also explain 
the oxidation of tantalum in organic media 
containing unstable anions (permanganate, 
bichromate, etc. . .) is under study. 

Earlier work [6-8] showed that films formed 
in concentrated acids were chemically in- 
homogeneous. An additional proof of the 
inhomogeneity of the films formed in 95% 
H2SO4 is given by our observation of a non- 
linear growth rate at constant current. Accor- 
ding to (6) this implies a variation either of 
the total molar volume, or the relation be- 
tween the current and the oxidation field. 
However, the fact that the growth rate is 
almost constant in the other cases (85% 
H3P04, 93% HNO3, etc. . or that the num- 
ber of polyatomic ions increases linearly with 
thickness (Fig. 7) does not necessarily imply 



Fig. 7. Nitrogen content a.s a function of oxygen content 
for films formed in 93% HNO., at various current den- 
sites 0-1 mA/cm* < ^ 0 , < lOmA/cm*. 


that the films are homogeneous; it means that 
the mechanism of formation and total molar 
volume of the film, (i.e. the composition pro- 
file) do not change as the thickness increases. 
This possibility has been discussed by Randall 
et a/.[7] who explained the inhomogeneous 
structure of films formed in concentrated 
acids by the migration of anions and cations 
with equivalent transport number. In the next 
paper of this series the atomic transport 
phenomena in the film, as related to its com- 
position, will be studied using 0’« tracer 
techniques. 
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Abstract— The exciton spectra of CuCl have been investigated in the presence of high transient 
magnetic fields up to 1 80 kG. 

The Zeeman splitting of the broad orthoexciton line *',,(25,86.5 cm ' at 4‘2“K) is unresolved because 
of a too small effective g factor (g = 0-9). The paraexciton line i', (25.814 cm"‘ at 4-2®K) is detected 
in magnetic field. The mixing of the ortho and paraexciton states r ,5 and I'j in magnetic fields is 
discussed. 

The bound exciton line 1/2(25.654 cm"' at 4-2°K) splits in four components in magnetic field, both in 
absorption and in emission. The sharp line i/j' (25,665 cm"' at 4-2“K) behaves similttrly. The g factors 
of both the ground and excited states are obtained from the temperature variation between T9“ and 
20°K of the intensities of the absorption lines. This allows us to ascribe the above lines to exciton- 
ncuiral acceptor complexes. 


1. INTRODUCTION 

The OPTICAL properties of CuCl at 
low temperatures have been extensively 
studied [1-4]. Nikitine and Reiss[l] have 
shown that the spectrum of thin layers of 
CuC'l is composed of two strong lines, one 
sharp v^f (2.S,865 cm"’) and one diffuse 
(26,420 cm ') and a number of weak lines 
(see Fig. 1). and are suggested to be 
first lines of two different series of exciton 
lines the sharp and diffuse series. The separa- 
tion is due to spin orbit splitting. The sharp 
series is obviously composed of further lines 
and ruf. I'a* ^^d t'..,,. are suggested by 
Ringeissen and Nikitine [5] to be vibrational 
satellite lines. Numerous satellite lines are 
furthermore observed on the continuum. 
Some of them have been previously suggested 
to be lines of higher order of the diffuse series 
but another interpretation has been suggested 
recently [51. 

Some very weak lines are observed on the 
low energy side of t-,/. These lines have been 
named sensitive lines [6] because their 
observation depends on external factors. 
Some of these lines are observed in absorp- 


tion. Many are observed in emission [7], One 
of these lines t', (25,814 cm“') appears under 
the action of the magnetic field and has been 
suggested [7-8] to be a forbidden exciton line. 
Another line 1^2 (25,654 cm~’) as observed in 
absorption is probably connected with the 
formation of excitons bound to defects. In 
emission, it has been shown [9- 10] that the 
line is probably a superposition of an exciton 
complex line as stated above and of an 
emission line combined with an emission of 
a longitudinal optical phonon. 

The aim of the present work is to describe 
the Zeeman effect of the 15 exciton i',/and to 
identify the sensitive lines of the Vz group. 

We will not be concerned with the other 
lines of the spectrum of CuCl. 

2 . THEORETICAL 

(/4) Zeeman effect of the Is exciton v^f 
(25,865 cm-') 

The symmetry of exciton states of CuCl, 
according to the theoretical band structure 
of Song [11], agrees well with the earlier 
investigations of Nikitine and Sennett[l0]. 
The extrema of both the lowest Tj conduction 


:i35 
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band and the highest r ,5 valence band occur 
at = Near the fundamental absorption 
edge, there are two \s exciton lines arising 
from a spin orbit splitting of the r ,5 hand 
giving an upper twofold degenerate F? and a 
lower fourfold degenerate F t, band. 

The exciton built from a Fj hole and a 
Fs electron is fourfold degenerate giving, in the 
electric dipole approximation, one allowed 
transition F 15 and one forbidden transition 
r * 

The splitting between the two F 15 and Fj 
states shows the magnitude of the exchange 
interaction between the spins of the electron 
and of the hole, or in other words, the splitting 
between the ortho F ,5 and para Fj excitons. 

In a first approximation, neglecting the 
paraexciton Fj, the orthoexciton r ,5 must split 
into three levels under the action of a magnetic 
field as follows: 


*By analogy with atomic spectra, we previously called 
the Pis and Pi exciton states.y = 1 andi = 0. 


Am = 0± I (1) 

where g is the sum of the spectroscopic 
splitting factors of the electrons in the 
conduction and valence bands and the 

Bohr magneton: 

g = gr{F,) + gh(Fi5). 

The g factor of an electron in the top F, 
conduction band is slightly different from two, 
because the energy gap E^.fF, — F,*)- 
26,000 cm"', is large as compared to the 
spin orbit separation EfFj— F„) 600cm"F 

The effective masses for the electron and the 
hole are respectively m,,(F,) = 0-415mo, 
"JftfFts) = 20mn after Song. Using these 
values, Kahn* has calculated an isotropic u, 
(F,) value of 2 02 by the method of Roth [12] 
in which the spin orbit coupling is taken 
into account. Furthermore, the experimental 

•Personal communication of A. KAHN. 
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value for the hole gn is known to be about 
— 1- 1 (see below). Therefore we have the set: 

^,(r,)=205±005 

gfc(r,5) =-M±0-l 


so that the effective g value for the exciton 
is small 0’9. 

Furthermore, in magnetic field the r,5 and 
r2 exciton states mix producing the appear- 
ance of a fourth line and shifting in opposite 
directions both the new line and the m — 0 
component of ( 1 ). 

At low magnetic field the shift of these lines 
is: 


A£^=i 


(ge-g,ywn^ 

AEo 


( 2 ) 


where AEo = Efl’is) 1^2) ^ 

Elliott [13] has evaluated the ortho-para 
splitting in the case of a 1 5 Wannier exciton. 
Assuming that the F, and 1,3 bands are 
mainly due to 4s and 3c/ functions of copper, 
the effective exchange interaction is: 


ieff.= (3) 


where J,a is an atomic exchange interaction, 
|<f)(0)|^= l/ri<io'‘ the probability of finding an 
electron and hole on the same atom, the 
volume of unit cell, and «« the exciton radius. 
Taking a 'D—'D splitting of the 3c/*'4iCu* 
configuration of 3000 cm*’ a value of V„ = 
160 A’’ and of Uo == 7 A the calculation gives 
for the ortho-para splitting a value of about 
70 cm"’. The accuracy of this evaluation is 
not very good, due to a possible breakdown 
of the effective mass approximation for small 
orbits. 


(B) Bound exciton = 25.654 cm"’; = 

25,665 cm~^) 

Lines due to bound excitons have been 
found in a great variety of semi-conductors. 
The Zeeman effect enables us to determine 
what kind of defects trap the exciton follow- 
ing a method of investigation suggested by 
Hopfield and Thomas [141. 


In the formation of exciton complexes, the 
ground state can be a neutral acceptor in an 
unperturbed crystal. In the excited state an 
exciton is formed in a state bound to the 
neutral acceptor. The ionised acceptor having 
no moment the g factor of the ground state 
of the neutral acceptor must be that of the 
hole. In the excited state the holes form 
orbitals with compensated spins, and the 
angular momentum of the complex must be 
that of the remaining electron. In a magnetic 
held, the bound exciton exhibits four lines due 
to the twofold degeneracy of both the ground 
and excited states (Fig. 2). The magnetic 
splitting of these components will be a linear 
function of the field. Generally, it will be 
possible, by means of thermalisation effects 
in absorption, to distinguish between the g 
factors of the ground and the excited state, 
which permits the identification of the type of 
center. 


3. EXPERIMEWAL 

The magnetic fields [15] up to 180kG are 
produced by discharging a 9 kJ capacitor 
bank, through a split coil of copper wire. A 
fiash light is synchronised with the maximum 
of the pulsed field. The duration of the field 
and light are respectively lO"’ and 1 O'” sec. 
The luminescence is excited with the same 
light source through a UGll Schott filter. 
The observation is made at right angles to the 
magnetic field so as to observe the 11 and o- 
components of the Zeeman patterns. The 
various spectra are recorded photographically 
with a Bauch and Lomb grating spectrograph 
having a dispersion of 4 A-mm"'. The samples 
studied are either thin film (1 fx) obtained by 
evaporation or thick polycrystals (lOO/u) 
purified by zone melting (10 ppm). They are 
directly immersed in the refrigerating liquid. 

4 . RESULTS 

(A) The ortho and paraexcilon lines Vt/ond »/, 
The Zeeman splitting of the I j (F u) 
absorption line Vif (25,865 cm~’) is un- 
observable largely because a low effective 
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e value of 0-9 (see above) and a too l^ge 
width of this line, about 30 cm ^ But both m 
the absorption and emission spectra of thin 
layers we see the appearance of the forbidden 
line called i>t(r,). An analysis of the magnetic 
behaviour of the I'l (25,814 cm ') line has 
been reported previously [7, 8]. The intensity 
of this line increases with the field both in 
emission and in absorption. The line behaves 
in the same way in high field. At 120kG the 
line becomes so strong that in the reflection 
spectrum a residual ray (16] is formed at this 
frequency. Unobservable in the absence of 
field, the line i', becomes of about the same 
order of magnitude as the sharp « = 1 exciton 
line at high fields. On the other hand, the line 
shifts to lower energies in increasing magnetic 
fields (Fig. 3). 




Fig. 2. Zeeman effect of the complex exciton-neutral 
acceptor. 


The quadratic Zeeman effect arise both 
from the diamagnetic of the exciton and from 
the second order term of the paramagnetic 
perturbation. Each of these effects shifts to 
higher energy the central component of (1). 
However both effects are of a different order 
of magnitude for CuCI. 

The diamagnetic shift for an l.s exciton is; 




4nP 


while the paramagnetic shift is given by (2). 

Assuming ya = 0-4mo, a^, = 7 A and the 
values of and found experimentally with 
an ortho paraexciton splitting of 5()cm"b 


A£rf 

A£p 


004 . 


The experimental shift of i^, in a magnetic 
field of I50kG is of about 1-5 cm"*, so the 
diamagnetic perturbation is entirely negligible. 
The magnetic behaviour of triplet and vi 
singlet agree well with the hypothesis of 
mixing of the Fis and Fj exciton states as 
shown on Fig. 3. 


(B) The group of lines e.. 

The line ^2 (25,654 cm ') is situated on the 
low energy side of the n == I exciton line 
(25,865 cm"’) of the sharp series; This line is 
observed both in absorption (with thick 
crystals) and in emission. It has been 
shown [4, 9] that this line is due to the creation 
or annihilation of an exciton bound to a defect, 
the nature of which is still to be determined. 
There is however in emission (7, 10] a possible 
participation of a mechanism involving the 
emission of a LO phonon (215 cm"’) and a 
photon. 

(a) Zeeman effect of the emission line I'-j. 
The splitting (1 7] of the line is shown on 
Fig. 4 in a field of 120kG at 1-9° and 4-2“K. 
Four components are observed 1 (25,646 
cm"'), 2 (25,652 cm"'), 3 (25,656 cm"') and 
4(25,663 cm"'). 

I and 4 are fl components. 2 and 3 are cr 
components. The intensity of the components 
decreases strongly from 1 to 4. The ratio of 
intensities between 1 and 4 is larger at 1-9“K 
than at4-2°K. 

(b) Zeeman effect of the absorption lines. 
In the absorption spectrum of CuCI a group 
of lines e-j is observed. The strong line I'j is 
accompanied by a number of satellite lines 
i' 2 *(l= 1-4). The intensity of these lines 
depend on the quality of the samples. All 
these lines disappear when the temperature 
is slightly raised. The splitting of the lines 
^ 2 , r' 2 ’ and the behaviour of ef as a function of 
the magnetic field, is shown on Figs. 5 and 6. 

The /i>ie[l81 (25,654 cm"' at 4'2'^K). 

At 30 kG the line is broadened but the 
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F-ig. 3 The ortho and paraexciton line;. Vif and in high 
magnetic field. 




Fig. 4. Zeeman effect of the emission line vj of a thin Fig. 5. Zeeman effect of the absorption spectrum of a 
recrystalliscd layer, 1 thick. polycrystalline sample, 120/x thick (sample 1). 
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Zeeman pattern unresolved. Four compon- 
ents (though with a poor resolution) are 
observed at 59-5 kG. A triplet (1, 2 and 4) is 
observed at 89 kG. Finally a doublet (compon- 
ents 2 and 4) is observed with 1 19 kG. Note 
that 2 is a (T component and 4 is a FI compon- 
ent. The components 1 and 3 are not observed 
for higher fields at 4-2°K. However, in high 
fields the components 1 and 3 reappear at 
higher temperatures. This is shown on 
the diagram of Fig. 7. With the field used 
(120 kG) kT at 4-2®K is smaller than the 
magnetic splitting of the ground state. There- 
fore, 2 and 4 must be transitions arising from 
the lowest Zeeman level, which is alone 
populated, and two excited levels. This 
enables us to obtain the g factor for both the 
ground state and the excited state. It is found 
that go = 1,1 for the ground state and gVc. = 
2-05 for the excited state. 



Fig. 6. Zeeman effect of the absorption spectrum of a 
poJycrystalline sample, 200 thick (sample 2). 


The splitting of the four components is a 
linear function of the magnetic field. This is 
shown on Fig. 8. The coincidence of the 
Zeeman patterns as observed in emission with 
that observed in absorption has been used in 
drawing this diagram at 1 20 kG. 

The line (25,665 c/n“‘ at A'VK). The 
Zeeman effect of vi' is similar to that of line 
V 2 described above. A field of 59-5 kG splits 
the line in four components at4-2“K 1 (25,661 
cm"'), 2 (25,664*5 cm"'), 3 (25,666*5 cm"') 
and 4 (25,671 cm"*). At this field the Zeeman 
effect of this line is not perturbed by the 
neighbouring lines. The components 2 (o*) and 
4 (n) have roughly the same intensity, but 
the components 1 and 3 are much weaker. 
They disappear at 1*6“K (Fig. 5). The g 
factors are go — I '2 and ge*c. = 2*3. The varia- 
tion of the splitting of this line with the 
magnetic field is represented on Fig. 8. It can 
be seen that the Zeeman patterns of and 
Vj' overlap for high values of the field. How- 
ever, the emission pattern is observed for 
Vi only. This helps to analyse the rather 
complicated situation. 

25,665 cm-’ 

H- S9-SkG I 





-10 -5 b +5 +10 fcrrf') 



Fig. 7. Digram of the i/, and v,‘ Zeeman absorption 
patterns as function of the temperature. The length of the 
lines represents the apparent intensity of the components. 
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Fig. 8. Zeeman effect of vj, vj* and lines as a function of the field intensity 

at 4-2°K. 


The line (25,674 cm-' at 4-2°K). This 
line is not alfected by the magnetic held; see 
Fig. 6. 

The tines (25,670 cm“') andv 2 * (25,679 
cm-' at 4-2°K ). These lines are very we^. 
On account of that no reliable observations 
have been made. 

5. DISCUSSION 

The fine structure of Is exciton is now well 
understood in spite of the fact that the Zeeman 
splitting is unresolved. The paraexciton I ^ 
appears and is shifted towards lower energies 
quadricalty with the field according to (2). 
The ortho-para splitting between and r, 
agrees surprisingly well with Elliott’s theory. 
The influence of Cr must be negligible. 

The Zeeman splitting of and line is 
practically the same. The g factors of excited 
states are in excellent agreement with the 
electronic g value so that the two lines 
correspond to excitons bound to neutral 
acceptor. The other lines i/j®. p^^ and 1 ^ 2 ^ must 
be assigned to some other kind of centers. 

We have seen that fl and cr components are 
in a reversed order as compared to the usual 
Zeeman patterns. This fact is also due to the 


circumstance that the hole is responsible for 
the splitting of the ground state and the 
electron for that of the excited state. There- 
fore this consideration is in agreement with 
the above assignment. As the crystals are 
very pure it is likely that the acceptor involved 
has a stoechiometric character. It can be 
tentatively suggested that Cu^ vacancies can 
form the acceptor. However, the very high 
mass of the hole may bring along some 
difficulties in understanding the structure of 
such an acceptor. 

Though not all magnetic properties of the 
sensitive lines of CuCl are yet understood, it 
is believed that considerable progress has 
been made in their assignment. 

/I cknoHledgements —The authors are thankful to 
Professor Daniel for stimulating discussions, and to 
Dr Kahn for permission to use the g values he has 
calculated prior to their publication. 
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OF OH’ ION AGGREGATES IN MgO 
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Abstract — The thermal dissociation of two OH ion aggregate centres has been studied through the 
decay of the associated optical absorption bands. The first of the centres studied, with an absorption 
band at .3296 cm“', has been shown to consist of an OH“ ion in association with a magnesium vacancy 
(I), the (OHV) centre. The second (absorption band at .3310cm"') is an (OHV) centre in association 
with a trivalent impurity (/)[21. We term this the (OH VI) centre. Over the temperature range 470°- 
620°C the decays take a simple form, predicted by rate theory. From these measurements, and new 
data on the equilibrium concentration of the centres as a function of temperature, the dissociation 
activation energy (l•43eV), the binding energy (^0-23eV) and the association activation energy 
(:^ 1 20eV) of the (OHV) centre are found, together with the binding energy of the trivalent impurity 
I to the (OH VI) centre (84 meV) 


Recently, several studies have been made 
of OH~ ion containing centres in magnesium 
oxidefl-3]. The centres in general consist of 
an OH' ion at an oxygen substitutional site, 
in association with one or more magnesium 
vacancies; some in addition contain a trivalent 
impurity, which substitutes at a magnesium 
site. 

These centres give rise to a series of narrow 
absorption bands, tying in the region 3200- 
3700 cm"*; the spectral position of the bands 
is determined by the stretch frequency of 
the OH" ion, as modified by the environment 
at a particular centre. The most prominent of 
these bands are at 3310 and 3296 cm"'. 
Kirklin et al.[\] have shown that the latter 
band is due to a centre consisting of an OH" 
ion at an anion site, in association with one 
magnesium vacancy in a nearest neighbour 
cation position. The centre has axial sym- 
metry, the proton lying along the <100) direc- 
tion. We write this centre as (OHV). It 
bears a net negative charge. 

Optical studies [21 suggest that the centre 
giving the 3310 cm"* absorption band is the 
(OHV) centre in association with an unknown 
■trivalent impurity (/, say). This centre is 
charge neutral. The position of this band is 


unchanged in MgO samples doped with 
different trivalent transition metal ions; it also 
appears in nominally undoped crystals, which 
contain quite high concentrations of iron 
(100-200 ppm), and also 1-5 ppm of Cr’’*’ 
ions. The band shifts to a slightly higher energy 
in MgO:Mn crystals after quenching from 
temperatures below about 800°C. This pro- 
bably corresponds to the observed conversion 
of Mn-’^ to Mn*"^ below this temperature in 
these heavily manganese doped crystals [3], 
The absorption studies give no information 
on the position of the trivalent impurity. 
Simple calculations of the expected frequency 
for the centre are in accord with this model. 
Shortly we hope to present more detailed 
calculations on the OH" ion impurity system 
in MgO, and to be able to suggest a geometry 
for this centre, which we write as (OH VI). 

In the previous work [2], particular atten- 
tion was paid to the concentrations of the 
centres in thermal equilibrium, as a function 
of temperature 7. as found from absorption 
measurements after a rapid quench from T. 
This procedure has been found to freeze in the 
equilibrium concentration of several types of 
aggregate defects, including those studied 
here [2, 5]. The temperature dependence of 
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the equilibrium concentrations of the (OHV) 
and (OHVI) centres could be accounted for 
with a model involving only three types of 
defects: OH“ ions, magnesium ion vacancies, r 
and an unknown defect, X, say. At low - 

temperatures the vacancies associate pre- s 

ferentially with this unknown defect. It was 
not possible to obtain the activation energies 
for association or dissociation, or the binding 
energies of the centres from this work, how- 
ever. by following the decays of the absorp- 
tion bands at 3296 and 3310 cm ‘, it has been 
possible to measure the activation energy of 
dissociation of the (OHV) centre, and the 
binding energy of the (OHV) defect to the 
(1) defect in the (OHVI) centre. The rate 
theory used to determine the latter has been 
confirmed by a new analysis of the equili- 
brium data. The more accurate equilibrium 
data of this work have also enabled an 
estimate to be made of the (OHV) centre 
binding energy, and thus of the activation 
energy for association of this centre from the 
(OH) and (V) defects. 

In Section 1 we present the experimental 
results. Sections 2(a) and 2(b) are concerned 
with the analysis of the decays of the (OHV) 
and (OHVI) centres respectively, and Sections 
3(a) and 3(b) with the analysis of the equili- 
brium measurements on these centres. The 
results are summarised and discussed in 
Section 4. 

1. EXPERIMENTAL AND RESULTS 

As in the previous work, the absorption 
spectra were measured with a Unicam SP7(X) 
spectrophotometer. Details of the method of 
analysis, the crystals and of the quenching 
methods used to freeze in high temperature 
defect populations are given in [2]. 

Figure 1 shows the dependence of the 
absorption coefficient at 3296 cm ' and 3310 
cm-‘, and A’^ re.spectively, on the quench 
temperature. The subscripts emphasise the 
fact that the crystal had reached thermal 
equilibrium before the quench. It shows a rise 
in absorption (and thus in the defect concentra- 



Fig. I The equilibrium values of the absorption coeffi- 
cients at 3296 and 33 10 cm’’. and .4;, respectively as a 
function of quench temperature. 

tions) with increasing temperature, as the 
vacancies move from association with the un- 
known defect X to association with the OH“ 
ions. The figure also shows that at quench 
temperatures above about 700°C. the concen- 
tration of both centres becomes approximately 
constant. This is more typical behaviour than 
that of the crystal discussed in [2], where there 
was a continuing slow increase of A and A'^ 
with temperature above 700°C. This, and the 
data presented in [2] on the equilibrium con- 
centration of the y centre (a magnesium ion 
vacancy that has trapped a hole), indicate that 
the limit of concentration of the (OHV) 
centre is the amount of OH" ion impurity in 
the sample, not the cation vacancy concentra- 
tion, nor the failure of the quenching process 
to ‘freeze in’ the high temperature equilibrium 
concentrations. For the (OHVI) centre, the 
high temperature concentration depends also 
on the concentration of tri valent impurity 
available to (OHV) centres. 

Before the decay measurements, the 
samples were brought to thermal equilibrium 
at 900°C. The decays of the two absorption 
bands were then followed, the sample being 
held at a fixed, lower temperature, T say. 
until the absorption coefficients reached the 
equilibrium values for that temperature. The 
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absorption measurements during the decay 
were made at room temperature, the sample 
being removed from the furnace and rapidly 
quenched, between each measurement. The 
decays were recorded at seven temperatures 
between 620® and 470°C. Above 620®C, the 
difference between the initial and final 
absorption coefficients becomes small, and the 
decay rapid; below 470“C, the time required 
to reach equilibrium is impractically long 
(> 1 week). 

In attempts to analyse the resulting decay 
curves, it was found that neither plots of 
exp^ nor expiA—A^), where A is the 
absorption coefficient at 3296 cm“‘ at time /, 
vs. l were linear; that is, the decay is not 
monomolecular. However, though A"^ vs. t 
was non-linear also, (/4— vs. / gave 
consistently good linear plots over the whole 
temperature range. Examples are shown on 
Figs. 2 and 3, Clearly a form of bimolecular 
decay operates over this range of T and /. 



Fig, 2. The decays of the (OHV) and (OH VI) centres at 
570°C. {A —A)' and {A' —Ai)~' vs. anneal time/. 


The decay of the (OH VI) centre is more 
complex, as we might expect, since it is a 
three, rather than two, defect aggregate. For 
T > 530®C. we find that (A'—A'^)'^ vs. t is 
linear, as before, (Fig. 2), but that at lower 



Fig. 3. As for Fig. 2. but at 495®C; the plot of {A' — 
vs. / shows the deviation from linearity discussed below. 


temperatures the plots are only linear for long 
times (Fig. 3). During the initial stage of the 
‘decay’ there is, for T ^ 530°C a slight 
increase in A', before the essentially bi- 
molecular decay takes over. 

Despite the comparatively simple form of 
the decay, we cannot gain useful information 
from them without a closer examination of the 
decay mechanism. For, writing the results 
in the form (A —A^)~' = Rt. where /? is a 
rate constant, we find that R is not a simple 
function of temperature. A plot of InlOR vs. 
1/r is shown dashed on Fig. 4. Clearly we 
must examine the decay in more detail. 

Amd iMwahm.b 



Fig. 4. The ({uanlities In lOR (dashed) and {lnK(Ae— 
Aq-TA^} (full) plotted against the anneal temperature. 
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2. ANALYSIS OF THE DECAYS 
It is familiar that the decay of any constit- 
uent of a reversible reaction is a complex 
function of time, and that it is difficult to 
obtain information, such as activation 
energies, except by curve fitting procedures 
(see, e.g. Hoogenstraatenf4J, on the emptying 
of electron traps in solids). Often the com- 
plete equation contains both terms which 
decrease exponentially with r, and terms 
which depend on r" (n positive). Fortunately, 
these processes often operate at very different 
rates, so that within an experimentally 
realisable time scale one of the terms domin- 
ates the others (see e.g.[4, llj. With these 
considerations in mind we shall examine the 
kinetics of the (OH V) centre decay. 

(a) The decay of the (OHV) centre 
Our approach to the non-equilibrium situa- 
tion which exists during the decay is the 
following. We first decide which of the pos- 
sible reactions occurring between OH" ions, 
vacancies, the unknown defect X. and other 
defects will be most important, using the 
earlier treatment of the equilibrium situation 
as a guide. We can then write down the rate 
equations for these reactions. It will be shown 
that, because the concentration of (OHV) 
centres is small compared with the total 
vacancy concentration, as shown in the 
equilibrium studies of OH" ion centres and of 
V centres (vacancy -t- hole)(2]. an analytical 
solution can be found. This solution is 
examined for long and for short decay times, 
when the decay is found to take mono- 
molecular and bimolecular form respectively. 
Comparing the bimolecular form with the 
experimental results, we are able to find the 
value of the (OHV) centre dissociation energy. 

li was shown in [2] that the data of Fig. I 
could only be explained if these were in the 
crystal a vacancy producing reaction, which 
was written 

(XV) (X)-i-(V). 

If no additional vacancies were produced 


as the temperature was raised, then >4«, A'^ 
would be decreasing functions of temperature 
The nature of the (X) was not specified 
though Glass, from his studies of MgO : Cr [5] 
where a similar reaction is found necessary 
estimated a lower limit to the associatior 
energy of the (XV) associate of about lOeV 
The implications of this high value for the 
nature of X are discussed in [5]. 

We must clearly take the above reaction intc 
account when formulating a model for the 
decay of the (OHV) centre. First we consider 
only the two reactions 

(OH-) + (V) ^ (OHV) 
and (i) 

(XV) ^ (X)-h(V). 

Since most of the OH" ion content of the 
crystal exists either as isolated OH" ions 
((OH")) or in (OHV) centres, these will be 
the dominant reactions. The same pair of 
reactions give a good description of the 
equilibrium situation (2). 

The equations governing the decay are then 

|[OHV] =-y,[OHV]T [V][OH"]« 
and 

|fXV]^~y,[XV]T[V][X]^ 

where the square brackets indicate concentra- 
tions. 

The first term on the right in these equations 
represents the thermal dissociation of the 
associate; the second, the recombination of 
the isolated defects, -y, and -yj are Boltzmann 
terms of the form y! exp~(EdkT). de- 
fined as £, and are the activation energies 
for dissociation of the (OHV) and (XV) 
aggregates respectively, and the corresponding 
pre-exponentials -yj and y'^ contain the dis- 
sociation entropies. Before recombination 
can occur one of the isolated defects must 
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diffuse thermally; if we assume the vacancy 
is the more mobile species, i.e. the activation 
Gibbs free energy for vacancy diffusion is 
less than that for (OH") or (X) diffusion, then 
a = /3 = y’ exp — (EIkT). E and y' are the 
activation energy and entropy for vacancy 
diffusion, respectively. It is known that in 
MgO impurities diffuse via a vacancy mechan- 
ism[ 12 ]. 

There is no experimental evidence for 
intrinsic vacancy production at these tempera- 
tures; this is supported by an estimate of 
4-0 eV for the energy required for vacancy 
production made by Lidiard[12]. 

Thus we can write [VJj. = [XV] -H [OH V] 
-l-[V], where [V]^ is the total vacancy 
concentration. Similarly, [OH] 7 .= [OHV]-l- 
[OH-] and [X]t = [XV] -t- [X]. 

Using these relations, and the notation 
[XV] = X, [OHV] = y, [OH-]y- = a, 
[X] 7 -= b, and [V] 7 -= c, the rate equations 
become 

(dy/dt) =-yiy-i- ic — x-y)ia—y)(3 
and (ii) 

(dr/d/) =-72^-1- ic — x — y)(b — x)l3. 

As they stand, these equations are difficult 
to solve analytically. However, they may be 
simplified by noting that the concentration of 
OH" ion-vacancy associates is much less than 
the total vacancy concentration [ 2 ] i.e. y ^ c. 
The equations then simplify to 

(dy/df) = — 7 iy+ (c-x)(a-y)/3 (iii) 
and 

(djc/d/) = — 72 X-I- (c — (iv) 

It should be noted that these simplified equa- 
tions give, on setting (dx/d/) = (dy/dt) = 0 , 
the same equilibrium conditions as given by 
mass action theory from equation (i). Equation 
(iv) has as its solution 

x = B — D coth (Aftt + K) 


with 2B — { (ya/jS) + -H c) , D* = 5® — be, and 
K = coth~‘ (B—XqJD), where Xo is the value 
of X at time r — 0. By inserting this expression 
for jt into (iii), y(f) can be found. The resulting 
expression fory is 

y— y=o = Eie~'^~‘^‘ + G e“''') 

cosech ( X + /3D/ ) (v) 

where E = (ByioDIF^ — £>®/8®) , E = y, + 
{c — B)fi, and C is a constant of integration 
determined by y = yo at r = 0. 

Equation (v) is too complicated and con- 
tains too many parameters to be useful. As 
noted above, however, the analysis of decay 
curves is often simplified by the dominance, 
over a restricted range of t, of a few terms in 
the exact equation. For example, at suffic- 
iently long times, such that Dpi and Ft > I, 
and D^t > K, then equation (v) gives 

y - y. = 2£ e- ( e- -H Ce- '"0 . 

Thus the decay has a simple exponential form 
at long times. Experimentally, we may not be 
able to measure the difference y — y* at times 
sufficiently long for the above inequalities to 
be obeyed, and thus will not observe this 
monomolecular decay. 

To understand the experimental results 
presented here, we examine equation (v) for 
small t, such that Z>/3t and F/ 1. From 
equation (v) and with these restrictions only, 
we have, after a little algebra, 

(y->'=o)“’ = {7i(yo-2y„) -pic-Xo) 

X (o-yo)}{yo-y=o}''®t+0(F/)®. (vi) 

It was noted above that the high tempera- 
ture limit to the (OHV) centre concentration Is 
set by the total OH" ion concentration; so, 
if we neglect other reactions the starting con- 
dition is Jo = a. Neglecting the small higher 
order terms equation (vi) then becomes 

(y-ya=)"’ == 7i(yo-2y.)(yo-y«)“’‘t. (vii) 
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The experimental results can be written as 
= /ft. where R depends only on 
the anneal temperature. Since the peak absorp- 
tion is directly proportional to the defect 
concentration, comparison of the last two 
equations gives 

{R(An-A^Y)l{A,,-2A^) = 7 , 

= 7 ;exp- (£j/^7') (viii) 

In Fig. 4, the logarithm of the left-hand side 
of equation (viii) has been plotted against 
reciprocal temperature: it is linear, and from 
its slope El, the dissociation activation 
energy of the (OHV) centre, is found to be 
l'43±0-03eV andyl = 3 jr 1-5 10® sec"'. (I am 
indebted to Dr. J. E. Bishop of this university 
for the suggestion of the sign x to indicate 
errors determined from a logarithmic plot). 

Before proceeding, it is worth summarising 
the assumptions made above. The reactions 
(i), involving only vacancies and the (OH“) 
and (X) defects, together with the aggregates 
of these, the (OHV) and (A'V) defects, are 
believed to be dominant in the (OHV) centre 
decay, since the same equations give a good 
description of the equilibrium behaviour [2]. 
That there is not intrinsic vacancy production 
is reinforced by the high estimated energy for 
Schottky defects f 1 2]. The equilibrium beha- 
viour also suggests that the vacancy concen- 
tration is much higher than the (OHV) 
concentration. This is not surprising, since, 
in the absence of intrinsic production, most 
vacancies in MgO are produced via charge 
compensation of charged defects, and the 
concentrations of these (indeed, of Fe^^ alone) 
are much greater than the (OHV) concentra- 
tion. This assumption allowed us to simplify 
the rate equations (equations (ii-iv)). The same 
arguments allow us to simplify the expression 
for the time dependence of the (OHV) con- 
centration, obtained for short times, (equation 
(vi)) by taking the initial (OHV) concentration 
as equal to the total (OH") concentration. The 
rate equations were further simplified by the 
assumption that vacancies diffuse more readily 


than the impurities (OH") and (A^, as sug- 
gested by diffusion experiments [12], 

With these simplifying assumptions, the 
mode] used here gives a satisfactory descrip- 
tion of the (OHV) centre decay, and enables 
us to find the dissociation energy. We now 
turn to the more complex (OH VI) centre 
decay. 

{b) The decay of the OH VI centre 
The model presented above describes the 
decay of the (OHV) centre in terms of the two 
equations (i) only. Since the (OHV) centre is 
also present in the crystal, a rigorous treat- 
ment would solve the two rate equations (ii) 
for reactions (i), together with the rate equa- 
tions for reactions of the kind 

(OHV) -I- (I) (OH VI) (ix) 

and 

(OH-)-l-(VI) ^ (OHVI) (ixa) 

simultaneously. This leads to considerable 
mathematical difficulties. 

We tackled the decay of the (OH VI) 
centre in the following approximate way, We 
assume that one only of the reactions (ix) 
and (ixa) is significant. If it is argued, as above, 
that an isolated (I) or (OH") defect is com- 
paratively immobile, then the relative import- 
ance of reactions (ix) and (ixa) is determined 
by the relative mobilities of the (OHV) and 
(VI) defects. We shall treat both cases, con- 
sidering the chosen reaction ((ix) or (ixa)) as a 
small perturbation on reactions (i). The rate 
equation is solved, and the solution combined 
with that found above for the (OHV) centre 
decay. First we examine the situation when 
reaction (ix) is dominant. 

(/) ^ (OHVl) dominant. 
Writing y' = [OHVIj, the rate equation for 
reaction (ix) is 

dy' 

-^ = -yny' + id-y')y8 (x) 

where ya = y^ exp- (EJkT), is the activa- 
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tion energy for dissociation of the (OHVI) 
centre required to form an (OHV) centre, 
d = [/] t . the total concentration of the iso- 
lated impurity I, and 6 the probability that an 
(OHV) centre will associate with an impurity 
I. 6 has Boltzmann form, 8' c\p—{EJkT), E 4 
being the activation energy for diffusion of the 
more mobile of the defects (OHV) and (/), and 
8' is the corresponding entropy. 

Combining this with the previous result that 
{y — y^)~^=fRt (/ is a constant of propor- 
tionality between absorption coetficient and 
concentration) we have on solution 

y’ = d8(yJ8) + He- 

-F (d/g) Jg e‘'V''“’ dt 

with g — y;,-hy^S, h = 8IRf, and // is a con- 
stant of integration. The integral is simplified 
if we approximate h by the nearest integer, 
p say, which we may do so long as > 1. i.e. 
Rf > S, or (y — y®)"' 6r. For the con- 
centrations of (OHV) in our crystals, this 
means 8 t 10**. and since we would expect 
8 > 10**, the inequality is easily satisfied for 
long times. Then 

y' = d8 ( (yjg) + //e-«'r ") 


becomes insufficiently large to justify our 
inequality, at least until t is large. The second 
and fourth terms in (xi) can then no longer be 
ignored. 1 

Qualitatively, the maximum ofA'it), the 
(OHVI) concentration results from the com- 
petition of two processes, the pairing of (I) 
and (OHV), occuring more rapidly as the 
temperature is lowered, and the decrease of 
(OHV) with decreasing temperature. For t 
small, that is with high (OHV) and (1) con- 
centrations. the first process dominates: when 
/ is large, the (OHV) concentration has de- 
creased sufficiently for the second process to 
dominate, and the (OHVI) concentration falls. 

Writing the experimental results for the 
bimolecular region as {A' = R't, we 

have the relation between the decay rates of 
the (OHV) and (OHVI) centres, 

g = ^exp(-(£.,-E./m) 

The logarithm of the right-hand side of the 
above equation is plotted in Fig. 5 vs. recip- 
rocal temperature. E 3 — E 4 , the binding 
energy of the impurity / to the (OHV) 
centre is evidently small and positive (i.e. the 


, y (-I)**(p-2) ■ . . ip-k) 

(xi) 

Putting y' = y^ at r = *, we have y^ = (BdyJ 
g), in agreement with the mass-action expres- 
sion. If gt 1, then y ' -yi = (yg/id/g^t) . This 
is the experimentally observed form for the 
(OH VI) centre decay over the whole observa- 
tion time at temperatures above about 530°C. 
and also over the latter part of the decay at 
lower temperatures. Equation (xi) shows the 
reasons for the deviation from bimolecular 
kinetics at low temperatures and short times: 
>3 and yoo6 both decrease with decreasing 
temperature and thus at low temperatures gt 


lutmt Unyotufi , % 



Fig. 5. The quantity In {RIF') {AJA'J)^ vs. the reciprocal 
of the anneal temperature. 

(OHVI) centre is slightly more stable than the 
(OHV) centre, as we would expect after con- 
sidering the total charges carried by the 
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centres),* The experimental errors are, how- 
ever, rather large; £ 3-£:4 = 47±57 meV, 
and (yi/dS') = 10x1-7. We shall discuss m 
Section 3 a method of measuring these 
quantities more accurately. 

(ii) + ^ (OHV I) dominant. The 

approach and the solution of the rate equation 
is very similar in this case to that given above, 
for Jong times, and with the same approxima- 
tions, we find (constant) &xp(-~{E^~EJ 
kT)) = {/?//?')(>»- 3'-/)':)“- where is 

the binding energy of the (OH ) impurity to 
the (VI) defect. 

Although a plot of the logarithm of the right 
hand side of this equation vs. 1/T appears 
roughly linear, it leads to a large negative 
estimate of the binding energy. This is physic- 
ally unrealistic, and we therefore conclude that 
reaction (ix) is dominant, t.e. the (OHV) 
defect is more mobile than the (VI) defect. 

3. ANALYSIS OF THE EQUILIBRIUM 

MEASUREMENTS 
(fl) The (OHVl) centre 
The equilibrium data provide another way 
in which we can measure the binding energy; 
besides a more accurate value, this also gives 
a check to the decay analysis. Consider the 
equilibrium concentrations of (OHV) and 
(OHVl), y„ and y'^. Then from equation (x), 
setting dy'/dt = 0 or from the law of mass 
action, using reaction (ix), 

y°c Ya 

yL did-yLY 


At low temperatures, y'^ is small, and thus 
d > y;, since d is greater or equal to the high 
temperature concentration of (OHVl) centres. 
At low temperatures, then. 


A 


CO 


/i; 


h 

8d 



(xii) 


♦Throughout this work, the sign of binding energies is 
taken such that they are positive when the asscyciate is 
stable at low temperatures. 


Figure 6 shows a plot of log vs. 

(l/T), over the range 475‘’-620®C: the data 
points (a) are taken from the crystal used in 
the decay experiments (Fig. 1), and points 
(b) from a crystal containing a lower concen- 
tration of the impurity /, as judged from the 
high temperature equilibrium concentrations 
of the (OHVl) centre in the two crystals. The 
highest temperature points show deviation 

Qiandi 



Fig 6 The quantity vs. the reciprocal of the 

quench temperature. Points on (a) arc from the crystal 
used in this work (the data from Fig. I ). tho.sc on (b) are 
from a crystal with a lower concentration of the impurity 
/. The two dashed-circled points show the expected 
deviation from linearity at high temperature. 


from linearity, as the approximation d ^ y’^ 
begins to break down. The gradients are equal 
within the experimental errors, and give 
= 84±8 meV. {y'J8'd) for the plot 
(a) is 1 1 X 1 2. These values are well within the 
ranges of the .same parameters evaluated via 
the decay data. For the points (b) (y jdb') = 
12 X 1-4. The ratio of the intercepts of the two 
plots is equal, within, the experimental errors, 
to the inverse ratio of the concentrations of I 
in the two crystals, d, assuming d is directly 
proportional to the high temperature equili- 
brium value of A'^\ this is expected from 
equation (xii). 

Given these values of (yi/S'd), we can 
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estimate a lower limit on the value of (Vg/S'). 
The concentration of the (OHVI) centre can 
be estimated with a relationship given 
originally by Kats [6], and used in [2], between 
the absorption coefficient and number of 
centres. For the sample used in the decay 
measurements, this gives [OHVI] = 3 ppm at 
high temperatures. Since this is « d, (yi/8' ) ^ 
3-3 X 0-36 X 10^ 

Use of reaction (ixa) in the place of reaction 
(ix) again leads to an apparent high negative 
binding energy. 


(b) The ( OH V ) centre 

Finally, the more accurate measurements of 
as a function of temperature (Fig. 1 ) permit 
measurement of the (OHV) binding energy. 
For, writing the two reactions, 

(OH-) + (V) ^ (OHV) 

and 

(X) + (V) ;=i (XV) 
mass action theory gives 


[OH-][v] = [ohvja:« 

and 

[X][V] = [XV]X, 

where X.-, and have the form X' exp — (£J 
kT). Eii is the binding energy of the (OHV) 
associate, and the binding energy of (XV). 
At low temperatures, very little (OH ) is 
associated so [OH~]r^ [OHV]. Assuming 
with Glass [5] that [X]r - [X], then combin- 
ing the above two equations and the conserva- 
tion equations. 

[OHV] - [OH-],.[V]rXe->{l+XB-' 

X ([OH-]r + [V]ri + Xr’lXlr}-*. 

For this to be an increasing function of 
temperature, £5 > Eg, and so at sufficiently 
low temperatures 


[OHV] - ([OH-]^[V]r/[X]r)(A:5/A:e). 

A plot of ln.>4 „ vs. 1 IT gives the energy Eg — £5 
(Fig. 7). We findE5-£6=0-75±0 04eV.The 
high temperature points show deviation from 
linearity, since [OH'Jris nolonger [OHV], 
From his measurements on MgOrCr, 
Glass [5] found a value for the (XV) centre ^ 
binding energy, £5 ^ 0*98 eV. Thus we have 
the binding energy for the (OHV) centre, 

Eg 0-23 eV. 


Aareh lantpgiqlun *C 



Fig. 7. Plot of In/t* VS. reciprocal quench temperature. 
Data from Fig. 1. The high temperature points (circled) 
show the expected deviation from linearity. 

4. DISCUSSION AND CONCLUSIONS 
The analysis presented above of the thermal 
decays of the (OHV) and (OHVI) centres has 
shown that, through a careful treatment of the 
decay kinetics, useful information can be 
obtained without recourse to many peirameter 
curve fitting procedures. This is in part 
because, as mentioned above, the different 
time dependent parts of the expression for the 
defect concentration have very different rates: 
it has been shown that by careful choice of 
temperature and starting conditions, the 
analysis may be further simplified. An impor- 
tant point is that in this study not all the com- 
ponents in the reaction were directly observ- 
able, as they were in a recent study of the dis- 
sociation of chromium-vacancy associates 
in MgO[7]. The model developed here should 
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be applicable to many thermal decay mechan- 
isms in solids, with little modification. 

We find that the activation energy for 
dissociation of the (OHV) centre is 1'43± 
0 03eV, and the corresponding pre-exponen- 
tial (/,) = 3 ^ 1 -5 X 10® sec-*. The binding 

energy of the (OHV) centre is :^0'23 eV ; that 
of the impurity (I) in the (OHVI) centre was 
found to be 84 ±3 meV, and the pre-exponen- 
tial (yi/S') 3-3xO-36x 10®. Thus the bind- 
ing energy of the (OHVI) centre is eV. 

From the values of the association activation 
energy and the binding energy of the (OHV) 
centre, the activation energy for dissociation 
(the difference between the two former 
energies) is ^ ] -20eV, 

Both the pre-exponentials contain an 
entropy term, which is the product of two 
contributions, one from the change of con- 
figurational entropy on dissociation, and the 
other from the change in vibrational entropy 
[8], Thus to calculate the pre-exponentials, a 
knowledge is required of the defect vibrational 
modes. This is at present unavailable. 

It is interesting to compare the dissociation 
of the (OHV) centre with that of the mono- 
clinic (Cr V Cr )2 centre (two trivalent chrom- 
ium ions in association with a magnesium ion 
vacancy) [7]. The dissociation energy of the 
latter is 2-05 ± 0- 1 eV. and the pre-exponential 
is of the order 10® sec"*. It is believed to 
dissociate via the reaction (Cr V Cr)^ 
(Cr)-i- (CrV), (an isolated chromium and a 
chromium-vacancy associate), with the 
isolated chromium remaining essentially im- 
mobile. The pre-exponential is much larger for 
the tatter reaction than that for the (OHV) 
dissociation; this is a result of the much larger 
change in entropy associated with the motion 
of the large (CrV) associate. 


If during the formation of the (OHV) 
centre, the vacancy is the mobile species, then 
the association activation energy is the energy 
of migration for magnesium vacancies « 1 -20 
eV). This is in reasonable agreement with the 
conductivity measurements of Davies, who 
found a value of 0*92 eV [ 1 3], and also with an 
estimate made from diffusion measurements 
by Lidiard of 1-4 eV[12]. 

Studies of the kinetics of association, and the 
determination of the energies and entropies 
involved are important not only for their 
intrinsic interest, but also in reaching an under- 
standing of conduction and diffusion measure- 
ments in MgO. In particular, at the tempera- 
tures at which conventional measurements 
have been made, the diffusion mechanism may 
be either extrinsic or intrinsic[9, 10]. 
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EFFECT OF PRESSURE ON THE KNIGHT SHIFT 
IN V5> AND METALS 
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Abstract -The pressure dependence of the Knight shift in vanadium and /3-manganese has been 
measured up to lOkbar. In vanadium (AA//L)/(Af'/tO approximately —0*8 , while in /3-manganese 
the shift increases with pressure and (AK/A )/(Ak'/f') amounts to —7-5 for zero pressure shifts of 0-58 
and 0-4 per cent respectively. In /3-manganese the pressure dependence of the quadrupole coupling 
constant has also been measured, which increases by 20 per cent at 10 kbar. Contributions from ther- 
mal expansion were separated. For the Knight shift, the experimental explicit temperature dependence 
is negligible in the range 200°-300°K. while for the quadrupole coupling constant, the explicit thermal 
contribution is orders of magnitude larger than the thermal expansion contribution. 


1. INTRODUCTION 

The shift of nuclear magnetic resonance in 
transition or rare earth metals shows some- 
what anomalous behavior compared with 
that in alkali and noble metals. For example 
platinum, palladium, and some intermetallic 
compounds containing transition metals or 
rare earth metals exhibit negative shifts, 
while vanadium and niobium show large 
positive shifts. Scandium and lanthanum ex- 
hibit a large temperature dependence of the 
Knight shift which increases with decreasing 
temperature. These anomalous behaviors 
are due to a competition between a positive 
contribution from the s conduction electron 
hyperhne interaction and orbital paramag- 
netism and a negative one from the d electrons 
via the core-polarization effect. 

The pressure dependence of the Knight 
shift has been measured in several metals, 
mostly non-transition metals with the excep- 
tion of platinum [1, 2]. This lack of measure- 
ments for transition metals may be due to 
the fact that the interpretation of the shift is 
more difficult even at the atmospheric pres- 
sure than in the case of simple metals having 
closed inner shells. In fact, whether the Knight 
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shift increases or decreases under pressure 
can not easily be predicted beforehand. In 
this paper we present the results of a study 
of the pressure dependence of the Knight 
shift in vanadium and /3-manganese metals 
at room temperature. 

The space group of the /3-manganese struc- 
ture is F4,32 (or P4332)[3]. Of the twenty 
atoms per unit cell eight atoms, denoted as 
type I, occupy states with a threefold (111) 
rotation axis of symmetry and it has been 
shown that the resonance signal comes from 
atoms of type 1 alone [4]. TTie twelve atoms of 
type II occupy sites having a twofold (110) 
rotation axis. The Knight shift of V®‘ in van- 
adium metal is 0-58 per cent at the atmos- 
pheric pressure [5]. As for /3 -manganese, 
— 0125 per cent was obtained first as the 
Knight shift at 1 bar [6]. Recently, however, 
the magnetic moment of Mn“ was redeter- 
mined by ENDOR experiments [7] and a new 
value of/u,^® = 3-4438±0 (X)20/a„ was assigned 
instead of /x*” = 3-4610 Thus the Knight 
shift of /8-Mn^ is believed to be 0-4 per cent, 
which we use in this paper. 

2. EXPERIMENTAL PROCEDURE 
The metal samples were obtained from the 
Johnson and Matthey Company. In the case 
of vanadium (better than 99 per cent purity), 
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after arc melted, the resulting ingot was 
ground on a bonded alumina wheel, which 
was lubricated by paraffin oil, to produce 
powders, which were washed in acetone and 
sieved through a no. 400 mesh. Then the 
vanadium powders were dispersed in epoxy 
resin to prevent them from contacting one 
another electrically under high pressure. The 
^-manganese sample was obtained by anneal- 
ing the electrically deposited manganese of 
99-99 per cent purity in an evacuated sealed- 
off quartz tube for 6 hr at 1200°K. After the 
crystallographic phase was confirmed by 
X-ray diffraction patterns, the metal was 
crushed in a quartz mortar and sifted through 
a no. 400 mesh. The particle size was less 
than 37 /im. Since the values of resistivity 
for vanadium and )8-manganese are 59 and 
90^iff cm respectively, a substantially com- 
plete penetration of the radio-frequency field 
was ensured at all of the frequencies used. 

The pressure bomb was constructed of 
beryllium-copper and utilized the usual 
unsupported-area seals. The hydrostatic 
pressure was generated by an intensifier with 
piston ratio of 18:1 and transmitted into the 
bomb through a flexible stainless steel tubing. 
White gasoline was used as the pressure- 
transmitting medium. The pressure in the 
Be-Cu bomb was measured with a manganine 
gauge of Harwood Engineering company. 

The magnetic field from a JEOL 16 cm 
magnet was monitored by a proton NMR 
signal using a Pound-type spectrometer. T he 
frequency of this spectrometer was stabilized 
against a crystal oscillator of an accuracy of 
the order of a few parts in 10^ through a feed- 
back loop, consisting of a mixer between the 
crystal and the spectrometer frequency, a 
frequency to voltage converter, an integrator, 
and a voltage-sensitive diode in the tank circuit 
of the spectrometer. The monitor proton 
signal was phase-detected and fed back to the 
power supply of the magnet subcoil. The 
NMR signals of and were ob- 

served with another Pound-type spectrometer, 
whose frequency was swept over the reson- 


ance line, while the magnetic field was kept 
constant with the control system described 
above. The frequencies of characteristic 
points of the resonance line were measured 
with a digital frequency counter. All the 
measurements were done at 8-9 Mcps. 

3. EXPERIMENTAL RESULTS 

( 1 ) 

No noticeable change was observed in the 
line shape up to the highest pressure of 9 kbar. 
The pressure shift of the resonance frequency 
is, therefore, well represented by the shift of 
the middle point between peaks of the deriva- 
tive of the resonance curve. The result is 
shown in Fig. I. By using the compressibility 



p (kbor) 


Fig 1. The pressure dependence of NMR frequency 
as a function of hydrostatic pressure. The sample 
temperature was Z-TC. 

of V metal [8], the volume dependence of the 
Knight shift is given as 


which is in agreement with a more reliable 
value — 0-89±0-05, recently obtained by 
Kushidaand Murphy[91 using an accumulator. 

( 2 ) 

A remarkable change was observed with 
increasing pressure both in the line shape and 
the Knight shift (Fig. 2). As for the line shape, 
at atmospheric pressure it is already unsym- 
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Fig. 2. The line shape of ^-Mn” at 1 bar and 9-85 kbar. Field sweep is 
shown instead of frequency sweep which covers only a part of the shape. 
The arrows indicate the resonance held. 


metrical indicating second-order quadrupole 
interaction [4] which increases with increas- 
ing pressure. Thus it becomes necessary to re- 
duce the center-of-gravity resonance fre- 
quency, vn, from the observed line shape 
/(r*), the derivative of the absorption line. One 
procedure for extracting vo is to relate it to 
some quantities characterizing the line shape 
and for such, i/, is given which suffices the 
following relation; 

fit't) = m»^n,.x)+/(t^a.ln)}/2, 

where fiv^ax) and /(r'mm) correspond to the two 
peaks and > t-mm- For this purpose, a re- 
lation 

r^mln ) / ( ^max *^mln) 

(^'max r'mtn) 

was calculated beforehand on the assumption 
that resonance line shape for any given crystal 
orientation is a Gaussian function, the deriva- 
tive of which has a peak-to-peak width of 25. 
Thus/ti^) is given by the equation [10] 

/(*')=[ (v' — v)g(v’)exp[-(v~v')^/ 

2<r*]dv', 


where 

g(t^) = [(5 + 3x)-*'^+(5-3x)-^'^]/4x, 
i / q — 16/4/9 ss p « i/„, 

^(»/) = (5 — 3jc)~''^/4x; « 1/ « vq+A 

g(i')=0; everywhere else, 
jc= [16/9 -(p-i^oM3''=‘- 

In Fig. 3, (t'o r'minl/f^inax and 

are plotlcd aS fUHC- 



Fig, 3. The relation between AoWAv and Ait'/Av where 

Ao»'/Al' = (r-o— >'min)/(*'iiiM- ‘'min) “^d At^/Av=(l>,- 

f'miJ/it’mmx-i'mii,)- Fof further explanation the body of 
the paper is referred. 
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tions of A^I2a-^, where 

i^o 2f{2/-l)h' 

I is the nuclear spin, e^qQ is the quadrupole 
coupling constant, and h is Planck s con- 
stant. In Fig. 4 the Knight shift is plotted 



Fig 4 The pressure dependence of NMR 

frequency a.s a function of hydrostatic pressure. The 
sample temperature was 23°C. 

as a function of pressure up to lOkbar. The 
resonance frequency increases with pressure 
and a relative change is 0- 13 at 10 kbar, 
while the volume change of only l-7xl0‘* 
has been measured by X-ray diffraction at 
high pressures [1 1 j. Thus 


The change of quadrupole coupling constant is 
obtained from the separation of satellite pairs, 
as shown in Fig. 5. It increases by 20 percent 
at 1 0 kbar. 

4. DISCUSSION 

According to Butterworth[12]. of the nuc- 
lear shift of 0-58 per cent in pure V, 0 045 per 
cent is from the 45-band, between 0 54 and 
0-82 per cent from the orbital paramagentism 

of the 3t/-band and the remainder (0 0-28 

per cent) is made up by a diamagnetic contrib- 
ution from core polarization. The orbital 
contribution to the shift, A^,, is predominant in 



Fig. 5. The quadrupole coupling constant Vo of /S-Mn“ as 
a function of hydrostatic pressure, where i>u = 3e^ 
qQI2l{i- l]h. The sample temperature was 23‘’C. 

this case, which may be written as 

where Xi is the orbital contribution to the 
molar susceptibility. N is Avogadro’s number 
and is averaged over the contributing 

states. Our result exhibits that the pressure 
dependence of A, is approximately the same 
of magnitude as the volume change. 

In /3 manganese the temperature change in 
the quadrupole coupling constant and the 
Knight shift has been given [4] 

(^lnt//aT);, = -3-l X 10--'/deg, 
{f)}nK/dT)^ = I-8X lO-Vdeg. 

Since these quantities are obtained at con- 
stant pressure, the thermal expansion con- 
tribution is to be separated in order to get an 
explicit temperature dependence at constant 
volume. By using the thermal expansion 
coefficient 1 1 3], the Knight shift proved to be 
temperature independent approximately at 
least in the range 200°-300‘’K, while the 
quadrupole coupling constant is shown to be 
explicitly dependent on temperature at con- 
stant volume with the contribution in this case 
being orders of magnitude larger than the 
thermal expansion contribution, 

(d InqlflT)^ = —3 -4x1 0~'Vdeg, 

Internal parameters may influence on the 
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Knight shift and the electric field gradient 
differently. 

From the volume dependence of /3-Mn 
Knight shift. 


dln^ 

dlnF 


-7-5, 


various contributions to K are estimated on 
some crude assumptions. Generally the 
volume dependence of the Knight shift can be 
written as 


d In K _ K, d In K, K, d In /C, Kg d In Kg 
dlnF KdlnF K dlnF K dlnF’ 

( 1 ) 

where K, is the contribution from the s con* 
duction electron hyperfine interaction and 
Kf, is the indirect Knight shift from d electron 
via the core polarization effect. The volume 
dependence of /C,, estimated from the experi- 
mental data of alkali metal, is 


din K, 
dInF 


- 0 - 1 , 


which is the average value for Naand Rb[14J. 
Since for the first-row transition metals[15] 
0 < K, < 0-2 per cent, the first term of 
equation (1) is negligible. The derivative in 
the second term, d In Kjd In F is estimated as 
—0-8 from the volume dependence of the F 
metal Knight shift in which the orbital con- 
tribution is the most important. As for the 
last term of equation ( 1 ). is expressed as 

K-ti p^S\x,i, (i.) 


where pa is the effect of core polarization due 
to the exchange interaction between core and 
d electrons, fl is the atomic volume and x<f is 
the volume susceptibility of the d band. From 
equation (2) 

d In Kd _ d Inpri d In (flxrf) ,, 
dlnF dlnF dlnF ' ' 


The second term of equation (3), the volume 
dependence of the susceptibility, is estimated 
from the observed value of a!'Mn[161 as 

The first term, the volume dependence of the 
core polarization, may be substituted by the 
volume dependence of the coupling constant 
/4 in a ferromagnet, since A , the ratio of the 
NMR frequency v to saturation magnetization 
O', has the same meaning as pa- An obtained 
value of d lny4/d In F for Fe, however, is 
—0-19 [17] which is negligible as compared 
with (4). Putting these into (1), one can esti- 
mate KJK as 


-1'3> ^>-1-4, 


which leads to K, < 0*2, 0-7 < K, < 0*9, 
Kd 0-5 percent. 
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Abstract— Mossbauer absorption spectra were obtained for the 25-7 kcV transitions of '•'Dy in 
dysprosium metal and several compounds at room temperature. Isomer shifts relative to DyFa are: 
Dy (metal), 3 05 mm sec~'; DyN, 0-85 mm sec“'; Dy^Oa, 0-56 mm scc"^; DyH*,,, 0-55 mm sec"*; 
DyHj 0-50 mm sec DyF,, . iHjO, —004; and Dy 2 (S 04 ) 3 . SHjO, —0-46 mm sec"'. The relative 
isomer shifts of these compounds are attributed to vturying degrees of covalency. The isomer shifts 
for the hydrides are compared to the predictions of the protonic and hydridic models for these com- 
pounds and appear to favor the hydridic model. 


INTRODUCTION 

Measurements of the isomer shifts of Moss- 
bauer absorption lines afford a means for the 
study of the electronic structure of solids. The 
spacing of nuclear energy levels is sensitive 
to the chemical environment of the nucleus 
because of hyperfine interactions between the 
nucleus and the electrons surrounding it. Thus 
the energy of the y-radiation emitted or ab- 
sorbed in a transition between the nuclear 
ground state and an excited state will in general 
differ from one compound to another. The 
y-radiation emitted by the nuclei in a source 
will not be of the energy required for absorp- 
tion by nuclei in a sample of different chemi- 
cal composition. If, however, the source is 
moved at an appropriate velocity relative to 
the absorber, the emission and absorption 
lines can be brought back into coincidence 
and absorption can occur. The isomer shift 
measures changes in the spacing of nuclear 
energy levels in terms of the velocity required 
to bring about absorption. For a source and 

* Based in part, on a Ph.D. dissertation submitted by 
T. P. Abeles to the Graduate School. University of Louis- 
ville (1968). 

^Present address: Department of Chemistry; Virginia 
Folytechnic Institute; Blacksburg, Va 24061 . U.S.A. 


absorber of different chemical composition, the 
isomer shift, S, is given by [1] 

6 = y Ze^R^ ~ S’{Z)m0)\j‘ - |tl»(0)l/] 

where Z is the atomic number of the nucleus, 
e is the charge of the electron, R is the radius 
of the nucleus in the ground state A/f = R^^ ~ 
R„a is the difference in the radii of the ex- 
cited and ground states, 5'(Z) is a relativistic 
correction factor and ]iK0)|a^ and ltK0)|»* are 
the electron densities at the nucleus in the 
absorber and source, respectively. For a given 
isomeric transition the isomer shift is directly 
proportional to the difference in electron 
density at the nucleus in the absorber and in 
the source with a proportionality constant 
determined by the characteristics of the 
nucleus. If ARjR is positive, a positive 8 
indicates a greater electron density at the 
nucleus in the absorber than in the source. 
Since the isomer shift is a linear function of 
comparisons of electron densities in 
different absorbers can be made without 
explicit reference to the source. 

The dominant direct contribution to 
|«1K0)|* is from s electrons, though relativistic 
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calculations show that there can be small 
direct contributions from p electrons. It 
should be emphasized that the j electrons from 
all occupied levels contribute to ItliCO)!*. 
Only s electrons from the valence level are 
gained or lost upon chemical reaction, but 
changes in ItWO)!" due to indirect effects 
occur and are of importance. In particular 
the density distribution of j electrons in the 
atom core is affected by the gain or loss of 
valence electrons because of changes in 
shielding. The removal of valence electrons 
leads to slight increases in the contribution 
of inner .v electrons to |i/>(0)|*. The degree to 
which valence electrons shield inner ^ elec- 
trons depends on the kind of orbital they 
occupy — i',p, d or/— as well as their principle 
quantum number. Further, the degree of 
ionicity of a chemical bond affects the isomer 
shift since |t/>(0)|^ will be sensitive to the extent 
to which electrons are gained or lost. 

In binary compounds of the rare earths with 
elements of relatively high electronega- 
tivity, the bonding is predominantly ionic. 
An estimate of the extent of covalent contri- 
butions can be made on the basis of electro- 
negativity differences between the rare earth 
ion and the anion or on the basis of the 
polarizability of the anion. The measurement 
of isomer shifts provides an experimental 
approach to this question. Differences in rare 
earth isomer shifts for nominally ionic 
compounds are due to varying degrees of 
covalency which place electron density in the 
rare earth valence shell. 

The Mossbauer effect has been observed 
for ten of the rare earth elements and is 
predicted for three others [2, 3]. Apart from 
studies of metals and alloys, isomer shift 
studies of rare earth compounds have been 
limited in number[4,5J. Only in the case of 
europium have a large number of compounds 
been studied [6-9]. Because of the stability 
associated with 4/^ configuration of europium 
(II), the 4/ level plays a prominent role in 
determining the isomer shifts of europium 
compounds. In compounds of other rare earth 
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elements, 4/electrons play a less important role 
in determining the isomer shift. Alloys of dys- 
prosium with several other metals have been 
studied using Mossbauer spectroscopy 
[9-13]. The isomer shift of Dy metal relative 
to DyjOs has been reported as 2-5 mm/sec 
byOfer[iO]. 

The rare earth hydrides present an espe- 
cially interesting problem with regard to 
bonding. A general review of the properties 
of rare earth hydrides is given in reference 
[14]. The hydrogen species in transition metal 
hydrides has been variously described as 
protonic, hydridic or atomic in nature. The 
arguments for and against each model have 
been reviewed by Gibb [15], by Libowitz 
[16] and by Ebisuzaki and O’Keefe [17], The 
magnetic properties of yttrium and lanthanum 
hydrides favor either a protonic model 
[18,19] or a hydridic model[20], rather 
than an atomic model. For the other members 
of the rare earth series which have been 
studied, the magnetic properties of the metals 
and their hydrides are dominated by unpaired 
4/ electrons and their interpretation is less 
straightforward. Kopp and Schreiber [21, 
22] have interpreted hydrogen Knight shifts 
for the hydrides of cerium, praseodymium, 
neodymium and gadolinium in terms of a 
protonic model. The magnetic susceptibilities 
of several rare earth hydrides were inter- 
preted in terms of a hydridic model by 
Wallace ef a/. [23] though more recently 
Wallace and Mader[24] pointed out that the 
magnetic susceptibilities of praseodymium 
hydrides can be interpreted in terms of either 
a protonic or hydridic modei. The reason for 
this ambiguity can be traced to the fact that 
the conduction band parameters involved are 
/S/(£f,) and the product n(/t'-n). A/(E^) is the 
density of states at the Fermi energy, « 
is the number of electrons in the band per 
atom and n' is the number of electrons 
which the band can hold per atom. Both of 
N{Ep) and n{n' — n) approach zero as a band 
is either filled or emptied [20]. 

Heckman [25] has recently reported that the 
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Hall coefficients for cerium hydrides are 
positive, increasing with increasing hydrogen 
content. These results favor the protonic 
model, but further study is needed to account 
for the lack of a linear relationship between 
the number of holes per metal atom and the 
hydrogen/cerium ratio and to account for the 
negative sign of the Seebeck coefficient 
measured by Heckman earlier [26]. The re- 
sults of a preliminary study of positron 
annihilation in cerium hydrides favor a 
hydridic model [27]. 

EXPERIMENTAL 
(/4) Mossbauer system 
The Mossbauer system was a twin ‘speaker 
drive’ system, driven at constant accelera- 
tion by a triangular pulse. The trigger pulse 
for the start of each cycle was fed to a RIDL 
54-6 time base generator, coupled with a 
RIDL 34-12B 400 channel analyzer. The 
mechanical drive system and the concomitant 
electronics are described by Bowers [28], 

The detection system was assembled from 
commercially available components. A gas 
proportional tube powered by a Hamner 
N4305 high voltage power supply was utilized. 
The output was amplified and gated through 
Austin Scientific Associates equipment and 
then sent to the RIDL multichannel analyzer 
which was operated in the time-base mode. 
The coupling of the drive system with the 
detector was that described by Wertheim 
[29]. The triangular pulse drives the source 
at constant acceleration. At one point in the 
cycle a trigger . pulse trips the 400 channel 
analyzer. By adjusting the time base generator 
and the triangular pulse properly, the scale 
from channel 1 to 400 is linear in velocity. 
As the time base generator advances from one 
channel to the next, the analyzer stores the 
pulses sent by the detector in the appropriate 
location. To obtain the velocities necessary 
for dysprosium, it was necessary to remove 
the speaker cones and enlarge the gap in the 
speaker magnet surrounding the drive coils. 


The velocity was adjusted to a maximum of 
approximately ±3 cm/sec and the instrument 
was calibrated utilizing an Fe-Pd source 
and an iron foil adsorber. The values for the 
magnetic splittings of the iron absorber were 
taken from the data of Wertheim and Herber 
[30] and Preston et a/.[31] and the IS for the 
iron foil absorber relative to the Fe-Pd 
source was taken from Herber’s data[32]. 
No drift was detectable in the systems during 
the course of the runs. 

The sample holders utilized were machined 
from lucite and allowed a circular sample of 3 
cm rad. to be sandwiched between two pieces of 
^in. thick lucite. These were sealed with a 
solution of lucite dissolved in dichloro- 
methane. A sample density of approximately 
30 mglcm^ was found to be adequate. 

The 15 mCi source used in this study was 
prepared as *®*Tb in GdFj . ^HjO by Nuclear 
Science (A division of International Chemical 
and Nuclear Corporation). *®*Tb decays to 
ifii^Dy which in turn yields the 25*7 keV 
Mossbauer gamma ray whose absorption was 
measured. 

The spectra reported here were all obtained 
at room temperature. 

{B) Sample preparation 

Dy metal was used in the form of filings 
obtained from an ingot (United Mineral and 
Chemical Corp., 99-9 per cent). Filing 
was carried out under mineral oil which 
was subsequently removed by washing with 
tetrahydrofuran and ether. 

Dysprosium hydrides were obtained as 
powders from the reaction of the metal 
with hydrogen from an Elhygen electro- 
lytic generator. Freshly polished samples 
of the metal, approximately 0-5 g in weight, 
were placed in molybdenum pans suspended 
from a Cahn Gram electrobalance mounted 
in a vacuum chamber with a quartz hangdown 
tube. The initial reaction was carried out by 
heating each sample to 500“C and then 
introducing hydrogen to a pressure of 50 cm 
Hg. Compositions near DyHj resulted. Upon 
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cooling, additional hydrogen was taken up to 
a maximum composition of approximately 
DyHj.,,. Each sample was thermally cycled 
between room temperature and 500°C several 
times to insure reaction by all portions of the 
metal. If a sample of the higher composition 
was desired, the sample was cooled to room 
temperature under hydrogen and the system 
was evacuated. No change in composition 
was observed for samples under vacuum at 
room temperature for periods up to 4 hr. To 
obtain samples of the dihydride, the trihydride 
was heated under vacuum until the desired 
composition was achieved, then cooled to 
room temperature. Samples were dumped 
from the pan and passed through a Whitey 
43S4 ball valve into a glass sample tube. The 
valve was closed and the protected sample 
transferred to a dry box for grinding and 
mounting. 

DyN was prepared from the hydride at 
900°C under a nitrogen atmosphere using the 
procedure described by Schumacher and 
Wallace [33]. The composition of the sample 
was monitored by measuring pressure changes 
in the reaction system whose volume was 
precalibrated. It is likely that the nitride 
thus obtained was slightly nitrogen deficient 
[34]. 

f3yzOi was obtained from the American 
Potash and Chemical Corp, and was of 
99-9 per cent purity designation. This ma- 
terial was used as a Mossbauer absorber and 
as the starting material for the preparations 
described below. 

Anhydrous DyF., was prepared by the re- 
action of DyjOg with prepurified ammonium 
bifluoride (MC & B) at 325°C in an Inconel 
reaction vessel using the procedure described 
by Spedding and Daane[35]. 

DyFg . was obtained using the method 
of Spedding and Daane[36]. The dried pro- 
duct was ground in a mortar and stored in a 
Stoppered vial. 

DyafSO^Ia . SHgO was crystallized from a 
dilute sulfuric acid solution by cooling and 
evaporation as described by Wendlandt[37J. 


RESULTS AND DISCUSSION 
Mossbauer absorption spectra were ob- 
tained for ^®‘Dy in Dy metal, DyHa.^. DyH 2 . 08 , 
DyN, DyzO.,, DyFg, DyFj . and 

Dy 2 {S 04 ) 3 . SHjO. The isomer shifts for 
each spectrum were found by applying the 
method of centroids to the normalized curves. 
The values thus obtained are reported relative 
to DyFa in Table 1. The error limits given are 
maxima based on the estimated stability of 
the electronics system. Somewhat greater 
accuracy was probably realized; separate 
measurements of the isomer shift for the 
trihydride yielded values of — 2-49 and 
— 2-51 mm sec“*. The short half-life of the 
^®'Tb source prevented additional tests of 
reproducibility. The difference in isomer 
shifts between Dy metal and the DyaOj, 
2*51 mm sec ', is in good agreement with the 
value reported by Ofer [ 10]. 


Table I. Isomer shifts of 
dysprosium compounds 


Compound 

Isomer 
shift* 
(mm sec' ‘) 

Dy 

3 0.')±0 08 

DyN 

0 85 ±0-08 


0 56±0 08 


0 55±0 08 


0 50 ±0 08 

DyF, 

0 00 ±008 

DyFjiHjO 

-004 ±0-08 

DyjtSCM-, . SHjO 

-0 46 ±0-08 


*lsomer shift values were 
measured relative to a source con- 
taining -Dy in a GdF, . *HjO 
matrix but are reported here 
relative to the mea.surcd DyF, 
spectrum 

Small uncertainties existed in the compo- 
sition of the hydride and nitride samples. 
These compounds exhibited a tendency to 
desorb gas white under y-irradiation. For 
the hydrides, the change in composition 
due to desorption is estimated to have been 
less than H/Dy = 0 05. X-ray powder 
patterns of the hydride and nitride samples 
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were taken before and after their use in the 
Mossbauer spectrometer. No phase changes 
were detected. The dihydridc is single phase, 
face-centered cubic, from DyH,.» to DyHj.i, 
and the trihydride single phase, hexagonal 
close packed, from DyH 2.7 to compositions 
approaching DyHgLSS]. Samples of compo- 
sitions below DyHi.» and between DyHa-i 
and DyHj-T contain two phases. 

Of the compounds whose isomer shifts 
are reported here, DyFa is the most ionic. 
We take it to be completely ionic on the basis 
of an electronegativity difference of 2-9 
and the Dailey and Townes [39] method of 
estimating ionic character. The isomer shifts 
of the other Dy compounds and of Dy metal 
provide a measure of the extent to which 
the Dy electron configurations in these mater- 
ials differ from the Xe 4/” configuration of 
Dy^^. 

The isomer shift of Dy metal relative to 


DyFg can be attributed to the conduction 
electrons of the metal. On the basis of speci- 
fic heat and Hall effect results, Gschneider 
[40] has proposed a simple model for the 
conduction band of Dy and several other 
rare earth metals. As shown in Fig. 1(a), 
the 6s and 5d bands overlap to the extent 
that the Fermi level lies near the top of 
the band. The 6^ band is nearly filled by 
two electrons per metal atom and the d band 
is occupied to the extent of just over one 
electron per metal atom. While there may be 
some question as to whether distinct s or d 
character can be attributed to the electrons in 
the conduction band, Gschneider’s treatment, 
which depends explicitly on the number of 
holes in the 6s band and the number of elec- 
trons in the 5d band, gives a good explanation 
of conductivity in the metals to which it has 
been applied. In any case, this band picture 
provides a convenient method for recognizing 





Fig. 1. Schematic band diagrams showing the location of the Fermi energy. Ep, in yttrium 
and the rare earth metals and in their dihydridcs; (a) metal; (b) dihydride according to the 
protonic model; (c) dihydride according to the hydridic model. 
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the relative contributions of the atomic 
orbitals to the character of the conduction 
band. 

For the 25-7 keV transition of 
iiRIR is positive. Therefore, positive isomer 
shifts correspond to increased electron 
density at the Dy nucleus. The positive 
isomer shift for Dy metal can be attributed to 
the presence of two electrons per Dy 
atom in the conduction band of the metal. 
There is, in addition, one 5d electron per 
Dy atom present in the metal. This latter 
should give rise to a negative contribution 
to the isomer shift for the metal since it 
shields the nucleus from the a- electrons. 
Since a large positive shift is observed, the 
presence of s electrons must be the dominant 
effect on the isomer shift. To the extent that 
the d electron affects the isomer shift, the 
shift due to the .v electrons must be larger 
than the measured shift. We will assume that 
the effect of the d electron is small and take 
the measured shift to be a good approximation 
of the shift due to the s electrons. This 
approximation is reasonable since only one 
d electron is present per Dy atom; the shield- 
ing of s electrons in the core by 5c/ electrons is 
expected to be small because most of the 5d 
electron density lies farther from the nucleus 
than that of the inner .v electrons; and the d 
electron in the metal is delocalized and is 
therefore less effective in shielding core 
electrons than otherwise. 

Following Brix et we estimate the 

6s electron density at the nucleus in the metal 
to be reduced to 0-5 of the free atom value 
due to delocalization. Then in our approxi- 
mation, the isomer shift between Dy metal and 
DyF;, is due to the presence of the equivalent 
of one localized 6a electron. On this basis 
we establish an approximate scale of 10 
6 a electrons per 3-0 mm sec"' for measuring 
the gain or loss of 6a electrons in terms of the 
isomer shift. 

The isomer shifts of DyFj, DyzOj and DyN 
increase linearly with decreasing anion 
electronegativity. In these compounds the 
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direction of electron transfer via covalency 
effects must be from the anion to Dy. Since 
the isomer shift of these compounds are 
positive relative to DyFg, the dominant effect 
on the isomer shift must be the transfer of 
electron density to the Dy 6a orbitals. Since 
the isomer shift is less sensitive to the indirect 
effect of 5d, 5p or 4/ orbital occupancy, some 
transfer of electron density to these orbitals is 
also possible. For these predominantly ionic 
compounds, the degree of covalency will be 
determined largely by the spatial extent of the 
unoccupied cation orbitals. For the free atom, 
the radius of the principal maximum of the 6a 
wave function is significantly larger than that 
of the 5<7[41]. If the same were true in the 
+ 3 ion, the 6a orbital would be more readily 
available to participate in covalency than the 
5d. Assuming no d orbital participation, we 
calculate from the isomer shifts that 0-20 and 
0-27 electrons are transferred to the 6a orbi- 
tals of Dy in Dy^Oa and DyN, respectively. 
To the extent that the 5d orbitals are occupied, 
greater occupancy of the 6a orbitals is re- 
quired to account for the measured shift. The 
6a occupancy derived here represents, there- 
fore. an estimate of the minimum degree of 
covalency. 

Both hydrated salts reported here exhibit 
negative isomer shifts relative to DyF.i, 
though that of DyF,., . iH^O is small and 
within experimental error of zero. The 
isomer shift of Dy.z(S 04 );, . SH^O is relatively 
large and must be taken as real. In aqueous 
solution, Dy^-' is hydrated to the extent of 
eight or more water molecules [42]. In 
Dyz(S 04 ):, . SHzO there is some possibility 
of coordination with sulfate ion as well 
as water. The rare earth ions frequently 
achieve coordination numbers of eight or 
more (43 1. Covalent bond formation in these 
species involves some combination of 6a, 5 d , 
6p and, possibly, 4/orbitais[44]. In DyztSO^ls 
. 8HzO coordination to Dy^^ occurs through 
covalent bond formation in such a way as to 
decrease the electron density at the Dy 
nucleus and a negative isomer shift results. 
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Even if the Dy orbital is one of those so 
used, the occupancy of the other orbitals 
which shield the nucleus and decrease the 
electron density there must be the dominant 
effect. 

The isomer shifts for dysprosium hydrides 
are of particular interest because they 
provide information concerning the electron 
distribution around Dy in these compounds. 
The isomer shifts of DyHj and DyH., are 
approximately equal to that of DyjOa. The 
amount by which the shift for DyH^ is less 
positive than that of DyHa is small and within 
the maximum experimental uncertainty. 

Based on an analysis of the magnetic prop- 
erties of yttrium metal and yttrium hydrides. 
Parks and Bos [45] have formulated the simple 
band schemes for the protonic and hydridic 
models of rare earth hydrides shown in Fig. 
1(b) and Fig. 1(c). Because yttrium has no 
unpaired electrons, the magnetic properties 
are due primarily to conduction band elec- 
trons. The great similarity of yttrium hydrides 
[46] to the rare earth hydrides [ 1 4] in properties 
which are less sensitive to the rare earth 
4/ electrons indicates that the general features 
of these band schemes should apply to the 
rare earth hydrides as well as to yttrium 
hydrides. The similarity is especially striking 
for yttrium and dysprosium. Both yttrium [47] 
and dysprosium [48] are hexagonal close 
packed (Y; flo = 3-654A, ro= 5-750A; Dy: 

= 3*590, <*(, = 5*647 A) and have very 
similar Fermi surfaces [47J. Both dihydrides 
are f.c.c. (YHa: flo = 5 205A; DyHj: ao = 
5*201 A) and both trihydrides are hexagonal 
close packed[38] (YH,-,: ao=3*674A, c,, = 
6*595 A; DyHg: £?,>= 3*671 A, c„ = 6*615A). 
The heats of formation of the hydrogen defi- 
cient dihydrides are —44*4 and — 45*4kcal 
per mole of hydrogen for yttrium [46] and 
dysprosium [49], respectively. 

The protonic model requires that the con- 
duction band in the hydrides be split in such a 
way as to accommodate a maximum of six 
electrons per metal atom in the lower portion 
of the band [1 8]. The limiting composition of 


the hydrides, MH3, results when three hydro- 
gens per metal atom have donated their 
electrons to the conduction band. At this point 
the band is full and the metallic character of 
the dihydrides has disappeared. The dihyd- 
rides have the fluorite structure with hydrogen 
occupying the tetrahedral interstices around 
the metal atoms. In the crystal field of eight 
positive charges representing the ionized 
hydrogen in a cubic configuration surrounding 
the metal, the orbitals of the central atom 
would be lowered relative to the Eg orbitals. 
In Fig. 1, the 6r band is placed above the 
Tja band to preserve the role of the latter in 
determining the limiting composition. In 
addition, the long nuclear spin-lattice relaxa- 
tion lime for Y in YHj indicates that there is 
little s character at the Fermi energy. 

In the hydridic model the limiting composi- 
tion is attributed to depopulation of the 
conduction band with the three electrons per 
metal being transferred to three hydrogens. 
Taking the eight cubic hydrogens of the dihy- 
drides as being negatively charged, the d 
orbitals of the metal split such that the Eg 
band lies below the T^g band. The 6^ band is 
placed above the Fermi energy of the dihyd- 
ride to account for the long Y relaxation time 
inYH^. 

Predictions of the isomer shifts of Dy in Dy 
hydrides based on each of the two band 
schemes can be compared to the experimental 
results and used as one criterion of the validity 
of the schemes. According to the protonic 
model, the electron configurations of Dy in 
DyHj and DyH,, are (Xe) 4/® 5rf® and (Xe) 
4/® 5i/®, respectively, with the 5d electrons 
being somewhat delocalized in DyHz. Isomer 
shifts at least slightly more negative than that 
of DyF, are predicted for both hydrides, with 
that of DyHa slightly more negative than that 
of DyH2. The observed isomer shifts are, of 
course, positive relative to DyF.,. No co- 
valency effects in the usual sense can be 
postulated here since the proton of this 
model has little or no electron density to 
contribute. Incomplete transfer of the hydro- 
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gen electrons to the conduction band, so long 
as the band is of d character, also fails to 
account for a more positive shift than that of 

We hydridic model leads to (Xe)4/®5d' 
and (Xe)4f 5^“ configurations for Dy in 
DyHj and DyHj, respectively. If the bonding 
were purely ionic, DyHs would have a shift 
of zero and DyUj would have a slightly nega- 
tive shift relative to DyFj. In the case of 
hydride ions, however, partial covalent bond- 
ing effects of some significance would be 
expected on the basis of hydrogen electro- 
negativity and hydride ion polarizability. 
That these effects should result in a positive 
shift nearly equal to that of Dy 20 ;) or even 
greater is not surprising. Further, a slightly 
less positive shift is predicted for DyH 2 than 
for DyHn due to the presence of a single, 
delocalized electron per metal atom in DyHj. 
The third hydrogen of DyH, occupies the 
octahedral interstices of the fluorite structure. 
The metal-hydrogen distance for the octa- 
hedral hydrogen is 2-58 A compared to 2*25 A 
for the tetrahedral hydrogens. lJbowitz[50] 
has shown that the observed Dy-H distance 
in DyHz is near that to be expected from the 
ionic radii of and H“. Both the loss of a d 
electron and covalency contributions from the 
octahedral hydrogen would contribute to a 
positive shift from DyH 2 to DyHg. Since the 
observed shift is small, partial covalent 
bonding by the octahedral hydrogens must 
not occur to any significant extent. Hydrogen 
is less electronegative than either oxygen or 
nitrogen. The fact that a larger positive shift 
is not observed for DyH.-, may be attributed to 
the fact that only two-thirds of the hydrogen 
contribute to partial covalent bonding. 
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Abstract— Evidence for a two-band conduction in nickel alloys is given through a study of NiiCoCr) 
ternary alloys. Spin sub-band resistivities for A/iCo and A^iCr alloys are determined and found to be 
in agreement with theoretical analysis. 


INTRODUCTION 

The residual resistivity of dilute alloys of 
transition metals arises mainly from the 
scattering of 's' electrons by the s-d part of 
the impurity perturbing potential [1]. Because 
of this s-d coupling, the conductivities for 
the spin | and spin i bands are quite differ- 
ent in ferromagnetic alloys: this accounts for 
strong deviations from the Matthiessen rule 
(M.R.)[2]. The sub-band resistivities can be 
deduced from the temperature variation of the 
resistivity of binary alloys or from a study of 
ternary alloys [2, 3]. 

We report here the first results of a study of 
these deviations in alloys with a nickel 
matrix. The present work on the low tempera- 
ture resistivities of ternary alloys A//(CoCr) 
gives a direct and unambiguous proof for a 
two-band conduction in ferromagnetic alloys; 
it allows the experimental determination of 
the resistivities associated with each spin 
sub-band ( f , | ) for binary alloys Ni Co, 
TV/Cr. 


1. EXPERIMENTAL RESULTS 

The alloys were prepared in argon atmo- 
sphere by melting the pure components with 
an induction furnace; the purity of the ele- 
ments was 99-997 per cent for nickel and 
cobalt and 99-998 per cent chromium. The 
weight losses during the melting were neglig- 
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ible. A standard potentiometric method was 
used for the resistivity measurements at 
4-2°K and room temperature. The sample 
was shaped to cylinders (2-5 mm dia. and 
about 70 mm in length). The resistance could 
be measured with an accuracy of 0- 1 per cent. 

For binary alloys with low values of the 
atomic impurity concentration C (C < 4 per 
cent), the alloys are homogeneous and the 
interactions between impurities are negligible 
as shown by the linear variations of the 
residual resistivity and saturation magnetiza- 
tion with impurity concentration. The residual 
resistivities for cobalt and chromium impuri- 
ties are in good agreement with previous 
data [4, 5]; p, = O lOptfl . cm/at.% for cobalt, 
andp 2 = 5-Op.n . cm/at.% for chromium. 

For ternary alloys, the total impurity 
concentration is less than 4 per cent. The 
interactions between impurities are shown to 
be negligible by magnetization measurements. 
The saturation magnetization of a ternary 
alloy; p(Ci,C 2 ), is given by a simple super- 
position law (see Table 1 ); 


p (Cl, Cj) 



( 1 - 1 ) 


in (1-1), Cl and are the cobalt and chromi- 
um concentrations, fifu is the pure nickel 
magnetization, (d/ii/dC,)c, = 0 and (djOj/ 
dCzlc, = 0 are the variations of magneitzation 
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Table 1 Saturation magnetization and residual resistivity of ternary alloys 

Ni(CoCr) 




Ni CoQ^Cr2 

N/Co,Cr, 

A/Co,Cr, 

Ni CojCr, 


0'5I4 

0-568 

0-515 

0-571 

0-511 

0-553 

0-510 

0-569 


10' \ 

5-2 

10-2 

5-4 

p = Ctpi + C2p2(^ll.cm) 

pcxv. (^n.cm) 

11-25 

7-18 

11-76 

8-82 


of binary alloys NiCo, NiCr (per at.% of 
impurity). 

2. DEVIATIONS FROM THE MATTHIESSEN 
RULE AND DETERMINATION OF THE s T 
AND s I RESISTIVITIES 

In the low concentration limit and when the 
interactions between impurities are neglig- 
ible, the residual resistivity plCi.Cj) should 
be written, according to the Matthiessen rule, 

p (C|, Ca) = CiPi + C^Pz; (M.R.) ( 2 - 1 ) 

in (2-1), Cl (or Q) is the atomic concentra- 
tion of cobalt (or chromium); p, (or pj) is the 
residual resistivity of cobalt (or chromium) in 
nickel. 

The experimental results are not in agree- 
ment with this simple law (see Table 1 and 
Figs. 1.2): 



Fig. l.p/C, as a function ofXj = CJC,. M R.: behaviour 
deduced from Matthiessen rule; I.S.: initial slope of 
/(Al); A.B.; asymptotic behaviour deduced theoretically. 
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: 
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1 
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Fig. 2. p/Ca as a function of A, = CJC^. M.R.; behaviour 
deduced from Matthiessen rule; I.S.: initial slope of 
glAi). 


piCi^C-i) is not a linear function vs. each 
impurity concentration. 

However, the experimental results show that 
the resistivity is a linear function of either 
C, or C'z for a given value of the concentration 
ratio; K = C-JC'i (Fig. 3): 

p(C„G) - CJ(k) = C\g{K-'). (2-2) 

The functions /(A) and /^(X“‘) as shown by 
Figs. 1 and 2 are different; there is no simple 
relation between them. 

Such a functionjil law is easily derived from 
a two-band model if we assume that: (1) the 
interactions between impurities are negligible, 
(2) the temperature T is such that the electron- 
magnon and electron— phonon mean free paths 
are much larger than the impurity mean free 
path (T —^0). 
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Consequently, the measured conductivity 
is the sum of the conductivities associated 
with each band. We obtain [2]: 


/(A) = 


(plf + Ap2t )(p Ii + Ap2i ) 
+P 21 ) 


(2-3a) 


^(A) = 


(p 2 t Ap 1 1 ) (P 2 i + Ap 1 1 ) 

P2t+P2l + A(p,| +p ,|) 


(2-3b) 


In (2-3) pi.ff is the resistivity per at.% of 
the /th impurity (Co, Cr) in the band a- 
{cr= i)- We can easily deduce these 
resistivities from the following experimental 
data: 

( 1) resistivities of the binary alloys: 

P^=fW- f^A - (2-4a) 

P 1 T ^P I l 


P 2t P 2 I 

Pi = ^ (0) = (2-4b) 

P2f+P2l 

(2) initial slopes a and /3 of the function 
/(A) andp(A-‘): 

/d/\ P'nP 2i-^p2iPli ^ 

® “ ( j\ ) / « ,,, (2— 5a) 

\dA /x=o (Pif 4 "Pii) 


i8 = 



P\]P ll+Ptt P''2 l 
(P2T + P2l)'‘ 


(2-5b) 


From equations (2-4) and (2-5) we obtain 
easily: 



Fig. '}. pic i as a. function of C, for \ = 1 ; p/C, is indepen- 
dent of C, for a given value \ from formula (2-2). 

for cobalt: p , , = 0-21 pft . cm/at.% 

Pii = 4-3^fl . cm/at.% (2-7) 

for chromium: p^, = 17-6fifl. cm/at.% 

P 2 i = 2 fjiCl . cm/at.%. 


The experimental values of / and g are then 
in agreement with (2-3) not only for \ = 0 or 
K — <x> but for all values ofk (see Figs. 1 , 2). 

In conclusion, the experimental results are 
in agreement with the functional forms (2-2), 
(2-3) deduced from a two-band conduction 
model (1) for all values of the impurity 
concentration ratio \ — C it (2) for one 
and only one set of values of p <£,(/= 1,2; 
<T= t • i )• 


p, I = 2p, 1 ± 


4p,{p2-ocyiPi-^) 


(a/3 - 3p ,p2 )* + 4 (up I'^Pz + /3p 2V t “ -^P I’^P 2* ) 


]'■ 


Pit—^Pi 


\^y[\ 


4p2(pi-/3)^(p2-a) 


(a/8 - 3p ipz)^ + 4(ap ,*P2+ /8p2*p 


i-3p,V2^). 


-1 


(2-6a) 


(2-6b) 


In (2-6) we assume that p,| <Pn (see 
Section 3). 

In the present case, we obtain from the 
experimental values (pi = 0 - 2 /Ltn.cm/%,p 2 = 
5p,n.cm/%; a= 17, /3= 2-2.) the following 
result: 


Let us mention that another derivation of 
p,„y assuming a two-band conduction, has 
been suggested by Campbell et al.[2, 7] who 
deduced p^^ from the temperature variation of 
the resistivity of binary alloys; their recent 
results obtained from the temperature depen- 
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dence of the resistivity in NiCo and NiCv 
aitoys between 10°K and are in good 

agreement with ours. However this derivation 
assumes a temperature dependence of the 
pure nickel resistivity. 

Greig has also derived values of pia from 
room temperature measurements assuming 
that: (1) the electronic structure of impurities 
remains unchanged between 0 and 300“K, 

(2) the resistivity of pure nickel is much 
larger than the impurity resistivities 

(3) the spin sub-bands resistivities of pure 
nickel p N,t,PMiare equal. These values are 
in qualitative agreement with our work: how- 
ever, the concentration dependence of the 
room temperature resistivity shows that the 
assumptions (2) and (3) are not verified, so 
that this derivation is not quantitatively 
justified for nickel alloys. Detailed results of 
the temperature dependence of nickel binary 
and ternary alloys will be published elsewhere. 

3. DISCUSSION 

The present values (2-7) are in qualitative 
agreement with the theoretical predictions. It 
has been pointed out a long time ago(l] that 
the main origin of the large resistivities of 
transition metals is to be found in s-d transi- 
tions. Three processes are expected to 
contribute to the resistivity: (1) the direct 
s-s transitions as in normal metals, (2) the 
indirect s-s transitions via the 'd' bands (3) 
the s-d transitions where the scattered state 
is a non-conducting 'd' state. The last two 
processes arise from the s-d mixing on the 
impurity site: only the second is present in 
the case of an isolated d (virtual) bound state 
in a normal metal; the third one, which is 
essential in order to account for the resistivity 
of the pure transition metals [1], reflects the 
itinerant character of the 'd' electrons of the 
matrix. The enhancement of the processes (2) 
and (3) by resonance {d-d or s-d virtual 
bound states) leads to the conclusion that the 
s-s term is negligible: this is easily seen on 
the expression of the contributions (2) and (3) 
to the resistivity [8 J which can be written in 


the following manner: 

= (3-1) 

riort 

in (3-1) is the number of s„ electrons per 
atom, m * is the effective mass of the band 
assumed to be parabolic, is the 

density of occupation of d„ states on the 
impurity atom per unit energy at the Fermi 
level Ef, is the mean value at the Fermi 
level of all s^-d^^ matrix elements of the 
impurity potential F'". Formula (3-1) is 
valid (1) when the s-d mixing of the matrix is 
negligible at the Fermi level (2) when the 
impurity potential is well localized on the 
impurity site (3) when the s-s direct process 
is negligible; the present formula (3-1) is 
equivalent to the result used in reference [8] 
for a calculation of the resistivity of iron 
alloys. 

Let us now discuss the results (2-7): 

(1) Ni Co alloys: if the spin up *d' band is the 
filled nickel 'd' band there is no available ‘f/’ 
state at the Fermi level so that only processes 

(1) and (2) contribute to the resistivity; this 
is the reason why one of the resistivities p,„ 
is very low (i.e. of the order of magnitude of 
the resistivity of a normal alloy with an 
impurity excess charge Z ~ I): this resistivity 
has been associated in (2-7) with the spin up 
band. 

The spin down UdniEF) density of occupa- 
tion of d i states is important for the resonant 
d-d state which appears near the Fermi level: 
thus, we obtain a large value for pu . This 
value is consistent with (3-1) and with the 
standard nickel band structure if we choose 
lev [9, 10]. 

(2) Ni Cr alloys: the impurity potential is 
sufficient to repel a ‘d ’ bound state above 
the Fermi level; this is a well-known result 
deduced from magnetic measurements [ 1 1]. 
The corresponding 5 f -d 'f virtual bound 
state implies a large resistivity p 2 | (process 
(2)); the spin down resistivity is of the same 
order of magnitude as in Ni Co alloys. 

In conclusion, the present analysis of the 
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deviations from Matthiessen rule in ferro- 
magnetic alloys allows the derivation of the 
resistivities associated with each spin sub- 
band and gives a new kind of information on 
the electronic structure of binary alloys of 
transition metals. 
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Abstract — The neutron depolarization of a polycrystalline 0-25 mm thick dysprosium foil has been 
measured in the temperature range from 4-2“ to 300°K in external magnetic fields up to 2-2 kOe. 
From 85° to — I30°K, where Dy should behave as an antiferromagnet, domains with a net magnetic 
moment were found to exist in the antiferromagnetic material. Above I30°K the depolarization 
effect is very small, indicating that only a few domains are present. In the ferromagnetic region 
(7 < 8S°K) the calculation of the domain size from the depolarization data is (X>ssib1e. The domains 
were found to be very small IO“*-5 X 10"‘cm) and grew with the applied field, H, as expected. If 
the sample is cooled in zero field and then H is applied, a sort of internal coercive force for the Bloch- 
wall mobility is observed. The depolarization and, hence, the size of the domains were found to be 
very sensitive on the magnetic field acting on the sample during the cooling process. The depolariza- 
tion measurements on terbium were combined with measurements of the small angle scattering, so 
that the induction, B, in the domains and the mean domain size were obtained separately. The values 
B found in this way are lower than those corresponding to the saturation magnetization. 


1. INTRODUCTION 

Polarized neutrons are most frequently 
used for magnetic form factor and magnetic 
moment determinations [i -3], but also 
measurements on the spin wave spectrum [4] 
and the critical scattering of magnetic sub- 
stances [5] were performed. In all these 
investigations either the intensity or the 
polarization of the scattered neutrons was 
measured. 

Another way to get information on magnetic 
substances consists of measuring the polariza- 
tion of the transmitted beam. The depolariza- 
tion caused by the magnetic material depends 
on the strength and the distribution of the 
magnetic induction in the sample. Such in- 
vestigations were performed by Burgy, 

Hughes et a/.[6], the theory was developed by 
Halpern and Holstein in 1941 [7]. In 1965, 
; the metals Fe, Ni and Co were investigated 
at room temperature, far below the Curie 
point, by means of a Stern-Gerlach apparatus 
, [8, 9]. Recently we used the depolarization 

■ method to get information on the ferro- 

magnetic domain structure in Dy [10] near its 
I transition points. Furthermore, a short 


communication concerning depolarization 
measurements on Ni was published[l 1], 
where the internal magnetic field strength near 
the Curie point was determined. 

Another application of this method was 
given by Rauch and Weber who measured 
the depolarization caused by the internal 
magnetic flux lines in superconducting 
niobium [12]. 

We now report some new results, measured 
in a more systematic manner than in our 
previous paper [10]. Especially the strong 
dependence of the dejwlarization on the 
magnetic field acting on the sample during the 
cooling process (‘cooling field’) was investi- 
gated very carefully. 

2. MAGNETIZATION PROCESS IN Dy 

For a better understanding of our results 
some important experimental and theoretical 
work dealing with the magnetization process 
in Dy is reviewed briefly. 

The magnetization of a Dy single crystal 
was measured by Behrendt et o/.[13]. They 
found that in zero field Dy was ferromagnetic 
below 85°K, with the moments perpendicular 
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to the c-axis of the hexagonal crystal. The 
magnetic susceptibility in the c-direction is 
low, a strong axial anisotropy (~ 10*erg/cm^) 
hinders the moments to deviate appreciably 
from the basal plane, even at higher tempera- 
tures. From 85° to 179°K the crystal behaves 
like an antiferromagnetic if the external field 
is weak and directed parallel to the basal 
plane. At a certain temperature dependent 
critical field, however, ferromagnetic 

alignment occurs. Above 179°K Dy is para- 
magnetic. 

Wilkinson et al.\]4\ determined the mag- 
netic structure of Dy by neutron diffraction 
measurements on a single crystal. From 
87° to 1 79°K a helical spin arrangement was 
observed with an interlayer turn angle varying 
with temperature. At the Curie point the turn 
angle is 26°, at the Neel point 43°. 

Much work was done to explain the AFM- 
FM transition in Dy 1 15-18]. Only a few 
aspects of the problem as discussed by Enz 
[1 9, 20] and Elliott \2 1 ] will be mentioned. Enz 
first pointed out that the giant magnetostric- 
tion in the basal plane (~ 10'^) was the driving 
force for the ferromagnetic alignment. Let us 
assume a positive exchange energy 2/, 
(per unit volume) between adjacent spin 
layers, and a negative exchange energy 21.. 
between second-nearest neighbors. The total 
exchange energy per unit volume can then be 
written as 

£ = — (2/, cos o 4 - 2/2 cos 2a) (1) 

m, reduced magnetization; a, angle between 
two adjacent layers. If |/,j < I 4 / 2 I, a helical 
structure with an interlayer turn angle a^,, 
given by 

cosao = -/i/4/2 (2) 

represents the state of minimum energy. 
According to (I) and (2) the energy of the 
antiferromagnetic state is given by 

Eaf = - (2 cos^a„ -f 1 ) /2 cos (3 ) 

According to Elliott [21] a is equal 0 in the 
ferromagnetic state, so that the energy is given 


by: 

£,, = -m^ (21, + 21 2 ) -Ea- HM, 

— — m^Ii (4 cos ao ~ 1 ) /2 cos a^ — Ea— HMg 

(4) 

(4) M, is the saturation magnetization when 
a field H is applied in the easy direction 
of magnetization. E^, the ‘driving energy’ of 
the transition, is the sum of the magneto- 
striction energy E^g and the anisotropy 
energy E,^ gained when the helix is destroyed 
and all spins are lined up in the easy direction. 
The transition occurs if £/. = E^r. so that the 
critical field, is defined by the equation 

HrM» = /j { ( 1 — cos a„yicos a,,} — Ea- (5) 

EJM/ vanishes as m — > 0[22]. Therefore, 
assuming only a weak variation of /j with 
temperature H^jM^ and ( 1 ~ cos 

a„)‘^/cos a,) may be plotted vs. the temperature 
in such a manner that they are equal at the 
Neel point. According to (5) the difference 
between the two curves yields EJMJ^. This 
was done, at an early stage, by Elliott [21]. 
His values agree well with the theoretical 
values of the magnetostriction, and aniso- 
tropy. energies calculated by Cooper[22]. This 
agreement proves the physical reality of Enz’s 
model. In the last years E^ [23], the magneto- 
striction constants [24] and the elastic moduli 
[25] of Dy were measured and found in best 
agreement with theory [26, 27], hence. is 
known in every temperature range. At 7 = 0 
the order of magnitude of and is 10^ 
erg/cm’* and . £., drops much more 

rapidly with temperature than E^s and 
vanishes practically at ~ 120“K[23]. 

In Tb, the magnetization process is qualita- 
tively the same as in Dy. The Neel- and Curie- 
temperatures are 2 1 6°K and 226°K [28]. 

3. NEUTRON DEPOLARIZATION AND MAGNETIC 
DOMAIN SIZE 

For the interpretation of depolarization 
measurements it is necessary to point out the 
connection between depolarization and 
internal field distribution in a magnetic 
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sample. Following in general Halpem’s treat- 
ment [7] some principles of the theory of 
neutron depolarization are outlined below. 

The motion of the expectation value, s, of 
the neutron spin is expressed by the equation 

d/d/s = ^sxB (6) 

g, gyromagnetic ratio of the neutron; B, 
magnetic induction. According to equation 
(6) the spin performs a precession movement 
around the direction of B, with the Larmor 
frequency (l/27r)^|B|. 

Assuming no correlation between the direc- 
tions of domain magnetization and between 
the throughout the magnetic material and 
assuming further that the domain walls are 
much thinner than the distance which a 
neutron travels during a Larmor period, the 
general expression for the neutron depolariza- 
tion is given by 


Equation (8) was evaluated for a foil thickness 
d=2-5x cm, on the IBM 7040 computer* 
at the Institut fur Numerische Mathematik 
der TeAnischen Hochschule Wien. B was 
put equal to AvMg as measure(^in[13]. For 
n the value d/d was used, where 8 denotes the 
mean neutron path in a domain (‘mean domain 
size’). The ‘domain size’, S;, was assumed 
to be normally distributed. It was shown 
earlier! 10] that for small domains (8, <§ 8o) 
the depolarization does not depend strongly 
on the distribution of the 8,, so that B is ob- 
tained unambiguously from the depolarization 
results. The demagnetization was neglected, 
since it has no influence on the order of mag- 
nitude of the values 6 as obtained from the 
experiments. 

The shape of the — S curve for B = 37-5 
kOe corresponding to the saturation magnet- 
ization at 4-2° K. is shown in [ ! 0], Fig. 1 . 


( 1 - 2 sin^' d, gB, 8,/2v)j 

(7) 

P, neutron polarization of the transmitted 
beam; P,„ neutron polarization of the incident 
beam; 8,, neutron path in the Mh domain; 
B,. magnetic induction in the /-th domain; 
i?,. angle between the magnetic induction in 
the /-th domain and a magnetically preferred 
direction (in general: the direction of the 
applied external field); r, neutron velocity; 
n, number of domains traversed by the 
neutron. 

The symbol ( denotes averaging over 
all neutron paths. If the sample is not magnet- 
ized and if the magnetic induction in all 
domains is B we get the well known expres- 
sion [7] 



Fig. 1. Sketch of the experimental set-up. 


Since in the case of small domains (as 
present in Dy) the depolarization is a measure 
of the product 6*8, the values 8 for any other 
temperature T were evaluated by multiplying 
the values 8 obtained from the 4-2°K-curve 
by BH4-2)IBHT). 

If the domains are small D„, may be approxi- 
mated, according to (7), by the expressions 


= F/Po = ( n ( I - 4 sin* }'BSil2v) 


( 8 ) 


V-i 


The neutron depolarization is defined by the 
equation 


D„, -(n [l-H^6>/r)*]) (10a) 

(lOb) 


\i=i 




*The authors thank Mr. E. Seymann who developed 
the program. 


iPo-P)fPo=\-D^. 


(9) 



2178 


E. LOFFLER and H. RAUCH 


^ exp l-HglvrBlimd] (lOc) 

exp (lOd) 

is the component of the magnetic induc- 
tion in the plane perpendicular to the direction 
of the applied field, in the Hh domain; B\ is 
the mean value of B\i. 

In an antiferromagnet like Dy where the 
direction of the magnetization induced in a 
crystal grain by an external field H \\e% in the 
plane perpendicular to the r-axis, B\ is equal 
to {21 1 5)(47rxx W \29]. Hence the depolariza- 
tion is given by 

- 

1 — exp[- 


beam. Fig. 2 shows schematically the assembly 
described above. 



FVg. 2. Apparatus used for samp/e coo/ing and magnettc 
field supply. 


susceptibility in the ba.sal plane. 

In this case Fis the mean neutron path in a 
crystal grain ("mean grain size’). Equation (II) 
remains unchanged under the additional 
assumption that the magnetization is restricted 
to a single direction in the basal plane [29], 
Therefore, the validity of (11) is not affected 
by any magnetic anisotropy in the basal plane. 

4. EXPERIMENT 

All measurements were taken at the tangen- 
tial beam tube of the TRIG A Mark II 
reactor, where a polarized-neutron apparatus 
is installed. The assembly was the same as in 
[10] and is schematically shown in Fig. 1. 
The wave-length of the polarized neutrons 
was 1-5 A; they were produced and analyzed 
by magnetized Co-Fe-single crystals. The 
sample was mounted in an In-sealed Al- 
container and placed into a liquid helium 
cryostat between polarizer and analyzer. 
An air-core coil supplied magnetic fields up 
to 2-75 kOe in the vertical direction. To 
achieve very small cooling fields the stray 
field of the analyzer magnet (28 Oe) had to be 
compensated partly or totally by the applica- 
tion of small opposing fields in the coil. In 
the middle of the coil a ‘window’ permitted 
an undisturbed transmission of the neutron 


The sample itself was a Dy-foil with linear 
dimensions 0 025 x 2 x 2 cm. It was prepared 
by L. Light & Co. The impurities, gases 
included, were less than 1 per cent. 

The ‘combined shim-spinflip method’ used 
for the depolarization measurements was 
described in [101 ‘ind [30]. This method, 
however, will be discussed in more detail 
below to point out its great advantages. 

Before transmitting the sample the neutron 
beam passes through a spinflip device. The 
connection between the polarization P' of the 
neutron beam and the intensities /^. and 1^ 
measured with the shim before and' behind 
the analyzer, respectively, is 

ePT,= \-{I,U,) (12) 

e = 2A - 1 

flipping efficiency of the spinflip device; 
P 2 , polarizing efficiency of the analyzer. 
(The shim was placed in a small magnetic 
field (< 40 Oe) and has depolarized the beam 
completely, as shown in [ 1 0|.) 

If the measurement (12) is performed with 

— B) and without the sample iP' = Pn)D,„ 
is obtained in a very direct way; 

eP P. P 
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If the magnetic guide field is well adjusted no 
additional depolarization occurs and Pq is 
identical with Pj, the polarizing efficiency of 
the polarizer. 

The combined method (k— 1) is much more 
precise than the usual shim method (k = 0). 
If all intensities are measured for the same 
time t the general expression for the error of 
the polarization product eP'P^ is given by 

MeP'P^) - P,) 

-\-{\-eP' P.,V + ^{\ + {eP' P-^) 

* S 

+ (\-eP' (14) 

background intensity. If ( \ ~ eP'Pi) I 
and if I,, may be neglected we get the expres- 
sion 

MeP'P.) - {I„t)-'<U\-eP'P.,y'\ (15) 

From (15) it may be deduced easily that the 
error has its minimum in the case of a total 
inversion of the polarization. 

The polarization product of our apparatus 
is 91 •0± 0-2 per cent, the flipping efficiency is 
99 ± I per cent. If AieP^P.,) is calculated 
according to (14), using /,. = 30 neutrons/min, 
/,, = 6000 neutrons/min and l = 1 min the 
following values for the error of the polariza- 
tion product are obtained; 

0-42 per cent for the combined method 

(e = + l) 

3-0 per cent for the usual shim method 
U’ = -l). 

For the intensities and the polarization 
product given above the error using the 
combined method is, therefore, seven times 
smaller than with the usual method. This 
combined method is also preferable to simply 
measuring the ratio of intensities with the 
spin-flipper turned on and off, because the 
spin-flipper can be operated continuously, 
whereby instabilities are avoided. 


5. RESULTS 

(a) Dysprosium 

The depolarization at various temperatures 
and magnetic field? was measured. Figure 3 
shows the dependence of on magnetic 
field at 6 temperatures in the antiferromag- 
netic range, for zero cooling field. 

It can be seen that in the temperature range 
I30-170°K the depolarization is very small, 
even at high fields (~ 4 per cent at 2-2 kOe). 
At lower temperatures, however, appreciable 
depolarization is observed, even at fields 
below Hr, which increases with field and 
decreases with temperature. Furthermore, 
no discontinuities can be observed at the 
critical fields as measured in [13]. The 
depolarization, however, was expected to be 
zero for H < Hr and to increase when the 
field is increased beyond H^., because of the 
formations of ferromagnetic domains. 

To explain these surprising results first an 
attempt has to be made to estimate the order 
of magnitude of the ‘antiferromagnetic 
depolarization’ caused by the magnetization 
which is Induced in the crystal grains by the 
external field. For this purpose the size of the 
crystal grains was determined, by means of 
a Debye-Scherrer photograph*, and was 
found to be smaller than 10~'*cm. Using the 



Fig. 3. D„ vs. applied field in Dy. at various temperatures 
in the antifcrromagnetic mnge, for zero cooling field. 


*We are greatly indebted to Dr. A. Wagendristel 
(Institui fiir Angewandte Physik der Technischen 
Hochschule Wien) for the determination of the grain 
size and to Professor Dr. F. Lihl for the permission to 
lake this investigation at his institute. 
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values Xx equation (II) may be 

evaluated and the depolarization is obtained 
for all temperatures and fields. It turns out 
that the calculated values are smaller than the 
observed values, the difference being at least 
two orders of magnitude. At T' = 1 1 1 
and H = 2 kOe, e.g. the calculated depolariza- 
tion is 0-2 per cent, the observed value 20 
per cent. At temperatures above 120°K the 
calculated depolarization is less than 0-1 
per cent. 

From this we have to conclude that the 
strong depolarization effect is caused by the 
formation of domains with a net moment, 
even below Hf. 

Hence our results confirm the conclusions 
drawn by Nikitin(3I] from his coercive force 
measurements. Nikitin concluded from his 
results that such domains were present in the 
antiferromagnetic material. He explained this 
fact by assuming the presence of internal 
stresses within the sample. The basic idea of 
the following discussion is taken from 
Nikitin’s treatment. 

If the stress Tt acts on the /-th crystal grain, 
additional magnetoelastic energy Xt* in the 
basal plane is gained per unit volume when the 
transition takes place. Hence the driving 
energy is given by 

= Trf -f At, (16) 

Ea„ driving energy in the j-th crystal grain. 
The order of magnitude of the magnetostric- 
tion A is 10'^ [24]. According to equation (5) 
Hf. is changed by 

= (17) 

The sign of A//^ depends on the sign and the 
direction of t,. Up to ~ 160°K the variation 
of He with temperature is approximately 
linear [1 3], and h = df/,./d7 = 125 Oe/°K 
[13,31]. Hence the change of the critical 
temperature at constant field is given by 

(18) 

2Ar^i was estimated by Nikitin to be on 
the average - 10°K, hence r, === 20kg/mm2. 


The wide range of values He may be respon- 
sible for the fact that no discontinuities 
in the depolarization curves are observed at 
the values Hr taken from[ 1 3], 

With increasing magnetic field an increasing 
number of grains fulfils the condition for an 
alignment involving a net magnetic moment 

H^,> + (19) 

component of the applied field in the 
basal plane of the /-th grain), so that the 
depolarization increases continuously with 
field. 

The depolarization isotherms at T = 100“K 
and T = ]11-7°K clearly show this behavior. 
The 90-7°K- and 93°K-isotherms have a 
somewhat different shape and will be dis- 
cussed later. 

At temperatures above 130°K only a few 
grains satisfy condition (19) at fields below 
2-2 kOe, the depolarization effect is, therefore, 
very weak. 

Figure 4 shows the temperature dependence 
of D„, at constant external field, H = 1856 Oe, 
when the sample Is cooled from T— 169-3®- 
110°K. 

The temperature dependence of ‘ferromag- 
netic’ alignment is governed by the following 
condition: 

T<T,., + ^Tr^ ( 20 ) 

T,.„ critical temperature at H The Tritical 
temperature at 1856 Oe is 102°K[13]. Since 



Fig. 4. vs. temperature in Dy. at // = 1856 Oe, when 
the sample is cooled from 169-3'’ to I I0°K. 
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the onset of appreciable depolarization starts 
at ~ 130°K it may be concluded from Fig. 4 
that the maximum value of AT ^ is 

(Arel)max. « 28'>K. (21) 

In Figs. 5 and 6 (upper curves, full lines) the 
dependence of the depolarization on the 
applied field is shown for zero cooling field, 
measured at four temperatures in the ferro- 
magnetic range. 



Fig. 5. D,„ vs. applied field in Dy. at various temperatures 
in the ferromagnetic range, for zero cooling field. 



H.O« 


Fig. 6. Plot of Dm and mean domain size 6 in Dy vs. 
field. — sample cooled at zero field, then field applied; 
field applied, then sample cooled. 


At low fields the depolarization is small 
(2-10 per cent) and increases slightly with 
field. Above a certain critical field Her a 
much sharper decrease of Dm with field takes 
place. From the fadt that the depolarization 
increases with field and. therefore, with domain 
size it is concluded that the domains are 
small (i.e. S ^ So)[7]. Since 8o=10“®cm 
for B — 30 kOe, 8 must be 1 0~'’ cm. 

It is seen that the depolarization curves at 
90'7°K and 93°K (Fig. 3) are very similar to 
the ferromagnetic curves in Fig. 5 and that 
they also show a critical field Her of ~ 250 
Oe. If the temperature spread according to 
equation (21) is taken into account these 
results may be explained by the assumption 
that even at zero field large parts of the sample 
consist of domains with a net magnetic 
moment, which determine the shape of the 
depolarization curve, at least in the low field 
region. At temperatures ^ lOO^K the ‘ferro- 
magnetic’ critical field Her cannot be observed. 

The dashed curves in Fig. 6 show the 
dependence of the depolarization on the 
magnetic field applied during the cooling 
process. When thermal equilibrium was 
reached the depolarization was then measured 
at constant field. Except for the 77-3°K 
curve, no knees are observed in the cooling 
field depolarization curves. Furthermore, the 
depolarization effect is much stronger than 
that obtained from the zero cooling field 
measurements (full lines). 

From this it may be concluded that Her is 
a sort of internal coercive force for the Bloch- 
wall mobility which hinders the growth of the 
domains [10]. If the field, H, is applied 
when cooling the sample, the formation of the 
domains occurs in such a way that the 
domain structure at the equilibrium tem- 
perature, 7, represents the state of minimum 
energy, {T,H). If the sample is cooled 
in zero field, however, the domain structure 
corresponding to the energy Emm. (2’,0) can 
only be changed by domain wall motion which 
is hindered by the coercive force Her- 

Because of the heterogeneity of the material 
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in the antiferromagnetic temperature range 
no information on the domains with a net 
moment can be obtained from the depolariza- 
tion measurements in this case. It may be 
assumed, however, that at temperatures below 
the sample is almost entirely ferro- 
magnetic, hence the relation between the 
depolarization and the mean domain size 
holds. 

The corresponding values S (Fig. 6, lower 
curves) were calculated according to equation 
(8). The bulk magnetization at 78-5°K in a 
field of 500 Oe is only 1-4 per cent of its 
saturation value[13, 31]. Hence the distribu- 
tion of the magnetization directions of the 
domains is almost isotropic and equation (8) 
can be used. The size of the domains is 
— 10“'‘-5 X lO'^cm. 

At fields above H„ the decrease of D„, 
with field is nearly the same at 61°. 49“ and 
4-2°K (Fig. 5. Fig. 6). Only at 77-3“K it is 
less steep than at the lower temperatures. 
This may be due to the onset of antiferro- 
magnelism, according to the spread of the 
transition temperatures. Antiferromagnetic 
reflections below the Curie-point were also 
observed in Tb by neutron diffraction [28]. 

The influence of the cooling field on the 
magnetization process is shown in Fig. 7. 
The dependence of the depolarization on 
field for various cooling fields was measured 
at 6rK. As shown above (Fig. 6, dashed 
curves), even a low cooling field strongly 
influences the magnetization process, so that 
the domains are larger than for zero cooling 
field. When the field is raised the domains 
cannot grow at first, because of the immobility 
of the domain walls, so that the depolarization 
remains constant. At higher fields, however, 
the internal coercive force is overcome and 
the growth of the domains sets in. 

The cooling field depolarization values 
measured at 77-3°, 61“ and 49“K (Fig. 6, 
dashed curves) were obtained in such a way 
that the sample was cooled step by step from 
one temperature to the other. From the 
lowest temperature it was warmed up again 



Fig. 7. D,„ vs. applied field in Dy, at STK, for various 
cooling fields. 

to 77-3“K. In Fig. 8, such temperature 
cycles are shown. 

The depolarization and, therefore, the 
domain size remains almost unchanged when 
the sample is warmed up. The same result 



Fig. 8. {Ik - nPiP.^D„ vs. temperature at various fields, 
in Dy. The field was applied during the whole cooling 
process, even at room temperature. The arrows indicate 
the direction of temperature variation. 
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was obtained from depolarization measure- 
ments on Ni[ll]. It was shown earlier [10] 
that in the antiferromagnetic state the de- 
polarization decreases with temperature 
because of the destruction of the ferro- 
magnetic -like order. 

At 300°K only a weak depolarization (~ 1 
per cent) was observed. This effect, which is 
independent of the applied field [10], seems 
unlikely to be caused by the slight field distor- 
tions which result from the macroscopic 
sample magnetization, this magnetization 
being proportional to the applied field. It may 
be due to impurities in the sample. 

(b) Terbium 

Figure 9 shows measurements on Tb (for 
the corresponding measurements on Dy see 
Fig. 6). The sample was 0-25 mm thick. Flere 
again great differences in the depolarization 
are observed when either the foil is cooled 
in zero field and then the field is applied or 


vice versa. Because of the small absorption 
cross section of Tb, small angle scattering 
measurements [32] (sample thickness: 3 mm) 
were taken in addition to the depolarization 
measurements. The small angle scattering 
depends on the magnetic induction within 
the domains and the domain size as well. It 
was, therefore, possible to determine the in- 
duction and the domain size by two inde- 
pendent methods i.e. without 2 my assump- 
tions. The results are shown in the lower part 
of Fig. 9. The experimental values of the 
average magnetic induction are lower than 
those obtained from the Brillouin curve. This 
may be due to the existence of a mixed 
ferromagnetic-antiferromagnetic state, the 
influence of the smaller magnetization within 
the Bloch-walls[33] and demagnetizing effects. 

6. DISCUSSION 

The neutron depolarization method was 
used to get information on the magnetization 



Fig. 9. Plot of D„ and mean domain size 6 in Tb vs. field. sample cooled at 

zero field, then field applied; field applied, then sample cooled. Curve below, 

on the right side; theoretical Brillouin curve; magnetic induction B ob- 

tained by combining depolarization- with small angle scattering measurements. 
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process in Dy and Tb. The niethod was 
found to be very valuable to indicate ferro- 
magnetism in any material, since the ferro- 
magnetic domains are directly seen by the 
polarization vector. 

It was proved that domains with a net 
magnetic moment are present in Dy even in 
the antiferromagnetic temperature range, in 
agreement with the coercive force measure- 
ments of Nikitin [31]. 

It is characteristic of the neutron depolariza- 
tion method that quantitative results can only 
be obtained if assumptions are made on 
the strength of the magnetic induction in 
the domains and the correlation between the 
directions of domain magnetization. It was 
assumed, as usual, that there was no correla- 
tion. Certainly this assumption is not in full 
agreement with the physical reality, because 
of the strong anisotropy energy in Dy which 
determines the possible directions of magnet- 
ization in a crystal grain. Hence the values 
S calculated from equation (8) merely indicate 
the order of magnitude of the domain size. 

If a uniform shape of the domains is 
assumed, the mean domain size, 6, can be 
expressed by its characteristic geometrical 
dimensions. The value 6 as obtained from the 
experiment is a measure of the shortest 
linear dimension of the domain’s shape [29], 
For plated domains, e.g. S is twice the plate 
thickness, for a globe it is 2D/3 (D = dia- 
meter). 

In the ferromagnetic state of Dy the mean 
domain size was found to be very small 
(10~*-5 X 10“'' cm). A sort of internal coer- 
cive force for the Bloch-wall mobility was 
observed. 

From the shape of the 77 ^'’K — depolariza- 
tion curve it may be concluded that Dy is 
not homogeneously ferromagnetic at this 
temperature. Further neutron depolarization 
measurements on annealed samples should 
provide valuable information on the smeared 
AFM-FM transition in Dy andTb, concerning 
the dependence of the spread of the transition 
temperature on the internal stress. 
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Abstract— Equations are developed for the calculation of thermodynamic functions of imperfect 
molecular crystals containing one species of point defect on a cubic lattice, following a method 
proposed by Mayer [7], The treatment of vibrations requires essentially only the techniques applicable 
to a perfect crystal, require.s no static relaxation calculation, and can allow for defect-defect inter- 
actions. The free energy of solution, and the activity coefficient in an approximation similar to that 
of Bragg and Williams, are calculated for argon in krypton in moderate agreement with experiment. 
Rc.sults for vacarjcy concentrations in krypton are less satisfactory. The limitations of the method are 
indicated. 


1. INTRODUCTION 

If a molecular lattice contains point defects 
such as impurity atoms, vacant sites, or inter- 
stitial atoms then the calculation of the thermo- 
dynamic functions is much more difficult than 
for the corresponding perfect crystal. The 
three dimensional periodicity of atomic sites 
in the perfect lattice allows an analysis of the 
thermal vibrations based on independent 
normal co-ordinates and the interaction 
between them due to anharmonicity. In the 
imperfect crystal the point defects destroy 
the three dimensional periodicity and the 
calculation of thermodynamic functions 
generally proceeds as follows. The displace- 
ment of the atoms around a single point defect 
is first calculated either by an approximate 
analytic method, or by a relaxation calcula- 
tion on a fast computer. The vibrational 
properties of the imperfect crystal are then 
calculated treating the difference in the Hamil- 
tonian of imperfect and perfect crystal as a 
perturbation to the vibrations of the perfect 
crystal. The last step is not very .simple because 
the lattice is not triply periodic. The details 
have varied from calculation to calculation 
11-4] but the following general remarks can 
be made about the programme outlined. The 
relaxation calculation and the use of per- 
turbation theory appear to be practicable 


only for very dilute defect systems in which 
the point defects are independent or at most 
interacting in pairs rather than higher aggre- 
gates. A few attempts have been made to treat 
solid solutions at higher concentrations [5, 6] 
but an adequate treatment is not yet available, 
because it is difficult to treat both the con- 
figurational (order-disorder) problem and 
the vibrational problem and the interaction 
between them to an adequate approximation. 

It was pointed out by Mayer [7] that in 
principle there is an alternative procedure 
for imperfect crystals in the classical region. 
The order of the averaging processes in the 
evaluation of the partition function can be 
inverted. One may first average over all 
possible occupations of each site in the crystal 
for a fixed displacement of the occupant of 
each particular site from the site centre, to 
obtain a potential of mean force which is triply 
periodic with respect to the site centres. This 
function can then be expanded in powers of 
the displacements and the integration over 
displacements be performed by the same 
methods as for a perfect crystal. The advan- 
tages of the Mayer method are that the tedious 
relaxation calculation is eliminated and the 
vibrational properties can be treated by 
exactly the methods developed for the perfect 
crystal even when defect interactions between 
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up to three or four defect sites are allowed. 
Further, one is forced to perform the calcula- 
tion in a more self-consistent manner than is 
usual because calculation of the equation 
of state and chemical potentials must generally 
be performed simultaneously, thus providing 
a more complete check on the model used. 
Unlike most previous methods there is no 
question of adding together separate calcula- 
tions of ‘defect contributions’ and the ‘perfect 
crystal contributions’ for the various thermo- 
dynamic functions. 

A price must be paid for these advantages 
and we do not wish to imply that the Mayer 
method is any easier to use than the conven- 
tional methods. A mixing of the static and 
vibrational aspects of the problem occurs as 
compared with the conventional method, and 
the relaxation calculation is eliminated only at 
the cost of both increasing the importance of 
and increasing the algebraic complication in 
the vibrational part of the theory. Further- 
more, a series of iterations is sometimes 
necessary to solve the equations for the 
thermodynamic functions. 

The present paper describes an attempt to 
discover just how practicable the Mayer 
method is. Section 2 outlines the general 
equations of the method. Sections ^ and 4 give 
equations for the vibrational part of the 
calculation for a single defect type in a cubic 
lattice. Some illustrative calculations for rare 
gas solids are described in Sections 5 and 6. 

2. GENERAL EQUATIONS 

We consider a solid of several species of 
monatomic molecules in a volume V at 
temperature T. The activity of species .v, 
z», is defined by 

Z, = (27rm,/:7’//j2)3/2exp (/S/iJ (2.1) 

where /3 = (kT)~\ fig is the chemical potential 
per atom of species s, and ntg the mass of 
one atom of s. Let N denote a set of N atoms, 

Ni of species 1, A'a of species 2 We use 

the abbreviations 


( 2 . 2 ) 

N! = iV,.W2!...N,!.... (2.3) 


At temperatures at which the classical approxi- 
mation is valid the grand partition function, 
E, is given by [8] 

H(z,F,7) 

= 2^/ exp(-^t/^{Ar})d{iV}. (2.4) 

N 

{Ai} denotes the 3N co-ordinates of the set N, 
and d{iV} the 3iV dimensional volume unit 
djc, . . . dzjv. Usi{N} is the potential energy. 

Let the lattice sites of a unit cell be labelled 
by the integer X, 1 ^ X « r, including any 
interstitial sites occupied only in the imperfect 
crystal, and let the integers /,, 4 , 13 specify the 
positions of the unit cells in terms of primitive 
translation vectors a,, Oj. o.-j- The total volume 
y of M unit cells can be subdivided into N = 
Mr non-overlapping ceils, one cell being 
associated with each lattice site /= /j./j./.s. X. 
We call these Mayer cells. Let ttg, be the 
number of atoms of species a in cell / and 
let jtioi be unity if cell / is vacant and zero 
otherwise. Denote by (/) = «,(/). Hz(/). u^il} 
the displacement of the atom in cell / from the 
cell centre. The occupation set «. comprising 
the ftg, for all ,v and I, and the co-ordinate set 
{/-}. representing the set of all co-ordinates 
(/), completely specify the state of the system. 
Provided the Mayer cells have been chosen 
so that we may restrict consideration to 
configurations with not more than one atom 
per cell then equation (2.4) can be written 
[7] in the equivalent form 

E- 2 2 "/exp (-/3t;„{L})d{L} (2.5) 

where 

z" = nnzA/ (2.6) 

Zko=IIv^„ ( 2 . 7 ) 

where is the volume of an empty ceil of 
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kind k, and in the product 5 = 1 , 2 , . . 10 , 
20, . . ., rO. In equation (2.5) the artifice of 
writing an integration over hctious co- 
ordinates (/) has been adopted for empty cells. 
The factors Zxo correct for this integration. 

An alternative method for treating vacancies 
has also been used. If the occupation set n 
has a vacancy at / then one adds + 

U 2 ^il) -hUa^U)) to the potential energy. In 
the integration over displacements the range 
is always extended over the range — <» to <», 
and so this gives an additional factor (7r^T/8)®'^ 
We therefore define 

^,0= (2.8) 

and proceed as before. The value of S is 
arbitrary and the result of an exact calculation 
of H would be independent of its value. For 
an approximate calculation the best choice of 
8 is that which satisfies 


8 logH(z. y. 7.8) 
88 




only when site { is occupied by a point defect 
of species s is defined by the equation 

( 2 . 12 ) 

Comparison of equations (2.5) and (2.10) 
yields 

exp i-mQ) = exp 

xSrexp(-/3t/*{^}) (2-13) 

p 

where 

UnL} = U„{L}-UM- (2.14) 

Next, let denote a particular subset, 

number a. of n cells out of the totality of N 
lattice cells and let represent summa- 

tion over all the N\I{N — n)\n\ such subsets 
for n = 0, I , . . . A^. Denote by v„^ an occupa- 
tion set such that there are defects at every 
cell of {ualAf but no defect at any other cell 
and let 2 denote summation over all occupa- 

pna 

tion sets of this kind. Define 


Let m denote the occupation set for the 
perfect crystal. The function 8 defined by 
identifying the integrand of equation (2.5) 
with the integrand in 

H = z™/ exp i-mz. F. T, {L}) )d{L} 

( 2 . 10 ) 

can readily be shown to be a true potential of 
average force such that — d0{L\ldu„{i) is 
the average force in direction a on the 
occupant of cell / for fixed {L}, the average 
being over all crystal occupation sets. How- 
ever. this is not the case if the alternative 
method for vacancies is used. 

A useful expression for d can be derived. 
Let sk, s=L 2, .... denote the species 
occupying a cell of kind k in the perfect 
crystal and define y, by 


5({n„),v.{L}) = 1+2 

X ( 2 .v"exp(-/3(y,^fl{L})) (2.15) 

pmfi ' 

where is U* for the set v^n- Equation 
(2.13) can be rewritten 

e{L] = U,„{L]-kT\ogS{N,{L}). (2.16) 
Finally, define 
<r({n„},v.{T}) = 2 

X ATlog5’{{me}„^,{L}) 

(2.17) 

the inverse of which is 
-^T logs ({«„},{£.}) = 

2 {E} )• (2.18) 


y,=^ZsIz,K- (2.11) From equations (2. 16) and (2.1 8) we obtain 


A set of numbers v,i such that i/,, is non-zero d{L) = t/wlE} + 2 {«o}A<'■({«o}^*{^}) (219) 
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where the functions (t can be calculated from 
equations (2.17) and (2.15). If the important 
terms of cr are those whose occupation sets n 
differ little from m then it is reasonable to 


hope that the summation converges, the terms 
for tia greater than 3 or 4 or corresponding 
to spatially distant sites being negligible. The 
preceding results summarize the essentials of 
the Mayer [7] scheme in condensed form. They 


may be used as follows. 

The position of an atom in cell /= luhJs, 

K can be written as where in this context 

/ = /, , /j, We define 

Kxx') = ‘(x)-*(0 


and write 


I r 
kk' 






( 2 . 21 ) 

( 2 . 22 ) 


where ro denotes vectors between cell centres 
and u denotes displacement from cell centres. 
B can be expanded as a Taylor series in the 



functions are slightly different from the 
perfect crystal canonical ensemble case and 
these are now summarized. For a crystal of 
M unit cells one may define a quantity f 
depending only on intensive variables by 

Mfiz, a, T) = log ( / exp (-/80{L} )d{L}) 

(2.24) 

where a denotes the set of lattice parameters. 
Equation (2.10) can then be written 

logH(z. K T.a) = (F/A) 

X (S«Jogz,+/(z.a.7’)) (2.25) 

R 

where A = VjM is the unit cell volume, a, = 
MJM, and M, is the number of sites occupied 
by species ^ in the perfect crystal. 

For cubic lattices one has 

A = 

where r’ is a constant and a the lattice para- 
meter (the extension to other lattices is 
straightforward). Maximization of log H with 
respect to a at constant z, V, T to find the 
lattice parameter yields 

(2.26) 


1^0 


From the theory of the grand partition func- 
tion 


a, ..y 




and the partition function, equation (2.10), 
evaluated by methods similar to those 
ordinarily used for the canonical partition 
function. Unfortunately the general formulae 
for the „ are excessively cumbersome. 
Explicit formulae for a common example are 
given in Section 3. 

The details of evaluation of thermodynamic 


*7 logs, A/. (2.27) 
and from these equations one finds 


r, = 



(2.28) 

(2.29) 


3. e FOR ONE KIND OF DEFECT IN A CUBIC 
LATTICE 

When there is only one kind of defect 
equations (2. 1 5) and (2. 1 7) yield 

cr(i,iL}) ^-kTlog(l+hi) (3.1) 
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o-(/.A:{L})=-/triog(H-/i,fc) (3.2) 


where 

/if^y^exp (3.3) 

huc = hihM{{\ + hi){\ + h^y\ (3.4) 

A = exp(-/3L/,1^)-1 (3.5) 

uf=V*i{L} (3.6) 

«& = fj tik - M* - Mfc (3.7) 


where by previous definition U’^i and 
are the change in potential energy when 
defects are introduced at / and /, k respectively 
in perfect crystals. 

In the remaining equations we assume that 
we have only one kind of substitutional defect 
in one of the cubic lattices. Mayer cells may 
then be chosen to be the same as crystallo- 
graphic cells. We also assume that the potential 
energy is the sum of pairwise forces 

= 2 <^>(k(/^)l) (3.8) 

f k 

(a) Expressions for 0o and%i 

00 follows straightforwardly by combining 
equations (2.19) and (3.1) to (3.8), the func- 
tion 0 being evaluated with all r = Tq. ©i is 
zero for the present model. 

(h) Expression for G.^ 

By straightforward manipulations 0^ can 
be written in the form 

02 ” i 2 2 0<tf(/|^2)t^a(/l)n/3(/2) (3.9) 

h.h 

where 

e<^(/,/2) = S©‘'A(/,/2)- (3-10) 

1=0 

The superscript i = 0,1,2,.. refers to the 
contribution from (7^, cr{l) functions. <r(/, Ac) 
functions, . . respectively. One finds, using 
the abbreviation 


the results 


- [rMik)D{kk)r,{ld2)D{Uk) 0 (/i/2)]o. 

/j 4= /a ' 

(3.12) 

5:0is(V2)=o 

h 

(3.13) 

1 

(3.14) 

Ilf) = 


-[rM)D(Ili)r^{lk)DUh)cT 

(/)]o. 

/j 4= /, 4 4= / 

(3.15) 

where the remaining o-ap are defined by 


S =0 

It 

(3.16) 

2 = 0. 
h 

(3.17) 

The subscript zero on a bracket denotes that 
the functions are evaluated with all r = To. 

The contribution from or {Ik) functions was 
evaluated only in the approximation /i(* <? 1 so 
that from equation (3.2) 

o-{lk) = —kThik- 

(3.18) 

The result is then 


0S(V2) = -(*/! + *)( 2 /) 




~-kT{hll + h)^FMk) 

(3.19) 

where 


~ [failJi) l^{lll2)fl}{llU)D{hU)fuh 

]o. 

li 4 I 2 

(3.20) 

2Fa0{lA)=O. 

(3.21) 


la 


h and f denote hi and functions evaluated 
at r = To. For any function X we denote by 
A'(f) the function derived by replacing each 
hi by ^h,. Finally we used the abbreviation 
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27 ^ 27 /. 

where here and elsewhere the prime denotes 
that k = iis omitted. 

(c) Harmonic approximations 

The harmonic approximation, indicated by 
subscript H, is 

G// = 00+02- (3.22) 

The harmonic Einstein approximation, HE, is 

0///. = 00+^2 (3.23) 

I a 

(d) Anharmonic approximations 

The sensitivity of the calculations of defect 
concentrations to the anharmonic terms has 
been studied using the Henkel [9] approxima- 
tion. An alternative would be to calculate 
the first order anharmonic perturbation to 
log 3 following the methods for perfect 
crystals ri 0, 1 1]. However, a formidable 
amount of additional algebra would be 
required for the imperfect crystal and higher 
order terms may also be important in the 
classical region. A more promising alter- 
native would be a variational method [12J. 
Until perfect crystal calculations are more 
highly developed we do not feel that these 
more elaborate methods can be justified in 
the present context. The anharmonic Einstein, 
AE, calculations therefore use the approxi- 
mation [9] 

0./; = ^ 21 S * 

I a 

+ 2G„^^(////)) XM„^(/) (3.24) 

where 

= - 2 ' 

(3.25) 

0«irs(W7 = - 2 o-^yeih’, HH) (3.26) 

/l/j/j/j) LEaffygi^l, /i4!^3^4)rr (/) ]o» 

hf 4s 4s 4 ^ / (3.27) 


(x^yBihm^ 2 ar^y/«(4 44 44) (3.28) 

Eafiysil", /t444) 

= [rMDill,}rME>ill2)ry(lU)D{lk) 

X r«(/4)Z)(/4)]. (3.29) 

4. EVALUATION OF / 

It is convenient to separate /, equation (2.24), 
into static and vibrational parts, and /’•’*, 

defined by 

= (4.1) 

(4.2) 

In addition to/ one also requires its deriva- 
tives with respect to a and z for a self-consistent 
treatment of thermodynamic properties. These 
cumbersome expressions are easily derived 
from the results for / given below and will 
not be quoted. 

(a) Harmonic approximations 

02 niay be transformed to a sum of squares 
by the normal co-ordinate transformation 

«„(/) = 2^ ^" 0^0 .*(/)). 

(4.3) 

The Jacobian for the transformation mayi>e 
shown to be unity. By steps quite analogous 
to those used by Bradburn[13] it may then be 
shown that the harmonic approximation 
obtained by combining equations (2.24), 
(3.9), (3.22) gives 

Mz, T,a) =/'"* + ! log (27rAT) 

-21og(|D„«(k)|)2M (4.4) 

provided that the matrix D^{k), defined by 

f^a//(k) = 2) 0af)(/4) exp(— 27r/k . rSh)) 

h 

(4.5) 

IS positive definite at all points in k space. 
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From equations (3,12)-(3.17) the contribu- 
tions to Dap from and©‘^are 

= S' [I ~exp(-27r»-k . ro(//,))] 

ft 

-(ra(//,)rM)/r(ll,)=> 
-8c^M//t))</)“H//,)]o (4.6) 

and, after simplification 

n<^(k)=-2(/i/i + ^)D<^(k)* 

-[/i/(/cT(l+m] 

X exp(— 2-77* . ro(//i))jo^ (4.7) 

where 



and d»(//j)* denotes the potential function 
such that //j" from equations (3.6) and (3.7) 
can be written in the form 

- S' </►(//,)* (4.9) 

<1 

and D[S(A')* is with<f> replaced by d> *. 

The harmonic Einstein approximation yields 

ilog(27r^T)-ilog©,^(//) (4.10) 

for cubic lattices, and one finds 

©'<«(/() = S ' [ rj //, )/-,(//, )<#.< 2’(//,)//-(//.)2 

h 

-(r„(//,)r,(//,)/r(//,)=’ 

-8,^/r(//,))d>"’(//i)l« (4.11) 

=-2(h/l-hh)ei^(//)* 

~[h/(/cT(l+m] 

x[S'r.(//.)r,(//,) 

x(0'*>(//,)*)2//-(//,)^]„ (4.12) 


where the asterisk ^ain denotes replacement 
of<^ by 0*. 

The explicit expressions for and for the 
anharmonic contributions discussed below 
are very unwieldy but straightforward to 
derive and will not be stated. 

(b) Anharmonic terms 

Equations (2.24) and (3.24) yield 

fAEiz,T,a)=f>^ + 3\ogI (4.13) 

where 

/ = J*%xp(-/lj8x2-B^jr‘)(Lc (4.14) 

A=Q^ilI)l2 (4.15) 

(0aaa«(/W)+20„,^o(////))/4!. (4.16) 
By expanding the exponential one obtains 

/ = /oS (-/SB)"/>! (4.17) 

n*0 

/« = /V''exp(-/3/lx2)dbc//o (4.18) 

/o= rexp(-)3v4x2)dx (4.19) 

and this may be converted to a power series 
for log / 

log / = )og/o+ S (-/ 8 )"*<^ 7 i/«! (4.20) 

n=l 

From the general relation between >v„ and / 
functions! 14] combined with reduction of 
the integral /„ by integration by parts one can 
obtain the following general expression for 
calculation of h’„ as a function of A and B: 

!/(2n)!-(n-l)! s'((4(n~m))!/ 

fn»J 

((u-m)!(m- 1)!)) X (h-^/x”*)] (4.21) 
where 

x= B/(16/l*/3"). (4.22) 

Equations (4.13), (4.20), and (4.21) combine 
to give /ae as a function of A, B and /8. The 
successive partial sums of the series in (4.20) 
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oscillate with increasing amplitude in the 
regions of interest below. The series was 
summed by the method of Pad6 approximants 
[15], which form a convergent sequence 
generally constant to 0" 1 per cent after the 
fourth approximant. 

5. RESULTS FOR RARE GAS SOLID SOLUTIONS 
The conventional form for the chemical 
potential of an impurity, s, dissolved in a host, 
is 

fji, = ti,^'*^ + kT\ogc,y^ (5.1) 

where y, 1 as c, -> 0. From equations 
(2.29), (3.1), (4.1) and (4.2) and using the 
fact that 2 , -> 0 as c, 0 one finds 

= (uS +ii, + UT log (mtim ,) ) 



where u* is u*, equation (3.6), evaluated with 
all r = To. 

The first term in brackets in equation (5.2) 
is the static contribution but it is clearly 
different from the static approximation in 
conventional treatments since the energy 
u* is calculated without lattice relaxation. 
The effect of the latter is therefore wholly 
in the vibrational term. In the limit 2 , 0 

only the a- functions for single sites contribute 
to as expected physically. 

Figure 1 shows results for pt'"' at zero 
pressure in the approximations H, HE, AE 
for argon in krypton at three temperatures, 
and also values calculated from the experi- 
mental results of Fender and Halsey [16]. 
The result from using experimental values of 
z,[I6] and a [17] for they4£ approximation is 
also shown. Ar and Kr potential parameters 
for the 6-12 Lennard-Jones potential given 
by Horton and Leech [18] were used and the 
Ar-Kr parameters calculated from the com- 



Fig. 1. Free energy of solution, as a function of 
temperature. T. for Ar in Kr at zero pressure x. experi- 
ment[l6]. O. H. 5 5; □, HE, 5-5; A, AE, 5'5: H, 5 6; 
O. HE, 5‘6; V, AE, 5-6; A. AE, 5-5, using experimental 
Zkt and a, ▼, AE, 5-6, using experimental Zxr and a. 
(Letters refer to approximation and numbers to the equa- 
tion for the potential parameter combining rule). 

bining rules 

-I- r (5.4) 

(5.5) 

and from the rule [ 1 9] which replaces (5.5) by 

^AB ~ ^aa^hbI {^aa'^^bb)- (5.6) 

The procedure followed was to first calculate 
the equation of state of pure krypton to find 
the lattice spacing and chemical potential 
corresponding to zero pressure at a fixed T. 
The values were used to calculate /u,'®’ from 
(5.2). Some lattice summations additional 
to those required for the perfect crystal [13] 
were calculated on a computer. The numerical 
integrations over k used 30 points in the 
irreducible element of the Brillouin zone [13]. 
Increasing the density to 149 points has a 
negligible effect on the very similar calcula- 
tions of Section 6. 
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From the straight line drawn through the 
points the corresponding enthalpies and 
entropies of solution were calculated: 

= (5.7) 

Some results are summari 2 ed in Table I 
together with calculations for other mixtures. 
For solutions of Xe in Kr the H and HE 
approximations gave 



so that (5.2) cannot be evaluated or, equi- 
valently, (2.29) predicts c, < 0. Also included 
in Table I are volumes of solution defined by 



calculated at 90“K, the differentiations being 
performed analytically. The volume of solu- 
tion is slightly temperature dependent as is 
shown in Fig. 2 for calculations using the 
simple combining rules (5.4) and (5.5 ). 

The significance of these results is as 
follows. For moderate misfit in size, as for 
Ar in Kr, the predictions of the three approxi- 
mations span a range of about 10 per cent in 
hs and 14 per cent in Sg. This is quite com- 



Fig. 2. Volume of .solution, F'“’ (at, vol.), as a function 
of temperature, T, for impurities in Krypton at zero 
pressure using the combining rule of equation (5.5) for 
the approximations. +. Ne (if); O’, Ne (HE)-, V, 
Ne (AE)-. O. Ar («); □, Ar (HEY. A, Ar (AEY X. Xe 
iAE). 

parable to the errors arising from uncertainty 
in potential parameters, as is illustrated by 
using the different combining rules forcfAr- 
Kr). The values used were 193-04 x 10“*ergs 
from equation (5.5) and 190-56 X 10“’® ergs 
from equation (5.6). The agreement with 
experiment is not unreasonable considering 
the expected accuracy of calculations and 


Table 1 . Mean enihalphy (hs'®' cal. and entropy (Sj’®’ R units) of solution 

in the temperature range 80-l00®K. and volume of solution vol.) at 

90'’K for impurities in Krypton at zero pressure 


Combining 

rule 

equation 

Approximation 


Neon 

vr 

Argon 


Xenon 


hr 

t 10) 

- hr 

sr 

vr 

- hr 

sr 

vr 

(5.5) 

H 

I960 

6-84 

M3 

1110 

5- 13 

0-93 





HE 

2010 

6-62 

1-14 

1130 

4-81 

.0-92 





AE 

1680 

5-06 

104 

1250 

4-33 

0-90 

2930 

1001 

1-40 

(5.6) 

H 

2420 

7-14 

119 

1050 

5- 19 

0-96 





HE 

2490 

7-32 

1-21 

1060 

488 

0-93 





AE 

2120 

5-43 

1-08 

1180 

4-38 

0-91 

2840 

9-94 

1-39 


Experimental f 16) 




1074 

5-86 










±25 

±014 
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experiment. As the misfit in size becomes 
greater the inadequacy of the H and HE 
approximations must increase since the bigger 
relaxation about each defect throws greater 
weight on the vibrational calculation (cf. 
remarks after (5.3)) and on the anharmonic 
terms — compare Ne and Ar results. Indeed 
for Xe only the AE method yields a predic- 
tion. For such large anharmonic effects the 
Henkel approximation may presumably be 
.seriously wrong, whereas for Ar this error is 
probably no worse than the uncertainty arising 
from the potential parameters. Finally we note 
that Fig. 1 seems to suggest that taking 
account of the anharmonic terms without the 
Einstein approximation would lead to a 
better agreement with experiment. 

In consequence of these conclusions cal- 
culations of activity coefficients have been 
limited to Ar in Kr at zero pressure for con- 
centrations up to 4 X 10“®. The HE approxi- 
mation was used retaining a functions up to 
two sites only. As the concentration is in- 
creased the lattice parameter at zero pressure 
becomes smaller. The method adopted was to 
calculate the value of 'a for which /? = 0 for 
fixed {zjzt- T) from equations (2.28). y, was 
then calculated at these values {cuzJZt.T) 
from (5.3) at a known concentration found 
from equation (2.29). Results are summarized 
in Fig. 3. The calculations are for approxima- 
tions retaining one, and for one and two sites, 
for the two combining rules using the HE 
approximation and a rigid static lattice 
approximation (equation (5.9) below). The 
experimental results shown are actually 
extrapolations from measurements at higher 
concentrations. The most striking feature is 
the sensitivity to change in the potential 
parameters; even the relative order of the 
approximations changes with change in com- 
bining rule for exa- 
lt may be shown that for the static rigid 
lattice approximation retaining cr functions 
for single sites corresponds to an ideal solu- 
tion. Retaining or functions up to two sites 
yields, for A 1, 



Fig. 3. Activity coefficient, y, for Ar in Kr as a function of 
Ar concentrations, c. at 90“K and zero pressure; (a) 
using combining rule (.S-.''); (b) using combining rule 

— cr for single sites’. — <t for up to pairs of 

sites; static approximations; -- experiment! 16). 

y, = exp(i^'/c,(c,-2)). (5.9) 

With the approximations (i) f=0 except at 
nearest neighbour separation.s and (ii) 

exp (— u*l3 ) - 1 ^ (5. 10) 

this reduces to the Bragg-Williams approxi- 
mation. Figure 4 shows that whereas (ii) is 
not loo unreasonable (i) is not a good approxi- 
mation. 

Extension to higher concentrations would 
require using the complete expression for 
h,^ instead of the approximation of (3.18), 
and probably allowance for the three site <t 
function. Without a more certain potential 
and inclusion of anharmonicity this is scarcely 
worthwhile at present. We note that the 
summations over functions in calculations 
allowing for defect interactions cannot be 
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Fig. 4. Mayer / function and —u^ (the lower curve) 
(equation (5.10)] as functions of distance r for Ar in 
Kr at 90°K and zero pressure. 

parametrized to a functions of ‘‘a' times a 
dimensionless lattice sum and so must be 
calculated for each ‘o’ and 7, leading to extra 
numerical work. 

6. RESULTS FOR VACANCIES IN RARE GAS 
SOLIDS 

To determine the pressure of the pure 
solid with vacancies from equation (2.28) 
it is necessary to determine z from equation 
(2.26) at the selected {a,T ). Equation (2.26) 
was solved by iteration taking the perfect 
crystal value of z, at given (n, T), as the 
starting point. The function / is independent 
of z for the perfect crystal and (3.26) can be 
solved explicitly in this case. 

In the alternative method for vacancies 
defined by equations (2.8) and (2.9) the 
partition function was maximised numerically 
at each stage of the iteration with respect to 
8 at constant (z, a, T). 

By these methods the lattice parameter 
corresponding to zero pressure for Kr was 
found retaining <t functions for single sites. 
The concentration of vacancies. Cp. was then 
calculated from equation (2.27) and the results 
are summarized in Fig. 5. From least squares 
lines the enthalpy and entropy of formation 
in the equation 



Fig. 5. Vacancy concenlrations, c\, as a function of 
temperature. T. for Krypton at zero pressure. A prime 
on the approximation means the alternative vacancy 
method was used, O. //; □, HE. A. AE: +, //'; ▲, AE, 

using experimental z and a: V. Glyde[41; Nardelli 

(33; experiment [1 7]. To the scale of the graph the 

approximations H and AE coincide at 80® and 90°K and 
the approximations H and HE coincide at 90° and 10O°K. 

log L\. = —ph,.+ s,Jk (6.1) 

were found. The results are summarized in 
Table 2. They are mean values since the slope 
increases slightly as 1/T decreases. It may 
be shown by applying the method of corres- 
ponding states that Cp depends only on the 
reduced temperature 

T=kTk 

at zero pressure. Calculations (3, 4] for Ar 
were converted in this way. 

For the AE approximation using the alter- 
native method for vacancies the iteration for 
z did not converge, whereas for the other 
approximations three iterations suffice for 
0 01 per cent constancy. For the H approxi- 
mation 8 varied montatonicaJly from 2408 to 
1 205 dyn cm~' in the range 80-1 1 0®K. 
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Table 2. Mean enthalpy (K caL molr^) and 
entropy (Sy R units) of formation of vacan- 
cies in krypton at zero pressure in the 
temperature range 80-1 10°A^. j4 prime on 
the approximation means the alternative 
vacancy method was used {equations 
(2.8), (2.9)1 


Approximation h„ Sr 


H 

3870 

2-23 

HE 

3720 

1-21 

AE 

3290 

-1-25 

H’ 

3180 

3 30 

HE’ 

3130 

3-56 

AE' 



Clyde [4] 

2900 

3-2] 

Nardelli[3J 

3620 

81 

Experimental [17] 

1780 + 200 



The effect of the cr functions for pairs of 
sites was negligible in the NE approximation. 
Figure 6 shows the volume of formation 



as a function of temperature and another 
calculated [3] value. 

The results for r,. are in no better agree- 



Fig. & VoJume of vacancy formation, F^tatomic votumes). 
as a function of temperature, 7, at zero pressure for 
Krypton. O, //; □, ff£; £s.AE\ •, Nardefli [3]. 


ment with experiment [20] than those of 
previous calculations [3, 4]. Since the approxi- 
mate inclusion of anharmonicity does not have 
a very marked effect on the results one might 
be tempted to join previous workers in as- 
cribing the failure of the calculation to neglect 
of three-body forces [2 1 , 22] and other many 
body effects [23], However, there remains a 
slight doubt as to the validity of the method 
whereby the sum of integrals is converted to 
an integral of a sum in the partition function 
using the method described after equation 
(2.7). As Mayer[7] has remarked, this method 
would break down for large c,.. This objection 
does not apply to the alternative method. The 
failure of the latter might possibly be ascribed 
to inadequate treatment of the lattice dynamics, 
but we remain uncertain. The status of the 
method for systems with vacancies is there- 
fore much less clear than for solid solutions. 

7. CONCLUSIONS 

(1) The Mayer method appears promising 
for substitutional solid solutions provided 
the misfit in size and potential curves is not 
too great. 

(2) The adequate treatment of the an- 
harmonic terms becomes increasingly impor- 
tant as the misfit increases because the 
relaxation calculation of conventional methods 
has been replaced by a modified vibrational 
calculation. However, the methods for perfect 
crystal lattic dynamics can be applied, the 
only essential difference being a rise in 
algebraic complexity. 

(3) These calculations are often very sensi- 
tive to errors in the potential functions 
assumed and this is one of the major inhibi- 
tions to undertaking the large amount of 
work required by more adequate treatment 
of vibrations e.g. by a self-consistent phonon 
method. 

(4) For interstitial defects the method does 
not appear particularly promising because 
(a) the number of elements in the dynamical 
matrix increases, (b) the misfit will often be 
large, (c) the alternative method for vacancies 
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would have to be used for the vacant inter- 
stitial sites, and this method has not been 
very successful in the present work. 

(5) Mayer[7] expressed the view that the 
method might prove adequate for calculating 
the solubility of sparingly soluble impurities 
and for phase transitions in general. Since 
these impurities tend to have large misfits 
the considerations of (2) and (3) above 
apply. 

Acknowledgement — One of us (L.A.R.) acknowledges 
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Abstract— An approach has been developed for calculating defect entropies from an entirely discrete 
vibrational point of view. Calculations have been performed within a discrete finite spherical array 
of atoms which includes all contributions to the defect entropy predicted by linear isotropic continuum 
elasticity. The method used, however, does not demand an explicit knowledge of the strength of the 
defect and thus avoids certain conceptual difficulties that arise in both the elastic and the combined 
discrete-elastic approaches. 

The vibrational spectra for the various defect configurations have been obtained using a quasi- 
harmonic Einstein model in conjunction with a modified Morse function as force law. Values of the 
vacancy formation and migration entropie.s were computed for the cases of copper, nickel and 
aluminum. Where experimental values were available for comparison, fair agreement was found with 
the calculated entropies. In addition, Arrhenius calculated on the assumption that diffusion is 
confrolled by the migration of single vacancies were found to be lower than experimental Do’s, thus 
lending support to previous suggestions in the literature that divacancies make a significant contribu- 
tion to the diffusion flux in f.c.c. metals at high temperatures. 


INTRODUCTION 

It is now well established that in the case of 
self diffusion controlled by a single equili- 
brium defect species, the diffusion coefficient 
or diffusivity. D, can be written as; 

D =/A- f',.exp{(A5„ + A5/)/A} 

xexp{— (A£' to+ A£^)/AT} (1) 

where / represents a product of geometric 
factors and includes the correlation factor, 
A is the defect jump distance, v,. is an effective 
frequency, Af^ and A5w are the migration 
energy and entropy of the defect, AEf and 
AA/ are the formation energy and entropy of 
the defect and k and T are the Boltzmann 
constant and the absolute temperature respec- 
tively. Empirically, the diffusivity can be 
described by an Arrhenius equation: 

D = DoC\p{~QlkT} (2) 

where Q is the activation energy for self 
diffusion and Do is a constant. Comparison 


of equations (1) and (2) leads to the well 
known interpretation of the Arrhenius con- 
stants in terms of defect properties: 

Q^^E„, + ^Er (3) 

Do=./Vi.,.exp{(A5„-bA5^)/A}. (4) 

The bulk of experimental and theoretical 
work aimed at understanding the role played 
by point defects in diffusion has been con- 
cerned with the energetics of the basic pro- 
cesses. However, the recent realization 
that Arrhenius plots representing both the 
volume and surface self diffusion data of 
some f.c.c. metals show a measure of curva- 
ture has prompted a closer look at some of 
the terms which make up the Arrhenius Do, 
namely, the entropy and frequency terms. 

A few attempts have been made in the past 
at calculating point defect formation entropies 
11-5] as well as defect migration entropies 
11-3], Most of these have proceeded by 
treating a defect crystal in two parts, a 
central atomically discrete region around the 
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defect from which a vibrational contribution 
is obtained and elastic continuum in which 
the discrete region is embedded and which 
provides an elastic contribution to the entropy; 
such an approach, however, may lead to 
conceptual difficulties which will be discussed 
later. In the present study an attempt has been 
made at obviating these problems by calculat- 
ing defect entropies from an entirely discrete 
model. Calculations were performed for three 
f.c.c. metals, namely copper, nickel and 
aluminum. 

CONCEPTUAL CONSIDERATIONS 

We shall first consider the problem of 
obtaining the formation entropy of a vacancy. 
The formation entropy of a vacancy may be 
defined as the difference between the entropy 
of a perfect crystal and that of the same crystal 
after a vacancy has been introduced into it. 
From the point of view of a simple vibrational 
solid, it is possible to write the high tem- 
perature limit of the vacancy formation 
entropy, for a crystal containing N atoms as: 


cavity, this volume change does not lead to 
any dilation in the medium but is associated 
with a displacement field given by: 



and a strain energy in the medium, outside a 
radius r, given by 


2rrr* 


(7) 


where fi. is the shear modulus and AF'"/47r is 
known as the strength of the defect. Thus 
the total strain energy in the medium outside 
the cavity is simply given by equation (7) 
with r = fc, where is the radius of the 
cavity. If it is assumed that this elastic 
energy is indeed an elastic free energy 
then it is possible to obtain a corresponding 
entropy 


5 * 


dT dfi dT 2irr’ dT 


/ 3.V 3A' , 

A5,/^ = ln^n»o''/n‘^^) 

where the Vj‘'’s and vj's are the normal mode 
frequencies for the perfect and defect crystals 
respectively. Thus, if it is possible to calculate 
vibrational spectra for perfect and imperfect 
crystals, one may obtain the associated 
entropy change by means of equation (5). 

The formation entropy of a vacancy can 
also be treated entirely from the point of view 
of linear isotropic continuum elasticity. Con- 
sider a vacancy to be represented by a cavity 
in an infinite elastic medium. Let us initially 
form the vacancy without allowing any 
collapse around the cavity, the net volume 
change of the medium on forming the vacancy 
is then one atomic volume. If we now allow 
some collapse to occur around the cavity so 
as to represent atomic relaxation around the 
vacancy, the volume of the cavity changes by 
AF^. According to Eshelby{6], for a spherical 


Elasticity theory provides a second entropy 
contribution for a vacancy existing in a finite, 
surface-bounded, medium. The requirement 
of zero normal stresses at the surface gives 
rise to an image field associated with a uni- 
form dilation and a corresponding volume 
change AL' which is related to AL“ by the. 
expression [6]: 




2(1~2(t) 
1 +cr 


AF=" 


where cr is Poisson’s ratio. Despite the fact 
that the uniform dilation, AL^ does not give 
rise to an energy term for a solid under 
zero pressure, it does give rise to an entropy 
term through the volume dependence of the 
vibration frequencies. This can be .seen by 
considering the entropy change in an Einstein 
solid resulting from a small uniform dilation : 


S'/k = In 
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Since the frequency ratio 8vlv is related to the 
fractional volume change AV‘IV through the 
Griineisen constant, y, by 



it follows that 

S' Ik = yy^V'IQ. (9) 

where fl = V/M, is the atomic volume. This 
result can be obtained in various ways and is 
in fact equivalent to the result of McLellan[5] 

where is the coefficient of linear expansion 
and B is the bulk modulus. 

Thus, it is possible to define the formation 
entropy of a vacancy from linear isotropic 
continuum elasticity as 

^Sf= 5 ” + 5 '. 

This simple theory has several shortcomings, 
it does not provide any information regarding 
the strength of the defect and furthermore, the 
strength of the defect is defined in the region 
of largest displacements where the theory is 
least adequate. 

Probably the most detailed method that has 
thus far been used for calculating defect 
entropies is that of Huntington et a/.lll 
which combines the discrete vibrational and 
elastic approaches. Girifalco and Welch [3] 
and Schottky et a/.[4J have essentially adopted 
the same technique in their calculations. In 
all these cases the vibrational entropy for the 
discrete region in the vicinity of the defect 
was obtained by using expressions similar to 
equation (5), and elastic corrections were 
made according to formalisms resembling 
equations (8) and (9). In order to use equa- 
tions (8) and (9) it is still necessary to deter- 
mine dT”. This is generally obtained from the 
magnitude of the calculated atomic relaxation 


in the discrete region around the defect, by 
means of equation (6). It is this aspect of the 
combined approach which produces the con- 
ceptual difficulties mentioned earlier. 

Several discrete q^culations have been 
performed to determine the atomic configura- 
tion around a relaxed vacancy [7-10]. These 
have shown that inward as well as outward 
displacements of atoms can occur in the sur- 
roundings of the vacancy, a result which is 
certainly inconsistent with the monotonic 
displacements predicted by equation (6). 
An additional complication arises from the 
fact that in general, displacements need not 
be radial, in effect it appears that non-radial 
displacements have been calculated whenever 
radial relaxation has not been assumed [7, 11]. 
Thus it is not straightforward to define the 
strength of a defect and the associated 
volumes on the basis of the simple theory. 
These considerations, coupled with the 
doubtful validity of deriving the image 
entropy. S’, from a linear elastic dilation, 
^V, by means of a nonlinear Griineisen 
constant, have prompted the alternative 
approach developed in this study. 

The basic idea proposed here is that the 
calculation be performed for a discrete, 
finite, spherical array, thus implicitly allowing 
for any image effects. The vacancy formation 
entropy can then be calculated entirely from 
a discrete, vibrational point of view. As will 
be shown below, the calculation does indeed 
include the image entropy contribution. In 
order for such a calculation not to be prohibi- 
tive in terms of computer time the size of 
the spherical array must be limited to several 
hundred atoms: however, this aspect does not 
present severe difficulties since the strain 
entropy, 5*, decreases as 1/r^ and the image 
entropy. S', is independent of the volume of 
the sphere. The approach used is therefore 
qualitatively consistent with all the features 
of the elastic approach, without demanding 
explicit knowledge of the quantities which 
lead to complications in the formalism of 
linear continuum elasticity theory. 
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We can now consider the problem of cal- 
culating the vacancy migration entropy from 
the vibrational frequencies. The vacancy 
migration entropy may be defined as the 
difference between the entropy of a crystal 
containing an equilibrium vacancy and that of 
the same crystal containing the vacancy in a 
saddle point configuration. Vineyard {12] has 
derived a statistical mechanical expression 
for the frequency factor, exp{A5mA}, of a 
diffiising defect. For a crystal containing N 
atoms; 


3A' 3.V-1 

v^exp{^SJk} J][ vf (10a) 

j-i / j-i 


where the v/s are the normal vibration fre- 
quencies for a crystal containing a single 
defect in equilibrium with its surroundings and 
are therefore identical with the v/s of equation 
(5) and where the I'f s are the normal fre- 
quencies for the same crystal when the defect 
is present in a saddle point configuration. In 
Vineyard’s formalism, if the configuration 
containing the equilibrium vacancy is con- 
strained so as to vibiate in directions other 
than the jump direction, then 


^SJk = In 



(10b) 


where the v'/s are the appropriate normal 
frequencies for this constrained state. The 
vacancy migration entropy can therefore also 
be calculated from a discrete vibrational 
analysis within the proposed spherical array 
of atoms. 

Recently, in atomistic calculations con- 
cerned with diffusive jumps, the extent of 
atomic relaxation about the migrating atom 
has been limited by invoking a kinetic criterion 
fl3, 14] which has proved useful in predicting 
acceptable values for the vacancy migration 
energies in a number of cubic metals [15], 
This criterion suggests that the size of the 
region which cmi relax during a diffusive jump 


may be estimated from the distance to which 
an elastic disturbance would propagate during 
the time required for the jump. Since the ‘time 
of flight’ of a diffusing atom is of the order 
of an atomic vibration, we can define the 
radius of such a ‘relaxation sphere’ as: 

Rrei. = V,/v ( 11 ) 

where v is taken to be the Debye frequency 
and Vg is the velocity of sound estimated from 
Vj,— V (Blp) where B is the bulk modulus 
and p is the density of the material. This 
criterion will be used in the present calcula- 
tions of the migration entropy to limit relaxa- 
tion around the saddle point configuration. 
It is worth pointing out that in their calculation 
of defect entropies in copper, Huntington 
et o/.(l] considered this issue, albeit couched 
in different terms, and suggested that because 
of the short time spent by the diffusing atom 
at the saddle point configuration, it might be 
quite unrealistic to consider any image 
entropy contribution to the defect migration 
entropy. 


METHOD OF CALCULATION 
1 . Force law and normal mode analysis 

We shall first describe the general method 
employed here for calculating the frequency 
distribution in any given atomic configuration. 
The procedure adopted was based on the 
quasi-harmonic Einstein approximation of a 
solid in which each atom was allowed to 
vibrate independently in the potential well 
formed by the surrounding atoms while the 
surroundings were held fixed and in which 
the atomic force constants were allowed to 
vary with the local atomic arrangement. 
The potential energy function due to Girifalco 
and Weizer[16] provides a suitable force 
law for this type of calculation, furthermore, 
it has proved useful in a number of previous 
calculations of defect properties [7, 8, 13-15], 
This function expresses the energy of a 
hypothetical isolated pair of atoms, i and j. 
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separated by a distance as: 

= L[exp{-2a{ro-ro)} 

~2exp{-a(ry-A-o)}] 

where L, a and Kq are empirical constants. 
TTie energy of the /th atom in a crystal is then 
given by the pairwise sum of ^(ry) over all 
pairs made by the Ah atom in the crystal 


as a Taylor series about the equilibrium 
position, for small displacements Uj, and U3: 

= (13) 

where the atomic force (Constants which vary 
from site to site are defined by; 


F 

r kt ’= T ; 

dUkdUl 


(Xii, Xzi, 


= [exp{-2Q!(ro-ro)} 

Mi 

— 2exp{-a{ry — To)}] (12) 

where ry may be written in terms of cartesian 
atom coordinates as 


'•u = kj-Tii 


= {(-fu — U3j—X3l)^y^. 


The empirical constants L, a and Tq are estab- 
lished by matching the sublimation energy, 
lattice parameter and compressibility to the 
experimental values as has been described in 
detail by Girifalco and Weizer[16]. The 
parameters used in the present calculation are 
given in Table 1. 

Given such a force law, it is possible to 
determine the three independent vibration 
modes of an atom lying in an atomic array. 
Consider an atom with coordinates (jc®,, x® , 
x?,) corresponding to the equilibrium position 
for the atom in a specified array. These 
coordinates for the atom then correspond to 
a minimum value of d>(, for the atom. 
Under these conditions, the net force acting 
on the atom is zero and we may expand 


Table 1 . Morse function 
constants 


Metal 

a 

(A ') 

L 

(eV) 

fo 

(A) 

Cu 

t'3588 

0-3429 

2 866 

Ni 

1 4199 

0-4205 

2-780 

A1 

11646 

0-2903 

3-253 


and where terms higher than second order 
have been neglected. 

The equations of motion of an atom 
moving in such a potential are 

mUk = -FictU! (*,/= 1,2,3) (14) 

where m is the atomic mass and ii is the 
second time derivative of the displacements. 
Assuming solutions to equations (14) of the 
form 


Uk — sin(2Tr»'r +6) 

where Ak and 8 are constants and t is time, we 
find 

Mfr = - (47rV)Mfc = — (15) 

Substituting equations (1 5) into equations (14), 
we have 


kmUk = FkiUi {k,l= 1,2,3). (16) 

Solutions to equations (16) exist only if the 
determinant 


Fulm—k 

Fizim 

Fnfm 


Fiilm 

F 22/ rn \ 
F^slm 


FiJm 
FiJm 
Fssim — k 


= 0. (17) 


Equation (1 7) is the so-called secular equation 
and provides a cubic equation in k. The three 
roots of this equation, A.,, A.2, and X3, yield the 
three appropriate normal frequencies for the 
particle of interest through the definition of K 
in equations (15). Mathematically, the three 
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roots X represent the eigenvalues of the matrix 
of elements and physically, the roots 

X are proportional to the three principal 
curvatures of the 3-dimensional energy hyper- 
surface described by equation (13). Since we 
expect the potential energy surface to 
display a relative minimum at the point cor- 
responding to the equilibrium position of an 
atom, all three principal curvatures must be 
positive, leading to three real normal vibration 
frequencies as indicated above. The Taylor 
expansion of the potential energy given by 
equation (13) is also valid for an atom at a 
saddle point since at that kind of extremum 
too, the net force acting on the atom must be 
zero. Thus the normal mode treatment is 
equally applicable to an atom located at a 
potential energy saddle point. In this case 
however, one of the three principal curva- 
tures of the potential energy hypersurface 
will be negative, as a result, one of the three 
frequencies obtained from equation (15) will 
be imaginary. This ‘frequency’ is the one 
corresponding to ‘translation’ of the saddle 
point atom and is just that frequency which is 

u ~ I 

absent in the product IT if of equations 

(10a) and (10b). In addition, since the X’s 
are the eigenvalues of the matrix of coeffi- 
cients F^i it is possible to obtain the eigen- 
vectors or directions corresponding to the 
three normal frequencies. These directions 
will also prove useful in some of the sub- 
sequent considerations. 

2. Array size 

Having established a procedure for calculat- 
ing the normal frequencies of any atom in a 
given array, it is now possible to turn to 
another important issue, namely determination 
of the size of the sphericed array of atoms to be 
used in the computations. There is no obvious 
or simple criterion that can be invoked to fix 
this size, however, previous calculations on 
vacancies [1 5 J have shown that the vacancy 
relexation energy for f.c.c. metals converges, 
for all practical purposes, by the 4th neighbor 
she^l of the vacancy. Based on this knowledge. 


we propose that the spherical array is of 
reasonable size if the energy of an atom in the 
8th neighbor shell of the central atom is not 
changed by the presence of the surface 
by more than I per cent. The use of the 8th 
neighbor shell, rather than the 4th, as a dis- 
criminator may be viewed as an ignorance 
factor correction. This procedure gives an 
array that extends to the 24th neighbor shell 
of the central atom and which contains 767 
atoms. The radius of this sphere is 3-54 
lattice parameters. 

3. Computation of the vacancy formation 
entropy 

In order to compute the normal frequencies 
corresponding to each atom in the spherical 
array it is first necessary to determine the 
equilibrium positions of each atom. The 
numerical technique employed here to do this 
has been described in detail elsewhere [15]. 
Briefly, the technique consists of solving 
for all three coordinates of an atom which 
fulfill the condition that the resultant forces 
on the atom (due to its pairwise interactions 
with all other atoms in the crystal) must be 
zero. This procedure was applied first to a 
perfect spherical array, i.e. one in which the 
central site was occupied, so as to obtain the 
Vj‘'’s of equation (5). It was convenient to 
consider any given atom in the array as 
belonging to a certain neighbor shell of the' 
central site. It was then possible to take 
advantage of the symmetry of such a con- 
figuration in that a representative atom out of 
each neighbor shell was relaxed and all other 
atoms in the same shell then relaxed in a 
symmetrical way. Some neighbor shells of 
the central atom in a perfect sphere (or for 
that matter, of a centra! vacancy in defect 
sphere) are degenerate in the sense that they 
are made up of more than one atom species, 
e.g. the 9th neighbor shell contains atoms 
having both (2. i) and (i, 0) type co- 

ordinates; in those cases a representative 
atom from each atomic species was relaxed 
independently. Each shell was relaxed in turn 



VACANCIES IN METALS 


2i07 


and the whole process iterated several times. 
Relaxation was terminated when displace- 
ments in each and every shell between succes- 
sive iterations became smaller than 0-0005 
lattice parameters. This was found to take 
about 20 iterations. At this point, the 
characteristic frequencies for the atoms in 
each shell were obtained by applying the 
normal mode analysis described earlier. 

The calculation for the case of the defect 
sphere with a vacant central site was per- 
formed in an identical fashion and the set of 
Vj’s of equations (5) and (10a) thus obtained. 
In principle then, the formation entropy for a 
vacancy is given by the ratio of the fre- 
quencies of the perfect and of the defect 
spheres according to equation (5). However, 
the sets of frequencies obtained for the two 
cases were not immediately comparable since 
the number of particles in the two calculations 
differed by one. Ideally, the atom removed 
from the center of the perfect sphere, in order 
to create the vacancy, should have been re- 
placed at a kink site on the surface of the 
sphere. Such a solution would have been 
extremely undesirable as it would have 
unnecessarily complicated the calculation by 
destroying the spherical symmetry of the 
array. However, as will be shown, placing 
an atom at a surface kink site is equivalent to 
the introduction of 3 new frequencies char- 
acteristic of an atom in the bulk of the 
material. For simplicity, this fact will be 
illustrated using a nearest neighbor bond 
model. 

Consider a large crystal having a terrace- 
ledge-kink surface. A portion of a (111) 
surface of such a crystal is illustrated sche- 
matically in Fig. 1(a). Each atom is numbered 
according to the number of bonds that it 
makes with its nearest neighbors. In this 
approximation the three normal frequencies 
of a given atom will depend only on the 
number of bonds that it makes and the spatial 
distribution of its neighbors. Figure 1(b) 
shows the same region of the crystal surface 
after the addition of an atom at the kink 



(0) (b) 

Fig. 1. Schematic representation of a kink on the surface 
of an f.c.c. crystal. TTie number of first neighbors of each 
atom is indicated, (a) Initial kink configuration, (b) 
Configuration after addition of an atom to kink site. 


site. Comparison of Figs. 1(a) and 1(b) 
shows that the number of visible atoms of 
each kind have remained the same and that 
in fact we have acquired one atom with 12 
neighbors, i.e. an atom with bonds and 
frequencies characteristic of the bulk of the 
material. Although this effect has only been 
illustrated for the simple nearest neighbor 
bond model it is intuitively clear that the 
effect must be true in any pairwise interaction 
model. 

The significance of the above considerations 
in the present calculation is that when the 
central atom of the array is removed, a 
loss of three normal frequencies characteristic 
of a bulk atom is entailed; however, if it 
were possible to replace the atom at a surface 
kink site then the identical three frequencies 
would be regained, thus contributing no 
change in vibrational entropy. It is there- 
fore possible to obtain the formation entropy 
of a vacancy by simply omitting the three 
frequencies of the central atom in the ratio of 
equation (5). 

4. Compulation of the vacancy migration 
entropy 

The calculation of the normal mode fre- 
quencies for the case of sphere containing the 
vacancy in a saddle point configuration, i.e. 
the vf's of equations (10a) and (10b), was 
performed in a manner that differed somewhat 
from the previous two cases. The starting 
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configuration for this computation was taken 
to be that obtained previously for an equili- 
brium vacancy with one of the neighbors of 
the vacancy initially positioned at a point 
halfway between its lattice site and the 
vacant site. Only those atoms whose centers 
fell within a distance /?„!. from the site were 
then allowed to relax one at a time to minimum 
energy positions. As a result the number of 
atoms involved in the relaxation process was 
only 54 for copper and aluminum and 42 
for nickel. The need to perform an atom by 
atom relaxation arose in this case because the 
saddle point configuration destroyed the 
spherical symmetry which had been present 
in the previous cases. Only the small number 
of atoms involved made an atom by atom 
relaxation possible in terms of computer time. 
The atom at the saddle point was also allowed 
to move to its zero force coordinates cor- 
responding to its true saddle point position. 
All other atoms in the spherical array were 
held fixed. The relaxation procedure was again 
iterated until the displacements of every atom 
were less than 0 0005 lattice parameters. At 
the end of the relaxation process, the normal 
frequencies of each atom in the spherical 
array were calculated. 

Having obtained the 3N— It'f’s and the 
3Nvj’s as outlined above it is possible to 
calculate the frequency factor for the jump 
process by means of equation (10a). However, 
if a value of AS'™ is desired it is necessary 
to evaluate either the effective frequency, Vf,. 
or the set of vj’s defined in equation (lOb). The 
physical significance associated with as 
generally defined in equation (1), is that it 
represents the number of attempts per unit 
time made by the diffusing atom to cross the 
potential barrier separating it from the 
vacancy. In examining the three eigenvectors 
corresponding to the three (in general different) 
frequencies of the first neighbors of a vacancy, 
we find each atom to have its lowest normal 
frequency directed along the line joining the 
atom site and the vacant site. This frequency 
is then precisely that which corresponds to 


the number of attempts per unit time at cross- 
ing the barrier, thus we may equate this 
frequency to and obtain the vacancy migra- 
tion entropy by means of equation (10a). 
Alternatively we may try to determine the 
set of frequencies vj which is defined as that 
set corresponding to a constrained state 
where vibrations are allowed in directions 
other than the jump direction. Thus if we 
prescribe the jumping atom and the associated 
jump direction, the set of frequencies vj in the 
present case becomes identical with the set 
Vj from which the eigenfrequency in the 
jump direction has been abstracted. Both 
approaches therefore lead to the same result 
and AS,„ can be evaluated without difficulty. 

RESULTS AND DISCUSSION 
Before presenting the results obtained for 
the various entropy terms, it is worth examin- 
ing some of the assumptions of the model. The 
approach used here to calculate the various 
frequency distributions has been based on an 
Einstein mode! where each particle has been 
considered as independent oscillator and in 
which coupling effects have been neglected. 
Such a model could be criticized on the basis 
that the local change in force constants which 
occurs when an atom is removed to form a 
vacancy might lead to localized coupled vibra- 
tions in the vicinity of the vacant site. Recent 
calculations on copper and other metals "by 
Land and Goodman [181 have shown how- 
ever, that localized modes will not generally 
accompany vacancy formation. Such local 
coupled modes were found to arise in the case 
of copper when the range of the potential 
extended only to first neighbors but tended to 
disappear when second neighbor interactions 
were included. Thus it may be safe to assume 
that the use of a long range potential as in the 
present calculations makes the neglect of 
these modes not serious and, in a certain sense, 
self-coBsi stent with the approximations used. 
Furthermore, Litzmann[19] has found that 
significant local modes will appear only if the 
ratio of force constants in the defect and per- 
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feet crystals is greater than 2. The relevance 
of this simple criterion to the present type of 
calculation has been extensively discussed 
by Girifalco and Welch. [3]. It was found here 
that the maximum ratio of force constants 
for the case of an equilibrium vacancy was 
about 1 ■ 1 and about 1 -6 for the case of a saddle 
point configuration. 

It is also worth examining the assumption 
that the calculated vacancy formation 
entropy is practically independent of the size 
of the spherical array (for reasonable sized 
arrays), as predicted by the simple elastic 
theory. In order to check this issue, the 
vacancy formation entropy of copper was 
calculated for two additional arrays having 
volumes about 25 per cent larger and smaller 
than the array used in all other calculations. 
The results obtained are given in Table 2 and 
are seen to oscillate somewhat with the size 
of the array, thus evidence of discrete 
behavior is still apparent even at relatively 
large distances from the defect. In addition, 
these results indicate that we may expect 
uncertainties of the order of 5 per cent in the 
calculated entropies. 


Table 2. Influence 
of array size on the 
vacancy formation 
entropy in copper 


Number of fitoms 
in perfect array 

IsS^k 

603 

1-55 

767 

1-67 

959 

1-56 


In order to evaluate the effect of the surface 
on the vacancy formation entropy in the 
present calculations, similar calculations were 
performed for the case of copper in which the 
vacancy and its associated relaxed region 
were embedded in an effectively infinite 
crystal. Relaxation in this effectively infinite 
crystal was limited to the first 10 neighbor 
shells (as compared with 24 shells for the case 
of the spherical array) because of com- 
putational restrictions. The cumulative 
entropy on a shell by shell basis is given for 
both calculations in Fig. 2 which shows that 
the presence of the surface decreases the 
vacancy formation entropy by about 0-Ak, in 



Fig. 2. Comparison of the vacancy formation entropy of copper as calculated 
for an effectively infinite array and for a finite spherical array. The figure shows 
the cumulative entropy on a shell by shell basis. 
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qualitative agreement with the simple elastic 
theory. 

The values of the calculated vacancy 
formation and migration entropies are given 
in Table 3 together with some experimental 
values and the results of previous calculations. 


terms is the Arrhenius Oq. A theoretical value 
for this constant can be obtained from equa- 
tion (4) by using the calculated values of the 
entropies and the effective frequency, Cal- 
culated values of Vp and Do are given in T able 
4 together with the range of experimental Do 


Table 3. Calculated vacancy entropies together with 
experimental and other theoretical values 


MctaJ 


\Sflk 


Present 

calculation 

Experi- 

mental 

Other 

calculations 

Present 

calculations 

Other 

calculations 

Cu 

1-67 

1-5 [25] 

l•47[l],-0•2to 

-0-346 

0-93 [1], 




0 2[3],2-7f5]. 


-0181O 




0-5 [4] 


-0-32 [3] 

Ni 

206 



-O' 351 


Al 

1-72 

2-4 [26] 

2-1 [5] 

-0-317 



Comparison with experiment is severely 
limited by the dearth of experimental values, 
in particular, no experimental values of the 
vacancy migration entropy could be found. 
Where comparable values are available, 
reasonable agreement between the calculated 
and experimental values is found. The negative 
values obtained for the vacancy migration 
entropies may be surprising in view of Wert 
and Zener’s assertion that they should always 
be positive [20], Wert and Zener's approach, 
however, included only a strain dependent 
entropy analogous to equation (8), which is 
always positive. Their approach therefore 
neglected the negative entropy contribution 
resulting from the increased frequencies in 
the vicinity of the saddle point atom. These 
increased frequencies come about because 
of the constrained state of the atoms in and 
about the saddle point which, as indicated 
earlier, can increase the local force constants 
by as much as a factor of 1-6. This is not to 
say that the migration entropy must always be 
negative, indeed, preliminary calculations 
for b.c.c. metals show that the vacancy migra- 
tion entropy is positive in some cases. 

Perhaps the most easily available experi- 
mental quantity that depends on the entropy 


Table 4. Calculated values and experi- 
mental ranges of the Arrhenius Do for self 
diffusion 


Metal 

i',sec*' 

Calculated 

£),cmVscc 

Calculated 

Do cin*/scc 
Experimental 
range 127] 

Cu 

5-93 X 10’^ 

2 90 X 10'* 

0-1-47 

Ni 

7-03 X 10‘* 

4-82 X 10-» 

0-4-51 

Al 

7-21 X )0‘* 

4-79 X I0-’ 

1-7! 


values. It can be seen that the theoretical 
values are about one order of magnitude lower 
than the lowest measured values. Part of the 
discrepancy is undoubtedly related to the use 
of an Einstein type effective frequency, the 
absolute value of which enters into Do as 
Vp, as can be seen from equation (4). This 
conclusion stems from the fact that the 
calculated Einstein frequencies near the center 
of the perfect array were found to be lower 
than the more realistic experimentally derived 
Debye frequencies for the various metals by 
about a factor of 2. This however does not 
eliminate the discrepancy, which could 
depend on more fundamental shortcomings of 
the present simple approach. Apart from 
the experimental uncertainties inherent in a 
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precise determination of Do, there is one more 
possible source for the discrepancies. It has 
recently become apparent that the Arrhenius 
plots representing self diffusion in some f.c.c. 
metals show a measure of curvature. Recent 
theoretical investigations into the possible 
sources of this curvature [2 1-23] have shown 
that if single vacancy migration is assumed to 
be the only significant mechanism then the ob- 
served curvature is too large to stem from any 
intrinsic temperature dependence of the energy 
terms which make up the activation energy 
for self diffusion. Furthermore, if it is assumed 
that both mono and di vacancies contri- 
bute to the diffusion flux, the curvature 
in the Arrhenius plot can be satisfactorily 
accounted for [24]. Such a justification of the 
curvature requires that Doa, the Arrhenius 
constant appropriate for vacancy pairs, be 
larger than D,n, the Arrhenius constant for 
single vacancies, and in addition that a signifi- 
cant diffusion flux be assigned to the motion 
of divacancies. Under these circumstances it 
is perhaps not too surprising that experi- 
mentally determined Do's are found to be 
higher than the theoretical values predicted 
on the assumption of a single vacancy 
diffusion mechanism. 
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Abstract— The emission spectrum of Pbl, on the tow energy side of the fundamental exciton absorp- 
tion, is studied in the temperature range 4-2°-l80'’K. An emission spectrum composed of many lines, 
is observed. The lines are interpreted as free exciton, bound exciton, and phonon assisted recombina- 
tion lines. Temperature dependence of the position of the free exciton line is studied. The experimental 
results are shown to agree with the hypothesis of a lattice expansion effect at low temperatures and an 
electron-lattice interaction at higher temperatures. A very short luminescence lifetime (5.10“'® sec) 
of the above lines is measured by the ‘single photoelectron’ technique. 


1. INTRODUCTION 

Optical properties of Lead Iodide (PbD 
have been studied by many authors [1-10]. 
Nikitine and coworkers [1-6] studied exten- 
sively the absorption spectrum and found at 
d a series of strong lines, interpreted, 
according to the Elliott theory [11] and 
Nikitine [12] classification as a first class 
exciton spectrum. 

On the other hand, recently Tubbs [13] 
tried to explain the absorption spectrum at 
77‘’K according to the recent theory of 
Ralph [ 1 4], concerning excitons in anisotropic 
crystals (Pblz has a layer structure); the value 
found for the binding energy of the exciton 
(0-53 eV), differs considerably from Nikitine’s 
value (0 062 eV) which is however previous 
to the theory of Ralph. 

Other authors [15, 16] have been interested 
in the refractive index of PbL; Dugan and 
Heni.sch[16], based on their results on 
refractive index and dielectric constant, 
conclude that Pblj “is much less strongly 
ionic than hitherto supposed”. 

Works on the luminescence are much less 
conclusive; the origin of the numerous 

^Permanent address: Instituto dc Fisica, Universiti di 
Cagliari, Ualie, Gnippo Nazionale struttura della Materia 
delC.N.R. 


emission lines observed at low temperature 
by several authors [3-8] is not yet explained. 

The aim of the present work, on the spectral 
position, intensity and lifetime dependence 
on temperature of exciton fluorescence lines 
in Pbli, is to identify the transitions corres- 
ponding to the strongest lines and to obtain 
new experimental data. It is hoped that a 
better understanding of the optical properties 
of this compound is obtained. 

2. EXPERIMENTAL PROCEDURES 

(a) Samples 

Lead Iodide crystallizes in an hexagonal 
Cadmium lodide-Iike structure: atoms are 
located in layers of Pb and I perpendicular to 
the c axis in the succession I-Pb-I-I-Pb-I; 
on account of the Van der Waals bonding 
between the Iodine planes the cleavage of 
Pbla normal to the c axis is very easy. The 
crystals studied were obtained from cleavage 
of zone-refined single crystals; the c axis of 
the crystal was [perpendicular to the examined 
surface of the samples. Owing to the extremely 
easy cleavage of PbU perpendicular to the 
c axis, good surfaces parallel to the c axis 
have not been obtained. Samples were about 
hsdf a millimeter thick; we preferred to study 
thick samples rather than thin ones, owing to 


2213 



2214 


R. KLEIM and F. RAGA 


the better reproducibility of the position of 
the emission lines [6] for thick samples. 

(b) Experimental arrangement 

Fluorescence spectrum was excited by the 
3650 A mercury line obtained from the light 
of a SP 500 Philips high pressure mercury 
lamp filtered with a UG 1 1 Schott glass filter 
(3 millimeter). Fluorescent light was examined 
in a suitable direction for the removal of the 
incident light reflected from the surface of the 
sample. In this way, we had no visible parasite 
light. Fluorescent light was analysed with a 
Spex monochromator (10 A/mm). Spectra 
have been recorded between 4-2° and ISO^K. 

The measurements of the lifetime of the 
fluorescence are carried out using the ‘single 
photoeiectron' technique [1 7, 1 8]. 

The schematic diagram of Fig. 1 illustrates 
the principle of the method. The light pulses 
are generated using the gaseous discharge in 
air between two tungsten electrodes with a 



Cpytfal 

or 

mirror 


Fig. 1. Schematic diagram of apparatus for measurement 
of luminescence decay curves. 


gap width of 0-4 mm. The lamp is operated in 
a relaxation type of circuit. It provides nearly 
2-10'* flashes per sec, with a half-width of 
about 3 nsec. The maximum light output is 
located in the near u.v. part of the spectrum, 
and its intensity is suflScient to excite the 
luminescence of our crystals. The flash 
generates also short electrical pulses. The 
intensity of the light reaching the multiplier 
(type 56 AVP/03 Radiotechnique) is made so 
low that the probability of a photoeiectron 
being produced from the multiplier cathode 
during a flash is less than 10 per cent. Under 
these circumstances the probability that more 
than one photoeiectron will be emitted in any 
one flash is small. 

The pulses from the multiplier are delayed 
too nsec and shaped by a discriminator so that 
the transmitted pulses are of the same duration 
and height. The electrical flash pulses, first 
shaped by a second discriminator, operate a 
gating circuit and permit the time-to-pulse- 
height converter to be started by the multiplier 
pulses. The stop input is supplied with the 
electrical flash pulses, previously delayed 
300 nsec. The output pulses from the time-to- 
pulse-height converter are measured and 
recorded in a multichannel analyser. Re- 
placing the crystal with a mirror, we obtain 
the time resolution curve F (t) for the flash. 
This curve corresponds to the convolution of 
the time resolution function of the apparatus 
and the probability density of photon emission 
by the flash. If L (t) is the curve obtained with 
the fluorescent crystal excited by the flash, 
the relation between L{t) and F (t) is simply 
given by the convolution integral: 

Z.(0=/^V(r-(?)p(6»)d« 

^ — cc 

where p(0) is the normalized probability 
density of photon emission by the crystal. 

Knowing p($), the evaluation of the life- 
time T is straight forward 1 1 9, 20]. For a simple 
exponential decay, p(0) — I /re"''’' and the 
lifetime T is directly given by the displacement 
of the centroids of L(r) and F(t) curves [19]. 
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This method has been used for the determina- 
tion of the very short lifetimes reported in this 
paper. 

3. EXPERIMENTAL RESULTS 

A typical fluorescence spectrum of Lead 
Iodide at 4-2°K is represented on Fig. 2. We 
will consider separately the group of lines 
between 20,300 cm“’ and 1 9,900 cm~^ and 
the complex band placed at wavenumbers 
lower than 19,900 cm“*. This distinction is 
useful in the description of the spectrum. It 
will be shown to have physical reasons later 
on. 

(a) The emission spectrum at different 
temperatures 

In Table 1 , we give the spectral position at 
4-2°K of observed luminescence lines and of 
the reflection anomalies observed on the same 
face of the sample, namely the missing ray 
( RM) and the residual ray (RR) corresponding 
to the stale n = I of the excitonic series 
observed in absorption by Nikitine et al. 
In the same table, the difference (in cm“*) 
between some emission lines is given: all the 


Table 1. The spectral position of 
the emission lines and reflection 
I anomalies in Pblj 


Line 

V 

(cm“*) 

Ai/ 

(cm"*) 

RM 

20,317 


I'o 

20,290 


RR 

20,253 


t-O 

20,238 

» 

Vr 

20,192 

W95 

t'x 

20,155 

Y 

LO 

20,143 

— 0 ^ 

Vy 

20,123 

v 

v^-LO 

20,098 

— ^05 

1 - 0-2 LO 

20,038 

— L 

r-o-3LO 

19,940 

/9g 


differences are very close to 100 cm"*, which 
is the wavenumber of the longitudinal optical 
(LO) phonon recently measured [21]t. 


tin a recent work, Dugan and Henisch[22] suggest the 
existence of 240 cm"' optical phonon. Preliminary 
measurements, made in our laboratory by DrCarabatos, 
show two strong Raman emission lines at =« 95 and 
109cm"’. in agreement with the more rough vsdue 
100 cm"' reported by Mon [21]. A phonon at 240 cm"’ 
has not yet been measured, but, at this state of our 
investigations, its existence cannot be entirely excluded. 



Fig. 2. Emission spectrum of Pbl, at 4-2°K. 
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The emission spectrum has been observed 
at different temperatures. A representative 
example is shown in Fig. 3. The study of this 
temperature variation gives most helpful 
information. 

The behaviour of t>a and considered 

with special attention: the analysis of the 
shape of the spectrum at different tempera- 
tures, especially between 50“ and 90"K, 
suggests that vl, and v'^ belong actually to the 
same emission line, which we shall call vo, and 
that a strong self-absorption is responsible for 
the presence of these two maxima. Therefore 
they are suggested to be apparent maxima and 
do not correspond to discrete states. 

In the emission spectrum the minimum 



Fig. 3. Change of the exciton emission spectrum of Pbl, 
at increasing temperatures. 


between p'(, and v" is close in frequency to 
that of the strong exciton absorption Unet 
n = 1. The wave length of excitation light 
used in our experiments is 3650 A. The value 
of the absorption coefficient at this region of 
the spectrum is comparable to that of the line 
n = 1[23]. Consequently, the depth of penetra- 
tion of the excitation light in the crystal is 
comparable to that involved in the re-absorp- 
tion of the emitted radiation. 

It can easily be shown that the intensity of 
the emitted light is: 


/ (A. ) — klifOo 


S(k) 

n^’^ia^ + ao) 


( 1 ) 


where A is a constant, /© the intensity of the 
excitation light, is the aperture angle of the 
beam emitted by the crystal (the angle must 
be small for the validity of (1)); S(k) is the 
shape of the emission line without self 
absorption, the refractive index, the 
absorption coefficient at excitation wave- 
length and ttx the absorption coefficient at A. 
This formula is valid if emission intensity is 
proportional to excitation intensity, which is 
true for the hue. If there are no absorption 
lines near the emission line, then aj, and n*. 
are constant and the emission is not deformed. 
For Pbiz, considering the very rough values of 
the refractive index in the n = 1 absorption 
line, of the absorption coefficient and of the 
shape of this line, the minimum between p’^^ 
and p'o can immediately be explained as due to 
a self- absorption and it can be shown that the 
true maximum of the emission line i^o is shifted 
a few cm”^ (e.g. 10cm“*) towards high wave- 
numbers as compared to p". A similar behav- 
iour was observed in CuCl [24]. 

As regards the origin of the Pf, line, its 


tThe absorption line is too strong to be observed in 
thick samples; on the other hand the spectral position of 
the absorption tine, the residual ray and the emission line 
IS different in thick and in very thin samplesfS]. The 
position of the absorption line was therefore derived from 
the position of the missing and residual rays we measured 
in Our crystals, considering that, in general [5], the absorp- 
tion line is shifted about 15cm“‘ towards high wave- 
numbers compared to the residual ray. 
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spectral position suggests the hypothesis that 
there is a close connection to the excitonic 
absorption line n = 1 , namely that it is the 
direct radiative annihilation of this excitonic 
state. A qumititative study of thermal depend; 
ence of the intensity of vo and Vc linest 
supplied us with results easy explainable with 
this hypothesis. 

The I'c-LO line could arise from the same 
energy level as the Vc line, however, with 
simultaneous emission of a LO phonon; 
Vq-LO, vo-2LO, V0-3LO lines are suggested 
to arise from the same exciton level respon- 
sible for i/q with simultaneous emission 
respectively of 1 , 2, 3 LO phonons. 

Most of the lines are observed only at very 
low temperatures. At 32“K only v'^, v", and 
vo-LO are left; at 50“K only and 

(b) The intensity dependence on temperature 
of the emission lines 

As it is shown in Fig. 4, the intensity of the 
Vf. line falls very rapidly when the temperature 
rises and it disappears at about 45 “K. 

tOf course, at temperatures below 80°K, on account of 
self-absorption, the measured intensity of vp is a rough 
approximation. 


The intensity of v^, on the contrary, rises 
slightly until about 16°K and decreases then 
for higher temperatures; it disappears at 
about 180°K. 

This result can easily be explained by the 
assumption that at' low temperatures most of 
the excitons are bound by defects of the 
crystal (i.e. donor or acceptor centers) and 
that its radiative annihilation from this state 
gives rise to the line. The binding energy 
of this excitonic complex corresponds to the 
distance between the vo and Ve lines and is 
very low, about 7. 10~® eV. When temperature 
rises bound excitons are thermally dissociated 
in free excitons and effects. This mechanism 
explains the rise at low temperatures, of the 
intensity of vo, which occurs to the detriment 
of Vp, and the fast decrease of the intensity of 
Vf. when the temperature rises. If, on the other 
hand, it is supposed that levels that originates 
the Po and p^. emission lines are quite indepen- 
dent, the Vo line, that corresponds to the less 
deep level, would disappear before the Vc line, 
in contradiction with the experimental results. 

At high temperatures (r>50®K) the 
decrease in the intensity of vo must be 
ascribed to thermal dissociation of the 
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exciton which becomes more and more 
important. 

If we plot the logarithm of the intensity of 
1^0 against l/T, at high temperatures we obtain 
a straight line, from which can be deduced a 
dissociation energy of 0 04 eV (322 cm“*) for 
the exciton. In spite of its Jack of precision, 
this value can be compared to the value of 
0-062 eV (506 cm'*) that Nikitine et a/.[5] 
deduced from the study of the excitonic series, 
especially considering that Nikitine’s values 
were deduced at 4-2°K, whereas ours at about 
150°K, and that at this temperature even a 
thermal excitation towards the n = 2 excitonic 
level causes an ionization: in this way the 
thermally deduced value of exciton dissocia- 
tion energy may be below the true value. Our 
value of 0-04 eV is, on the contrary, in evident 
disagreement with the value of 0-53 eV 
proposed by T ubbs (13], 

A quantitative study of the equilibrium free 
exciton + defect bound exciton as a 
function of the temperature is very difficult, 
both from an experimental point of view 
owing to the self-absorption of v,, which is 
certainly temperature-dependent under 80°K, 
and from the point of view of interpretation. 
The radiative annihilation and the thermal 
dissociation of the free and the bound exciton 
are not the single possible mechanism of 
annihilation of an exciton in a crystal. The 
theoretical work of Tr]ifajf25], on the ioniza- 
tion of donors and acceptors in a crystal by 
excitons and the work of Khas[26] on the 
self-ionization of excitonic complexes should 
be remembered. 


(c) Thermal dependence of the .spectral 
position of the emission lines 
The experimental values of the positions of 
the luminescence lines in Pblj as a function of 
temperature are shown in Fig. 5. We have 
studied^nly the lines vo- and i^o-LO, all the 
other lines having practically disappeared at 
about lO^K. The lines Vr and vo-LO both 
disappear very rapidly and only the vo line 


can be followed from 4-2° to 180°K. The 
dissociation energy of the exciton is weak in 
comparison to the width of the gap and it may 
be admitted that it varies little with the 
temperature, therefore the variation of the 
spectral position of the vq line may be identi- 
fied with the gap variation. An analogous 
hypothesis was adopted by Bleil and 
Broser[27] for CdS, by Mahan for CdTe[28] 
and by Grun, Sieskind and Nikitine for the 
excitonic line n = I of the yellow series of 
Cu,0[29]. 

As can be seen in Fig. 5, the variation of the 
spectral position of the vo line is very surpris- 
ing in comparison to other semiconductors. 
In most of semiconductors the gap decreases 
with the increase in temperature [30]; several 
compounds such as CuCI[24], PbS, PbSe, 
PbTe[31] are known in which the energy gap 
increases with the temperature. For Lead 
Iodide we have found an intermediate behav- 
iour: the Vo line energy (and thus the gap) 
increases up to a temperature of about 35'’K 
and decreases at higher temperatures. The 
valuesofA£7Ar(2. 10-'‘eV/“K at 150“K)for 
the line are. in our case, rather higher than 
the values of AEIAT for the first absorption 
peak measured by lmai[7J at temperatures 
higher than 77°K. 

Actually the two results are not comparable 
as the absorption spectra also are somewhat 
different. The higher values found by 
Tubbs [32] (|A£/A7'| = 5-25 . 10-''eV/°K be- 
tween 100° and 500°K) and by Izvozchik- 
OVI33] HAE/ATl = 7-5 . 10-^eV/°K between 
290° and 630°K) for the absorption edge 
temperature coefficient are compatible with 
our result.s; on one hand our measurements 
show that the quantity jAE/ATj is. above 
35°K, an increasing function of the tempera- 
ture, on the other hand, as Pbl .2 obeys 
Llrback’s rule [34], the value of the thermal 
coefficient of the absorption edge depends on 
the absorption coefficient at the measured 
edge and. in general, it is higher than that 
relative to an absorption peak. 

It is generally admitted [35] that gap varia- 
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Fig. 5. Temperature dependence of the spectral position 
of the excitonic lines. 


tion obeys the law; 

a /AE\ 

( 2 ) 

where a = llV{dVldT)p is the cubic isobaric 
thermal expansion coefficient and x the iso- 
thermal compressibility. The second term on 
the right is due to the variation of the lattice 
parameter with the temperature; it is positive 
or negative according to the compound 
studied. The first term (A£)i . calculated at a 
constant volume, is due to interaction of 
electrons and holes with phonons. Many 
authors 136-38] have theoretically and experi- 
mentally studied the (A£)k variation with the 
temperature. It may be written; 

(A£),= (A£)/'>+(A£).'" (3) 

The term (A£)>/‘’* is due to the interaction of 
electrons and holes with optical phonons and 


may be written [38]: 

A 

(A£)^'**^— g/iwfcT I (4) 

where v is the longitudinal optical phonon 
frequency. The second term (A£)/® is owing 
to interaction with acoustical phonons and 
may be written [28]; 

{A£)i‘“ = -M7'^ forT<e (5) 

(A £)i/'’ = -NT for 7 > 0 (6) 

where 0 is the Debye temperature and M and 
N are positive, temperature independent 
constants. According to Varshni[30] formulae 
(5) and (6) can be replaced by; 

BT2 

(A£)v'« = -7^. (7) 

Thus the term (AE),/ always provide a 
negative contribution to £ ( T ) — £ (0) . 
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In general we may admit, for the energy gap 
variation with temperature, the relation; 


A = 


e^(e*y 


2a *'*«>'* 


(Vm^ + Vwft)- W 


BT^ A 

E{T) = £(0) + Ca T— j ~ ^hvikT^ I 


( 8 ) 


where C = -(l/x)(AE/Ap)r may be supposed 
temperature independent. 

The lack of experimental values of many of 
the quantities which enter into the calculation 
of the coefficients B, C renders any precise 
numerical calculation of £(T) — E(0) impos- 
sible. But we can try to determine the import- 
ance of the different contributions on the basis 
of the experimental data. 

In our case is (AE/A/j)r= 1-62. 10“*eV/ 
kbar[39] a value of x is not available, but 
X is of course positive; thus C > 0. For Pbl2 
is a = 3/8 = 9 . 10-s“K-’ at 300'’K[401, but a 
depends on temperature and its variation for 
Lead Iodide is not known; for Cdlj. a has 
been measured between 20® amd 300®K[41J. 
Since PbL and CdL are isomorphic, and at 
300®K, a is almost identical for the two 
compounds, we assume that its thermal 
dependence also is identical. The employed 
value of the Debye temperature, estimated 
from heat capacity [42J is 0= 150°K. The 
coefficients A, B and C have been determined 
by the method of least squares, and the 
following values were obtained: A — 5-673 . 
10-2 eV; B = 0; C=l-784eV with £(0) = 
2-5085 eV. The values of the mean square 
deviations are respectively cr,, = 0-118. 10~* 
e V for A and 0-^7 = 0-067 e V for C. 

It may thus be concluded: (1) the positive 
value of AiE/A T for T < 35“K due to the term 
CaT of (8), is due to thermal expansion of the 
lattice. The compressibility deduced from 
experimental value of (A£/AT)risx= 10“‘* 
cmVdyn; (2) the negative value ofAEIAT at 
T > 35®K has presumably to be ascribed to 
electron and hole interaction with optical 
phonons. The contribution due to acoustical 
phonons can be neglected, since B = 0. 
According to Fan’s theory [38] we have: 


From this, with the preceding value for we 
deduce: 


(t)Ws-V: 


moJ 


j< 0-013. (10) 


We have, for the excitonic reduced mass: 


JL 

Wo 




0-176t 


that involves: 



1-18. 


We may finally deduce from ( 1 0); 

e* 

— < 0-43. 
e 


Lead Iodide thus seems to be a compound 
with little ionic character. This conclusion is 
in agreement with the results obtained by 
Dugan and Henisch[16J from the measure- 
ment of the refractive index and the dielectric 
constant. 

As regards shifting of the other lumines- 
cence lines the temperature range is too 
limited to allow us to draw conclusions. It 
may however be noted that the vo-LO line 
shifts parallel to vq. while the line has 
thermal coefficient almost double which 
causes a decrease in distance between vq and 
i^c when the temperature increases. This 
behaviour can be understood by our hypo- 
thesis that the line is owing to the annihila- 
tion of a trapped exciton. The defect-exciton 
complex may have vibration levels [43]. When 
the temperature increases the higher levels 
may begin to fill up and the barycenter of the 
line may shift towards the hi^er energies. 
An alternative hypothesis is that in the 
neighbourhood of the center responsible for 


• t Values used: dielectric constant k# = 6-21 [16]; 
ft,-0 062eV [5]. 
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the bound exciton existence the value of the 
compressibility, of the thermal expansion and 
of the LO phonons are different from the 
measured macroscopic ones. 

) 

(d) Lines lifetime 

We measured the lifetime of exci tonic 
luminescence between 4-2° and At 

4-2'’K, because of the very high intensity of 
Vc in comparison to and of partial reciprocal 
overlap, it was not possible to measure the 
lifetime of the two lines separately and thus 
measurements refer to the more intense of the 
two, that is Vc. Figure 6 represents the decay 
curve of the Vc line, its lifetime, calculated 
from the shift of the barycenter of the excita- 
tion and emission curves, is about 5. 10~'“ 
sec. This value, constant between 4-2° and 
20°K, is comparable to that already measured 
for CuCl[24] and Hgl2(44]. At 77°K, the 
measured lifetime is 10'® sec; it refers to the 
Vo line which is the only line in the spectrum 
at this temperature; a very precise measure- 
ment is difficult since the line is very weak. 



Fig. 6. Rise and decay of the Vr line excited by a flash 
(daished in figure). 


Such a short lifetime may be understood by 
assuming that a recombination mechanism 
different from spontaneous emission contri- 
butes to the annihilation of the exciton. In the 
case of an exciton bpund to a neutral donor or 
acceptor center (this may be the case of the 
Vc line) a transfer of exciton energy by an 
Auger effect to the electron of the center may 
be considered [26, 45]. It is useful to emphas- 
ize here that the time necessary for electron 
and hole to thermalise before forming an 
exciton is very short (10~" to 10~‘®sec) 
compared to the resolving time of the elec- 
tronic apparatus. Therefore it does not 
contribute appreciably to the measured 
lifetime. 

(e) The emission band 

We limited our study of the band having a 
maximum at 1 9,600 cm"' to spectral position 
variation with temperature and to lifetime 
measurements. Figure 7 shows the variation 



Fig. 7. Teinp«rature dependence of the specUal position 
of several emission peaks of the band. 
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in position of its different components as a 
function of temperature for two different 
samples. The behaviour of the two samples is 
similar, but the relative intensity of the 
components is different. The band structure, 
rather complex at 4-2°K, is clearly simplified 
at about 20‘’K, when only one intense peak 
remains; it shifts with a thermal coefficient of 
0-6. 10-‘'eV/°K, towards the lower energies; 
at 40°K it splits into two components, M, and 
M 2 , which present a great difference in their 
thermal shift. M, is characterized by a very 
high thermal coefficient (17 . 10“'*eV/°K) and 
Mi disappears at about 1 70°K and its thermal 
coefficient (3-5. 10~^eV/°K) is close to that 
of the Vo line. 

A study of the lifetime of the M band shows, 
at 4-l°K two components respectively of 
3-5. 10~®sec (Fig. 8), and 20. 10“®; this fact 
is certainly related to the band splitting. 


The great difference in the behaviour of the 
band and the lines is clear; this, on one hand 
gives value to the hypothesis of the difference 



Fig. 8. Rise and decay of Uie luminescence of the band 
excited by a flash. 


of their origin, on the other hand raises the 
interesting problem of the identification of this 
band and the understanding of its properties. 

4. CONCLUSION 

The experimental results and the above 
exposed arguments lead to identification of 
many of the observed emission lines. The 
v; and v" lines are two parts of the same 
self-absorbed v„ line arising from the direct 
recombination of an exciton; this line is 
shifted about 1 5 cm“^ from the absorption 
line position. The excitonic state responsible 
for the emission of may originate the lines 
vo-LO, V 0 - 2 LO, vo-3LO respectively, if 
annihilation occurs with a simultaneous 
emission of 1 , 2, or 3LO phonons. The line 
arises from a bound exciton and the Vr-LO 
line from the annihilation of this with emission 
of a LO phonon. Experimental data are in- 
sufficient for the identification of the vx ^^ad 
vy lines. 

Emission spectrum of PbU is thus similar 
to that of CuClf24], Hgl2(46] and CdS[47]. 
As in CdS, at 4-2®K, the transitions with 
phonon emission are stronger than direct 
excitonic recombination. This fact may be 
caused by the necessity of conserving the 
momentum of the exciton when it is radia- 
tively annihilated, and this can occur with the 
emission of at least one LO phonon [48]. On 
the contrary momentum conservation is not 
applicable to a bound exciton because it is 
fixed to the lattice; we find, in fact, a high 
value for the ratio Vf/vr-LO. We note that it 
follows from these facts, in the analogy of 
CdS. that in Pblj too, the exciton is free to 
move in the lattice. 

We think that this very close analogy 
between CdS and Pbl 2 is very interesting, 
owing to the great difference in the binding 
and in the structure; as recently shown [49], 
the excitons in Pbig are confined to the single 
layers 1-Pb-I; it is therefore interesting that 
these bidimensional excitons behave in the 
recombination processes in quite similar way 
to those of ordinary excitons. However, the 
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large width of the lines (2-5 . 10~®eV for Vc* 
6 . 10~® eV for vq) in comparison to the II-VI 
semiconductors, must be noted. This fact may 
be due to the lower perfection of the lattice 
of Pbla which generally contains several' 
polytypes; there is in fact some dispersion 
in the values of the axis ratio c/a[421. In 
addition a partial inner cleavage can create 
some strain and stress with a consequent gap 
variation [6]. 
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Abstract -Ge-doped GaAs grown by vapor phase epitaxy was investigated by pbotoluminescence 
measurements between 1 -8° and 20'3‘'K. Two bands caused by Ge-doping are found at about 1 -476 and 
l‘480eV. The bands arc interpreted in terms of donor-acceptor recombination and free electron- 
acceptor transition. The binding energy of the acceptor is 42 ± 1 me V. 


1. INTRODUCTION 

It is well known that Ge is an amphoteric 
impurity in GaAs[l]. The ratio of Ge-donors 
on Ga-sites against Ge-acceptors on As-sites 
is strongly dependent on the conditions during 
crystal growth [2, 3]. Several values have been 
quoted for the binding energy of the Ge- 
acceptor: 30 and 43 meV when the specimen 
was grown from Ga-solution[3, 4] and 34 
meV in GaAs grown by liquid phase epi- 
taxy [5]. Williams [6] arrives at a binding 
energy of 39 meV. He points out, however, 
that this level should not be attributed to a 
chemical, but to a native defect introduced by 
Ge-doping. He finds an identical luminescence 
band in ‘undoped’ material, if the donor 
concentration is greater than 10'” cm~” 


We have investigated the photolumines- 
cence of Ge-doped GaAs obtained by vapor 
phase epitaxy (VPE). The technique of VPE 
presently provides the best crystals with 
lowest impurity content; such samples are 
therefore particularly suited for optical 
analysis [7, 8]. 

2. EXPERIMENTAL TECHNIQUE AND RESULTS 

Crystals were immersed directly in liquid 
He or H 2 . The luminescence was excited with 
a He-Ne laser of 30 mW power, excitation 
intensity l-50W/mm^. The spectrometer 
used was a Spex 0-75 m Czemy-Tumer 
grating monochromator. The crystals investi- 
gated are described in Table 1. They were all 
grown by the Effer method [9] on (100) 


Table 1 


Sample 

Doping 

/Vtf — Nn (cm *) 
(295°K) 

Thickness of 
layer (ju.) 

Substrate 

orientation 

E143 


2-5 . 10" 

11 

(100) 

E 124 

Ge 

2 . lO" 

8 

(100) 

E 129 

Ge 

7 . 10" 

14 

(100) 

E 139 b 

Ge 

1 . 10*« 

15 

(100) 


•Work done in partial fulfillment of the requirement* Oriented SUbstrates, doped with 2 lO'^Ctn-* 
for a “Dr. rer. naf-degree. Te. The values listed were obtained by 
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the Schottky- Barrier capacitance method at 
room temperature. Doping was achieved by 
adding Ge into the Ga-source. 

Figure 1 shows the luminescence spectrum 
of crystal E 129 at 1-8°K. The spectra of the 
other crystals are similar, except for sample 
E 143, where (a) in the region of 1-51 eV more 
structure is seen and (b) the band at 1 -48 eV 
is very weak. The structure of the near-gap 


Wove length . X 



Fig. I. Photoluminesccnce .spectrum of Ge-doped GaAs 
(E 129. 10'^cm-“)at l■8°K. 


band around 1-514 eV is typical for relatively 
pure GaAs[7, 8], and we shall not discuss it 
here. The two bands near l-49eV are attri- 
buted to Si, which was probably introduced 
inadvertently from the quartz tube; these 
bands have been reported and discussed in 
detail by Bogardus and BebbfSJ. 

Germanium introduces the band at I -475 
eV. This band, as well as the Si-bands, have 
two phonon replica at a distance of 36 and 
72 meV, corresponding to the emission of 
one and two LO phonons. 

Figure 2 shows details of the spectrum for 
crystal E 1 39 b in the region of 1 -48 eV, taken 
at four different temperatures. We select this 
crystal because of its comparatively high 
luminescent intensity of the bands considered. 
It is clearly seen, that there are actually two 
bands */tf’ and ‘B\ the one at high energies 
dominating at the higher temperatures. The 
excitation intensity in Fig. 2 is low. 

The band shape and peak position of band 
B depend upon excitation intensity. Figure 3 
shows the broadening and the shift to higher 


Wavelength, i 
8425 8400 8375 



Fig 2. Photoluminescence spectrum of Gc-doped GaAs 
tE 139 b, — = 1 . IO'*cm~“)in the region of J -48 eV 

at four different temperatures. The circles on bund A are 
theoretical points after Eagles’ theory for band-acceptor 
recombination. Band B is ascribed to donor-acceptor 
recombination. 


Wavelength , A 

8420 8400 8380 8360 



Fig. 3. Pholuluminesccnce spectrum of Ge-doped GaAs 
(EI39b. iV,-/V,= 1 . f()'"cm->) ai 1.8“K and four 
different excitation intcn.%itie.s. 
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energies of band B (at 1-8“K), when the 
excitation intensity increases. 

The energies of the luminescence peaks A 
and B as a function of the excitation intensity 
are depicted in Fig. 4. One can see, that the' 
lower energy band B shifts as the excitation 
intensity increases, whereas the position of 
band A remains essentially unchanged. 



■574 
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£ 

? 
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Fig. 4. The energetic position of bunds A and B A'r, a 
function of the excitation intensity at different tempera- 
tures. 


between theoretical and experimental curves. 
At high excitation levels, the experimental 
band is broader than predicted by theory. We 
suggest that this discrepancy is probably 
caused by a rise bf.the quasi Fermi-level'and 
not by an increase of the lattice temperature. 
An estimate of the energy dissipation on the 
basis of thermal conductivity and photon 
flux incident on the sample supports this 
suggestion. 

The energy of the peak A is independent of 
the excitation intensity as shown in Fig. 4. 
This gives further support to the band- 
acceptor assignment. In this case, the peak 
position is given by 

( 2 ) 

From the data of sample E 1 39 b we obtain 

Eo-E^. = (l-4789± 0 0003) eV 

at 7 S 20-3“K. The data of all samples to- 
gether yield an average energy of 

E„-E^cc. = (l-4785+0 001)eV at 7 S 20-3“/C. 


3. DISCUSSION 

We suggest to interpret the high energy 
band/4 as a free electron-acceptor recombina- 
tion and the low energy band B as a donor- 
acceptor recombination. The following 
evidence supports this assignment. 

The band shape of the high energy peak A 
was compared with the free electron-acceptor 
recombination model by Eagles { 10]. He has 
derived the following theoretical band shape: 

= y''*exp (-y) (1) 

where y = (hca — Eg + Eacc.Vf^T. The circles 
in Fig. 2 are theoretical values derived from 
the equation ( 1 ). The agreement with experi- 
mental data is good, if the excitation intensity 
is low (excitation intensity in Fig. 2 is 1/100 of 
the maximum excitation). At M-TK. the 
agreement around the maximum of the curve 
is improved if the excitation intensity is still 
lower. We found that temperature changes as 
small as 0'5°K lead to a detectable difference 


With £„= 1-5202 eV [7] we obtain the fol- 
lowing value for the binding energy of the 
acceptor 

£3,, = (42±l)meV. 

The low energy band B broadens on the high 
energy side and shifts to higher energies if the 
excitation intensity increases, as is shown in 
Fig. 3. A similar broadening and shift to higher 
energies is reported for the broad donor- 
acceptor recombination band (unresolved pair 
recombination lines) in GaP[ll,12]. In our 
samples the shift is approximately 0-35 meV 
when the excitation intensity changes by a 
factor of 1 0. Somewhat larger shifts have been 
reported for the donor-accfeptor recombina- 
tion band at l-492eV in GaAs [13] and In 
GaP[12]. The energy shift in our samples is 
sm'dll, presumably because the Coulomb term 
eVer is small because of large average 
donor-acceptor separation due to low doping 
levels. 
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The energetic separation, AE, of the peaks 
of bands A and B is 3-7 meV at r8°K and at 
weak excitation leveJ. AE, in a donor-acceptor 
recombination mode!, is given by 

AE = Ea-eV€f+(V2)kT. (3) 

With Ed = 6 meV [7], we obtain f = 500 A for 
the average separation of donors and accep- 
tors. A rough estimate of the doping level is 
obtained, if one identifies this f with the 
average donor separation. Our estimate for 
the average donor separation yields Na — 
8 . 10** cm"^ in fairly good agreement with the 
measured uncompensated impurity concentra- 
tion of Ad — Ao = 1 . 10'* cm"* (Table 1). 

We have made three further observations 
supporting our assignments of bands A and 
B: 

(1) the different shift of the two bands A 
and B with temperature. 

(2) the shift of band B with doping level and 

(3) the change of intensity with tempera- 
ture. 

These features, however, could not be stud- 
ied in quantitative detail because all effects 
characteristic for donor-acceptor recombina- 
tion are relatively small in high purity material, 
and because there is still a considerable 
overlap of the bands A and B at all tempera- 
tures, in spite of the low doping level. 

(1) The energy shift of peak B with tempera- 
ture is demonstrated in Fig. 4. Band B shifts 
to higher energy when the temperature is 
increased, as expected for a donor-acceptor 
recombination band. 

The energy shift of peak A with temperature 
should be equal to 1/2 kT (equation (2)). 
Experimentally we observe a shift of about 
kT. However, this is difficult to determine, 
because the position of peak A at 14 TK may 
be somewhat obscured by peak B. 

(2) The energy shift of peak B with doping 
level at constant excitation intensity is rather 
small. A shift of about 1 A towards higher 
energies is observed, when the doping level 


is increased from Na~Na — 2 . 10** cm * to 
1 . 10** cm"*. This shift is, however, of the 
order of our experimental accuracy. 

(3) The change of intensity with tempera- 
ture is seen in Fig. 2. The intensity of band A 
increases between 14“K and 20‘’K while band 
B decreases. In this temperature range the 
equilibrium carrier concentration n changes 
from rt = 6 . 10"*{Atf — Aa) at 14°K to n — 
3. 10~* (A(, — Ao) at 20°K if a donor bind- 
ing energy of Ej = 6 meV is assumed. The 
number of ionized donors increases by a 
factor 5, which correlates roughly with the 
observed intensity changes. 

A third band between bands A and B was 
observed in sample E 143 at FS^K. This 
sample is not intentionally doped with Ge, 
however, it has been grown subsequent to a 
run with Ge-doping. Consequently it may 
contain spurious Ge-impurities. These three 
bands resemble those found by Bogardus 
and Bebb[8) in the region of l-49eV. which 
were attributed to the Si-acceptor in GaAs. 
They suggest to interpret the low energy band 
as donor-acceptor recombination and the high 
energy band as band-acceptor transition, 
while the band between both is attributed to 
an exciton bound to the ionized Si-acceptor. 

In our Ge-doped samples the separation 
between A and B is only about half as large 
as the one reported for Si-doping. Therefore 
the overlap of the three bands is rather large; 
In addition, the intensity of the bands is low. 
For these reasons we were not able to investi- 
gate the three bands in detail and to decide 
if they are analogous to the structure induced 
by Si. 

Another explanation of our weak inter- 
mediate band would involve excited donor 
states as recently suggested by Shah et al.l 1 4]. 

Williams [6] has reported a band at 1 -482 eV 
in Ge-doped material (Ad- Ag S 3 . 10*® 
cm *) and in ‘undoped* material (N^-Na S 
10*»cm~*). We measured in addition to the 
samples quoted in Table I the luminescence of 
two Te-doped samples with A^- A^ = 2 . 10** 
cm-» and Ad-A„ = 2 . 10** cm"* The lower 
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doped sample exhibited two bands in the 
region of l-48eV, These bands, however, 
cannot be identified with the bands A and B 
because of their rather large widths and 
temperature independent positions and 
intensity ratios. The higher doped sample 
showed two bands similar to bands A and B. 
In addition the spectra contain the emission 
bands found for the lightly doped sample as 
a background, which leads to rather uncertain 
values for peak positions. Further investiga- 
tions are necessary to decide, whether 
impurities different from Ge (e.g. Te) may also 
induce defects responsible for emission bands 
similar to bands A and B described in this 
paper. 
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Abstract — Adsorption on NiA zeolitic sites where the Ni’*^ ions are surrounded by the neighboring 
ligands of the Djt, symmetry is treated as a transition to symmetry whereby the adsorbed molecule 
represenls a perturbation whose ligand held strength is expressed as a function of variable parameters. 
The main feature of the corresponding spectral changes, namely a bathochromic shift of the main band 
in the visible region, leading to a change of color from yellow to pink during adsorption, and a band 
separation m the low energy region, are qualitatively explained by this model. 


INTRODUCTION 

In iHE PRECEDING work[l,2] the electronic 
spectra of the dehydrated NiA molecular 
sieve were interpreted on a model of a Ni®+ 
cation surrounded by oxygen ligands having 
P\hiP^u:) symmetry. Additionally, it was 
observed that the NiA spectrum is changed 
on adsorption of gases such as water, nitrous 
oxide, cyclopropane, ethylene, propylene, and 
acetylene {21. Some main features of this 
change are common to all adsorbing mole- 
cules, namely the bathochromic shift of the 
22,760 cm ' NiA band and the appearance of 
new bands in the region between 6000 and 
10,000 cm' '. Since all experimental evidence 
shows that the complexes formed contain 
one adsorbate molecule linked to one Ni*"* 
ion. it was suggested that a simplified treat- 
ment with the adsorbed molecule as a per- 
turbation on the axis perpendicular to the 
plane of oxygen ligands, would explain the 
main features of the new spectra*. 

ANALYSIS AND CALCULATIONS ON THE MODEL 

The model of ‘unoccupied site' is that of 

* Ihe resulting spectra resemble somewhat those of 
tetrahedrally coordinated Ni*"*. However, since the 
adsorbed molecules represent ligands of varying strengths, 
a .slightly more general model is one in which one addi- 
tional parameter is reserved for the adsorbate ligand 
field strength. 


the Ni'** ion in the center of an equilateral 
triangle of oxygen ions of the alumosilicate 
skeleton and is best described by the values of 
the parameters C/B = 4-5, K = G^IG^ = 7, 
and G 4 IB = 3 - 1, the meaning of these symbols 
being the same as in[ll. The unperturbed 
system of electrons in the following treatment 
is therefore described by functions obtained 
by diagonalization of the Hamiltonian of 
electrostatic interaction of the rf* system with 
ligands of symmetry, using the above 
choice of parameters. The model of ‘occupied 
site' is that of a negative perturbation placed 
on the z-axis perpendicular to the original 
plane of oxygen ligands. The symmetry is now 
C 3 ,., the relation between irreducible repre- 
sentations of these point groups and the 
change of the classification of the states being 
given by the following scheme. 

1 (Pnh) * 1 (C^3r) 



:3t 
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Let US denote V' the one-electron operator 
corresponding to the potential energy due to 
the additional perturbation by the adsorbed 
molecule. Then, using the notation of [I], the 
term energies of the perturbed system £(r{) 
are given by 

Eiv.) = E{r<) + i aAr[)U\y'\J) (2) 

considering the first order perturbation 
contribution only. £(rj is the unperturbed 
term energy of the system in Dsj, symmetry, 
are the numbers following from 
Slater’s rules applied to the calculation of the 
matrix elements, and 

(Q\y'\Q)=^(K'-hl)G'JB 

= (3) 

i2\^'\2)=iT(-eK' + l)G'JB 

are the non-vanishing matrix elements of the 
one-electron operator of electrostatic inter- 
action with the charge representing an 
adsorbed molecule. The symbols in (3) are 
taken from [3] and the matrix elements are 
calculated according to [4]. Since variations 
of K' = G'JG'^ from 2 to 10 do not alter the 
qualitative character of the required informa- 
tion, relation (2) is graphically represented in 
Fig. 1 for one selected value of A’' =4 only. 

Figure 2 represents the term scheme of the 
triplet states in which the Hamiltonian was 
exactly diagonalized within the configura- 
tion using the same set of parameters as 
before. It appears that as long as the 
term remains the ground state, the perturba- 
tion treatment in Fig. I describes the term 
scheme satisfactorily and the exact diagonali- 
zation is not necessary. 

NSCUSSION 

The unperturbed wave functions in the 
present treatment are very close to the strong 
field functions, as can be seen e.g. from Fig. 3 
in[lj when usu^ GJB = 3T. The only terms 
significantly affected by the configuration 



Fig. 1 . Term scheme of the d* electron system in crystal 
field of Cjp symmetry as a function of G'JB. The calcula- 
tion involves first order perturbation energy contributions 
only. Energy is in B units. CJB = 4 5, X = 7, GJB = 3-1 , 
K' = 4. The unperturbed states are indicated as a function 
of GJB by dashed lines. 



Fig. 2. Term scheme of triplet states of the d* electron 
system in a crystal field of <7,, symmetry as a function of 
G'JB. The calculation involves diagonalization of the 
complete Hamiltonian within the d* configuration. Values 
or parameters are the same as in Fig. 1. The unpeituitied 
states are indicated as a function of GJB by dat^ed lines. 
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interaction are the ®E"(F) and the 

deviations being unimportant for the over- 
all interpretation of the spectra in [2]. In this 
case the spectra of the dehydrated molecular 
sieve NiA may be interpreted as one- and 
two-electron transitions among the real one- 
electron orbitals dx„, d„ ^^nd 
schematically represented for the triplet- 
triplet transitions in the following way: 


6000 and 1 0,000 cm“^ (Fig. 7 of [2]) are a 
manifestation of this effect, although com- 
plications may arise due to the presence of 
near-i.r. bands of the adsorbed molecules 
^emsclves[5]. 

It should be noted that the out-of-plane 
orbitals of the NF+ ions are fully occupied in 
the ground state and interact with the ad- 
sorbed molecule as a closed shell system. 





and in an analogous way for the triplet- 
singlet transitions. Occupation numbers for 
the various terms were taken from Table 2 [1]. 

The effect of perturbation shown in Fig. 1 
and Fig. 2 is easily understood as one facili- 
tating the transitions of electrons from the 
d,i, d„ and orbitals into the in-plane orbi- 
tals djcu and This includes the batho- 

chromic shift of the F ) */4 j ( F) band in 

the visible region leading to an observable 
change of color from yellow to pink during 
adsorption of all molecules [2]. Moreover, 
transitions from the d^i orbital are more affect- 
ed than those from the d^r and dy^ orbitals 
because of stronger electrostatic repulsion 
between the d^ electrons and those of the 
adsorbing molecule, which leads to a larger 
separation of the originally close terms ( F ) 
and ®E"(F). We believe that the ‘new bands’ 
observed on adsorption in the region between 


Therefore, the present model is quite adequate 
to explain the spectral band shifts as due 
merely to electrostatic repulsion. More 
specific interactions may be expected with 
ions whose out-of-plane orbitals are partially 
filled, such as divalent cobalt and iron. 
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Abstract — Ardennite, a rare silicate mineral, contains about 19 wt.% manganese. Some of the manganese 
atoms are in positions which are close enough to allow negative exchange and hence a reduction of the 
total magnetic susceptibility. It is shown that the su.sceptibility can be accounted for approximately 
by the treatment of Eamshaw and Lewis (195 8) for 5 = 5/2 and a Hamiltonian H — — 


INTRODUCTION 

The crystal structure of ardennite, a rare 
arsenic-vanadium silicate mineral having the 
formula 

Mnj2+(Mn2\Ca)2(AIOH)4[(Al,Mg.Fe3+)OH]2 

(As,V)04Si30iu(Si04)2 

has recently been described 1 1]. Ardennite 
contains about 1 9 wt.% or about 9 at.% 
manganese pseudo-octahedrally coordinated 
with oxygen, and about 1 per cent ferric iron. 
The only other chemical elements present 
that have a magnetic moment are copper and 
chromium amounting to less than 0-5 wt.%. 
An investigation of the magnetic susceptibility 
of this mineral down to liquid helium tempera- 
ture shows that the magnetic properties can 
be described if one allows for a local negative 
exchange coupling between manganese atoms 
at the centers of edge-sharing oxygen co- 
ordination polyhedra. The remaining man- 
ganese ions and all other ions with magnetic 
moments are considered to contribute a 
paramagnetic component to the total magnetic 
susceptibility. Ardennite is thus a mixed 
magnetic compound containing magnetic 

* Publication authorized by the Director. U.S. 
Geological Stu-vey. 


ion pairs with negative exchange coupling 
and noninteracting magnetic ions contributing 
to the paramagnetism of the mineral. 

Eamshaw and Lewis[2, 3] and others[4,5J 
have considered the variation of magnetic 
susceptibility with temperature of polynuclear 
organic complexes containing iron or chrom- 
ium. Many of these compounds contained 
small temperature-independent paramagnetic 
components of the Van VIeck type, as well as 
a temperature dependent magnetism. The 
magnetic properties of ardennite are due to 
significant contributions of magnetism caused 
by local exchange coupling as well as normal 
temperature dependent and temperature 
independent paramagnetism. 

THEORETICAL DISCUSSION 
(a) The exchange coupling contribution 

Fe’^, Cu*^, and Cr®+ are separated widely 
in the structure, so that their magnetic con- 
tributions can only be assumed to be para- 
magnetic in character. Manganese, the 
principal magnetic atom in ardennite, occupies 
two 4-fold positions, 4(/), with point symmetry 
m in the space group Pnmm {DU) (Fig. 1). 
One of the positions, referred to as Mni, 
is occupied by Mn atoms only; in the other 
position, Mn 2 , calcium atoms may substitute 
for manganese. Mni has five nearest oxygen 
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Fig. I. Stereoview of part of the ardennite structure. 
Large clear circle.s: Mn,; large partly filled circles: 
Mnj; small circles: oxygen atoms; small double circles: 
hydroxyl ions. Dashed lines represent bonds considerably 
longer than the bonds represented by solid lines. 

neighbors at an average distance of 2-20 A 
and a sixth oxygen at 2*51 A. The Mni-Moj 
distance across the shared oxygen edge is 
3-33 A, Exchange coupling can take place 
between the two manganese atoms through 
their shared oxygen atoms. Mng has four 
nearest oxygen and one hydroxyl neighbor at 
an average distance of 2*24 A, a sixth oxygen 
atom at 2*40 A, and a seventh oxygen at 
2'47A, The Mitg-Mns distance across this 
shared edge is 3*30 A. If both sites are 
occupied by manganese atoms, local exchange 


coupling will take place as in the Mn^-Mni 
case; if a calcium atom substitutes for one of 
the manganese atoms, Mna-Mnj has to be 
replaced by Mnz-Caj, and the remaining man- 
ganese atom will contribute a paramagnetic 
component only to the total magnetism of the 
crystal structure. 

If we assume that the symmetry relation 
between the magnetic tensors of the coupled 
Mn atoms obeys the observed symmetry of 
the chemical structure, the spins must line 
up in antiparallel orientation along [010] 
according to the following symmetry reason- 
ing: the atoms lie on mirrors perpendicular 
to [010] which requires their magnetic 
moments to line up parallel or antiparallel 
to fOlO]; they are related to each other by 
another mirror parallel to the [010] direction 
which results in an antiparallel relation 
between them [6]. Therefore in the ground 
state (0“K) the spins of the pair of ions 
(Mn,Mn) separated by the mirror plane 
parallel to the [010] direction are in opposite 
directions. No magnetic translation relation 
between unit cells can be expected. We may 
be dealing with short-range but not long-range 
magnetic ordering. We propose to represent 
the situation magnetically to a first approxima- 
tion by assuming a Hamiltonian, //, as follows: 

H S,- Sg .(1) 

where the exchange integral, J, is negative, g 
is the spectroscopic splitting factor, is the 
magnetic field in the [010] direction, and 

is the magnetic moment. This treatment 
is similar to the treatment used by others 
[2-5] in treating the magnetic properties of 
binuclear compounds. However, in the direc- 
tion perpendicular to the y axis the Hamil- 
tonian is different but, if J is found to be small, 
as it is in this case, the same theory can be 
used to fit the data approximately using a 
slightly different y. 

In the case of ardennite 5 = 1 for man- 
ganese. Eamshaw and Lewis give the follow- 
ing equation for the magnetic susceptibility. 
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5(/, due to exchange coupling where S = f : 



55 + 30exp(lOjc) + 14exp(l&x)+5exp(24jc)+exp(28jr) np J . 

lH-9exp(10br)+7exp(18x) + 5exp(24x) + 3exp(28x) 

= y-G + N(a) (2) 


where k = {g^Nfi^)l3K-, x = -JIKT = 0/7. In 
the above expression, g is the spectroscopic 
splitting factor, N(a) is the temperature- 
independent term, N is the number of para- 
magnetic atoms, /3 is the unit Bohr magneton, 
K is Boltzmann's constant, and 7 is the 
absolute temperature. 

ib) The paramagnetic contribution 

When Ca substitutes for Mn in the (Mn, 
Mn )2 position, the spin of the remaining Mn 
contributes a temperature dependent para- 
magnetic component, Xu^ lo the total sus- 
ceptibility. Thus, 

= = f (3) 

where the symbols have their usual meaning 
as given above. 

The total magnetic susceptibility, xr, for the 
exchange coupling, the temperature dependent 
(paramagnetic) and temperature independent 
contributions can thus be written in the form 

Xr= [/l-H3K7(0)]y + N(a) (4) 

where/4 = (A(/3V*)/3/C and A; is defined above. 

EXPERIMENTAL MEASUREMENTS 
This investigation was made on single 
crystals from a hand specimen of ardennite 
from Salm-Chateau, Ardennes, Belgium. 
Their weight ranged from 0*7 to 1 2 mg. 
According to a chemical analysis on material 
from the same hand specimen [7], the man- 
ganese content is 19*62wt.% or 8*65 at. %, 
and each formula unit contains 7*53 manganese 


atoms, four of which always occur in the Mn^ 
position. Hence there will lie 4*00/7*53 x 19*62 
or 10*42 per cent manganese in the Mnj 
position and 9*20 per cent in the Mnz position. 
The structure determination further shows 
that there are 4*02 Mug atoms (i.e. Mn or Ca) 
per formula unit. Thus, the probability of a 
manganese atom occurring in one of the 
coordination polyhedra of this position is 
(7*53 — 4*00)/4*02 or 0*88, and hence the 
probability of two manganese atoms occurring 
together as a pair in adjacent coordination 
polyhedra is 0*88 X 0*88 = 0*774. Similarly, 
the probability of a single Mn atom occurring 
in a(Mn,Ca) site will be 0*88 x 0*12 x 2 = 0*211 
where 0*12 is the probability of a single Ca 
atom occupying the position. Adjusting the 
probabilities for the fact that there will be 
twice as many manganese in the (Mn,Mn )2 
sites as in the (Mn,Ca) sites, it can be shown 
that 8*10 per cent manganese is present in the 
(Mn,Mn )2 sites and TIO per cent in the 
(Mn.Ca) sites (Table 1 ). 

The magnetic susceptibility measurements 
(Figs. 2 and 3) from room temperature down 
to about 5°K were made in a magnetic field 
of 5000 Oe by the Faraday method using 
a quartz helical spring balance [8]. Above 
1 the temperature was determined with an 
Au-Co to Au-Ag thermocouple, and below 
this temperature with a calibrated carbon 
resistor. The errors of the measurements 
are all less than 2 per cent. 

Crystals were oriented by X-ray diffraction 
procedures and magnetic susceptibility 
measurements were made with the magnetic 
field both parallel and perpendicular to the b 
axis. A small anisotropy occurs as shown by 
comparison of Figs. 2 and 3. 
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Table Calculated data for ardennite 


tonic 

species 

Atomic 

pairs 

Magnetic ion 
concentration 
(wt. %) 

No. of ions 
per gram 
(X 10»») 

A 

(xlO" 

) 


(Mn.Mn), 

10-42 

11-42 



Mn’'* 

(Mn. Mnfa 

8 10 

8-89 




(Mn.Ca) 

1 10 

1-206 

8-77 1 



(Cu.Ca) 

0-37 

0-35 

0-217 1 

17-50 e.m.u-''K 


(Fe.Ca) 

1*05 

1*13 

8-21 1 

per gram 

Cr^* 

(Cr.Ca) 

0*08 

0 09 

0-296 J 




Fig. 2. The magnetic susceptibility of ardennite as a func- 
tion of the reciprocal temperature perpendicular to the 
[010] direction. 



Fig. 3. The magnetic susceptibility of ardennite as a func- 
tion of the reciprocal temperature parallel to the [010] 
direction. 


DISCUSSION 

Assuming that the proposed model as de- 
scribed by equation (4) is approximately 
correct, we have attempted to evaluate the 
constants. The paramagnetic term. A, in 
equation (4) is simply the sum of similar 
terms for each of the paramagnetic ions. From 
the known chemical data one obtains A — 
17*50 X 10’^ e.m.u.-°K per gram (Table 1). 
Using the calculated values of N in the table 
for the number of manganese ions in the 
(Mn,Mn), and (Mn,Mn)., positions, and let- 
ting ft = 2, one obtains 50*6 x 10“* e.m.u.-®K 
per gram for 3k. By programming equation 
(4) on the computer, a best fit was made to 
determine and A (a). To get a good fit, it 
was found that the calculated values of A 
and 3k had to be adjusted slightly. The final 
values used in equation (4) are A = 16*90 
X e.m.u.-°K per gram. 3k = 45-7x10“^ 
e-m-u.-^K per gram, 0,1 = 1*50, ~ 1-55, and 

A(o) = 8*7 X 10"®e.m.u./g. The calculated 
curves (solid lines, Figs. 2 and 3) give reason- 
able agreement with the experimental data. 

The fact that slightly lower than calculated 
values of A and 3k had to be used to best fit 
the experimental data can be accounted for 
in either one of two ways. The spectroscopic 
splitting factor, g, may be slightly lower than 
two. The anisotropy of the ‘g’ factor may also 
account for some of the anisotropy observed 
in the magnetic susceptibility. There may also 
be a little less manganese in this particular 
specimen than that given by the chemical 
analysis on an aliquot of the same sample. 
Electron probe scans for Mn in single crystals 
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of ardennite show variations of l-2wt.% in 
Mn content. 

At temperatures in the vicinity of absolute 
zero one might expect the susceptibility to 
approach zero if all the magnetic atoms were 
coupled. In the case of ardennite, all of the 
atoms are not coupled because Ca substitutes 
for many of the Mn atoms, and other atoms, 
such as Fe and Cu, are present in noninteract- 
ing sites. Hence, one would expect a Curie 
law dependence at below 1°K. Prebminary 
measurements below 4°K support these 
expectations. 
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Abstract — Longitudinal- and shear-wave velocities in Vycor glass were measured to 8 kbar at 2S°C, 
using the ultrasonic interferometry method. Corresponding bulk and shear moduli were also com- 
puted. The pressure derivatives of the shear-wave velocity and shear modulus at zero pressure were 
anomalously negative 


2-44 X I0“* km/sec/khar and 
2-67 kbar/kbar 

and constant throughout the 8 kbar range On the other hand, the pressure derivatives of the longitu- 
dinal-wave velocity and bulk modulus, though also anomalously negative, (dr,idP = — 4-74 x 10~“ 
km/sec/kbar and dfl/tlP = —4-72 kbar/kbar), tended to become normal (i.e. less negative) at pressures 
of about 4 kbar and higher. For the Vycor glass. drr/dP at zero pressure, where <x is the Poisson's 
ratio, is negative (- 1'67 x 10' Vkbar). 


dt), _ 
dP 

dP 


INTRODUCTION 

The study of the anomalous elastic behavior 
of silica-rich noncrystalline materials at high 
pressures and temperatures has steadily 
gained recognition [I -4]. Recently [5], it was 
further shown that the anomalous behavior 
of fused quartz under pressure tends to become 
normal at about 5 kbar. The purpose of this 
paper is to report measurements of the elastic 
parameters of Vycor glass to 8 kbar, and to 
point out a normalizing tendency similar to 
that of fused quartz for this material under 
pressure. In our study, we used the ultrasonic 
interferometry (‘pulse superposition*) method 
which made it possible to obtain results 
accurate to within ±:0-04 per cent. 

METHOD OF INVESTIGATION 
Using the ‘pulse superposition' method 
described by McSkimin[7] the longitudinal- 
and shear-wave velocities in Vycor glass 


* Hawaii Institute of Geophysics Contribution No. 262. 


were measured to 8 kbar at 25°C. The Vycor 
glass specimen used was No. CGW7319 
(supplied by F. J. Gray Co., Inc., Brooklyn, 
N.Y.) with optically parallel faces I in. apart. 
Its chemical composition is 96 - 5 % SiOj, 3% 
B2O3, and 1 % alkali oxides. 

in brief, an r.f. pulse was applied to the 
transducer attached to the specimen, at an 
interval equal to the round-trip delay time of 
the waves in the specimen. Periodically, the 
pulses were gated so that the superimposed 
echoes could be observed. By adjusting the 
time interval (i.e. pulse-repetition frequency) 
between the applied signals, a maximum in 
ihe amplitude of the echo was obtained. The 
velocities and the elastic moduli were com- 
puted from the pulse-repetition frequency 
(p.r.f.) measurements to 4 kbar. Longitudinal- 
and shear-wave velocities were generated in 
the specimen by use of 30 me Y- and T-cut 
quartz transducers, respectively. 

Besides the ultrasonic interferometry equip- 
ment, the setup included a gas pressure 
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generating system employing nitrogen as the 
pressure medium, and a vessel with a constant- 
temperature water jacket. The pressure was 
measured by means of a manganin pressure 
cell and a Carey-Foster potentiometric 
bridge, both calibrated to 4kbar with a 
Harwood dead-weight tester. The tempera- 
ture of the test specimen was maintained at 
25 ± 0- 1 °C during the measurements. 

RESULTS AND DISCUSSION 

The basic measurements and the elastic 
parameters at 1 bar are given in Table 1. 
Figure 1 is a plot of the frequency ratio 
(/n//o) vs. pressure, where is the p.r.f. 
at 1 bar and /„ is the p.r.f. at a given pres- 
sure. Velocities were computed from the 
relationship. 

v = 2lf (1) 

where / is the length of the specimen and / 
is the p.r.f. The velocities at given pressures 
were obtained after correcting for specimen- 
length changes computed from Cook’s [8] 
method, which also yields density ratios at 
given pressures. 

As can be seen from the plots of the velocity 
ratios (vlv„) in Fig. 2, both the longitudinal- 
and shear-wave velocities decrease with in- 
creasing pressure. Such anomalous behavior 
has also been reported[2, 7J for an obsidian — 
a natural glass containing 76% SiO^. As seen 
in the upper curve in Fig. 2, the density ratio 



Fig 1. Plots of (/„//„) vs. pressure for longitudinal and 
shear modes in Vycor glass. The dashed line is the linear 
relationship. 


(pipi,) in Vycor glass increa.ses at increasing 
rale with pressure (hence the concavity of the 
curve toward the ordinate). This implies an 
increase in compressibility with pressure. 

The plots of the bulk and shear moduli (Fig. 


Table \ . Elastic parameters of Vycor ^(uss at I bar and 25°C 


Parameter 

Relationship 

U nits 

Value 

Length 

/ 

mm 

8-5207 

p.r.f. (longitudinal mode; 

h 

cycles/ see 

297.619 

p.r.f (shear mode) 

fn 

cycles/sec 

188,244 

Longitudinal-wave velocity 

v^, ~ 21jp 

km/sec 

5-0718 

Shear-wave velocity 

II 

rj 

km/sec 

3-2076 

Density 

P 

gm/cm-' 

2- 180 

Adiabatic bulk modulus 

B, ~ p(v/-W) 

kbar 

261-9 

Adiabatic compressibility 

H. = MB. 

mbar' 

3-82 

Shear modulus 

G = py.* 

kbar 

224-3 

Poisson’s ratio 

1 l(V«,)"-2] 


0-167 
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F'ig. 2. Plots of velocity ratios (vlv„) (lower set of data) 
and density ratios ipip,,) (upper set of data) vs. pres- 
sure for Vycor glass. The dashed lines are the linear 
relationships. 


3) show that both moduli decrease with pres- 
sure. The pressure derivative of the shear 
modulus (dGidP) is negative (—2 67) and 
constant throughout the pressure range to 
8 kbar, whereas that of the bulk modulus, also 
negative (— 4'81), is constant to about 4 kbar, 
but, at this pressure, {dBIdP) becomes less 
negative and at some higher pressure it should 
become normal [1] (i.e. positive). Similar 
findings have also been reported for bulk and 
shear moduli of fused quartz by Peselnick[5] 
and of Pyrex glass by Manghnani [6J. 

A comparison of the pressure derivatives 
of the elastic parameters for Vycor and Pyrex 
glasses, and for fused quartz, is given in Table 


2. Besides showing a correlation between the 
values of (dBIdP) and (dG/dP) and the silica 
content [6], the data suggest a relationship 
between the critical pressure and the silica 
content. For Pyrex glass (80-7% SiOa) the 
critical pressure is lowest (3 0 kbar), and for 
fused quartz (100% SiOj), highest (5-0 kbar). 

it is interesting to note that (dtr/dP) for the 
Vycor glass is negative (— T63 x 1 0' -Vkbar). 
A comparison of the (do-/dP) values for the 
Pyrex glass, Vycor glass and fused quartz 
shows that this quantity becomes more 
negative as the SiOj content increases. 

In conclusion, it should be apparent that 
the behavior of {dBidP) and (dGIdP) at given 




Table 2. Pressure derivatives of the elastic par 
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Fig. 3. Bulk and shear moduli vs. pressure for Vycor 
glass. The dashed line is the linear relationship. 


pressures in silica-rich glasses deserves more 
study. Also of interest would be a study of 
critical pressures for various glasses of 
known composition-range to see whether 
the relationship reported here holds true. 
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Abstract— Using high temperature NMR apparatus, we have measured the Knight shift of liquid 
arsenic. The resulting value of 0-318 ±0-005 per cent is slightly low when compared with the Knight 
shifts of other polyvalent metals approximately normalized for period effects. 


In A RECENT publication fl], Rigney and Flynn 
have drawn attention to the dominant effect 
of valence in determining the Knight shift 
in non-transitional metals. When enhance- 
ment of the wave functions by core pene- 
tration is approximately eliminated from the 
problem by considering only the relative 
values of Knight shifts of metals in a given row 
of the periodic table, these relative Knight 
shifts fall into a well defined pattern. Two 
characteristics appear; first, the Knight 
shifts of any two polyvalent metals (Z,, 
Z .2 > 2) with valence Z, and Zg in a given 
row of the periodic table are in a constant 
proportion to each other which is independent 
of the chosen row of the table; and second, 
the Knight shifts of metals with valence I or 
2, when compared with those of higher 
valence metals from the same row. show a 
greatly increased scatter from row to row 
of the periodic table. These characteristics 
emerge most vividly in Fig. I, which gives 
^z/K;, plotted against Z for different metals. 
Ky_ is the Knight shift of a metal of valence 
Z and Ka is the Knight shift of the trivalent 
metal from the same row of the periodic table. 

Rigney and Flynn [1] have explained these 
effects in terms of exchange correlation. In 

* Present address: Naval Research Laboratory, 

Washington, D.C. 


higher valence metals the electron density is 
large enough for the exclusion principle to be 
dominant in limiting ^-electron polarizability 
near the nucleus. Since the atomic volumes 
do not vary greatly, the relative Knight 
shifts simply measure the relative strengths 
of the exchange inhibition of polarizability 
at the nucleus, which evidently depends 
mainly on valence. On the other hand, mono- 
valent and divalent metals have smaller 5- 
wave components of the electron wave 
function in a cell; therefore exchange cor- 
relation exerts a lesser influence on the Knight 
shift, which then becomes sensitive to detailed 
features of the metallic structure. 

In the present note we report a measure- 
ment of the Knight shift in liquid arsenic. 
We also draw attention to the recent work 
of Narath[2J, who has measured the Knight 
shift in gold. Both results are included in Fig. 1. 

The arsenic measurements were made at 
7 mHz (9-6 kG) using a high temperature 
probe [3] and a conventional NMR bridge 
system feeding a signal averager [4]. ASARCO 
arsenic of 99-999 per cent purity was crushed 
in an alumina mortar to give powder of less 
than 325 mesh size. This was dispersed in 
alumina and encapsulated in a 10 mm O.D. 
(1 mm wall) fused quartz container under 
1 atm. of argon at room temperature. The 
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Fig. I. Ratio of Knight shift for the valence plotted to that for the trivalent clement from the 
same row of the periodic table. Data from Rowland! III. Narath[2|. and the present work. 
□ Na, Mg, and Al; ■ Cu.Ga, and As;# Ag.Cd, In, Sn, and Sb; O Au. Hg. Tl, Pb, and Bi. 
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Fig. 2. Af^roximate pressure-temperature phase diagram for ar.senic. Data 

taken from reference [5]. 
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sample capsules proved strong enough to 
withstand the combined argon and arsenic 
pressures at the operating temperature of 
870°C. (See Fig. 2 for approximate pressure- 
temperature phase diagram). 

The ^®As resonance in liquid arsenic was 
observed to have a Knight shift of 0*3 18 ±: 
0-005 per cent relative to the arsenic reson- 
ance in Na 2 HAs 04 + Na0H solution. The 
latter resonance has previously been reported 
[6, 7]. We also calculated the arsenic Knight 
shift by using liquid *’AI at 1 3 mHz and 850“C 
as a reference. This could be done with the 
aid of published data on the Knight shift of 
liquid aluminum[8]. together with standard 
chart values for the NMR frequencies of 
'H, *^A1 and ”As at 10 KG [9]. Both pro- 
cedures gave the same value for the Knight 
shift of liquid arsenic, indicating that errors 
from the temperature effects or from our use 
of an external proton probe were negligible. 

Our result for the arsenic Knight shift is 
included in Fig. I. Compared with the data 
on other polyvalent metals, the arsenic point 
lies somewhat low. Apparently, liquid 
arsenic is not as good a metal at 870°C as we 
had expected. It is possible that the Knight 
shift would increase at higher temperatures. 
Unfortunately, since we could not locate the 
resonance at 1000°C. we can not report that 
such a temperature dependence exists. 

Also included in Fig. 1 is the Au Knight 


shift [2], which like that of Hg, is rather large 
compared with Ag and Cu. As we have 
observed, scattered ratios for low valence 
metals are to be expected. The sharp dis- 
tinction between the behavior of metals with 
valence 1 or 2 and higher valence metals 
confirms the suggestion [8, 1] that qualitative 
insight into these rather complex effects in 
metallic systems may be gained by analogy 
with the better understood mechanics of 
atomic systems. 
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Abstract— Recent studies of changes in crystal dimensions and of crystal lattice parameters following 
fast neutron irradiation over a wide range of doses and temperatures have been interpreted in terms 
of two types of interstitial defect and three types of vacancy defect. It is now piossible to estimate the 
concentration of interstitial atoms and vacancies in each type of defect as a function of neutron dose 
and irradiation temperature. The relative concentration of each type depends on the irradiation 
conditions, and in addition the annealing characteristics of each defect type are different. 

Measurements have been made of the temperature dependence of the pnncipaJ thermal conduc- 
tivities of highly oriented pyrolytic graphite irradiated to selected doses at certain temperatures, and 
of changes in thermal conductivity during ptrst-irradiation annealing. These changes are analysed in 
detail using a simplified theory of phonon scattering in the graphite lattice and the defect concentra- 
tions obtained from the analysis of dimensional changes. More detailed information has been published 
on the changes of thermal resistivity of reactor grade graphite at ambient temperature under the same 
conditions and this information is also successfully analysed by the theory. Analysis of these data 
yields meaningful scattering parameters and gives estimates of defect sizes in reasonable agreement 
with those obtained by other workers. 

Considering the temperature dependence of the data on pyrolytic graphite, in the direction parallel 
to the basal planes at temperatures > 3(K)'’K the results can successfully be interpreted in terms of 
the ptirameters obtained from the reactor grade graphite analysis. At lower temperatures the resistance 
is found to increase with decreasing temperature. It is concluded that this is probably due to electron 
phonon scattering by electronic states associated with point defects. Parallel to the hexagonal axis 
approximate estimates are made of the thermal resistance changes due to each type of defect. 


1. INTRODUCTION 

The changes in properties of graphite when 
irradiated with fast neutrons are well docu- 
mented 1 1,2] and recent work [3 -51 has 
attempted to interpret property changes 
directly in terms of the different lattice defects 
introduced by irradiation. The interstitial 
atoms and vacancies produced during neutron 
irradiation are believed to form five distinct 
types of defect, the concentrations of atoms 
and vacancies in each type being deduced 
from lattice parameter and bulk crystal dimen- 
sional changes. The defects vary in their 
relative importance with the dose and 
temperature of irradiation. It is the purpose 
of this Report to attempt to interpret the 


thermal resistance changes of nuclear 
and pyrolytic graphites under irradiation in 
terms of these same defects. The interpreta- 
tion of these changes has been encouraged by 
the existence of a semi-continuum model of 
the lattice dynamics of graphite due to 
Komatsu[6,7]. which recent work has shown 
to account rather well for the low-temperature 
conductivity of polycrystalline graphite [8]. 
It is possible, using these lattice dynamics, to 
make reasonable calculations of phonon 
scattering by various defects, and an approxi- 
mate theory is given below for the defects 
introduced by fast neutron irradiation. A 
preliminary analysis of the effects of vacant 
lattice sites has already been shown to 

I 
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explain many experimental observations f8a]. 
A further encouragement in attempting this 
analysis is the existence of data on very per- 
fect pyrolytic graphite of high orientation 
with principal conductivities approaching 
those of mono-crystalline material, and we 
have irradiated a number of such samples to 
enable better comparisons to be made with the 
theory. These samples have been annealed 
at various temperatures in order to explore 
the interpretation of data further. 


2. THEORY 

The thermal conductivities of well oriented 
pyrolytic graphite in both principal directions 
and that of reactor grade graphite are 
dominated by the phonon contribution [9]. As 
a model for the lattice dynamics of graphite 
we use that due to Komatsu. In this model 
the individual graphite layer planes are re- 
placed by thin elastic sheets which possess 
resistance to shearing, bending and stretching. 
Forces act between the sheets which resist 
their relative movements either parallel or 
perpendicular to the normal to the sheets. 
The frequency spectrum for the acoustic 
modes at the longer phonon wavelengths 
in this model agrees well with a detailed 
calculation due to Yoshimori and Kitano [10) 
using the Bom- Von Karman method. The 
graphite lattice contains four atoms in the 
unit cell and there are therefore twelve vibra- 
tional modes, three acoustic and nine optical. 
In this work we consider the acoustic modes 
only, since the optical modes require a high 
temperature for their excitation and possess 
low group velocities. In the semi-continuum 
approximation the three acoustic modes 
separate into two polarised parallel to the 
layers known as ‘in-plane’ vibrations, and one 
polarised perpendicular to the layers known 
as the ‘out-of-plane’ vibration. The two 
in-plane modes further separate into longi- 
tudinal and transverse modes. The out-of- 
pjane mode is longitudinal or transverse in 
special directions only. 


The vibrational frequencies of the acoustic 
modes are 


In-plane longitudinal vi 

r T 

= I sin%do-^J 

In-plane transverse vj 

r T V'^ 

= Vr^cr,,- -f sinVdo-i 
Out-of-plane vs 


4n^8^(T,* + ^ sin'Trdo-f -I- to,/ 

77“ 


\n 


( 1 ) 


o„ and o^ are wave number components 
parallel and perpendicular to the basal planes, 
d is the interlayer spacing, v, (= (C,,/p)’''') is 
the longitudinal elastic wave velocity parallel 
to the basal planes, iv(= [i (Ci, — C| 2 )/pj''®), 
is the transverse elastic wave velocity 
parallel to the layer planes, = CxJpd^, 
T = C\Jp, S measures the resistance of a layer 
to bending, p is the density and the Cu are 
the usual elastic constants. 

The elfect of each type of lattice defect on 
the principal conductivities of a graphite 
crystal is obtained by calculating the phonon 
mean free paths parallel and perpendicular 
to the hexagonal axis of the crystal for each 
vibrational mode p using the harmonic 
formula due to Ziman[l 1 j, which is valid in 
the limit of /V-processes dominant! 12). in 
determining the vibration spectrum. 

1 ^ VgAT) f C,A(r) 

P C,AT} J {v^iv} }^{A,A<r)}„ ^ 

(2) 

where {Ap(cr)}„ and are the mean 

free path and velocity of a phonon of wave 
vector cr in direction a for the p’th vibrational 
mode respectively. 

v„,AT) is the average velocity of phonons 
in mode p at temperature T in direction a. 

Cp(7) is the specihc heat/gm due to 
phonons in mode p at temperature T, 
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Cp(o-) is the specific heat/unit volume 
due to phonons of wave vector a in mode p. 

The mean free paths in the principal crystal- 
lographic directions are obtained from the 
relaxation time Tp(o‘) for phonons in mode 
pM 


{Ap(<r) L = Tp(a-){vpia) }„ 
{Ap(<r) = Tp(o-){i;^(or)}^ 


(3) 


The quantities Cp(7) [6, 7, 10] and {v„(a-)}„ 
[8(a,b)] are known, and thus it remains to 
estimate for each of the types of lattice 

defect in irradiated graphite. 

The dimensional changes in irradiated 
graphite crystals have been interpreted in 
terms of five types of lattice defect as follows: 

(a) The sub-microscopic interstitial cluster. 
This cluster is too small to be visible 
in the electron microscope! 13], but its 
existence and approximate size (4 ±2 
atoms) have been established by cold 
neutron scattering [14, 15) experiments. 
It is apparently associated with a free 
spin [16] and does not grow in size by 
capturing further interstitial atoms. The 
concentration of atoms in such clusters 
is denoted by .rly ) after a dose y n.cm^^. 

(b) The interstitial loop. This defect has 
been studied by electron microscopy 
[13,17]. It is essentially a new layer 
plane in a C position in the ABAB 
slacking sequence, which grows, fol- 
lowing nucleation, by capturing further 
diffusing interstitials. The concentration 
of atoms in these defects is denoted by 
Ci(y). 

(c) The vacant lattice site, existing as 
singles, pairs of small groups. The 
concentration is denoted by C,.(y ) . 

(d) The collapsed line of vacant lattice 
sites. These defects have not been 
observed directly but their existence 
has been invoked to explain the 
continuous basal plane contraction 
of graphite crystals irradiated to high 


doses [3, 17]. The concentration of 
vacancies in such collapsed lines is 
denoted by Cvtly ) - 

(e) The vacancy loop. Electron microscope 
studies [18] have revealed vacancy 
loops in the basal planes of graphite 
crystals irradiated at temperatures of 
650°, 900° and 1200°C, which are too 
small to have collapsed parallel to the 
hexagonal axis. The concentration of 
vacancies in loops is denoted by CvL(y)- 
The phonon scattering by each of these de- 
fects is now examined in turn. It is important 
to note that accurate calculations of thermal 
resistance due to defects introduced parallel 
to the basal planes may be made by assuming 
the lattice to be dimensional, i.e. setting 
C33 — C44 = 0 for temperatures above 200°K. 

Point defects 

The sub-microscopic cluster and the 
vacancy may be regarded as point defects. 
According to Klemens[19] three effects must 
be taken into account in estimating the 
scattering of phonons by point defects: the 
change in mass due to the presence of 
the defect, the change in the interatomic 
bonds close to the defect and the elastic 
strain field around the defect. In a previous 
publication the scattering due to the mass 
defect of a vacancy in graphite was estimated 
assuming the lattice to be two dimensional, 
treating the vacancy as a circular hole of 
radius o, and then assuming that the strain 
field scattering has the same frequency 
dependence so that an adjustable scattering 
parameter was introduced by analogy 
with Klemens treatment of isotropic lattices. 
It was concluded that at irradiation tempera- 
tures of 200°. 250° and 350°C, the vacant lattice 
sites were the most important contributor to 
the radiation induced changes of thermal 
resistance in reactor graphite. Further, the 
two dimensional classical formula for scatter- 
ing of waves by a cylinder given by Morse 
and Feshbach [20] led to good agreement with 
experiment at ambient temperatures and 
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above. The formula led to relaxation times for 
point defects proportional to (r„~^ rather than 
the o-~* obtained in isotropic lattices. Here 
we have derived an improved theory of point 
defect scattering. 

Consider the addition or removal of a mass 
AM in the lattice in a region small compared 
to the appropriate mean phonon wavelengths. 
The phonon scattering is elastic, and in an 
isotropic lattice we would consider the 
scattering of a phonon of particular energy 
into states of equal energy in each of the 
three acoustic modes. However, according to 
KIemens[19] the scattering probabilily/unit 
time of a phonon contains the factor:- 

Cv.,. - (AM/2/VJ -h’‘H’'- (e . e’ )- (4) 


where N,i is the number of atoms/unit volume. 
M', M’' are the incident and scattered wave 
frequencies and e. e' are the corresponding 
polarisation vectors. 

In graphite the in-plane polarisation 
vectors are perpendicular to the out-of-plane 
wave vector; thus as noted by Dreyfus and 
Maynard [21], in-plane waves are scattered 
into in-plane states and out-of-plane waves 
into out-of-plane states. This is, of course, an 
approximation but probably a good one. 

Carruthersf22] has given a general expres- 
sion for the phonon relaxation time for an 
arbitrary density of states nitv) which we 
apply to the calculation of the relaxation 
times. Consider both types of in-plane waves 
together, with a mean velocity v„ parallel 
to the basal planes given by:- 


_2_ 

Ifa" 


2 ”1 ^ 

Vt^ Vt 


(5) 


and a density of states (neglecting the shear 
interaction between layers):- 


n(w) = 


irdVa 


( 6 ) 


formula yields as the relaxation time for 
mass defect scattering by in-plane phonons. 

Tu-i{w) = 1 (7) 

where i — C(\~ C)[AM/M]-, C is the defect 
concentration and M the mean atomic mass. 
Substitution of equation (7) into (3) for the 
mean free paths leads to 


{A, 42 (»t)},. =TA/,i sin lirda-JlTT'^Va’o-u^l ~ 
and 

{A , , 2 ( O' > = A',>£//7r(r„-7 


( 8 ) 


The wave number dependence of the second 
equations (8) is the same as that estimated 
from the classical formula, but its magnitude 
is about 22 times greater. There is no previous 
calculation corresponding to the first equation. 
The calculations for the out-of-plane mode are 
more complicated; as an approximation the 
density of states may be represented by 


1 -8 H’/27r£//x6 for n’ < 2fi 
I -8/7rd6 for w > 2/a 


(9) 


The value of e . e' is unity and Carruthers’ 
formula is now (neglecting the shear inter- 
action) 




SttS '/x N odcr„ V 1 -8 /| 47r^6V„'' 4- ^ sinVdtr- 


I 


TT* 


for H- < 2fjL 

87r-8W„rf[T„ Vl'8 /|47r^ V„' + ~ sinVdb-.j 

for vt > 2pt 


( 10 ) 

When w > Ifjt,, the terms containing /a* are 
insignificant [81 and the second equation of 
( 1 0) becomes 


For the in-plane phonons the average value 
of (« , in (4) is i, and the Carruthers 


{A3(<T))„ = yVotf/l*87ro-„7 


( 11 ) 
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again freeing in wave-number dependence 
with the classical formula, but about 1 2 times 
the magnitude. For the other crystal direction 

{A3(o^)}c = 


(1 — cos <f>) dr where tft is the angle of refrac- 
tion. For small ^ 

(1 - cos (f>) dr - (^V2 . dr = ^ ^ 


sin lirdcTz . 

7 —z T- for w < 2/a 

3-67r^/| 47rVo'* irdaz r 

Nod^/ji^S sin IvdcTt 

{ ,,2 ■)3/2forH'> 2ii 

sin^ irdcTz | 

(12) 

Again, there is no previous calculation equi- 
valent to (12). 

The next contribution to scattering is that 
due to the strain field about the defect. Con- 
sider the single vacancy first. We can regard 
the vacancy as a circular hole in an isolated 
layer of radius u, with the boundary displaced 
inwards by The radial displacement U is 
given by;- 


The fraction of the flux scattered is propor- 
tional to 

r yWa* Pdr, yWa* 

^ 2 6r'=> 

Where r’ ~ X ~ cr„“’ is the smallest value of r 
for which this type of analysis is valid. Thus, 
for this mode the relaxation time and mean 
free path for both mass defect and strain field 
scattering are proportional to tr„~’ as long as 
the strain field is two dimensional. The same 
results are found for the out-of-plane mode 
provided that h’ > 2fi. 

If we now consider the sub-microscopic 
interstitial cluster, it is a reasonable approxi- 
mation to assume its elastic field as that due to 
a force doublet with the axis parallel to the 
hexagonal axis. The strain field of such a 
doublet in hexagonal elasticity has been cal- 
culated by Elliot [23], The radial displacement 
for instance is given by:- 


with the general solution 

u(r) = Ar+ BIr. ( 14) 

The boundary conditions u — * 0 as r — » -x. 
M = €,tU as r — » « lead to a radial strain 

Crr (1-**) 

The velocity of in-plane waves at radius r is 
assumed to be given by 

^1 ±y (1^) 




(19) 


where M. i', and are constants This 
strain field is clearly not two dimensional even 
on the plane z = 0, so that the cTa"® formula 
cannot be used unless the mass defect 
scattering dominates. Without knowledge 
of the arharmonic coeflScients no further 
progress can be made theoretically, recourse 
must be made to experiment. 


where y is an average anharmonic coefficient 
for the in-plane waves. The part of a homo- 
geneous phonon flux in the mode scattered 
between r and r-Hdr i.s proportional to 


Vacancy loops 

Using the two dimensional approximation 
on uncollapsed vacancy loop of radius is 
simply a circular hole in the layer plane and 
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the scattering cross section/unit length for 
two dimensional waves is 4ro (r,, > (In 
[20]. Thus for a single layer, the scattering 
cross section is 

o- X 4r„J. (20) 

For yV such loops/unit volume the mean free 
path parallel to the basal planes is 

4N rod 4C,,,/k>p 

On substituting this into equation (2) we get 


wavelength the component dislocations will 
scatter independently whilst at the other 
extreme the line will resemble a point defect. 

Moss [25] has shown that the relaxation 
time T/. for scattering may be obtained for 
unit length of dislocation from 

1/t;, = 4tp sin^ [7ra„ . h] (25) 

where t/, is the relaxation time for scattering 
due to unit length of an edge dislocation. This 
is given by Ziman [ 1 2] as 

(26) 


1 


iA.+2(n 


4C„ 


l^P 


TT^o 


2u,(7) 

[M 

77 ro8^‘^ 

Urj 

^ "^3/2 iBolT) 


1/2 


c.., 


IflOP 


(Boir) 

Using the two dimensional formula [24] 


( 22 ) 


= v,A,P (23) 

then the thermal resistance change can be 
calculated from 


MlIKa) 


1 

^ 1-^2 {T) + Ko(T)- 


(24) 


The scattering cross-section for waves 
propagating parallel to the hexagonal axis is 
~ irro^. It is to be expected that vacancy 
loops will have no effect on A(i/Kc) in any 
of the pyrolytic samples. 


Vacancy lines 

Although later analysis shows the effect 
of vacancy lines on the basal conductivity 
to be small it is worthwhile to discuss the 
effects which may be expected- Physically 
the collapsed line may be viewed as an edge 
dislocation dipole of length h one layer plane 
thick, so for h greater than the mean phonon 


where N is the number of dislocations/unit 
volume, h is the Burger’s vector and y„ 
is an average anharmonic coefficient for mode 
p. The mean free path parallel to the basal 
planes is thus 


4A/’y/hV„7rdsin''^ [TTo-a/i cos(/>] (^^^ 

where <f> is the angle between or„ and h. 

For short lines sin*[7r(r„/i cos <f>] n^o-oh^ 
cos^d> but for long lines sin''^ [tto-,,/? cos 1 
and the integral for out-of-pIane waves when 
it is substituted in equation (2) does not con- 
verge. A short line has a wave number 
dependence similar to a point defect so if the 
mean free paths for particular phonons 
scattered by lines and vacancies are compared 
we have 


{A/.}p ^ 

{Arh 

{A,.}p 


1 

Nr 


(short lines) 

iCriJy,, 


C 1 

Li 7 - Yp 


47rV/ 10-'« 


(28) 


(long lines) 


where is the number of vacancies in a line 

(h> 10 A). 


Interstitial cluster 

This is essentially a new layer plane so 
whilst phonon scattering is to be expected 
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from the strain field around the edge of the 
cluster it is not possible to calculate the 
magnitude— the experimental results show it 
to be insignificant however. 

3. EXPERIMENTAL DETAILS 
The experimental materials on which 
thermal conductivity data have been obtained 
are of two types, standard Pile Grade A 
reactor graphite as described by Bell and 
O’ Driscoll [26] and highly oriented and 
perfect pyrolytic graphite. The latter material 
was obtained by annealing pyrolytic graphite 
deposits obtained at ~ 2200°C at a tempera- 
ture of 3200°C, and was supplied through the 
courtesy of Dr. R. Diefendorf of the General 


The furnace design varies somewhat with the 
required irradiation temperature, but all are 
basically similar to those described by Bell 
et al.[29]. One pair of pyrolytic samples was 
irradiated at each of four temperatures, 
30“, 150°, 300° and 450°C, Irradiation tem- 
peratures were controlled to ±2“C. at 30°, 
150° and 300°C and ± 10°C. at 450°C. The 
pairs comprised one sample paraillel and one 
perpendicular to the deposition plane, denoted 
by A and C directions respectively. The 
irradiation doses received were measured 
using the Co reaction assuming a 

cross-section of I07mb[30]. The doses re- 
ceived by the pyrolytic samples are tabulated 
below: 


T emperature of irradiation Fast neutron dose 

Samples ("O (n/cm^) 


X. 

C 

30 

0 02 X 10*® 

M. 

IC 

150 

0-83 

2A. 

2C 

300 

3-8 


.tr 

450 

4-85 


Electric Co., U.S.A. The physical properties 
of this material are given by Kelly, Martin 
and Nettley[27]. In material of this perfection 
samples cut parallel or perpendicular to 
the plane of deposition reflect essentially the 
directions parallel or perpendicular to the 
basal planes of the component crystals. 

Pyrolytic graphite samples were cut in the 
form of cylinders — 0-2 in. dia., the lengths 
of specimens cut parallel to the deposition 
plane being 0-5 in. and of those cut perpen- 
dicular to the deposition plane being 0- 1 —0*2 
in. The thermal diffusivitiesa of these samples 
were measured using the heat pulse method 
described by Taylor[28], and converted to 
thermal conductivities using the relationship 
K = ape (where p = density, c = specific 
heat). 

The irradiations were carried out in specially 
designed constant-temperature furnaces lo- 
cated in hollow fuel elements in the Materials 
Testing Reactors Dido and Pluto at A.E.R.E. 


The thermal conductivities of the irradiated 
specimens are shown in Figs. 1(a) and 2(a) 
for the A and C directions respectively. The 
unirradiated conductivities are included for 
comparison. A similar pair of pyrolytic 
graphite samples were also irradiated in the 
Dounreay Fast Reactor using a rig of the 
type described by Martin and Price [31] to a 
dose of I50x 10^*'n/cm^ Dido equivalent, at 
a Dido equivalent temperature of about 400°C. 
The spectrum of fast neutrons is very different 
in fast reactors to that in the M.T.R, and is of 
much greater intensity (10‘® fast neutrons/cm^ 
sec compared with 5 x 10'® fast neutrons/cm* 
sec) so that the temperatures and doses have 
been converted to those required to give the 
same effects in an M.T.R. using well estab- 
lished methods [1]. 

All the pyrolytic specimens (except A and 
C) irradiated in M.T.R's. were annealed, 
usually at 200°C intervals, at temperatures 
up to 2800°C[32]. The specimen was main- 
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Fig. 1(a). Thermal conductivity of irradiated specimens 
of pyrolytic graphite measured parallel to the deposition 
plane. 



Fig. 1(b). Thermal conductivity of irradiated samples 
of pyrolytic graphite parallel to the deposition plane after 
annealing at 1200^. 



Fig. 2(a). Thermal conductivity of irradiated specimens of 
pyrolytic graphite measured perpendicular to the deposi- 
tion plane. 



Ternpertjlure, "K 

Fig. 2(b). Thermal conductivity of irradiated samples of 
pyrolytic graphite perpendicular to the deposition plane 
after annealing at 1200“C. 
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Fig. Change in room temperature thermal cunduclivity during post irradiation annealing. 


tained at each annealing temperature for a 
period of two hours. The thermal conductivity 
changes during annealing are plotted in Fig. 3. 
Only the thermal conductivity at room tem- 
perature (2()°C) was measured after most 
anneals but after annealing at 12lXfC the 
thermal conductivity of all specimens was 
measured from 9(r-750°K. (Figs. 1(b) and 
2(b)). The annealing programme carried out 
on the specimen irradiated in the D.F.R. 
was more limited in scope and specimens 
were only annealed at 1{)0()°. 2000°. 2500° 
and 3000°C. The thermal conductivity was 
measured in each case from 9()°-750°K and 
the results are shown in Fig. 4. 

We also consider room temperature frac- 
tional changes in thermal resistance of Pile 
Grade A graphite irradiated at temperatures 
of 200°, 2-50°. 300°. 350°, 450°, 650°, 900° 
and 1350°C to neutron doses of 50X10^" 
n/cm^ which have been reported elsewhere 
[31. 33]. These specimens were all irradiated 
under similar conditions and the temperature 
control was ±2°C for temperatures < 300°C, 
± 10°C for temperatures between 300° and 


100 r 



Fig. 4. Recovery of thermal conductivity of samples cut 
pat^lel to the deposition plane. 
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650°C. and ±50°C at 900“C and at 1350*C. 
Measurements were made using the Kohl- 
rausch methodf34] for which samples 3-00 
in. long X 0-250 in. dia. were employed. 

4. DISCUSSION 

Considerations of lattice parameter and 
dimensional changes of graphite crystals 
show that x{y) is insignificant at irradiation 
temperatures above 300°C and Chxxip (y) 'S 
negligible at irradiation temperatures below 
f)50°C. Post irradiation annealing of dimen- 
sional changes shows that by about 900°C 
x(y) is removed, C^iy) is annealable in the 
range I000°-2000“C and C,.Lt>op (7) is anneal- 
able in the range 2I00°-2600“C. The defects 
comprising C,{y) and Ci,/,(y) are little affected 
and do not anneal even at temperatures up 
to3000°Cri,35]. 

The thermal conductivity of porous poly- 
crystalline graphite in direction .v may be 
written [36]. 

K^-=KJy, (29) 

where ■yj.(> 1 ) is a factor allowing for poros- 
ity, orientation and K„ is the layer plane con- 
ductivity. Much data is available on reactor 
grade graphite so we will examine this first. 


Reactor grade graphite — point defects 
Previously Kelly [8(a) j has shown that data 
at 200°, 250° and 350°C could be accounted 
for by vacancies using a relaxation time 
a (T„~^ with only a small correction for the 
submicroscopic clusters. Although the theory 
outlined earlier indicates this to be valid for 
the vacancies above 200°K, it is not justified 
apparently for the submicroscopic cluster. 
However as we see later the two cannot be 
distinguished in the temperature dependence 
of the thermal resistivity they produce. So 
we assume the scattering formula in the classi- 
cal approximation to be applicable to both 
defects and use separate scattering parameters 
and S,? for the interstitial and vacancy 
defects respectively. It is further assumed 
that S,- and Sf are the same for in-plane and 
out-of-plane vibrations. The change in thermal 
resistance of polycrystalline graphite is 

=y^(l//C„) =liyAxS;^ + C,S,^) 

(30) 

)3 is the appropriate numerical factor[8(a)], 
which at room temperature is 3-24x10=^. 
This relation is tested in Fig. 5 where we 
plot {{KJK)-\) again.sl (x/C,) 

using data on Pile Grade A graphite irradiated 
at temperatures up to 450°C .v and C, are 



Fig. 5. Derivation of scattering parameters from point defect concentraUons. 
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calculated from lattice parameter changes [4]. 
From the intercept we obtain S„^ = 0-72 and 
from the slope we obtain 5i* = 3-2. 

The value of S/ is well defined by the data 
at 300°, 350° and 450“C where x is negligible, 
as being in the range 0-6 < < 0-9] . This is 

in reasonable agreement with the expectation 
that ~ 1 whereas the scattering strength 
5,^ of the cluster is roughly four times greater 
in rough accord with its being 4 ± 2 atoms in 
size [14, 151. 


Reactor grade graphite — vacancy loops 
Thermal resistance changes at temperatures 
above 650°C are all longer than can be 
accounted for by the vacancy content 
estimated from lattice parameter changes. 
Analysis of crystal dimensional changes 
indicates the presence of uncollapsed vacancy 
loops[18, 5]. In the presence of vacancy 
loops equation (30) may be written 




3-24 X 10^9,-C, 


-1-5-78X 


(31) 


to allow estimate of room temperature ther- 
mal resistance changes. Using Simmons[33] 
data at 650°, 900° and I350°C, may be 
estimated as a function of dose and tempera- 
ture since C,- and are known. The 

co-planer vacancy loop half-separation r,. is 
given by 

(y) = {rjr, y^. 


The results given in figure show that with 
increasing irradiation temperature the loops 
increase both in size and separation. It is 
to be noted that the radii are less than the value 
of 110 A estimated for collapse by Tsuzuku 
[37] and agree with the incomplete collapse 
for loops of radii > 150A observed by 
Thrower [18]. 


Pyrolytic graphite parallel to the deposition 
plane 

The pyrolytic graphite we use is high den- 
sity highly oriented material so we assume 




Fig. 6, Calculated vacancy loop radii and co-planar 
separations of loops. 

that the conductivity parallel to the deposition 
plane is the intrinsic layer plane conduc- 
tivity Ka Applying the orientation conduc- 
tivity relationship suggested by Klein [38] 
substantiates this assumption. 

The four lower-dose samples were irradiated 
at 30°, 150°, 300° and 450°C ; thus on the basis 
of the defect concentrations we expect the 
thermal resistance changes parallel to the 
basal planes to be dependent upon both the 
sub-microscopic clusters and vacancies in 
the 30° and 150°C samples and almost entirely 
due to vacancies in the other two samples. 
In Fig. 7 we show the increases in thermal 
resistance as a function of temperature in 
both the as-irradiated condition and after 
annealing at 1 200°C. It is known from other 
annealing studies [3 5] that, from the irradia- 
tion temperature to about 900°C, the recovery 
of physical properties is due to the condcivsa- 
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Temperolure , °K 


Fig. 7. Irradiation component of thermal resistance 
parallel to the deposition planes. 

tion of sub-microscopic clusters into inter- 
stitial loops, either by diffusing to the existing 
loops or by aggregation. If these now cease 
to give observable scattering, then the residual 
resistivity should be wholly occasioned by 
the vacancies. In accord with our assumptions 
the 150°C sample recovers considerably by 
900°C and the higher-temperature samples 
much less. If we calculate, using measured 
lattice parameter changes, the values of x and 


C„ for the ISO^C sample following Reynolds 
and Henson [4], then we can estimate the 
thermal resistance change at room tempera- 
ture. If we further assume that the 900°C 
anneal removes the thermal resistance change 
due to sub-microscopic clusters without 
changing the vacancy content, then we can 
compare the separate effects of the two defects 
with estimates based on equation (30). The 
agreement in Table 1 is good. In Fig. 8 
these are all normalised to unity at 300°K 



Table 1 . Measured and predicted fractional chanftes in thermal resistance before and after 

annealinfi 
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and compared with the theoretical calculation. 
It may be seen that the agreement is good for 
temperature > SOO^K, but below that tempera- 
ture the theory predicts a decreasing thermal 
resistance while the observed one increases 
with decreasing temperature. It should be 
noted that the normalised curves seem 
to be the same whether the thermal resistance 
is due to vacancies alone or to both vacancies 
and sub-microscopic clusters. 

The high-dose sample was irradiated with 
the object of examining the contribution to 
the thermal resistance of the collapsed lines 
of vacant lattice sites. This sample showed 
a basal plane contraction of — 9 per cent and 
thus contains ~ 18 per cent collapsed 
vacancies [3, 27], The collapsed lines cannot 
be annealed out at temperatures below 
3000°K, whereas all point defects disappear 
below 2400°K[35]. Thus this annealing study 
should isolate the effect of collapsed lines. It 
is found, however, that only a fractional 
change of thermal resistance equal to 0-34 
can be attributed to this and large interstitial 
loops, the remainder annealing in the range 
1100°-2000°C and therefore attributable to 
vacancies. The magnitude of the thermal resis- 
tance changes suggests C,. ~ 3 per cent 
which is in excellent agreement with estimates 
of C,. 3 per cent from lattice parameter 
changes of polycrystalline graphite [5]. The 
temperature dependence of the additional 
thermal resistance ahso supports this con- 
clusion. It is, therefore, p<.)ssible to neglect 
the effect of collapsed lines and interstitial 
loops for analysis. 

The temperature dependence of the thermal 
resi.stance changes contains two surprising 
features; 

(a) The temperature dependence of the excess 
thermal resistance is independent of the 
dominant defect, either the sub-micros- 
copic cluster or the vacancy. In Fig. 8 we 
show data obtained by Hooker et n/.l391 
in irradiations of pyrolytic graphite with 
neutrons at 30°C, and also data obtained 
on reactor grade graphite irradiated at 


30®C by Smith and Rasor[40]. At this 
temperature, the same baisic dependence 
is observed although the interstitial 
defects clearly make a large contribution. 
De Combarieu[41] has observed the same 
behaviour in pyrolytic graphite irradia- 
tions at 80“K where agtun, roughly 
comparable interstitial/vacancy contribu- 
tions are expected. It thus seems that the 
curve in Fig. 8 is characteristic of a point 
defect in graphite. 

(b) The thermal resistance increases with 
decreasing temperature. It is well estab- 
lished [14, 5) that we are dealing with point 
defects and it is to be expected on very 
general grounds that long-wavelength 
phonons would be scattered less than 
short-wavelength phonons by such defects 
(cf. Ziman[l2]). The samples of bromine- 
doped graphite examined by Smith and 
Rasor[40], show a similar effect. If the 
entire temperature dependence of the 
scattering curve is to be explained, a 
scattering cross-section independent of 
wave number for small wave number is 
required, which seems incompatible with 
point defects, since for this to hold the 
defect dimensions must be greater than the 
phonon wavelength. 

There are a number of possible explanations 
of these effects, either proposed previously 
or considered by us. 

Hove and Smith [42] assumed that the de- 
fects were large compared with the phonon 
wavelength, suggesting as a possibility that 
tilt boundaries normally transparent to 
phonons trapped point defects and became 
frequency independent scatterers. However, 
our results demonstrate clearly that we £ire 
dealing with point defects, for which we obtain 
plausible parameters; it is also clear that the 
defects are similar in quantity and quality in 
the pyrolytic graphite and reactor graphite 
although the latter has many more tilt 
boundaries. 

Dreyfus and Marnard[21] have shown that 
a defect which produces a coupling between 
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adjacent layer planes can account for such 
behaviour. This has previously been sug* 
gested for the sub-microscopic interstitial 
cluster [43], but seems much less likely for a 
vacancy. This cannot be entirely ruled out 
since the vacancy produces a surprisingly 
large c-axis contraction in its own right [4]. 

Fukuda[44] has shown that the introduction 
of a defect staie in the graphite lattice changes 
the density of states at the Fermi-level. It is 
suggested that the new electronic states 
scatter phonons, and since they are propor- 
tional to the number of defects, this appears 
as an unusual defect scattering behaviour. The 
excess scattering compared with the o-a“’ 
calculation gives a thermal resistance ^ T“^. 
This scattering would be particularly effective 
for the in-plane longitudinal modes which are 
just those which lead to most of the dis- 
crepancy between theory and experiment at 
low temperatures [8]. The observation of the 
effect of bromine doping suggests that this 
may be correct. Hove and Smith [42] dismiss 
this possibility on the basis of unpublished 
theoretical work by Hove [45], and a com- 
parison of bromination and irradiation [40], 
The latter suggests that only of the scatter- 

ing in neutron irradiated graphite can be due 
to the electron phonon effect. Hove’s calcula- 
tions are based on a rigid band from which 
electrons are trapped and thus do not prove 
the inadequacy of this effect. It is our con- 
clusion that this effect is the most likely source 
of the unusual behaviour, and requires further 
theoretical study. 

Other possibilities considered were the 
existence of a maximum phonon wavelength 
dictated by the crystallite size, but the effect 
is clearly independent of over a wide 
range (3000-30,000 A); the effect may be due 
to N-processes coupling the in-plane and 
out-of-plane modes; or it may be a feature 
of the lattice in some way. One obvious 
feature is the sensitivity of to lattice 
strain and its growing importance at long 
wavelengths. 

Two further features of the basal conduc- 


tivity are the insensitivity to the collapsed 
lines of vacant lattice sites and the reasonable 
estimate obtained of the vacancy loop sizes. 
At 650° and 900°C, however, the loop sizes 
obtained are rather small for the scattering 
cross-section to be independent of wave- 
length. At long phonon wavelengths the 
scattering obtained from equation (30) is 
comparable for lines and point defects for 
reasonable values of y„. In the event, however, 
any such effect is masked by the increase in 
the point defect scattering at low temperatures. 
As the temperature increases, the phonon 
wavelength decreases, the lines all become 
effectively long and the scattering is insigni- 
ficant. In the sample irradiated in D.F.R., 
theory suggests a spectrum of line lengths 
of 10-150 A. Assuming a mean line length 
of 75 A, Cj-IC'l ~ 50-75, then using the 
experimental value {At,}/{Ar}p~ 100 give.s 
yp ~ 0- 1 . if a mean value is assumed 
appropriate to n- ~ kTIh. Considering the 
crude approximations made this is in fair 
agreement with other estimates [46] of y„. 

Pyrolytic firuphite perpendicular to the 
deposition plane 

Considering the graphite to be homo- 
geneous and poreless as before and expressing 
the thermal conductivity Kj^ in terms of the 
conductivities K„ and Kc using Klein’s [38] 
relationship suggests = Kc and this is also 
substantiated by Young [47], However Klein 
[48] has concluded that cracks parallel to 
the basal planes act as barriers to heat flow 
and hence pyrolytic graphite is inadequate to 
study the c axis conductivity. In view of this 
uncertainty estimates of the absolute thermal 
resistance changes may not be reliable 
although temperature deF>endences and com- 
parison of annealing changes should be valid. 

The measurements of the room temperature 
changes in thermal resistance on annealing 
suggest that again we only need to examine 
the effects of the submicroscopic clusters and 
point vacancies. Making the same assumptions 
as before regarding the annealing behaviour 
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we may compare, at least approximately, the 
relative effects of the two types of defect. 
This is done in Table 2 for the low-dose 
samples. 

Thus as regards the hexagonal axis direc- 
tion the sub-microscopic cluster scatters 
about twice as much as the vacant lattice site. 

In Fig. 9 the temperature dependences of 
the added thermal resistances are shown, 
while in Fig. 1 0 these are normalised at 300°K. 
The changes are practically temperature 
independent for T > 300°K, but at lower 
temperatures there are differences, the 
thermal resistance increasing with decreasing 
temperature. 

The analysis of crystal conduction published 
previously [8(b, c)] indicates that it is essen- 
tially the out-of-plane vibrations which give 
most of the hexagonal axis conductivity. 



200 400 eoo 000 

Tenperofure ,*K 


9. Irradiation component of thermal resistance 
perpendicular to the deposition plane. 


>, 



Temperature, *K 

Fig. 10. Irradiation component of thermal resistance per- 
pendicular to the deposition plane. 


Table 2. Thermal resistance changes parallel to the 
hexagonal axis 



Defect 

content 

Fractional changes in 

thermal resistance 

temp. 

('O 

X 

PJ 

Cr 

As 

irrad. 

After 9O0°C 
anneal 

For 
unit C,. 

For 
unit jr 

150 

107 

1-5 

16-5 

6 05 

4-0 

9-7 

500 

0-025 

1 23 

5 0 

4 2 

3-4 


450 

0-01 

0-49 

1-65 

1-6 

3-2 
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Equation (12) is adequate for the mass-defect 
scattering, but does not treat strain field 
effects — it is by no means clear that the 
presence of strain fields would simply 
modify the value of /, so that no analysis has 
been attempted. A further complexity in 
analysis is that the conductivity of the annealed 
150°C specimen is, for T > 100°K some 10-15 
per cent higher than the unirradiated con- 
ductivity. 

5. CONCLUSIONS 

The experimental data on pyrolytic graphite 
measured parallel to the deposition plane and 
polycrystalline graphite both refer to the 
changes in thermal resistance of the com- 
ponent crystals parallel to the basal planes. 
It is found that the changes are due to the 
sub-microscopic cluster, the vacant lattice 
site and the vacancy loop, and that the 
interstitial loop and the collapsed line can be 
neglected. The analysis is generally made on 
the assumption that the lattice is two-dimen- 
sional, which leads to reasonable results 
above 200'’K[8]. The presence of the lattice 
defects increases the interlayer spacing, 
tending to make this approximation more 
valid [8(a)]. The most important contributor 
to the changes is the vacancy for which the 
analysis justifies the use of a o-„ •'* scattering 
formula for both strain field and mass-defect 
scattering in a two-dimensional approxima- 
tion. It is uncertain whether these vacancies 
are single, or in the form of di-vacancies, 
tri-vacancies etc.; however, the classical 
formula with = 1 overestimates the scat- 
tering, while the more correct treatment 
given here shows that the strain field must be 
a significant part of the total scattering, as 
would be expected [1 9]. 

The value of St^ depends upon the assump- 
tion that the lattice is two dimensional and it 
is clear that the strain field does not approxi- 
mate to that of the vacancy. However, the 
same cr dependence is shown and this is 
substantiated by the very good agreement on 
the pyrolytic graphite specimen irradiated 


at ISO^C where comparable vacancy and 
interstitial effects are noted. 

We have suggested a number of possibilities 
to explain the unexpected increase in thermal 
resistance with decreasing temperature and 
consider that the most probable effect is due 
to the creation of new electronic states as 
suggested by Fukuda. However, it is an 
affect associated with both the vacancy and 
the small interstitial cluster. 

In the direction parallel to the hexagonal 
axis, it is apparent that the submicroscopic 
cluster and the vacancy are the important 
defects. Equation (14) could give an upper 
limit to the mean free path, but the lack of 
knowledge of the strain field, the anharmonic 
coefficients, and the differences in the nor- 
malised curves of Fig. 10 do not suggest that 
numerical analysts is worthwhile at present. 

The data presented here and their analysis 
show that the changes in thermal conductivity 
of a graphite crystal parallel to the basal 
planes are readily understood in terms of the 
defects postulated to explain the crystal 
dimensional changes for temperatures 
> 3(X)‘’K. However, the lack of difference in 
the effects attributed to interstitials and 
vacancies is not understood for lower tem- 
peratures. The data show that the same defects 
are important for the hexagonal axis conduc- 
tivity but an improved theory of point defect 
scattering is required to analyse this direction. 
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Abstract— The isotope effect of carbon diffusion in dilute iron silicon alloys containing “Si and “Si 
has been measured below room temperature using the disaccommodation technique. The time depen* 
dence of the reluctivity has been analysed in terms of two relaxation processes which are due to the 
reorientation of carbon interstitials in Fe-Fc and Fe-Si sites respectively. The ratio of the relaxation 
times of the two carbon isotopes '^C and '*C Tij/r,! is 1 037 for the former and 1 007 for the latter 
process in the Fe-l-“Si alloy. The ratios of the relaxation times of the same carbon isotope '*C con- 
tained in a dilute Fe-l-“Si and in a dilute Fe-l-“Si alloy respectively tWtjk are 0-995 and 1 020 for the 
two processes mentioned. These results demonstrate clearly the many body aspects of the diSusiona) 
process. 


INTRODUCTION 

The AIM of studies of the isotope effect of 
diffusion is to help determine a diffusion 
mechanism. Generally such studies [I-IO] 
yield the product of f-AK of the correlation 
factor / and the fraction of the activation 
energy in the decompositional mode AK. In 
cases where this product is less than about 
0-5 (AgBrlll], 6-Fell 21. Na[13]) so that the 
range of / embraces values corresponding to 
more than one mechanism the results of such 
studies alone do not lead to an unambiguous 
identification of the diffusion mechanism [14]. 
This difficulty does not exist if the mechanism 
of diffusion can be inferred from evidence 
other than isotope effect studies as is the case 
for interstitial diffusion. Here, the correlation 
factor is unity and isotope studies yield AK 
directly. Isotope studies of interstitial diffusion 
have shown that in an unrelaxed lattice AK 
= I [2]. It is of interest to investigate how A A 
differs from one in the case of interstitial 
diffusion in a relaxed environment. 

The extra anelastic effects [15- 19] and dis- 
accommodationsf20, 21] observed in ternary 
iron based alloys are well known. They are 
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generally interpreted as being due to the 
reorientation of interstitials located next to 
substitutionals with respect to local stresses 
and the direction of the local spontaneous 
magnetization. As interstitials sitting next 
to a small substitutional reside in a relaxed 
environment a study of the isotope effect 
on the extra disaccommodation offers an 
opportunity to investigate the influence of 
the lattice relaxation on AK. This paper re- 
ports on studies of the isotope effect on the 
extra disaccommodation of Fe-Si-C alloys 
where the extra anelastic effects [17] and 
disaccommodations[20] are well established. 

EXPERIMENTAL PROCEDURE AND RESULTS 

The experimental approach consisted of 
preparing pairs of Fe-Si-C alloys matched as 
closely as possible except for the kinds of 
isotopes contained and measuring the 
disaccommodation under identical conditions, 
so that the expected small changes of the 
relaxation times could be determined reliably. 

T wo pairs of alloys were prepared by induc- 
tion melting iron {99-9%) and silicon (99'999%) 
in alumina crucibles (99-7%) in an argon 
(99-995%) atmosphere at 600 mm Hg. The 
ingots were swaged, recrystallized, de- 
carburized, and denitrided and recarburized 
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in a closed system. The methane used to 
prepare the Fe-“Si-‘®C alloy contained 93*9% 
and the actual isotopic composition 
of the “Si was 95-20% “Si, 0-53% “Si and 
4-28% “Si. Natural isotope mixtures were 
used for and “Si. The compositions of 
the matched alloy pairs are given in Table 1. 
The silicon content was determined by 
chemical analysis. No silicon concentration 
gradients could be detected along the length 
of the swaged rod. The carbon content was 
estimated from the disaccommodation 
amplitude.* The carbon was in solid solution 
as determined by measurements of the initial 
permeability of all specimens [22]. 

The disaccommodation was measured as 
described [23]. The samples were positioned 
as identically as possible in the center of the 
solenoid with a thermocouple in contact 
with the sample. The temperature at the posi- 
tion of this thermocouple would be controlled 
and reproduced to within O-02'’C. The dis- 
accommodation measurements of pairs 
numbers 1 and 2 were carried out at — 3°C 
and — respectively. The results of a 
typical run are shown in Fig. 1 . 

The reluctivity data were analysed in terms 
of two independent [24] and two interdepen- 
dent exponentials with the relaxation times 

Table 1. Composition of investigated alloys 


Matched Conlentof 

pair isotope alloying elements 

(No.) composition (wt.%) 




Si 

C 

1 

Fe, "'’Si, '"C 

1 40 

0-003 


Fe,"''Si,'"C 

1-40 

0-003.2 

2 

Fe, "Si, '"C 

1-21 

0-004 


Fe"Sj,'"C 

1-22 

0-005 


•This estimate is correct only to within a factor of 
three as the influence of the silicon on the disaccommoda- 
tion amplitude is not known exactly, tn the context of this 
najper, however, this information is sufficient to judge 
or not the difFerence of the carbon contents of a 
' j^pair of specimens can be neglected. 


having a lognormal distribution around a mean 
time T of half width /3 [25], The value of the 
fl's for the first of the two exponentials with 
shorter t due to the reorientation of carbon 
interstitials in Fe-Fe sites was set to 0-6 in 
accord with the half width of the Gaussian 
distribution of the published damping data 
in binary Fe-C alloys [26, 27]. The value of 
fi-i for the second of the two exponentials with 
larger t due to the reorientation of carbon 
interstitials in Fe-Si sites was determined 
experimentally. Figure 2 shows the deviations 
of the data from the least square regressions 
and it can be seen that the deviations are 
smallest for = 1-0 especially for long 
times. The same information is contained in 
the variances listed in Tables 2 and 3 which 
give a summary of all result.s obtained. The 
oscillatory nature of the deviations can be 
traced back to the choice of the fully relaxed 
reluctivity which is discussed below. The 
analysis of the reluctivity data in terms of 
two interdependent exponentials made use 
of the facts that the ratio of the relaxation 
times for the reorientation of the '^C and ‘‘■‘C 
interstitials in Fe-Fe sites is known to be 
equal to the square root of the ratio of the 
isotopic masses [2] and that the relaxation 
times for the reorientation of the carbon inter- 
stitials in Fe-Fe sites should be independent 
of the isotopic mass of the silicon. Thus, the 
reluctivity data for the matched Fe-“Si-**C, 
Fe-“Si-’^C pairwere analysed simultaneously 
with the constraint 5, = Ti.|.|/t|.^.i = 1 -038 
while the data for the matched F'e--“Si-'^C, 
Fe-“Si-’^C pairwere analysed simultaneously 
with the constraint Ai = T 3 ,,.i/t 2 «.i = I -000. 
The results of these analyses are shown in 
Tables 2 and 3 and it can be seen that they 
are essentially the same for both modes of 
analysis. 

The accuracy of the data depends on the 
reproducibility and control of the measuring 
temperatures and compositions of a matched 
pair as well as on the choice of the fully 
relaxed reluctivities r(x). The temperature 
variations and reproducibility indicated above 



ISOTOPE EFFECT OF CARBON DIFFUSION 


2271 



Fig I. Time dependence of the reluciivity rofa Fe+*“Si+’^C alloy at— 3 . 10°C. 

Table 2. Carbon relaxation times t, ratios of carbon relaxation times b and 
variances for the matched pair of and Fe-F^'^Si+'*C alloys 


Mode of 


analysis 

/S. 

a-i 

n 1 

(min) 

Tta 1 

(min) 

.Unin) 

2 

(min) 


h. 

Var,., 

Var,.. 

Lognormal 

0 6 

O'K 

0-410 

0-395 

K-549 

8-468 

1-0373 

1-0095 

1-646 

1-868 

analysis 

0 6 

1 0 

0-382 

0-368 

7-593 

7-541 

1 -0366 

1-0069 

1-242 

1-288 


()'6 

1 2 

0-351 

0 339 

6-555 

6-542 

1 -0368 

1-0048 

1-919 

2-233 

l.ognormal 

analysis 

0 6 

0 75 

0 417 

0-401 

8-770 

8-67 

1 0382 

1-0106 

1-70! 

1 900 

with 

(If) 

10 

0-382 

0-368 

7-597 

7-538 

1 -0382 

1-0077 

1-267 

1 290 

constraint 
fi, = 1 -{1382 

(>■6 

1-25 

0-344 

0-531 

6 293 

6-262 

1 -0382 

1-0048 

1-899 

2-241 


Table 3. Carbon relaxation times t. ratios of carbon relaxation times A and 
variances for the matched pair of and Fe+^”Si+*^C alloys 


Mode of 


analysis 


li-z 

rn 1 

(min) 

fi-j 1 

(min) 

tmin) 

Tvi'l 

(min) 

A, 

A, 

Vara,, 

Var,„ 

Lognormal 

analysts 

0 6 

0-4 

2 364 

2-377 

40 77 

40 15 

0 994 

1 016 

1-267 

1145 


0 6 

0 6 

2-288 

2-300 

38- 12 

37-42 

0-995 

1-019 

0-551 

0-543 


0-6 

0-8 

2-189 

2-200 

34 61 

33-85 

0-995 

1-022 

0-228 

0 581 


0-6 

1-0 

2-071 

2-084 

30-44 

29-69 

0-994 

1-026 

0-417 

1-410 

Lognormal 

analysis 

0 6 

0-4 

2-417 

2-417 

42-43 

41-78 

1-000 

1-0 L5s 

I -193 

11% 

with 

0 6 

0-6 

2-303 

2 303 

38 50 

37-80 

1-000 

1 018, 

0-578 

0 585 

A, = 1 000 

0 6 

0-8 

2- 197 

2-197 

34 62 

33-86 

1-000 

l-022<, 

0-260 

0 582 


0 6 

1-0 

2-011 

2-011 

28 93 

28-21 

1-000 

1-025. 

0-553 

1-494 
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Fig. 2. Relative deviation of experimental reluctivity 
data from the fitted curve using the lognormal analysis 
with various half width 

yield an error of t of ±0*15 per cent for an 
activation energy of 0-9 eV. Compositional 
variations can be neglected on account of the 
large average spacing between carbon inter- 
stitials and the good reproducibility of the 
silicon contents (see Table 1). The influence 
of the choice of r(ao) was minimized by 
choosing r(oo) — r(t*) where the same 
times fa, — 5r were taken for a matched pair. 
In this case the deviations of Si and from 
their true values due to the choice of r( «x) are 
less than -0*3 per cent as shown in the 
Appendix. Thus, the overall error e of 5, 
and Hki can be estimated to be within the 


range -0-3% ^ e « -K)'6%. The value 
obtained for indicates that the errors of 
the experimentally determined ratios of the 
relaxation times are within this range. 

DISCUSSION 

The relaxation times for the reorienta- 
tion of carbon interstitials in Fe-Fe sites are 
in good agreement with published data [28] 
as is the ratio 5, for pair number 1 [2]. For 
instance, a value of t = 0-41 min is calculated 
from Wert’s results which compares well 
with the value of 7,3., = 0-38 min listed in 
Table 2. As the mean isotopic masses of the 
and used in the experiment are 12-94 
and 12-01 respectively the ratio of the square 
root of these mean masses is 1-038 which 
corresponds very well with the average 5, 
== 1-037 obtained from Table 2. This result 
indicates that the decompositional mode of a 
carbon interstitial in iron is a local mode [14]. 

The isotope effect on the reorientation of 
carbon interstitials in Fe-Si sites 62 = tj 3 .,/ 
t, 2.2 is remarkably different from 6, as can be 
seen from Table 2 (both analyses). From the 
value of ^2“ T007 and Mullen’s [5] equation 
(8), it follows that = 0-19 indicating that 
only 19 per cent of the kinetic energy in the 
decompositional mode i.s carried by the 
reorienting carbon interstitial. It mu.st be 
concluded then that a major fraction of the 
kinetic energy of the decompositional mode 
is carried by the silicon substitutional adjacent 
to the reorienting carbon interstitial. Thus, 
a change of the mass of this silicon substitu- 
tional should change the relaxation time of 
a given carbon interstitial residing in an 
Fe-Si site. This is clearly demonstrated by 
the values of A2 = T-MjT-in.., shown in Table 3. 

As the ionic radius of silicon is smaller 
than the ionic radius of iron and since the 
lattice parameter of iron decreases upon the 
addition of silicon [29] it must be concluded 
that the unusually low value of 62 is due to 
the relaxation of the lattice around an Fe-Si 
interstitial site. It may be envisioned that the 
silicon substitutional has to ‘move out of the 
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way’ in order to enable the adjacent carbon 
to start moving toward a neighboring Fe-Si 
site. Consequently, the decompositional mode 
would trigger the motion of the carbon 
interstitial from the activated position to its 
‘new’ Fe-Si site and the motion of the silicon 
back to its equilibrium site. 

It remains to be seen how 82 and A 2 compare 
quantitatively. If it is assumed that all 
projections of the ionic displacements on the 
normal coordinate of the decompositional 
mode are zero except for the carbon and 
silicon displacements the effective mass m* 
determining the isotope effect is given by [30] 

m* = mi- . + m.si ( 1 — ( 1 ) 

where and msi are the actual mean masses 
of the carbon and silicon isotope mixtures, and 
c is the cosine of the projection angle of the 
carbon interstitial displacement on the 
normal coordinate of the decompositional 
mode. Using equation ( 1 ) and the measured 
value of 821 is ‘predicted’ to be 1 024 
which is slightly larger than A 2 for the minimum 
variance listed in Table 3. This would 
indicate that the projections of the displace- 
ments of the iron ions surrounding the Si-C 
pair on the normal coordinate of the decom- 
positional mode are not equal to zero although 
they are small. Consequently the decomposi- 
tional mode of the Si-C pair is only weakly 
influenced by its surroundings. Since only 
this mode is affected by the isotopic sub- 
stitution [14] its nature can be analysed from 
the model shown in Fig. 3. This model results 
in two kinds of modes, a and 8 , as indicated 
in Fig. 3. The frequencies ^I},^ and to,, of these 
modes are given by [3 1 ] 

= k2l(2mc){ \ + y + (1 + V)mclmsi 

-i-[(l+'y-|-(l-Fr (/Mc/^si)* 

-4(yr4-y-l-r)mc//Msi]''^} (2) 

where y = kjk-i, V = kjk-^, k^ = spring con- 
stants as indicated in Fig. 3. 

The ratios 8 n.ft — tOa.ft.ia/wa.i.ia and Aa.fc 



lottlct lotlle* 

Fig. 3. Model for the analysis of the nature of the de- 
compositional mode of the Si-C pair. See text for 
symbols. 

== <*>a.ft. 2 B/tau,i.. 3 o iire shown in Figs. 4 and 5 
respectively as a function of T with -y as a 
parameter. Also shown in these figures are 
the experimental values 82 and A 2 together 
with the estimated error limits. As can be 
seen from these figures, the values of 82 and 
Ao agree both with the expected ratios 8a and 
Afl of mode n if F < 1 and 8h and As of mode h 
if r > 1. Since the case F > I has to be 
excluded because it is inconsistent with the 
assumption of a weak coupling it must be 
concluded that the decompositional mode 
resembles mode a. The uncertainty of 82 
and A. does not permit quantitative con- 
clusions on the ratios y and F. 

Throughout this discussion the assumption 
has been made that the activated state can be 
treated as an equilibrium state. While this 
assumption cannot be justified conceptually 
[32,33] the results of this work are not in 
contradiction with it. It would appear that 
the corrections to the isotope effects in- 
vestigated in this work to be made if the 
irreversibility of the diffusion process is 
taken into account are so small that they 
cannot be detected by the technique applied. 

CONCLUSIONS 

The conclusions to be drawn from this work 
are; The Si-C defect can be treated as a pair 
which is only weakly coupled to the iron 
lattice. The measured isotope effects can be 
rationalized within the framework of equili- 
brium statistical mechanics. The decomposi- 
tional mode of the Si-C pair is a mode in 
which both constituents oscillate in the same 
direction. 
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I 

r 


Fig. 4. Calculated ratios of the relaxation times 6„ as a function of the ratios of the 
spring constants y and F. See text for symbols. mode a, So. mode b. 



r 

Fig. 5. Calculated ratios of the relaxation times Aqj, as a function of the ratios of the 
spnng constants y and F. See text for symbols. mode a\ 5;,. mode b. 
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APPENDIX 

Consider the exponential relaxation of a quantity x 

{A-\) 


A relaxation time t is obtained by fitting the experimental 
data jr(r,) = to equation (A-1). For this 

purpose it is necessary to determine x'('^). In practice 
jc'foo) is approximated by x'(t.) where l« is so large that 
jr(/„) <« x(0). In Fig. (A-l) it is shown how the ratio 
tJt depends on tjr. t„ is the apparent relaxation time 
'as obtained from the least square fit analysis which was 
applied to the reluctivity data. 

Consider now two relaxation processes numbers 1 and 
2 characterized by the true relaxation times t, and 
= ri(l ) where f « 042 as is the case for the isotope 
effects investigated. If the same time /x 2 = -‘^2 chosen 
for both processes as was done in the main body of this 
paper i^i is given by t*, = 5Ti(H-f). From Fig. (A-l) 
it follows then that I -(KX) ^ Taihn\ ■ Ti/t 2 0-997. 



Fig A-l. Normalized apparent relaxation time as a func- 
tion of the normalized time of termination of a relaxation 
measurement. See text for symbols. 


x{t) = x(0) exp {—(It}. 
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R^sum^— On decrit I’appareillage experimental mis au point afin d'etudier la susceptibility para- 
magndtique d’un cristal en fonction de la direction du champ applique. On donne les principaux re- 
sultats obtenus pour Gd, Tb, Dy , Ho et Er. La susceptibilite vane sinusoi'dalement avec la direction du 
champ appliquy, et I’anisolropie de la susceptibility n'est fonction que du premier parametre de champ 
cristallin. La mesure de la variation thermique de I'anisotropie de la susceptibilite foumit ainsi une 
mythode pour la determination de la variation thermique du paramytre de champ cristallin. Cette 
variation est en accord avec celle prevue, en raison de la dilatation thermique, par le modele des 
charges ponctuelles. Les parametres de champ cristallin obtenus sont compares a ceux foumis par la 
thcone de Kasuya ainsi qu’a ceux dyduits des mesures d'aimantation a basse tempyrature. 

Abstract — We describe the experimental techniques utilized to study the paramagnetic susceptibility 
of a crystal as a function of the applied field. We give the main results obtained for Gd, Tb, Dy, Ho and 
Er. The susceptibility varies sinusoidally with the direction of the applied field. The anisotropy of the 
susceptibility is a function only of the first crystalline field parameter. The measurement of the thermal 
variation of the anisotropy of the susceptibility thus provides a method for the determination of the 
thermal variation of the crystalline field parameter. This variation is in agreement with that given by 
a point charge model, due to the thermal dilatation. The crystalline field parameters obtained are 
compared to those given by the theory of Kasuya as well as those deduced from the measurement of 
the low temperature magnetization. 


Les TERRES rares meialliques; Gd, Tb, Dy, 
Ho et Er possedent la meme structure cristal- 
line, du type hexagonal compact. Les couches 
extemes atomiques 5.v et 5p sont pleines et 
restent localisees; les electrons 5d et 65 
forment un nuage elecironique au milieu 
duquel sont regulierement disposes les ions 
terres rares positifs trivalents. Comme la 
couche interne 4/ est incomplete, le moment 
magnetique du metal resulte essentiellement 
de la combinaison des moments orbitaux et de 
spin des electrons 4/. Le couplage entre les 
moments magnetiques atomiques peui etre 
attribue a des interactions d’echange a longue 
distance, via les electrons de conduction. La 
distribution des charges electriques donne 
lieu a un champ electrique cristallin qui con- 
tribue de maniere importante aux proprietes 


magnetocristaJline. La possibilite recente 
d’obtenir d’une part les monocristaux avec 
des dimensions et une purete suflfisantes et 
d'autre part les champs magnetiques inlenses 
necessaires pour leur saturation a conduit a 
des progres notables dans la description de 
leur comportement dans le domaine des 
temperatures ou elles sont magnetiquement 
ordonnees. Les progres de la theorie du champ 
cristallin et une meilleure comprehension des 
proprietes des electrons de conduction n’ont 
cependant pas encore permis de prevoir 
quantitativement les resultats obtenus. Aussi 
nous a-t-il semble profitable d’entreprendre 
I’etude a la fois experimentale et theorique des 
effets de I’anisotropie magnetocristalline dans 
le domaine paramagnetique. Nous decrivons, 
paragraphe I, I’appareillage experimental qui 
a ete mis au point afin d’etudier la variation de 
la susceptibilite paramagnetique en fonction 


magnetiques de ces materiaux. On leur attri- 
bue generalement I’origine de I’anisotropie 
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de la temperature et de I’orientation du champ 
magnetique par rapport aux axes cristallins. 
Nous donnons, paragraphe 2, les principaux 
resultats obtenu.s pour Gd, Tb, Dy, Ho et Er. 
Nous 6tab]issons. paragraphe 3, les expres- 
sions th6oriques de la variation thermique de 
la susceptibilite en fonction de la direction du 
champ applique. Nous analysons, paragraphe 
4, les resultats experimentaux au moyen des 
expressions ainsi etablies et nous comparons 
les informations ainsi obtenues a celles de- 
duites de I’analyse des courbes d’aimantation 
dans le domaine magnetiquement ordonne. 

1. DISPOSITIF EXPERIMENTAL 

Nous avons utilise une balance de transla- 
tion du type Foex et Forrer[l] (Fig. 1). 
L'echantillon (1) est place dans un champ 
magnetique non uniforme cree par un electro- 
aimant dont les poles ont une forme appro- 
priee. On le fixe au moyen d’une resine epoxy 
^ I’extremite inferieure d’une tige en alumine 



1. Dispositif experimental pour la mesure de I’aniso- 
tropie de la susceptibilite. 


(2), qui coulisse a I’interieur d’un cyJindre en 
quartz (3) solidaire du fleau (4) de la balance. 
Le fleau est suspendu par cinq fils, ne lui 
accordant qu’un degre de liberte suivant la 
direction du gradient de champ. L attraction 
de l’echantillon dans le champ non uniforme 
est equilibree par I'attraction, dans le champ 
d’un aimant permanent, d’une bobine de com- 
pensation (5) parcourue par un courant ajus- 
table. Un dispositif est pr^vu afin de permettre 
une rotation de l’echantillon autour de I’axe 
de la tige en alumine. II est constitue par deux 
disques en balsa. Le premier (6), est solidaire 
du fleau de la balance, et le second (7) de la 
tige en alumine. 11 s’appuie, par gravite, sur le 
premier. On fait tourner de cinq en cinq 
degres l’echantillon en soulevant le disque (7) 
et en lui imprimant un mouvement de rotation. 
Les forces de frottement entre les disques de 
balsa permettent de compenser les forces 
d’anisotropie en presence du champ magneti- 
que. L’echantillon est place au centre d’une 
enceinte thermostatee (8) en materiau non 
magnetique. a temperature regulee a mieux de 
1/10 de degre entre 6° et 95'’C, au moyen d’un 
fluide circulant dans un double enroulement 
en helice. Des ecrans en alumine (9) fixes sur 
la tige supportant l'echantillon, permettent de 
reduire I'importance des courants de con- 
vection. La temperature est mesuree au 
moyen d’un thermocouple prealablement 
etalonne (10) dont la soudure est placee au 
voisinage de l’echantillon. Le gradient de 
temperature auquel est soumis l’echantillon 
est negligeable. L’appareil est etalonne au 
moyen d’une substance de susceptibilite 
connue. Nous avons utilise le pyrophosphate 
de manganese comme substance etalon. Le 
support presente une susceptibilite qui se 
combine avec celle de l’echantillon et it y a 
lieu d’eflfectuer une correction. L’echantillon 
monocristallin taille sous forme de sphere de 
6 mm de diametre est oriente en utilisant la 
methode de Laiie. II est ensuite fixe sur le sup- 
port en alumine suivant une direction choisie 
a I’avance. La precision angulaire est de I’ordre 
de un degre. 
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2. RESULTATS EXPERIMENTAUX 
Les monocristaux de terres rares utilises 
ont 6te achetes a Metals Research, a Cam- 
bridge (Angleterre). La purete chimique 
annoncee est de 99,9%. Leur purete cristallo-' 
graphique a 6te verifiee aux rayons X. Ils ont 
ete utilises pour la determination de I’efTet de 
la pression hydrostatique sur les temperatures 
d’ordre magnetiques[2]. Leur comportement 
sous champ magnetique intense continu a fait 
I’objet d'etudes precises [3]. On a mesure la 
susceptibilite paramagnetique dans le plan de 
base, perpcndiculaire a I’axe c du cristal, ainsi 
que dans un plan perpendiculaire a I’axe a ou 
a I’axe b et contenant ainsi I’axe c. Les ex- 
periences ont ete realisees adiverses tempera- 
tures maintenues constantes. On s’est assure 
par des mesures jusqu’a 2300 Oe (Gd) et 
3600 Oe (Tb, Dy, Ho et Er) que la suscepti- 
bilite etait, dans ces limites et k la precision 
des experiences, independante de la valeur du 
champ applique. Des mesures effectuees a 
300®K (Dy. Ho, Er) et a 316®K (Gd) ont 
montre que I’anisotropie paramagnetique dans 
le plan de base etait negligeable, la dispersion 
des points experimentaux etant inferieure a 5 
p.mille; aussi n’en avons nous pas tenu compte 
pour la suite. La variation angulaire de la 
susceptibilite, dans le plan contenant I’axe c a 
ete analysee en serie de Fourier[4]. Dans tous 
les cas la susceptibilite peut etre decrite au 
moyen d’un terme constant et d’un terme 
harmonique de periodicite 180°. A la precision 
des experiences, la contribution des termes 
harmoniques de periodicite plus faible est 
negligeable. 

(a) Gadolinium 

Au voisinage du point de Curie I’axe de 
facile aimantation est I’axe c du cristal. Les 
mesures effectuees entre 302,7° et 361,4°K ne 
permettent pas de determiner la constante de 
Curie du gadolinium, en raison de I'ordre a 
courte distance qui subsiste a une temperature 
notablement superieure a la temperature de 
Curie ferromagnetique. Bien que I’anisolropie 
magnetocristalline soit faible, on note que la 


susceptibilite paramagnetique est fonction de 
I’orientation du champ par rapport au cristal. 
Les courbes donnant (Fig. 2) I’inverse de la 
susceptibilite pour un champ appliqu6 paral- 
lelement ou perpendiculairement k I’axe c 
presentent un ecart de 0,7“K vers 300“K, au 
voisinage de la temperature de Curie para- 
magnetique. II n’est plus que de 0,4° a 360°K, 
la difference (l/xii— 1/x il entre les inverses des 
susc^tibilites mesurees parallelement et 
perpendiculairement k I’axe c decroft lorsque 
la temperature augmente. 


GodoMum 




Fig. 2. Anisotropic de la susceptibilite paramagnetique du 
gadolinium. 

{b) Terbium, dysprosium, holmiun et erbium 
L’axe c du cristal est de difficile aimantation 
pour Tb, Dy et Ho, mais axe de facile aiman- 
tation pour Er. L’inverse des susceptibilites 
mesurees parallelement ou perpendiculaire- 
ment a I’axe c presente une variation thermi- 
que lineaire dans I’inlervalle de temperatures 
etudie, de 280° a 360°K. Elle a ete analysee 
sous forme d’une ‘temperature de Curie’ et 
d’une ‘constante de Curie’ paramagnetiques. 
Cette facon de proceder est commode afin de 
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ddcrire Jes resultats experimentaux. On 
notera plus loin cependant qu’eJIe presente 
une signification physique restreinte. La differ- 
ence entre Jes ‘temperatures de Curie’ para- 
magn^tiques suivant que le champ est applique 
perpendiculairement ou parallelement a I’axe 
c est de 58°K pour de dysprosium, mais de 
— 30°K pour I’erbium (Tableau 1). La differ- 
ence |l/X)i~l/xJ presque constante, 

independante de la temperature, pour chacun 
des cristaux de terre rare etudie. Ln examen 
plus approfondi montre cependant qu’elle 
decroit lentement lorsque la temperature 
croft (Figs. 3-6). Nous avons analyse par la 
methode des moindres carres les resultats 
obtenus sous forme d’une variation thermique 
lineaire i/xt|— l/xi"'^ ou T est la 
temperature exprimee en degres absolus. Les 
valeurs de A et de B ainsi obtenues sont 
donnees, Tableau 2. La susceptibilite est 
donnee en unites cgs. Elle est rapportee a un 
atome-gramme. 

3, EXPRESSIONS THEORIQLES 
L’anisotropie de la susceptibilite des sub- 
stances magn^tiques au-dessus du point 
d’ordre n’a 6te etudiee que dans des cas 
particuliersf9-12]. Nous donnerons ici 
une expression plus generate de la variation 
thermique de la susceptibilite paramagnetiquc 
d’un corps anisotrope en fonction de la direc- 
tion du champ applique. Des etudes pre- 
liminaires ont fait J’objet de deux notes 
anterieures[13, 14]. Nous nous placons dans 


Tableau 2 


Etement 

A 

(exper.) 

B X 10’ 
(exper.) 

BXW 

(th6or.) 

Gd 

0.120 

-0,21 


Tb 

4,88 

-1,9 

-0,42 

Dy 

4,31 

-2,6 

-1.3 

Ho 

1,12 

-0,25 

-0,24 

Er 

-2.45 

1,2 

1,2 


le cadre de la theorie du champ moleculaire, et 
negligeons, pour I'instant, les contributions de 
I’echange anisotrope. Nous admettrons, et 
ceci constitue une bonne approximation dans 
le domaine des temperatures etudie, que la 
configuration des electrons 4f dans le metal 
est la configuration fondamentale des ions 
Jibre.s correspondants. L'Hamiltonien de I’ion 
magnetique s’ecrit sous la forme: 

= ,#()-b K — .J (1) 

ou est I Hamiltonien de I'ion libre. V la 
contribution de I’environnement cristallin, 
le facteur de Lande. fXf, le magneton de Bohr 
et .1 le moment cinetique total. Le champ 
effectif Heff, est la somme du champ magneti- 
que H applique et du champ moleculaire H,„. 
Le moment magnetique s’ecrit aiors, pour N 
ion.s identiques; 

~N 2 V Heff, [IF,. (Herr.)] exp (-WJkT) 

M = ^ 

s exp i-WJkT) 

i 

( 2 ) 


Tableau 1 








•“ ■ 




C|i 

r 

c 

Element 

rK) 

rK) 

(°K) 

(at g) 

(at.g) 

^ SP«Tt 

(at.g) 

Tb 

236 

181 

-55 

12,5 

12,3 

1 1 8 

Dy 

(239(5]) 

(195(5]) 





167 

(169(6]) 

109 

(121(6)) 

-58 

14,85 

14,4 

14,2 

Ho 

91,5 

(88(7]) 

75 

(73(71) 

-16,5 

15,2 

I5,J 

14.1 

Er 

33 

(32,5(8]) 

63 

(61.7(81) 

+ 30 

12,4 

12.6 

11,5 
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La sommation porte sur les etats / du niveau 
fondamenta] d'energie fVf de I’ion libre. 
L’aimantation M peut etre developp^e en 
puissances croissantes de 1/T. Dans le 
domaine paramagnetique, pour les champs 
magn^tiques usuels, ce developpement con- 
verge assez rapidement de sorte que 1 on ne 
tiendra compte que du nombre de termes cor- 
respondant a la precision recherchee. La 
composante Mr de I’aimantation suivant un 
axe de symetrie 0;c s’ecrit: 


N 


2kTi2J+\) 
N ^ 


^ dH 

J 


_L 




eff. ,x 


N 


2k^n2J+lV 




On peut obtenir aisement les expressions des 
diverses quantiles X et X On en 
deduit; * 


Mr = 


CH, 


sUuJC. 


T 1 


Tr[3VJ/-VJ(J+\)] ] 
kTJ(J+l)(2J+l) j 



quelle que soit la direction du champ applique. 
On obtiendrait des expressions equivalentes 
pour les composantes de Taimantalion suivant 
deux axes de symetrie Oy et Oz orthogonaux a 
Ox. On designe par C la constante de Curie 
spectroscopique N (J + 1 )/3^. 

On utilisera dans la suite la notion d’opera- 
teur Equivalent de Stevens proportion- 

nel aux tesseral harmoniques vecteurs propres 
de la composante /j, du moment cinetique 
orbital 1 dans la direction v[15]. On a ainsi: 


cristallin; 


v=f 2 ' 2 

“0 m=~l a 

I’expression (4) s’ecrit simplement: 


(7) 


Mr 




l2J-i)(2J+3) n 


5kT 


M 2 .J 



A I’ordre considere Mr ne dependra de 
I’environnement cristallin que par le seui 
coefficient de champ cristallin u^,r- Le champ 
effectif Heff. peut etre exprime sous la forme 
rtM-l-H ou n est le coefficient de champ mole- 
culaire et H le champ applique. On pose 
nC oil 9 designe la temperature de Curie 
paramagnetique en {'absence d’anisotropie 
magnetocristalline. L’inverse de la susceptibi- 
lite s’ecrit. avec la meme precision: 


Xr 



04 


{2J-\)(2J+3) 

5k 


Ulr ■ 


(9) 


L’inverse de la susceptibilite paramagnetique 
selon les axes de symetrie du cristal est inde- 
pendante de la direction et de I’amplitude du 
champ applique. La somme W 2 .J+ 
etant nulle, deux parametres suffisent, dans le 
cas general, a decrire I’anisotropie de la sus- 
ceptibilite. Ces deux parametres variant pe'u 
avec la temperature, les variations thermiques 
des mesures des susceptibilites paramagneti- 
ques seront representees en premiere approxi- 
mation par des droites paralleles, de pente 1 1C. 
La susceptibilite dans la direction du champ 
applique est M.H///^. Elle a pour valeur: 


x«- (10) 


Q?.x(J) = 3y,^-y(y+i). (5) 

En utilisant la relation 

et le developpement en serie du potentiel 


ou ttff, Ph et yi^t designent les cosinus direc- 
teurs du champ applique. La susceptibilite. 
selon la direction du champ applique varie 
comme le carre des cosinus directeurs du 
champ, quelle que soit la symetrie du cristal. 
Lorsque I’environnement cristallin des atomes 
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magnetiques est de revolution autour de I'axe 
Oz, il vient alors: 


^ = ^ . (lla) 


Suivant Ojc, perpendicuiairement a Oz, on a: 




(2J- 0(27 + 3) „ 
lOA: 


(tlb) 


L’anisotropie de la susceptibilite ne depend 
plus alors de I’environnement cristallin que 
par le seul parametre m® ^ et la susceptibilite, 
dans la direction du champ applique s'ecrit; 


X// = Xx+ (x^-Xx) cos^e,, (12) 


6,1 etant Tangle entre Taxe Oz et la direction du 
champ magnetique. L’anisotropie de ia sus- 
ceptibiiite est nulle. a Tordre considere, pour 
un environnement cubique, car on a alors: 

“a.v ~ L'axe c des monocris- 

taux de terre rare etant d’ordre 6, la sus- 
ceptibilite dans le plan de base ne peut pas 
varier proportionnellement au carre des 
cosinus directeurs du champ magnetique. A 
Tordre considere on ne doit pas observer 
d’anisotropie de la susceptibilite dans ce plan. 

Une etude plus systematique et plus gene- 
rale de Tanisotropie de la susceptibilite para- 
magnetique est donnee dans un autre article 
[16]. 


4. EXPLOITATION DES RESULTATS 
EXPEaUMENTAUX 

On note tout d'abord que Tanisotropie dans 
le plan de base est nulle. L’axe c peut etre 
considere comme dxe de revolution, de sorte 
que les expressions (11) et (12) seront appli- 
cables aux cas cnnsid^r^s. Dans les plans 
contenant Taxe c, les valeurs exp^rimentales 
des susceptibilites paramagnetiques sont d6- 
crites, avec une precision meilleure que 1 p. 
cent par les expressions (11) et (12); quelle 
que soit la direction du champ appliqu^ la 
susceptibility paramagnetique peut etre con- 
sideree comme resultant de la somme d’un 
terme constant et d’un terme sinusoidal de 
periode 180°. La difference 0pj| — entre les 
‘temperatures de Curie’ paramagnetiques 
mesurees parallelement a Taxe c ou perpendi- 
cuiairement a cet axe, est donnee par 
— 3(27— 1 )(27 + 3 )m®^/ 10^. On trouvera. 
Tableau 3, les valeurs (1) deduites de 
au moyen de cetle expression. 
Celles-ci peuvent etre comparees aux valeurs 
‘theoriques’ (11) deduites par Kasuya[17] 
a partir d’un modele a charges ponctueUes 
ecrantees. (Dans la notation de Kasuya, 
est identique a 2«p L’accord obtenu est 
relativement satisfaisant. 11 faut cependant 
noter qu’il n’a pas ete tenu compte jusque lade 
la dilatation thermique. Celle-ci peut conduirc, 
en raison de la variation des interactions 
d’echange et des parametres de champ cristal- 


Tahleau 3 


Element 

J 

Tb 

6 

Dy 

15/2 

Ho 

8 

Er 

15/2 

X 10 "^erg 

tcxper sans correction 
etc dilatation) 

+ 1.5? 

+ 1,06 

+0,27 

-0,55 

X 10"'" erg 

<fheor. Kasuya) (273“K) 

+ 1.48 

+ 1.01 

+0,3.5 

-0,40 

X 10"'“ erg 

(exper. avec correction 
de dilatation) t273®K) 

+ 1.49 

+0,% 

+0,25 

-0,48 

)3x 10* 

-1 

-3.6 

-2,3 

-5,6 

"!t'.zdV) X 10 '"erg 
[exper. aimantation) 

(O^K) 

+ 2,73 

+ 1,65 

+ 1,08 
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lin h des ccarts assez importants entre la 
valcur thcorifluc dc la variation thcimiQUC dc 
la susceptibilite a volume constant et la valeur 
exp^rimentale, d6duite des mesures effectuees 
& pression constante. La valeur ^ est pro- 
portionnelle a 

Dans cette expression r* designe la valeur 
moyenne du carre du rayon de la couche 4/, a 
et c les paramdtres du crista! hexagonal et Z' 
la valeur de la charge ponctuelle efficace. On 
peut supposer raisonnablement que Z' comme 
sont ind^pendants de la temperature. 11 en 


point d’ordre. La contribution a 1 anisotropic 
de la susceptibilite du terme en MT dans le 
developpement de Tinverse de la susceptibility 
(expression (9)) ne permet pas d interpreter la 
difference qui existe entre les valeurs experi- 
mentale et theorique de B pour le dysprosium 
et le terbium (ce terme ne contribue que pour 
moins de 1/100 a I’anisotropie de la suscepti- 
bilite). II faut sans doute attribuer cette 
difference a I’approximation de champ 
moleculaire. 

Compte tenu de la dilatation thermique, 
I’ecart obtenu experimentalement entre les 
‘temperatures de Curie’ paramagnetiques 
et 6,,^^ est donne par: 


r^sulte que Ton a: 

alogfl”^ (c/r<)(Q!||-afi) 
^ dT c/a— 1,636 


-3a,. (13) 


^_3a/ — \)i]^[±lLuO (1-273(3) 
lOA 


On appelle a„ et a^ les variations relatives 
1/c.dc/dr et l/a.daldT. On pourra considerer 
ttd et a, comme constants dans I’intervalle de 
ternpdratures ou les mesures ont ete effec- 
tu^es. Le terme au second membre de 
I’equation (13) est generalement negligeable 
devant le premier terme au second membre. 
Les valeurs de /3, deduites des mesures de c 
et a aux rayons X [18-20], sont donnees. 
Tableau 3. L’effet de la variation thermique de 
doit etre pris en consideration, etant donne 
les valeurs particulierement importantes prises 
par/8. Tout d’abord, des expressions (1 1), on 
ddduit que est egal a 3 log ( l/xn — llx±}I^T. 
On a obtenu experimentalement une variation 
de l/x»— Vx± ‘Jue Ton a analysee (Tableau 2) 
sous forme d’une variation lineaire A+BT. 
La valeur de B est donnee par )3( l/xi|— l/Xx)- 
A 273°K, l/xi|-l/x± est dgal a 4,36 (Tb), 
3,60 (Dy), 1,05 (Ho) et -2,12 (Er). Les 
valeurs de B ‘theoriques’ ainsi obtenues sont 
comparees. Tableau 2, aux valeurs experi- 
mentales. Elies sont du meme ordre de gran- 
deur que celles deduites de I’experience. On 
notera que I’accord est d'autant meilleur 
(Ho, Er) que les mesures ont ete effectuees a 
des tempdratures plus dlevees au-dessus du 


la valeur de ul^ consideree etant celle a 
273°K; on appellera m^^(III) les valeurs ainsi 
obtenues. On note (Tableau 3) que la dilata- 
tion thermique modifie assez largement les 
valeurs des parametres cristallins deduites des 
resultats experimentaux de mesure des sus- 
ceptibilites. Les valeurs de peuvent egale- 
ment se deduire des mesures d’aimantation en 
champ fort continu[3j. On appelle wJ ^dV) les 
valeurs ainsi obtenues a 0°K (Tableau 3). On 
notera le desaccord important qui existe entre 
ces valeurs et celles. «"^(111), a 273°K resul- 
tant des mesures de la susceptibilite para- 
magnetique. On notera cependant que ces 
diverses valeurs ne peuvent etre comparees 
sans precautions. II est probable en effet que 
Ton ne puisse pas tenir compte du couplage 
magnetocristallin, particulierement important 
a basse temperature dans le cas de Tb, Dy, Ho 
et Er, par un simple calcul de perturbation. 
Par ailleurs les parametres cristallins sont 
differents, en raison de la dilatation thermique, 
et le reseau cristallin n’a plus, a basse tem- 
perature, la symetrie hexagonale, en raison 
de la distorsion en dessous de la temperature 
de transition entre les phases antiferro- 
magnetique helicoVdale et ferromagnetique. 
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Abstract — Simultaneous measurements of electrical current and optical absorption in CaO;Ca 
crystals as a function of temperature after light irradiation at liquid nitrogen temperature (LNT) have 
supported the view that an apparent upward shift of about 0-13 eV in the F'-band energy upon heat- 
ing the crystal is actually caused by the formation of a new color center of unknown structure, labeled 
F„. The apparent shift in the F ' band occurred simultaneously with a change in the current vs. tempera- 
ture slope. The F„ band was stable in the dark at room temperature and below, but bleached easily 
when the crystal was irradiated in the absorption band and when it was heated to ^ 1 70°C. 


INTRODUCTION 

A MECHANISM for the F F' photoreaction 
in CaO:Ca crystals has been proposed by 
Kemp et al.[]]. This mechanism differs from 
that proposed for the alkali halides [2] 
chiefly in that shallow impurity traps rather 
than electron-bare negative-ion vacancies 
collect the electrons ionized from the F' 
center. Thus irradiation in the F' band forms 
only one F center instead of two for each ion- 
ized electron, and F —>■ F' occurs when the 
shallow traps are ionized by low-energy light 
(\ > .^ 0()0 A ), permitting the F centers to 
regain electrons. 

Extensive optical absorption studies in this 
laboratory of CaO:Ca for various irradiation 
treatments over a 300°C temperature range 
supported in general Kemp’s proposed 
F *->■ F' mechanism. However, following 
prolonged irradiation (T == Ihr) at LNT with 
an unflltered Hg-arc lamp, the F' optical 
absorption band appeared to shift about 
150A in the high-energy direction as the 
crystal was warmed to room temperature. The 
shift was reversible not with temperature but 
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with a certain sequence of tungsten-filament 
light treatments or with heat treatments. Van 
Doom had observed a similar energy shift in 
the KCl Af-center absorption following pro- 
longed irradiation. He tentatively explained 
the shift in terms of local internal crystal 
strains [3], Evidence from simultaneous opti- 
cal absorption and electrical current measure- 
ments in conjunction with color center bleach- 
ing data, described below, suggests that in 
CaO:Ca the energy shift results not from local 
influences on an essentially unchanged F' 
center but from the formation of a completely 
different center, the F„ center, of as-yet 
undetermined structure. 

EXPERIMENTAL PROCEDURE 

The CaO crystals used were grown by fus- 
ing CaO powder with an electric arc in a 
cylindrical graphite crucible rotated on its 
axis at sufficient angular velocity to keep its 
contents thrown against the crucible walls and 
thus, by effectively melting the CaO in a cru- 
cible of CaO powder, eliminating chemical 
reaction of the CaO with the crucible. An N* 
gas jet passing through the graphite electrodes 
blew CaCa vapor, formed by reaction of car- 
bon vapor with the melt, out the ends of the 
crucible to eliminate the electrodes as a source 
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of carbon contamination. Optically clear CaO 
crystals several millimeters on an edge were 
then cleaved from the resulting polycrystalline 
mass. 

Color centers were produced by heating 
crystals for approximately 30 min at I700C 
in carbon vapor. Crystals were cooled 
to LNT within I.Smin of the coloring treat- 
ment. The resulting optical absorption 
bands closely resembled those obtained 
by Ward for crystals that were lightly colored 
by heating in Ca-metal vapor[5]. 

The procedure and apparatus for simultaneously 
measuring crystal optical absorption and electrical 
current followed approximately those used by Dutton 
and Maurer for similar measurements on KCI and KBr[6]. 
A dc field of about 2000 V/cm, supplied by dry cells, was 
applied across crystals of about I mm thickness. The 
crystal was sandwiched between two copper-plate 
electrodes having apertures for passage of a spectro- 
photometer beam. One of the copper plates contacted the 
cold tail of a cryostat. Teflon bolts held the crystal and 
the other plate to the cold plate. A copper-con.stantan 
thermocouple was soldered to the cold plate for approxi- 
mate temperature monitoring. A nichrome resistance 
heater, wound around the cold tail and powered by storage 
batteries, provided sample temperature control. Crystal 
currents were measured with a Keithley Model 6 1 OB 
electrometer, while the optical absorption spectra were 
obtained with a Cary Model 14 spectrophotometer. 

The data-gathering procedure consisted first of mount- 
ing the sample in its holder and cooling the cryostat to 
LNT. Once cooled, the crystal was irradiated for about an 
hour with the selected type of radiation (either light from 
an unfiltered, high-pressure, quartz-envelope Hg-arc lamp 
or light of X > 56.^0 A from a tungsten-filament lamp). 
Then the cryostat with sample was placed into the spec- 
trophotometer sample compartment and the voltage 
applied across the crystal. When electrical equilibrium 
was reached the heater was turned on and the sample 
holder warmed at a rate of 3-5‘’C/min. At close intervals 
(every 3-5 min) the crystal optical absorption was 
measured by scanning rapidly (25 A/sec) the region 
between 6500-3000 A. In this way, with the help of 
chart recorders, a nearly continuous correlation of 
sample optical absorption, temperature and electrical 
current was obtained. Although the spectrophotometer- 
beam light no doubt had some effect on the observed 
color-center changes, the final changes in optical absorp- 
tion were identical in all miuor features with those 
obtained without intermediate scanning, so that the effect 
of the spectrophotometer light was considered negligible. 

The rationale for the experiment is that 
crystal irradiation at low temperatures distri- 
butes ionized electronic charges on lattice 
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traps that are unstable at higher temperatures. 
Thus as the temperature rises, an increase in 
lattice energy ionizes the shallow traps, 
releasing a quantity of free charge whose 
motion can be picked up by the electrometer. 
When optical absorption changes correlate 
with current changes, each kind of change 
helps to interpret the other. 


RESULTS 

Figure 1 shows the optical absorption 
change, especially the 'F' energy shift,' 
which resulted from Hg-arc-light irradiation 
at LNT followed by heating to ~ 100°C and 
then recooling to LNT (to exclude the normal 
changes in optical absorption associated with 
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Fig. I. F' shift' in CaO:Ca single crystal. Curve A indi- 
cates the optical absorption at I. NT just prior to Hg-arc- 
light irradiation. Curve B shows the result of irradiating 
the crystal for 50 min at LNT with Hg-arc light, while 
curve C shows the changes (including the 'F' shift’) after 
heating the crystal to 1 12°C and then recooling to LNT. 
The F band is at 3400 A, the F' at 3950 A. The apparent 
shift of F' to 3800 A occurred near - I7°C as the crystal 
temperature rose. (Note: Zero phonon lines, which 
appear on the F band at 3558 A, have been omitted on all 
Figures except Fig. 7.) 
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a change in temperature) [5]. Figure 2 indicates 
the change in crystal current as the crystal 
warmed up on the same run. The current 
curve has two well-defined linear regions, 
resembling those associated with extrinsic 
and intrinsic ionic conductivity in insulators 
[7]. The ‘F' energy shift’ was found to occur 
at the knee in the current curve. 



Fig. 2. Temperature dependence of the dc current in the 
CaO:Ca crystal following 50 min Hg-arc -light irradiation 
at LNT. The 'F' shift’ occurred at the knee of the 
linear regions indicated by dashed lines. Current peak 
A resulted primarily from a flow of electrons, while peak 
B resulted from a flow of holes. 

When the crystal was irradiated with long- 
wavelength light (X > 5630 A) at LNT and 
then warmed to room temperature, almost 
exactly the same current curve resulted as is 
shown in Fig. 2 for Hg-arc irradiation. (Minor 
variations occurred partly as a function of 
previous crystal treatment.) However, vir- 
tually no change occurred in the final optical 
absorption spectrum other than what normally 
occurs simply as a result of change in tempera- 
ture; no sign of the F' energy shift’ appeared. 


If the crystal received no irradiation at LNT, 
the characteristic current slopes remained but 
the small current peaks {A and B) on the 
low-temperature part of the curve disappeared. 

The current curve for an irradiated, 
uncolored crystal exhibited current peaks 
similar lo A and B (Fig. 2) but did not exhibit 
the marked change in slope near — IT^C. 
However, repeated treatments of the un- 
colored crystal with unfiltered Hg-arc light 
produced current curves identical in all 
general features to the curve shown in Fig. 2. 
Thus the crystal defects responsible for the 
change in current slope appeared capable of 
being induced by the Hg-arc light. Low F- 
center concentrations, in fact, have been 
produced in CaO crystals with Hg-arc light 
in this laboratory. 

The changes in optical absorption associ- 
ated specifically with the small current peaks 
of Fig. 2 are shown in Fig. 3. These curves 
were selected from among those obtained over 
closely spaced time intervals as the tem- 
perature rose (see “Experimental Procedure"). 
Curve A shows the optical absorption at a 
temperature slightly lower than that at which 
the first small current peak (A) occurred. 
Curve B was obtained as current peak A 
dropped to its minimum, while curve C was ob- 
tained as current peak B reached its maximum. 

DISCUSSION 

According to the accepted F- and F' -center 
models [8] and the F F' mechanism men- 
tioned above, a simultaneous increase in the 
area under both the F and the F' peaks, as 
the temperature rises, requires either an 
increase in the total number of F and F' 
centers or the emergence of a new band under- 
lying F and F'. Curve B of Fig. 3 , correspond- 
ing to current peak A of Fig. 2, shows both 
peaks increasing simultaneously. Apparently, 
then, assuming no new bands arise here, cur- 
rent peak A represents primarily a flow of 
electrons, some of which become trapped on 
F centers and bare 0*“ vacancies to increase 
the number and consequently the absorption 
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Fig. .V Optical absorption changes in CaO:Ca crystal associated with 
current peaks A and B of Fig. 2 Curve A occurred for an abscissa value in 
Fig. 2 of 6 0X curve B for 5 4x curve C for 4-6 x 

10 - 30^-1 xhe absorption changes reveal interaction of flowing charges 
with F and F' centers (see text). 


(*f both kinds of center. Similarly, the decrease 
in area under both absorption peaks, associ- 
ated with current peak B, indicates that this 
peak represents primarily a flow of holes, 
some of which annihilate with electrons 
orbiting O'*" vacancies to reduce total F, F' 
absorption. 

The origin of the apparent energy shift of 
the F' band occurring at the knee of the cur- 
rent curve can at present be only partially 
elucidated. Kemp el al. have observed an opti- 
cal absorption band at this shifted position 
(3800 A) in neutron irradiated CaO. On the 
basis of an EPR spectrum thought to originate 
from the same defect as the optical band at 
3800 A, they interpreted the band as being 
due to an M-like center consisting of two 0^~ 
vacancies orbited by two electrons [4]. 
(The center associated with the A/-Iike EPR 
spectrum Kemp called ‘F,’. As this center may 


not actually be related to the 3800 A optical 
absorption band of CaO crystals colored in 
carbon vapor, we label the center responsible 
for the 3800 A band F,,’ to avoid possible mis- 
understanding.) If an A/-like center can exist 
in CaO at 3800 A, a possible explanation of 
the apparent F' shift would be that M-like 
centers formed from F-center coagulation as 
the temperature rose to — I7°C and thus pro- 
duced the observed shift. Rabin, in fact, has 
observed A/-center formation in KCI under 
somewhat similar circumstances! 1 1]. That 
the optical absorption shift did not reverse 
itself when the crystal was recooled to LNT 
favors the interpretation that the shift 
resulted, indeed, from the formation of a new 
color center rather than from a modification of 
F' center. Figure 7, showing the optical 
absorption of a CaO:Ca crystal in which two 
peaks— one at the shifted position and the 
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other at the usual F' position — are simul- 
taneously resolved, further supports the con- 
cept that a new center, independent of F', was 
created as the temperature rose. The bleach- 
ing data of Figs. 4-6, however, while support- 
ing the formation of an independent center, 
argue against the possibility that the new 
center is a coagulation center formed from F 
and F' centers. A coagulation of F centers to 
produce an M-like center should reduce the 
F absorption two units for every unit increase 
in the coagulation-band absorption, while a 
bleaching of the coagulation band should 
increase F correspondingly. Figures 4 
and 6 indicate that bleaching the new color 
center with light at LNT and with heat at 
170°C, respectively, produced an apparent 
decrease in both F and F'. The F band in- 
creased somewhat on bleaching with light 
at room temperature, as Fig. 5 shows, but the 
magnitude of the increase is not sufficient 
to represent the breakdown of a coagulation 
center. (We assume that the rise in the 
long-wavelength tail that frequently accom- 
panied bleaching is not a part of the F or 
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Fig. 4. Bleaching of f- „ at LNT with 3.SOO-37(K)A light 
applied for - 10 mm, Curve A was obtained in the same 
way as curve C, Fig. 1. The total area under f, F' and F„ 
curves decreased after irradiation (curve B). 



Fig. Bleaching of F„ at room temperature with 3500- 
37(10 A light applied for 15 min. Curve A was obtained in 
the same way as curve C, Fig. 1. In contrast to the 
results obtained at LNT . the F band rose substantially as 
F„ bleached (curve B). Both curves were measured at 
LNT ; It was noted that the F band of curve B decreased 
with successive measurements, suggesting that the 
configuration which was stable at room temperature was 
unstable at LNT. 

F' absorption but represents a separate 
phenomenon: the formation of a broad band 
analogous in shape and relative location to the 
F' band in KCl.) The bleaching data thus 
suggest that the new color center is indepen- 
dent of both F and F'. The increase in F 
associated with room-temperature bleaching 
perhaps is nothing more than evidence of the 
F' —* F photoconversion. An exaggerated 
example of such a conversion, combined with 
the bleaching of the F„ center, is depicted in 
Fig. 8. Here the F F' reaction was pro- 
duced in a crystal containing a large concen- 
tration of F„ centers by irradiating the speci- 
men several hours with low-energy light 
(.\ > 5630 A), which is incapable of bleach- 
ing F„ centers. The F' ^ F reaction, com- 
bined with F„ bleaching, was then caused by 
irradiating the crystal with white light at 
room temperature for 30 min. 

No attempt will be made here to relate 
the formation of F„ centers to the change 
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Fig. 6. Heal-bleaching of F„. produced by holding the 
crystal near J70°C in the dark for 30 min. Curve /I was 
obtained in the same way as curve C, Fig. 1; curve B 
shows the result of heating followed by rapid cooling to 
l.NT. Both .spectra were recorded at LNT. The drop in 
the F-center absorption was probably not due to thermal 
bleaching of F centers in the usual .sense, as subsequent 
measurements on this crystal revealed a total F, F„ and F' 
absorption as large as that shown in curve A (i.e thermal 
bleaching of F and F' centers ordinarily is irreversible, 
unless the coloring process is repeated. For CaO such 
bleaching is not efficient until ~ 5(>0°C). 

in the current slope, both of which occurred 
in the same temperature region. However, 
if the two phenomena were related, as they 
appeared to be, an interpretation of the 
relationship should recognize that the 
major current slopes observed do not 
represent extrinsic and intrinsic regions. The 
general shape of the current curve resembles 
somewhat that obtained at higher tem- 
peratures by Dolloff in colored BaO[12]. 
DollofF observed a conductivity maximum 
between 800''-900°K which resembles the 
drop in the current slope that appeared in 
colored CaO near 335°K (Fig. 2). Dolloff 
related the shape of his conductivity curves to 
donor and acceptor concentrations intro- 
duced in the coloring process. Possibly the 
same kind of reasoning applies to CaO as 
well, and may be relevant for future attempts 
to explain the formation of F„ centers. 



Fig. 7. Optical absorption of CaO:ra single crystal show- 
ing F' and F„ peaks resolved simultaneously. This crystal 
appeared incapable of the behavior shown in Fig 1: F„ 
could not be made to grow larger by Hg-arc irradiation at 
LNT followed by heating. Also, irradiation in the 
ab.sorption band did not bleach F„ A current vs. tem- 
perature measurement, on this crystal indicated that the 
knee m the conductivity curve was very poorly defined: 
There were no truly linear regions. Optical and EPR 
spectra indicated a higher impurity concentration for this 
crystal than for the crystal used in the other figures. 

Attempts to isolate exactly which Hg-arc 
wavelengths are responsible for the 'F' shift’ 
so far have not yielded conclusive results. 
Irradiation treatments using filters to select 
out several regions in the visible and u.v. as 
well as irradiation using a monochromator to 
isolate a few specific Hg-arc lines in the u.v. 
suggest that u.v. light is responsible; but so 
far no shifts approximating the magnitude of 
those obtained with the unfiltered Hg arc have 
been observed by these techniques, even 
when longer irradiation times were used. 

CONCLUSIONS 

More work needs to be done before the 
nature of the F' shift’ can be specified. The 
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Fig. 8. Curve A shows the absorption configuration that 
resulted when a crystal having an absorption similar to 
that of curve C, Fig. I, was irradiated at LNT several 
hours with light of X > 5630 A. The F — ► F' reaction 
greatly reduced the F band and caused F' and F„ to 
appear together as one large, asymmetric band. Curve B 
resulted from irradiating the crystal having the absorp- 
tion of curve A with white light at room temperature for 
.lOmtn, then cooling to LNT. Nott: F„ appears larger 
than F' in curve B. The spike at 3558 A is the zero 
phonon line. The curves were arbitrarily joined at 
6500 A. 

data presented here, it is believed, establish 
the independent existence of the center 
responsible for the F„ band and show that it is 
related to light irradiation treatments and 
crystal temperatures in an unusual manner. 
Its bleaching properties suggest that the 
center forms independently of both the F and 
the F' centers, and that it is thus probably not 


a coagulation center. The relation of the F„ 
center to electrical conductivity as described 
above could be coincidental; yet for the small 
number of samples tested so far, there has 
been a one-to-one cdrrespondence between a 
well-defined conductivity knee and the ability 
to undergo the ‘F’ shift’ (cf. caption. Fig. 6). 
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Abstract— Several methods for producing NiO films for use in optical experiments are discussed 
including an indication of the significant problems encountered with each method. Transmission 
spectra between 2000 and 6000 A are presented for films grown by both electron beam evaporation of 
nickel in an oxygen atmosphere and by reactive sputtering. The spectra appear to be consistent with 
one another as well as with the spectra of films grown on MgO by vapor deposition. The transmission 
spectra indicate that in addition to the absorption edge near 3700 A, structure is present near 2300 A. 
Electron reflection diffraction measurements indicate that films grown by electron beam evaporation 
and reactive sputtering on CaFj and LiF have at least some degree of crystalline order. Two films have 
been used to provide information on the shift of the NiO absorption edge with temperature, the results 
being — 2-9 and -^-2 . 10“'* eV/°C. A Kramers Kronig analysis of the reflectivity of bulk NiO has been 
made and shows that the absorption of the films is consistent with the absorption constant derived from 
the reflectivity data. The reflectivities of a bulk sample and a film on MgO support the film trans- 
mission measurements in indicating structure near 2300 A. 


1. INTRODUCTION 

Many recent papers have indicated that the 
optical properties of thin epitaxial films of 
semiconducting materials are the same as 
those of bulk samples. This allows the use of 
film transmission to study the optical proper- 
ties in the region above the fundamental 
absorption edge where reliable information 
was previously available only from reflec- 
tivity measurements. A number of workers 
for example, have reported the use of Ge, PbS, 
PbSe, PbTe, and Cdj.Hg,^j.Te films to obtain 
reliable optical data in the transparent and 
highly absorbing regions [1-10]. 

The present work was initiated by the 
desire to extend the technique of epitaxial 
thin film growth to the transition metal oxides, 
NiO being an obvious first step. Since the 
ultimate goal was to investigate the elec- 
tronic energy spectra from the optical be- 
havior of these materials in the visible and 
ultraviolet at energies where they are quite 


good optical quality and have optical proper- 
ties as nearly as possible identical to the 
properties of the bulk material. 

In addition to using NiO as a test subject 
for the growth of epitaxial films of the trans- 
ition metal oxides, we wished to learn more 
about the fundamental properties of NiO by 
interpreting the transmission spectrum in the 
ultraviolet. In NiO the five degenerate 3cl 
orbitals of the Ni*"^ ion are split by the crystal 
field into a doubly degenerate set and a triply 
degenerate set. Six electrons are in the lowest 
d levels and two in the upper levels. The Ni“+ 
magnetic moments are coupled such that NiO 
is antiferromagnetic below its Neel tem- 
perature Tf/ of Above T^, NiO is 

cubic whereas at low temperatures it is dis- 
torted by a contraction along one of the 
original cubic unit cell < 1 1 1 > axes. The low 
temperature structure is rhombohedral. The 
precise temperature at which the structure 


absorbing, the de(X)sited films had to be of a 


changes occurs is in question [12]. 

Since Ni*"^ in NiO has an unfilled 3d shell. 
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simple band theory predicts NiO to be a con- 
ductor. Nevertheless, the purest available NiO 
has a specific resistivity greater than 10'“ 
fl-cm at room temperature. In non-stoichio- 
metric or Li doped NiO the resistivity is 
lower by several orders of magnitude [12- 1 5 ] 
Many early workers [14-20] interpreted 
transport experiments {principally conduc- 
tivity and thermoelectric measurements) in 
terms of models whereby holes moved through 
the crystal via thermally activated hopping. 
The low values for the mobility derived from a 
hopping model were consistent with the fact 
that no Hall effect could be detected. 

Recently, however, measurements of the 
transport behavior of NiO including Hall 
effect experiments have pointed to a model 
where the activation energy is due to acti- 
vation of carriers and the transport occurs in a 
narrow band [2 1-24]. The evidence [2 1-24] is 
inconsistent with a hopping model since it 
indicates that the mobility is not responsible 
for the activation energy occurring in the con- 
ductivity. It now appears that the transport 
in so-called pure NiO is determined by im- 
purities and/or imperfections up to tem- 
peratures as high as room temperature. Adler 
[25] suggests the possibility that all observed 
transport data up to this time may be due to 
impurities and intrinsic conduction may not as 
yet have been observed in NiO. As possible 
evidence for this suggestion Adler quotes the 
optical results contained in References [26] 
and [27] which indicate an energy gap of 
~4eV, considerably higher than values 
obtained from recent transport experiments. 
Feinleib and Adler[28] have proposed that 
the conduction in NiO occurs by means of 
holes in the oxygen 2p band provided by 
acceptor impurities and have suggested a band 
structure to explain the transport and optical 
behavior. 

Optical measurements on NiO have been 
reported by several workers [26, 27, 29-31]. 
The low energy region is dominated by lattice 
vibration effects [30, 31] and will not be dis- 
cussed here. Newman and Chrenko[26] 


measured the optical properties between 0 025 
and 10 eV. Their samples consisted of single 
crystals grown by flame fusion and epitaxial 
films deposited on MgO by the vapor deposi- 
tion method described by Cech and 
Alessandrini[32]. Between l-O and 3-5 eV 
there are several narrow absorption bands 
which Newman and Chrenko assign to 
tran.sitions in Ni^'*' as modified by the crys- 
tal field. At ~4eV the NiO absorption 
increases rapidly to a plateau at higher ener- 
gies. Since MgO absorbs strongly in the re- 
gions above 4 eV Newman and Chrenko used 
thin films of oxidized nickel for measurements 
between 4 and 5-8 eV. Their measurements 
showed no structure at energies above 4 eV. 
Newman and Chrenko measured the reflec- 
tivity of single crystal NiO between 0-025 and 
lOeV. Between 01 and lOeV only a single 
large peak at 4 eV corresponding to the rapid 
increase in absorption at about this energy 
was observed. 

Ksendzov and Drobkin[27] observed a 
photocurrent in NiO which was small below 
3 eV and which increased sharply between 3-5 
and 4-0 eV. Furthermore, they interpreted 
their NiO conductivity as a function of tem- 
perature to indicate a forbidden band width of 
3-7 eV. 

As can be seen from the above brief sum- 
mary of the measured properties of NiO, any 
experiments which might yield information on 
the band structure of NiO would be of con- 
siderable interest. The possibility of using thin 
films to obtain optical transmission data on 
NiO above the absorption edge was, thus, a 
strong motivation for our work. 

2. EXPERIMENTAL 
(A) S ample preparation 

We wished to deposit NiO onto a substrate 
which was transparent far into the ultra- 
violet. The ideal substrate material was LiF 
which has the NaCt crystal structure, a lat- 
tice constant of 4-01 A[33] and is trans- 
p^ent to about 1040 A in the vacuum ultra- 
violet [34], The lattice structure of LiF 
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appears to be quite compatible with NiO 
which is nearly cubic and has a lattice con- 
stant of 4-18A[33J. Two other materials 
which are transparent into the vacuum ultra- 
violet also appeared promising— CaF 2 
(lattice constant of 5-45 A and transparent to 
1250 A [34]) and BaFj (lattice constant of 6- 18 
A and transparent to 1300 A[34J). These sub- 
stances are less compatible with NiO since 
both are of the fluorite structure and cleave 
along (1 1 1) planes rather than (100). 

In depositing NiO for use in optical experi- 
ments, we investigated six essentially dif- 
ferent techniques: 

1 . Evaporation of NiO in a high vacuum 

2. Flash evapKJration of NiO 

3. Oxidation of nickel films 

4. Chemical transport and reaction via a gas 

5. Electron beam evaporation of nickel in an 
O 2 atmosphere 

6. Sputtering of nickel in an O 2 atmosphere. 

The method of evaporation was quite simi- 
lar to that given in [7j. NiO powder was heated 
by a tungsten boat in a vacuum of 2-3 • 1 0"** 
mm Hg. The substrates used were 1 cm x 1 cm 
X 3 mm thick and were cleaved in air within a 
few minutes preceding an evaporation run. 
The substrates were attached to a tantalum 
plate which was heated by a tantalum wire 
heater located just above it. A thermocouple 
was attached to the tantalum plate in order to 
monitor the substrate temperature during 
evaporation. Nickel oxide evaporates at tem- 
peratures of the order of 1600°C. We found 
that with straightforward evaporation the 
NiO appeared to decompose and leave nickel 
behind to subsequently evaporate. In addition 
the nickel tended to alloy with the boat and 
cause it to burn out. I n view of these difficulties 
we concluded that other deposition techniques 
would have to be used. 

The chief problem in the ordinary evapora- 
tion of a compound such as NiO is that one or 
more elements may evaporate from the com- 


pound more readily than the others. In flash 
evaporation one attempts to solve this prob- 
lem by dropping small particles of the com- 
pound onto a surfape held at a temperature 
sufficiently high to quickly evaporate all 
constituents [9]. In flash evaporation, NiO 
powder was dropped continuously onto the 
heated tungsten boat. The tungsten boat was 
held at 1 8()0°-2()(X)°C as measured by an 
optical pyrometer. 

The flash evapjoration procedure worked 
very well for evaporating epitaxial nickel films 
using nickel powder. Nickel films deposited 
on LiF held at 450®C were usually epitaxial, 
and photographs of the electron diffraction 
patterns were used as standards to give the 
spacing of the diffraction pattern for nickel. 
Similarly, photographs of the electron dif- 
fraction patterns of NiO films on MgO (the 
method of deposition will be discussed 
shortly) were used as standards giving the 
spacing of the diffraction pattern of known NiO. 

From the spacing of the electron diffraction 
patterns of films obtained by flash evaporating 
NiO powder in a vacuumof5,10“‘*mmHgwe 
concluded that the flash evaporation of NiO 
powder, in general, yields nickel films. Flash 
evaporation of NiO powder in either air or O 2 
at 2. 10~'' mm Hg with LiF substrates at 500°- 
550°C in general yields films with at least 
a faint Laue pattern having the spacing of 
NiO. Usually the diffraction patterns also con- 
tain rings. The rings could very well be due to 
impurities evaporated along with the NiO. 
From the optical measurements we concluded 
that other materials (probably tungsten oxide) 
were evaporated along with NiO and dis- 
torted the transmission spectra. 

We oxidized several films of nickel on LiF, 
starting with oriented nickel films rather than 
amorphous or polycrystalline ones. The nickel 
films were deposited both by direct evapora- 
tion and by flash evaporation, the substrate 
temperatures being 450°C. We oxidized one 
film in O 2 at approximately 300°C for three 
hours and a second in O 2 at approximately 
500°C for eight hours. The diffraction pat- 
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terns of these films showed only rings. The 
optical results (to be discussed later) indicated 
that the oxidized films varied considerably in 
stoichiometry. 

Cech and Alessandrini[32] have shown 
that epitaxial thin films of NiO can be grown 
on MgO by decomposition of nickel halide in 
an atmosphere of water vapor at a temperature 
of about 700°C. Films were grown by this 
method on MgO and used as standards of 
comparison in both the electron diffraction 
measurements and in the optical measure- 
ments. We made numerous attempts to extend 
the method to LiF substrates since MgO is not 
transparent at wavelengths less than 3500 A. 
We found that the LiF reacted with the vapor 
given off in the chemical reaction at high sub- 
strate temperatures (700°-800°C) and no 
film could be deposited at low substrate tem- 
peratures (— 300°C). 

Evaporation by an electron beam has the 
advantage that the beam heats the material to 
be evaporated and not a crucible or boat of 
some foreign material. This reduces the possi- 
bility of evaporating impurities. In the use of 
the electron beam, nickel was evaporated from 
either an alumina or carbon crucible onto a 
substrate heated to 550°C (the substrate 
heater was identical to that used in the other 
evaporation techniques). During the evapora- 
tion of the nickel metal, O 2 was continuously 
bled into the system to maintain a pressure of 
1 . 1 0-* mm Hg. For the electron beam evapora- 
tions, a Veeco Model VeB-6 electron beam 
gun was used at 1 1 kV. 

Films of NiO were also deposited onto 
heated substrates (550°C) by reactive sput- 
tering. For this, the R. D. Mathis Model 
SP210A sputtering module modified to con- 
tain a substrate heater was used. A Welch 
Model 3 101 A turbo-molecular pumping unit 
was used to evacuate the sputtering module. 
The sputtering gas was premixed Oj-A. 

Several films grown by electron beam 
evaporation and sputtering showed Laue pat- 
terns with the NiO spacing. The patterns will 
be shown in the following section. 


(B) Optical measurements 

The optical measurements were made using 
a Cary 14 spectrometer with its associated 
recording electronics and a McPherson 
Model 225 vacuum ultraviolet spectrometer. 
A hydrogen lamp with LiF window was at- 
tached to the entrance slit assembly of the 
McPherson spectrometer. The recording 
electronics consisted of a tuning fork chopper 
(200 cps) manufactured by American Time 
Products and fairly standard phase sensitive 
detection equipment composed of a P.A.R. 
JB-4 Lock-In Amplifier and a Model CR-4 
pre-amplifier. An RCA 1P21 phototube with 
a sodium salycilate coated microscope slide 
in front of the cathode was used as a detector. 
The tube was rotated in front of the sample 
for transmission measurements. The sample 
was moved out of the beam when detecting /o- 


3. RESULTS AND DISCUSSION 
Figure 1 shows the transmission spectra of 
several films grown on LiF by flash evaporating 
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Ni powder in a vacuum of 3.10“® mm Hg. The 
substrates were held at 450°C which in most 
cases gave epitaxial films. Only one ( the thin- 
est) of the particular films in Fig. 1 was 
checked with the electron microscope and 
this film happened to be polycrystalline. All 
films were not checked because of the possi- 
bility of the electron beam coloring the 
substrates. 

Figure 2 shows the transmission of three of 
the films in Fig. 1 after they were oxidized. 
The sample numbers in Figs. 1 and 2 are the 





Fig. 2. Transmission spectra of samples I through 3 of 
F ig. 1 after oxidation. Sample 1 wa.s oxidized for 2 hr at 
S.^O^C in Oj at 2.10 ^mm Hg and Samples 2 and 3 were 
oxidized for 3 hr at 300°C in Oj at room pressure. 

same. The three samples show an absorption 
edge beginning at 3500 to 3800 A. The dif- 
ferences are probably due to variations in 
stoichiometry and imply that oxidized metal 
films can probably not be used to obtain 
accurate optical data for the metallic oxide. 
The technique of oxidizing Ni films had, how- 
ever, been used to obtain NiO optical data by 


several workers since better methods of 
producing sufficiently thin films were not 
available [28,3 1]. 

Figure 3 demons,trates a problem which 
occurred with the use of LiF substrates with 
electron beam gun evaporation and when 
sputtering onto LiF. The problem also occur- 
red to some extent with CaFj substrates. In 



Fig. 3. Transmission spectra showing color center absorp- 
tion encountered with LiF substrates when using electron 
beam evaporation. 

Samples 5 and 6 the substrates were held at 
550°C while the electron beam gun was 
directed onto the nickel source. In Sample 5 
nickel was evaporated at a slow rate for 
ten minutes in an oxygen atmosphere of 2. 10““ 
mm Hg whereas with Sample 6 the electron 
beam gun was operated in a vacuum of 3.10“® 
mm Hg at an intensity lower than that necess- 
ary to evaporate the nickel. In both cases the 
substrate surface was orange colored. By 
simultaneously depositing onto LiF, KCl, and 
glass, we determined that the coloring of the 
LiF was due to either A'-rays created when the 
beam hit the source or due to electrons 
scattered onto the substrate by the source. 
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The coloring was not apparent in BaFj and 
seemed to be considerably less in CaFs when 
using the electron beam in an oxygen atmos- 
phere. In depositing Ni in vacuum, CaF 2 was 
colored violet. The problem of color centers, 
which also existed when using the sputtering 
technique, makes it difficult to obtain u.v. opti- 
cal data without, at a minimum, making 
measurements of films grown on several dif- 
ferent substrate materials to separate out the 
effects of the color centers. 

Figure 4 shows the electron diffraction pat- 
tern of one thin film grown by electron 
beam evaporation. The Laue spots were com- 
pared with those of known NiO and Ni films 


and had the NiO spacing to within -6 per cent, 
which is considered to be within the error in 
determining the electron diffraction pattern 
spacing. For comparison, the ratio of NiO to 
Ni lattice spacings is 0-842. 

Figure 5 shows the results of transmission 
measurements made between successive 
evaporations onto the same CaFz substrate. 
The evaporations were made with the electron 
beam gun as previously described. The 
spectra show a sharp edge beginning between 
3750 and 3700 A which shifts with thickness 
due to interference. The two thinnest films 
showed small dips near 3800 A which could 
be due to the d level absorption seen at this 
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Fig. 4. Electron diffraction pattern of a film grown on CaFj by electron beam evaporation 
of Ni in an Oj atmosphere of 1 . 1 0“^ mm Hg. The evaporation time was eighteen minutes 
and the substrate temperature was 5.‘i0°C. 


[Facing page 2300] 





Fig. i 1 . Electron diffraction pattern of the film of Fig. 1 0. 
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wavelength in films grown on MgO by vapor 
deposition ([26] and Fig. 6). Unfortunately 
the interference fringes made it impossible to 
determine whether there was an absorption at 
3800 A in the thicker films. It should be noted 
that the films remained quite transparent at 
wavelengths greater than 4000 A as the film 
thickness was increased. Newman and 
Chrenko[26] have shown that the trans- 
parency of NiO at wavelengths greater than 
4000 A is associated with good stoichiometry. 
The only electron diffraction measurement 
made on the films was made after the last 
evaporation and showed sharp rings. 

Figure 6 compares the transmission spec- 
trum of a film grown on MgO by vapor deposi- 
tion with that of the thickest film of Fig. 5 and 
with a film grown on BaF 2 by electron beam 
evaporation in an oxygen atmosphere. Aside 



Fig. 6. Comparison of the transmission spectrum of a 
film grown on MgO by vapor deposition with that of 
the thickest film of Fig. 5 and with a film grown on BaFj 
(held at 550“C) by electron beam evaporation of Ni in an 
Oa atmosphere of 1 .10“^ mm Hg. 


from the intereference fringes in the films 
grown by electron beam evaporation the 
transmission spectra are quite similar. Films 
grown on MgO showed quite good Laue pat- 
terns. 

Figures 7-9 show the transmission spectra 
of one film of NiO on quartz and two on 



Fig. 7. Transmission spectrum of a film grown on quartz 
by electron beam evaporation of Ni in an Oj atmosphere 
of 1.10 * mm Hg. 

BaF 2 . The three films were all grown by elec- 
tron beam evaporation of Ni in an Oj atmos- 
phere. The films of Fig. 7 and 8 were grown 
using an alumina crucible to hold Ni pellets. 
In depositing the film of Fig. 9, the Ni pellets 
were held in a crucible formed from nickel 
plate to insure no contamination from any for- 
eign crucible material. The spectra of the 
three films are quite similar, all three showing 
an absorption edge near 3700 A, a plateau at 
about 2600 A, and a further increase in absorp- 
tion near 2300 A. 

Figure 10 shows the transmission spectrum 
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^ 

Fig. 8. Transmission spectrum of a film grown on BaFj 
by electron beam evaporation of Ni in an Oj atmosphere 
of i.lO"* mm Fig. 

of a film grown on CaF^ by sputtering Ni in a 
20% Oj, 80% A atmosphere. The absorption 
appears to be the same as that of the films in 
Figs. 7-9. Figure 1 1 shows the electron 
diffraction pattern of the sputtered film of Fig. 
10. The pattern shows Laue spots which have 
the spacing of NiO to within 6 per cent. 

Figure 12 shows the transmission spectrum 
of a film grown on quartz by sputtering Ni in a 
1 0% O 2 , 90% A atmosphere. 

Figure 13 shows the temperature shifts of 
the absorption edges of the films of Fig. 5 and 
12 at liquid nitrogen temperature. The thick- 
est of the films of Fig. 5 is shown. Room tem- 
perature scans of the film of Fig. 5 on CaFa 
were made before and after a scan at liquid 
nitrogen temperature. The room temperature 
scans agree to within about 15 A. Only one 
room temperature scan was made of the film 
on quartz. The following temperature co- 
efficients, which are necessarily very tenta- 
tive and approximate because no corrections 





Fig. 9. Transmission spectrum of a film grown on BaFj 
by electron beam evaporation of Ni in an Oj atmosphere 
of 1.10~'mm Fig. 

have been made for thermal strains caused 
by the substrate, were computed for the 
absorption edges; 

Film on quartz, = — 2-9.10“'‘ eV/^C 

Film on CaF^, ^ = - 4-2. 1 0“^ eV/°C 

The transmission measurements described 
above were made using the Cary 14 spectro- 
meter. 

Figure 14 shows the reflectivity spectra of a 
bulk NiO sample and a NiO film on MgO. The 
spectra were taken using the McPherson 
spectrometer described earlier. In addition 
to the peak near 3 100 A previously observed 
by Newman and Chrenko[26] the samples 
both show structure near 2000 A with a 
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Fig. 10. Transmission spectrum of a film grown on CaF, 
by sputtering of Ni in a 20%Oj. 80%/l atmosphere. 



Fig. 12. Transmission spectrum of a film grown on quartz 
by sputtering Ni in a 10% Oj. 90%A atmosphere. 



Fig. 13. Temperature shifts of the films in Figs. 5 and 12. 

change in slope near 2350 A. A Kramers 
Kronig analysis of the bulk reflectivity spec- 
trum yielded the absorption constant shown in 
Fig. 15. At wavelengths shorter than 1250 A 
the reflectivity in the Kramers Kronig analy- 
sis was extrapolated as RmaxiEmaJ E)^ where 
Rmax is the reflectivity at 1250 A, Umax tbe 
energy corresponding to 1250 A and E the 
energy. The absorption constant is shown for 
three values of P, P = 2, 3, and 4. At long 
wavelengths the reflectivity was assumed con- 
stant and equal to the value at 6000 A. 

The optical results discussed in this paper 
indicate that NiO films can be made by evap- 
orating nickel in an O 2 atmosphere or by 
sputtering nickel in an O^-A mixture. The 
transmission spectra of films grown by both 
the electron beam technique and by sputtering 
appear to be consistent with one another as 
well as with the spectra of films grown on 
MgO by vapor deposition. The film trans- 
mission spectra including the spectra of oxidi- 
zed nickel films indicate that the absorption 
of "NiO increases rapidly between 3700 A 
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(~3-3eV) and 2600 A(~ 4-8eV), levels off 
and then increases again near 2300 A (~ 5-4 
eV). The absorption constant derived from the 
measured reflectivity of bulk NiO supports the 
behavior of the absorption inferred from the 
transmission of the films. The optical behavior 
is consistent with either two nearby band 
transitions or a transition to an exciton state 
followed by a band transition at a higher 
energy. A possible interpretation is the transi- 
tion between the oxygen 2p levels and an 
exciton below the 4^ band followed by a 
transition to the 4 s band. Our results, how- 
ever, are certainly not conclusive as to the 
precise transitions involved. 
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Abstract — A dielectnc formalism is developed which is applicable to an electron gas with a surface. 
This formalism is then used to obtain a theory of static surface impurity screening. Expressions for 
the screening charge around the surface impurity are obtained and then numerically evaluated, it is 
found that there is considerably more structure to the surface impurity Eriedel oscillations than to 
those of a volume impurity. Furthermore, the screened surface impurity seems to be of longer range 
than a volume impurity. 

It is shown that this impurity theory is a reasonable model for ionic adsorption on metal surfaces. 
For ion-metal separations of the order of a Fermi wavelength, the classical image force arising from 
supposed surface polarization charge has no validity. One must consider volume polarization processes 
in which the unscreened impurity field penetrates into the imperfect conductor. Then it is shown why 
the image-force models have gtven reasonable numerical results in spite of the irrelevance of the 
model. 


1. INTRODUCTION 

Although the many-body theory of perfect, 
homogeneous, high-density electron gases 
has been quite well developed [1-4] theoret- 
ical ventures into the inhomogeneous electron 
gas, in which translation invariance does 
not exist, have been sparse. 

Perhaps the first treatment of a problem in 
which absolute, as well as relative, electron 
coordinates played a significant role was the 
linear static dielectric screening of a point 
impurity immersed in an electron gas with a 
smeared out positive background of charge 
presented by Langer and Vosko(.^]. Their 
work will be a fundamental building block 
in the present paper. 

An obvious extension of a theory of im- 
purities in electron gases was an attempt to 
apply many-body theory concepts in an 
extension of the theory of Thomas- Fermi 
atoms, with the hope of finally generating shell 
structure. It was thought that shell structure 


iPresenl address: Nalional Bureau of Standards, 
Washington, D.C. 20234, U.S.A. 


could be regarded as a large-scale manifesta- 
tion of the Friedel density oscillations seen 
around the ion core of a statically screened 
impurity in an electron gas. This problem has 
been investigated by BarafF and Borowitzfb] 
and by DuBois and Kivelson[7]. They found 
that a systematic utilization of density gradient 
expansion techniques was inadequate to 
conveniently describe electron gas effects 
caused by rapid density variations. 

Without a doubt, the most significant con- 
tributions to the theory of inhomogeneous 
electron gases have been those of Kohn, 
Flohenberg and Sham [8- 12]. Starting from a 
general theorem stating that all electron gas 
properties are related to the electron gas 
density by a unique, universal functional of the 
density, they present many examples of 
inhomogeneous electron gases in which this 
theorem is of use. Furthermore, computational 
methods are established for treating problems 
in which the density change is small over a 
distance comparable to a Fermi wavelength. 
The method involves expansions in powers 
and orders of density gradients. The rapid 



2308 


J. W. GADZUK 


convergence of such expansions can be 
guaranteed only for inhomogeneous electron 
gases in which the density variation is slow. 
For this reason, new techniques must be 
developed to treat problems in which the 
density change is significant over a Fermi 
wavelength, such as atoms, electron gases 
with periodic potentials, and surface effects. 

In the examples just cited, a rapid density 
variation occurs as a result of imposing a 
boundary condition on the noninteracting 
single-electron wave functions. Rapid density 
changes result as the electrons try to screen 
out the effects of the well-localized force 
providing the boundary condition. Essentially, 
diffraction effects arise. To the present 
author, this seems to be a fundamentally 
different phenomenon from the type treated 
by the “density as a basic variable theory," 
a fact well recognized by Kohn et al. The 
point is that the density gradient method is 
really based on Thomas-Fermi type of think- 
ing, in which the local density and potential 
are simply related. This is not the case in the 
inhomogeneous electron gas caused by a 
boundary condition. 

With this general introduction we can now 
proceed to the more specific problem of 
interest in this paper, the many-body effects 
in the surface region of an electron gas. This 
is one of the examples of the rapidly varying 
inhomogeneous electron gas which should 
be considered beyond the density gradient 
method. 

One of the more dramatic aspects of the 
surface problem is the recognition of collective 
oscillations of electrons in the surface region, 
surface plasma oscillations [12-14], In the 
surface region, the electron density changes 
rapidly from its interior value to zero in a 
distance of the order of a Fermi wavelength. 
The electrons in this region can be regarded 
as a sort of polarization charge. Since the 
average density of this charge is less than the 
interior density, it is reasonable to expect the 
surface plasma frequency to be less than the 
volume plasma frequency, as indeed it is. 


This problem has recently been considered 
by Fedders, who worked within the context 
of a linear response model [15]. 

In Section 2, a dielectric formalism is 
established, which enables problems related 
to the linear response of the surface electron 
gas to be handled with a bit more transparency 
than with the formalism of Fedders. By 
means of a new image technique, the response 
of an infinite electron gas is related to the 
response of a semi-infinite gas with a surface. 

A many-body effect of considerable interest 
is concerned with the static dielectric screen- 
ing of a massive charged particle in the surface 
region of an electron gas. This problem has 
been the subject of interest in some recent 
studies. Heine recognized the importance of 
ion screening in Auger processes at metal 
surfaces [16]. The author has presented a 
simple model of ionic adsorption at metal 
surfaces which displays the role of screening 
in adsorption [ 17]. Stern treated the case of an 
impurity polarizing a two-dimensional elec- 
tron gas, the model for an inversion layer at 
a surface 1 18]. 

Section 3 is devoted to a formalism for 
treating static impurity screening in the 
surface region of an electron gas. This work 
is the final form of reported preliminary 
studies [19]. In this section expressions and 
numerical results for screening charge den- 
sities are presented. Surface impurity effects 
exist over a considerably longer range than 
volume impurity effects. The relevance of 
these studies to ionic adsorption theories is 
indicated. 

2. DIELECTRIC FORMULATION WITH AN 

ARBITRARY NON INTERACTING ELECTRON 
BASIS 

The central rallying point of many-body 
effects can be considered to be the time- 
dependent linear response function of the 
electron gas to a driving force. This response 
function is usually presented in the form of a 
dielectric function, susceptibility or polariz- 
ability. Among the most lucid derivations of 
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the RPA dielectric function for a homo- 
geneous electron gas is the self-consistent 
field theory of Ehrenreich and Cohen (EC) 
[4], further elucidated by Brout and 
Carruthers [20], 

We present a general derivation of the RPA 
self consistent screening charge for an 
inhomogeneous electron gas, within which the 
originally noninteracting electron wave func- 
tions are expandable with a plane-wave basis. 
In the limit in which each wave function is the 
‘sum’ of only one plane wave, the homo- 
geneous case, the derived dielectric properties 
reduce to the ordinary RPA result. With the 
aid of a new image technique, the inhomo- 
geneous electron gas dielectric effects take on 
a simple form in the surface region also. 

It is important to realize that the derivation 
presented below is not a derivation for the 
surface region of an electron gas. It is a 
dielectric formalism applicable to an infinite 
electron gas in which the electron wave 
functions are sine waves. The dielectric 
formalism is applicable to a semi-infinite 
electron gas with a surface only after the image 
technique presented below is introduced. 

The motivation for the present approach is 
the following. As noted by Prange in work on 
Josephson tunneling [21], if one attempts to 
describe electrons confined to a semi-infinite 
half-space in terms of oscillating exponentials, 
then an unrealistically large number of high- 
energy components is required to achieve 
this spatial localization. If the phenomenon 
under study in the semi-infinite medium can 
be put into correspondence with some phenom- 
enon in an infinite medium, then the problem 
of localizing electrons to a half-space vanishes. 
The present approach is to evaluate the 
dielectric function for an infinite electron gas 
in which the electrons are de.scribed by sine 
waves. The correspondence between the 
infinite and the semi-infinite gas will then be 
established. 

T heoretica! considerations 

Following EC. we consider the Liouville 


equation describing the time evolution of the 
single particle density matrix 

( 1 ) 

The Hamiltonian for the system is written 

H = H,+ ViT,t) (2) 

with Ha = fC£+Fo(r) defining the complete 
set of noninteracting electron eigenfunctions 
which are plane wave expandable. The 
exact eigenfunctions satisfy 

= (3) 

with |i|/k) = ^ r k.u e *' ■■ = ^ I’t,k' |k'>, and F 
the coefficient matrix. The self-consistent 
potential V{rj) is determined by the applied 
field plus the possibly time-dependent induced 
screening charge. The operator p, represent- 
ing the single-particle density matrix is 
expanded as 

p=p„-fpi (4) 

so that 

Pokk) =/(»(£'k)|'/»k) (5) 

where yi) is the Fermi function. 

Considering that the noninteracting Liou- 
ville equation is 

[Ho,po] ( 6 ) 

and linearizing by neglecting the term [V (r,t) , 
p,] in the full commutator of equation (1), 
allows determination of the equation of motion 
for pi, the measure of departure from the 
equilibrium distribution. Substitution of 

equations (2), (4), and (6) in the linearized 
equation (1) yields 

i^=[Ho,p,]-F[F(r,t),po]. (7) 
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Taking matrix elements of ecjuation (7) 
between the time-independent states and 
and utilizing equations (3) and (5), 
we then obtain 

(71 

(l/'Jplj'l'k-lq) + (/liC^^k+q) —/oC^k) ) 

( 8 ) 


into equation (II) yields 

/f(r) = 2 («Akl«(x..p-r)|'/'k)('/'klP«l'/^’)- ^*2) 

k.k 

If we introduce a complete set of eigenfunc- 
tions of the position operator 

1 = J d'V|y>{y|. 

then equation (12) becomes 


In keeping with the sign convention of EC, = J d-ty ^ (i/;^ |y) 8(y — r) (yli/'k) 

the self-consistent potential is written 

(’i'JPil'/'k') (13) 

E(r./j = S C(q.f) e-“'^ 

“ with the transformation functions 


and is related to the charge density through 
Poisson's equation 


(y|«i'k) = S iVk-c'^ ^<«/^■|y) = 5 


1 * 0 
' k ,k" ^ 


-rk" } 


= — 4m'^n 


or, in momentum space. 


,,, , 47Te~ 

y(qj) = 

(9) 

with 


«(r) = 2 

(10) 


The expectation value of a single particle 
operator is given by 

<C) = Tr(pr.), 


Performing the y integration and using the 
transformation functions allows equation (13) 
to take the form 

«(r) = 2 I'k' k- l\.k" e ' <»/»klPiU>k )- 

k k' 

k'.k” 

If we call k’ = k-t-q and replace the sum on 
k' by a sum on q, then 

n(r) = S e 2 r^+.k-l^k- c ^ 

^ k.k” 

V ('/'k|p))'Ak+,). (14) 


where p is the density matrix, and Tr is the 
operation of taking the trace. In the present 
case we are interested in the density incre- 
ment operator with p = 8(x„p-r). The trace 
is written as the sum of diagonal elements of 
the matrix of the operator between the 
exact single-particle states Following 

this procedure, the density increment is 

”(>■) = ^ <'l'*.|S(Xop-r)p,|i//^,). 

Now inserting the exact eigenfunction 
representation of the unit operator 

1 = 2 I'/'kX'/'kl 


For equations (10) and (14) to be compatible, 
it is required that k" — k" -f q — 0. Thus the 
Fourier coefficient of the density increment is 

"(q) = gX^Hik" Xr-, («//k|p,|«/ik.q). (15) 


Returning to equation (8). if it is assumed 
that the time dependence of p, goes as 
P, ~ e"““' and if we define the excitation 
frequency 

£:(k-l-q)-£:(k) = w„(k). 

then 


('/'k|Pll«Ak-H,) 


_ /o(£k-k,)-/„(EJ 

10 + W(,(k} 

<«|/jF(r)li|/^^). (16) 
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The matrix element of the self-consistent 
potential is written 

k",k' ' 

(k'-ie-'i'-^lk”). (17) 

Since the plane wave matrix element is 
6(k'’— q' — k'") , equation (17) becomes 

(18) 

Combining equations (15), (16) and (18). 
and changing variables k" — * k' and k'*' k". 

we obtain 


rtg 


^ CO + OJq(k) 


S Tk+g.k' f'k.k’ -q 1 ^k' T k+q.k'+q' 1^( q^ ) 

k'k* 

q' 


(19) 


It is a straightforward procedure, as outlined 
by EC, to go from the charge density n, to 
the RPA dielectric function for a homo- 
geneous electron gas. The result is 


e(<7) = 1 +v(q) 2 B(q,k) 

k 

with 

(a + (x>Q\k) 

and finally 


e(q,0) = 1 




with a„ = the Bohr radius. In the present case 
in which the wavefunctions are superpositions 
of plane waves, the dielectric function obtained 
from equation (19) is given by the integral 
equation 

e(q) - 1 + viq) ^ B(q,k)K{k,q') (20) 

k,q' V H / 


with the kernel 

) ~ 2 r’’fcfq,k' rk.k'-»| rt,k" Tlt+q.ir+q' • 

, ( 21 ) 

This is a completely general result for the 
linear dielectric function of any electron gas, 
in which the noninteracting electron wave 
functions are expandable on a plane wave 
basis. If the kemal K = S,.,,-, then equation 
(20) would be the precise expression for the 
RPA dielectric function in a uniform electron 
gas. The utility of equation (20) depends upon 
the simplicity of the original noninteracting 
basis. Clearly, if the T matrix is complicated, 
requiring the superposition of many plane 
waves, then the resulting c, if calculable, will 
be very complicated. 

As has been constantly emphasized, the 
derivation, thus far, has no surface effects 
built into it, only the fact that the wave func- 
tions of the full infinite gas are sine waves. The 
fact that € (q, cu) in equation (20) is not 
necessarily spherically symmetric, that is, it 
depends on q and not just the magnitude of q, 
is a consequence of sine waves in the z direc- 
tion and running waves in the x and y direc- 
tions but is not a consequence of any surface 
effects, since the notion of a surface has yet 
to be introduced. 

3. SURFACE IMPURITY SCREENING 
(A) Theoretical considerations 

One of the more interesting and experi- 
mentally relevant examples of an inhomo- 
geneous electron gas occurs in the surface 
region of a metal. As is always the case in 
these kinds of problem, the destruction of 
translational invariance reduces the sym- 
metry of the problem to the point where any 
quantitative theory can be attempted on 
highly idealized models that accentuate only 
the most dominant features of the physical 
system. 

The problem of surface properties of elec- 
tron gases has always been handled within 
the context of the following model [15,19, 22]. 
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A potential well with a perfectly reflecting 
infinite surface barrier perpendicular to the 
z direction is assumed. This allows one to 
work with the following noninteracting wave 
functions: 


involving high-energy Fourier components. 

Goodman’s thinking is also applicable to the 
surface electron gas response or dielectric 
function when appropriate modifications are 
performed. It is well known from any text 


'Kr) = 



sin 


0 



'Kr) = 0. 2^0. 

In general, people like to think of decay- 
ing exponential wave functions for c 0. If, 
however, we consider the nodal plane z = 0 
as a mathematical surface somewhere outside 
the physical surface, then the charge density 
given by the equation (22) wave functions. 


J* . 


hig. 1. Model for describing the lattice response of a 
surface atom in terms of the response of an atom in an 
infinite lattice. 


n(i(r) = 




sin^ A,z d'k — I 


■’( 


sin ilPprcose} - (2F‘rrcos(>) cos iZPfrcosO) 


( IP I r cos H ) ' 


)) 


(23) 


is not significantly different from that obtained 
with detiaying exponentials and the physical 
surface at z = ^, f > 0. As Bardeen has 
suggested[22J.f - f' (1 A). 

To proceed, we wish an expression for the 
dielectric function of this model. Goodman 
has devised an image technique for describing 
the lattice dynamics of surface atoms [23 J. 
We shall now see how this approach can be 
modified to describe electronic surface prop- 
erties. Briefly, Goodman realizes that a 
surface atom in the semi-infinite lattice 
responds to a point impulsive displacement 
from its equilibrium position in a manner 
that can be related to the infinite lattice 
response. In Fig. 1 the situation is illustrated. 
The response of the semi-infinite lattice to 
an initial surface atom displacement is exactly 
the same as the response of the infinite 
lattice to an equivalent displacement of two 
atoms on either side of the mathematical 
surface such that initially there is no net force 
across the surface plane. Clearly, it is much 
easier to calculate response functions for the 
infinite lattice, since one does not get into the 
problems of complicated Fourier transforms 


on electromagnetism that the effects of a 
particular boundary condition in a dielectric 
or conducting medium can be reproduced by 
suitably choosing a finite number of discrete 
image charges that serve as sources producing 
the field required to satisfy the boundary 
condition [24], In the present case of static 
dielectric screening of an impurity, in analogy 
with Goodman’s lattice response theory, 
the relevant boundary condition to be satisfied 
is that at the plane z = 0, the normal component' 
of the bare impurity electric field vanishes. 
This boundary condition can be satisfied by 
imaging the bare impurity potential as de- 
picted in Fig. 2. As we shall see, for a pure 
metal or electron gas in which there is specular 
reflection of electrons at the surface, the re- 
sponse ot a semi-infinite electron gas to some 
static perturbation a distance z' into the gas 
is exactly that of an infinite gas with the imaged 
perturbations such that no electric field lines 
cross the mathematical surface[25). This 
sort of imaging in electron gas surface effects 
has also been used by Ritchie and Marusak 
when calculating surface plasmon dispersion 
relations [26]. By considering Fig. 3, a physical 
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Fig. 2. Model for describing the dielectric response of an 
electron gas with a surface in terms of the response of an 
infinite gas. 


METAL 




IMAGE PLANE 



Fig. 3. Schematic diagrams showing the analogy between 
electrons scattering from an impurity in the surface 
region of a specularly reflecting surface and electrons 
scattering from imaged impurity potentials in the infinite 
electron gas. 


picture of the image method can be seen. The 
surface problem, as shown on the left-hand 
side, involves electron scattering from the 
impurity, and then specular reflection at the 
surface. By using an imaged potential and an 
infinite sine-wave electron gas, the electron 
behavior in one of the half spaces has the same 
physical properties as a half-infinite electron 
gas with a specularly reflecting surface, as is 
seen in the right-hand side of Fig. 3. 

The beauty of the infinite gas with a nodal 
plane at z = 0, as shown on the right-hand side 
of Fig. 2 is that the sine-wave functions 


which are valid for all space, are easily built 
up from two plane waves. The F coefficients 
needed in equation (2 1 ) take the simple form 

^ k+q,k~ etc. 

(25) 

As usual, the subscript T signifies vector 
momentum transverse to the surface. It is 
important to realize that Kronecker delta 
functions are used and always implied here- 
after, since at times we pass to the Dirac 
delta function limit without comment. 

The major aim of the present study is to 
obtain expressions for the screening charge 
around a static impurity placed at z — 0. 
A consequence of the imaging technique is 
that the response of the semi-infinite gas 
to an impurity at z = 0 is exactly the same as 
the response of the infinite sinewave electron 
gas to an impurity at z = 0. 

This problem should be of great interest for 
various rea.sons. First, it is of intrinsic interest 
in the general theory of inhomogeneous 
electron gases. A more practical and funda- 
mental reason is that this model system is 
precisely a model for ionic adsorption on 
metal surfaces. The role of ion screening in 
the surface region has only recently been 
gaining recognition. An attempt to describe 
this phenomenon quantitatively is given 
here. Previous adsorption theories have 
treated the metal or electron gas in a very 
phenomenological sense. It has been assumed 
that the ion-metal interaction would have 
basically the same functional form as a 
classical image force, even at short distances 
where field penetration and bulk screening 
occurl27]. It will be seen why these theories 
have been so successful, in spite of their lack 
of rigor in treating the metal or electron gas. 

The screening charge around the impurity 
is given by the inversion of equation (19), 


lAk(r) = sin ^iZ (24) 


8n(r) 2 


/ 


d‘*g 

(27r)-^"''^'"' 


(26) 
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with the factor of two entering because the 
normalization of the infinite sine wave gas 
is twice that of the semi-infinite gas. In equa- 
tion (14), the self-consistent potential is 


y{q') 


4TTe‘^ _ v(q') 
€iq'} 


(27) 


with e(q) given by equation (20). Heine has 
suggested that the usual RPA dielectric func- 
tion is probably the leading order term in an 
expansion of the true surface dielectric 
function [16] which is related to e(q) given 
by equation (20). Due to the extreme difficulty 
in solving the integral equation, equation 
(20) we will take /C = 8^ g. in this first study of 
surface polarization effects with the hope 
and belief that this is a reasonable initial 
approximation. 

Using the I' coefficients of the form given by 
equation (25) and performing the k' and k" 
sums of equation (19) yields: 


with 0 < ^ < Pf- As an approximation 
C viPf is a reasonable average of the value 
of k,. Using the standard RPA expression 
relating B and e, and the mean v&lue theorem 
result, equation (29) becomes 




— ( Viqr, -h qj + I^(q7-- — 2^^ — q^))] 


X 


iM. 

i’(q) 


1 . 


Thus equation (26) takes the form 


8n(r) 


i 

2] (27r)n 


e(q) 


Hq) 

X(Vi q,. q; ) + U ( q,.. ~q,)) 
e(q) 


1 e " 


_1 f d-‘q /e 

2} {27Ty'\v 




1 e'''MU(qT.2C- + q,) 


k if 

~ ^ ‘5g, 2k,+<|, 

8 )(l~8g„ )}. (28) 

We can take ] — 8,,, I because this delta 
function says to omit one non-singular point 
when summing over momentum space. Per- 
forming the q' sum in equation (28) yields 


-t- P(qr,-2^.-q,)). (30) 

I'he first integral, upon substituting — q. -> q^ 
in V and in the exponential, a valid step 
since all other functions in the integrand are 
even in q, and using equation (27) for V. gives 



(e'v--' 


"q - ^ ---4’ {y(qT,q,) + f'fqr.-q.-) 

- y(qr,-2k,-q,) - Viq^, 2k, + q,) }. (29) 


Since the system is invariant with respect to 
reflection in the z = 0 plane, letting -z z 
in the second exponential yields 


If we now use a form of the mean value 
theorem [29] in a manner similar to that of 
Wiser [30] for doing inhomogeneous electron 
gas problems, we can take 

2k,-i-q,) = Viqr, 

k ^ 

v g(q k) 

4 4 


Suifr) 



SuLvfr) 

(31) 


the result first obtained by Langer and Vosko 
[5]. Going through a similar procedure for the 
second integral of equation (30) in which first 
we transform -2( - q, ^ q,, and 2^ + q, ^ q,, 
and then invoke reflection symmetry, yields 
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This is just the Langer and Vosko result 
modified by the presence of the surface charge 
density variations. The resulting charge- 
density configuration has the form of a 
screened impurity with Friedel oscillations 
and superimposed surface-density variations 
and oscillations. This is not an unreasonable 
result and incidentally is the sort of result 
Kohn and Sham contemplated in problems of 
impurity screening' in inhomogeneous electron 
gases [9, 10]. It is also interesting to note that 
this result is the same as that one obtained by 
the writer in a much more involved Green's 
function approach [31]. 

In the next section, numerical results are 
presented and discussed, and experimental 
suggestions made. 


Fig. 4. Surface impurity screening charge density, r, = L5. 



Fig. 5 Surface impurity screening charge density, r, == .3-0. 


(B) Numerical results and discussion 

Equation (33) has been evaluated numeri- 
cally for several different electron gas den- 
sities along various radial lines emanating 
from the impurity. The results are displayed 
graphically in Figs. 4-6, for values of r^ — 1-5, 
3 and 4-5. 

Much can be said about these results of 
screening charge as a function of vector 
position from the impurity. We should first 
observe that these results are quite under- 
standable. At r = 0, for any 6, the initial 
charge density is zero, because of the infinite 
barrier. Thus in the linearized model, there 
will be no polarization charge where initially 
there was no charge. As the weakly screened 



Fig. 6. Surface impurity screening charge density, r, = 4-5. 
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field penetrates into the gas. polarization 
charge builds up as the unperturbed electron 
density increases. Farther into the electron 
gas past the point where the maximum screen- 
ing charge density is seen, the screening 
becomes more effective and the polarization 
charge density decreases. Long-range Friedel 
oscillations, plotted on an expanded scale 
in the insets, are also present, although their 
structure is more complicated than volume 
impurity oscillations. This results from the 
fact that we are considering a phenomenon 
involving interferences between two diffrac- 
tion patterns of different symmetries, that of 
the surface and that of the impurity. For a 
quantitative comparison with volume effects, 
the results obtained by Langer and Vosko for 
an impurity in a homogeneous electron gas 
of density r, = 3 are also plotted in Fig. 5. It 
can be seen that the surface impurity screen- 
ing is of a somewhat longer range than the 
volume impurity screening, as it must be. In 
the surface problem, the low-density region 
cannot provide enough electronic charge to 
do much screening. Hence the screening 
charge is less than in the volume case. To 
make up for this deficiency, as the relatively 
unscreened surface impurity field penetrates 
the metal, it must induce a larger long-range 
polarization charge than in the volume case, 
in order that the impurity be totally screened 
at large distances. Consequently, the surface 
impurity charge-density curves cross over 
the volume curves. 

As we have mentioned, the structure of the 
oscillatory curves is more complicated for the 
surface impurity, at least in the intermediate 
region 4 «£; rPf^ 1 0, where chaotic things are 
happening. As this chaos settles down, the 
longer range Friedel oscillations, say for rPf 
> 10, become well-behaved in the sense of 
volume oscillations. Still there are longer 
range effects for the surface impurity than the 
volume impurity, as suggested in the pre- 
liminary theory of surface impurities [ 1 9J. This 
observation could be of experimental interest 
for a number of reasons. First, standard 


magnetic resonance and Knight shift experi- 
ments are measuring effects occurring within 
the skin depth of metals. Since the conduction- 
band electron polarization around ion cores or 
impurities in the outer skin is different from 
that in the bulk, measurable events such as 
impurity-impurity interactions may be 
different than those inferred from standard 
theories using the customary expression for 
long-range polarization charge density. 
Second, the existence of different surface 
polarization properties from those in the bulk 
should offer encouragement for devising new 
resonance-type surface experiments to re- 
place the rather dreary assemblage of present 
experiments. It should also be noted that in 
the case of an adsorbed partial monolayer, a 
distribution of surface impurities, there may 
be significant impurity-impurity interactions 
caused by the intermediary of the polarizable 
electron gas. Put another way, the long- 
range surface Friedel oscillations, for large 
angles, of one impurity may interact with the 
oscillations from a nearby impurity, thereby 
giving rise to an effective interaction that 
could not be intuited without considering 
the many-body screening effects. We see that 
the problem is much more subtle than would 
be guessed from the various oversimplified 
existing theories. 

Returning to the numerical results, a few 
more comments are in order. As anticipated, ~ 
we see that the screening charge increases 
more slowly as the transverse component of 
the radial line increases, since the unperturbed 
electron density doing the screening increases 
more slowly. 

We also can observe the following structure 
in all curves. A maximum in the screening 
charge density is seen at rPp - M and a 
minimum in charge density at rPf ~ 3, 
corresponding to the first Friedel oscillation. 
The amount of screening charge in the first 
lobe decreases, however, as the electron gas 
density decreases. This means that in the 
lower density gas, more of the screening, 
anff thus induced charge, appears farther into 
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the metal. For this reason, the classical image 
charge is not applicable to honestly describ- 
ing surface impurity effects because the 
screening charge exists in the metal and not 
on the surface. This is a manifestation of the 
fact that the electron gas or real metal is not 
a perfect conductor, as must be assumed if 
the concept of an image charge is to contain 
any real meaning. In the case of a perfect 
conductor, r, = 0. The total screening charge 
will appear within the first lobe with a maxi- 
mum at rPp ~ 1-1. But since Pp = 3-64/rg, 
lim r — rg—* 0. Hence the screening charge 

appears either at the impurity site with r = 0 
or in the ff = 90° curve, in either case at z = 0. 
This is, then, a true surface polarization charge 
that is a consequence of the necessary condi- 
tions for having a perfect conductor. As the 
density is decreased to real metal densities, 
screening effects and their consequences 
must be considered from the volume polariza- 
tion point of view. The fortuitous success 
that some, including the present author, 
have had in using the image force and surface 
polarization concepts absolutely does not 
mean that the approach is rigorously correct. 

We may apply the present results to existing 
theories of ionic adsorption in the following 
manner. Essentially one is interested in the 
dipole moment formed by the point ion core 
or impurity and the resulting polarization 
charge, since the change in electron work 
function is given by = Itto-Mh, where cr 
is the density of dipoles, and M„ is the dipole 
strength. As the author has stated in his 
paper on atom-metal interaction theory [271. 
the dipole strength is M„ — g(s-h^(s)}, with 
q the ion charge, s the ion-surface separation, 
which could be taken to be the ionic radius, 
and “^(s) is some effective location for the 
polarization charge of the positive ion core 
and has a numerical value greater than .v 
for small s." We should point out that assign- 
ing the value of the ionic radius for s must be 
taken somewhat with a grain of salt. Since 
this seems to be a convenient way of para- 


meterizing the size of the adsorbate, however, 
the idea is introduced. 

We can obtain a value for ^(s) from the 
calculated screening charge densities as 
follows. Calculations of the dipole component 
of the polarization charge distribution 

^ 0 = q(z) = J z8n(r) r^drdfl 

have shown that a reasonable representation 
of the calculation for real metal densities [3 2], 
is given by 

<z) - M6//>,. = 0-32r,A. 

Thus it is apparent that the strength of the 
effective dipole moment of an ion on a real 
metal surface is quite dependent upon the 
substrate properties, the free electron 
density. This observation has not previously 
been quantified and, with only a few excep- 
tions, has not even been qualitatively 
recognized. To apply these ideas in real 
calculations, one must obtain the density of 
.v-like and p-\iV.e conduction-band electrons, 
those electrons that participate in the screen- 
ing. If one is dealing with noble or transition 
metals in which there is great hybridization 
between the free electronlike a- and p bands 
and the tight-binding d bands, one must not 
include the electi on densities coming from the 
d bands, since the electrons do not contribute 
much to the true screening charge density. 

In a typical system of experimental interest 
such as cesium on tungsten, sample parameters 
for theoretical calculations might be s = n 
= 1-3A and 2 < r, < 3. With this choice 
of fundamental atomic and metallic para- 
meters, the true dipole length or atom-metal 
separation would be 

(r,4-0-32r,) - 2A. (34) 

This is in accord with work-function data. 
The point to be made here is that in the 
author's other calculations [27], it had to be 
assumed that the dipole length was at least 
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4 A or Ihe atom-metal separation at least 
2 A in order to obtain meaningful results. 
This separation is. however, quite a bit 
greater than 1-3 A, which must be used in an 
image-force picture. Now we see why the 
assumed 2 A separation is the correct value, 
and not the 1-3 A value that is required in a 
classical image-force model. The general rule 
is this: If the ion-metal separation becomes as 
small as a Fermi wavelength, then the average 
position of the screening charge will be deeper 
into the metal than the ion-metal separation. 
In this case, perfect conductor image forces 
have tittle quantitative significance. By using 
the simple approximate relation given by 
equation (34), we imagine that more realistic 
data correlation with relevant properties of 
both the ion and metal systems will be 
possible. 

We should note that the implicit assumption 
has been made that the screening of an 
impurity that is a distance r, from the real 
surface is basically the same as the screening 
of an impurity upon the mathematical surface 
of the infinite square well. This is a reasonable 
first approximation for several reasons. As 
we have noted, the charge density at c = 0 
of the model calculation is quite similar to the 
charge density a finite distance of the order of 
1 A outside the surface of a real metal. 
Furthermore, in a convergent series expansion 
of the true screening charge around an 
impurity a finite distance from the mathe- 
matical surface, the leading term in the ex- 
pansion will be that term given by equation 
(33) and drawn in Figs. 4-6, Work has been 
completed to calculate the higher order 
corrections and to obtain more accurate 
expressions for the dipole moment of an 
ionic impurity as a function of distance 
from the surface than those given by equation 
(34), Equation (34) should be a reasonable 
first approximation, however, These results 
will be published elsewhere [32], 

We also feel that these considerations will 
peiwit an understanding of zero coverage 
work function and desorption energy studies 


as a function of crystallographic face. Con- 
sider the dipole moment versus impurity 
position from the surface. At large distances 
where the classical image force is valid, the 
dipole varies linearly with the distance z 
from the surface. As the impurity is brought 
closer to the surface so that volume polariza- 
tion occurs, the image dipole picture breaks 
down. The image picture predicts zero dipole 
length at z = 0, whereas the volume polariza- 
tion picture indicates that M„(z — 0)/g ~ 
0-32r, « 1 A. As the impurity is removed from 
the surface, the M,, curve eventually merges 
with the image dipole. Further quantitative 
studte.s of this effect have also been reported 
[321. 

One final point to be made is concerned with 
the general trend of work -function changes 
with .V and p electron densities. From equation 
(34), it would appear that the work-function 
change would be greatest for an ion adsorbed 
on a metal with the lowest electron density 
(r, largest). But another competing trend 
must be reckoned with. In general, the bare 
work function of a metal decreases with 
decreasing electron density. Thu.s the position 
of the shifted broadened atomic level will 
overlap' more of the occupied portion of the 
conduction band. Consequently, the atom- 
metal bond will become more metallic and 
thus less ionic in character [27], In this case 
the effective charge on the adsorbate is re- 
duced and the actual dipole moment Afy 
= {z}} will decrease[33]. 

There are thus two competing trends. As 
the electron density is decreased, (z) increases 
but decreases. Hence there exists an 
optimal electron gas density for the greatest 
work-function change, with a particular 
adsorbate used to specify the value of rj. 
Put another way, it may be that cesium would 
produce the greatest work-function change 
in one metal, whereas potassium would 
produce the greatest change in some other 
metal, solely as a result of the different 
electron gas densities in the two metals. 

We hope that considerations along the lines 



THEORY OF DIELECTRIC SCREENING OF AN IMPURITY 


2319 


outlined here will be given by workers doing 
numerical calculations of electronic surface 
properties, for it seems that if such con- 
siderations are not given, there can be little 
reason to expect a correspondence between 
what is calculated and what is occurring in 
physical reality. 
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TECHNICAL NOTES 


The effect of pressure on the isomer shift of 
s7pe(^^Co) as an impurity in ZnSe, ZnTe 
and CdTe* 

(Received 3 1 January 1 969 ; in revised form 24 M arch 
1969) 

Mossbauer resonance in ®^Fe has proved to 
be a useful tool for studying the effect of 
pressure on chemical bonding in insulators 
[1-3] and on the band structure of transition 
metals [4, 5]. The isomer shift measures the 
5 electron density at the nucleus; however, 
since the 3s orbitals are significantly shielded 
from the nucleus by the 3d electrons, one can 
infer changes in energy or radial distribution 
of the 3d orbitals from changes in the isomer 
shift with pressure. 

In this paper we show the effect of pressure 
on the i.somer shift for (introduced as 
•''^Co) as an impurity in ZnSe, ZnTe, and 
CdTe. All three compounds have the zinc- 
blende structure at one atmosphere. Previous 
high pressure studies [6] have shown that 
ZnSe and ZnTe have first order phase transi- 
tions at about 165 and 135kbar. The high 
pressure phase apparently has the NaCl 
structure [7] and is metallic or semimetallic 
[8]. CdTe has first order phase transitions at 
about 30k.bar and 100kbar[6]. The phase at 
30 kbar is NaCl [9, 10] and is semiconducting, 
while the high pressure phase is the diatomic 
analog of white tin [ 1 1 ] and is metallic [7], 

The materials used in this work were those 
used in the electrical work (6, 7] or were 
reagent grade obtained from Pfaltz and Bauer. 
C 0 CI 2 was thermally diffused into the lattices 
at a temperature of 800°C. The maximum 

•This work was supported in pari by the United States 
Atomic Energy Commission. 


concentration was 10“®, and, in the case of 
CdTe it was very considerably less. The high 
pressure Mossbauer resonance techniques 
have been described elsewhere [12], Figure 1 
shows a typical spectrum for ZnTe at 90 kbar. 
The spectra were computer fit with Lorentzian 
peaks. 



The results are shown in Fig. 2. The arrows 
represent the locations of the first order phase 
transitions observed electrically. (All isomer 
shifts are shown relative to metallic iron at 
one atmosphere.) The first point to be noted 
is that the atmospheric pressure isomer shifts 
are in the range 0-6-0-8 mm/sec. These are 
very close to the values observed for FeSe 
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°'“o 50 ioo iso MO 

Pressure, kbar 

hig. 2. Isomer shift vs. pressure — ZnSe, ZnTe and 
CdTe. 

and FeTe[13], rather than near the typical 
ionic ferrous (1 -2-] -4 mm/sec) or ferric 
(0-3-0-4 mm/sec) values. In the tellurides 
there wa.s no sign of quadrupole .splitting, but 
in ZnSe the peak was broadened sufficiently 
to imply a quadrupole splitting of about 0-75 
mm/sec. which did not change significantly 
with pressure. 

For ZnSe there is perhaps a slight increase 
in isomer shift (decrease in electron density 
at the nucleus) with increasing pressure in 
the zincblende phase. At the transition 
(165 kbar) there is a modest but distinct 
decrease in isomer shift, followed by a rise in 
the high pressure phase. ZnTe shows a .small 
decrease in isomer shift with increasing 
pressure in the zincblende phase, and a small 
but measurable decrease at the transition 
(I35k/bar). The CdTe isomer shift exhibits 
a distinct decrease at low pressure, probably 
associated with the 30 kbar transition. There 
appeared to be no effect associated with the 
100 kbar transition, but with the very high 
dilution of and the intense scattering by 
the heavy nuclei, a small change could easily 
be missed. 

The most important feature of the results 
is the relatively small change in isomer shift 
at the phase transitions. Since the transitions 


in ZnSe and ZnTe and the 100 kbar transition 
in CdTe involve not only a change in symmetry 
and coordination number, but also a semi- 
conductor-to-metal transition with a change 
of resistivity of several orders of magnitude, 
there must be drastic modifications of band 
structure in the host. Y et the change electron 
density at the nucleus at the transition 
is much smaller than the change in electron 
density with compression observed in a typical 
ionic compound over a 50 kbar range[2]. 
The ®^Fe orbitals must be strictly localized 
so that there is little change in 4.v occupation 
or in radial extent of the 3c/ orbitals, even 
though the surrounding atoms undergo a 
drastic rearrangement. 
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j.Phys.chem. Solids Voi- 30, pp. 2323-2325. equation (1) may be eliminated between 

successive fringes occurring at Xi, to give 


Dispersion effects in interference methods for 
the measurement of refractive index 


(Received 1 2 December 1 968; in revised form 
24 March 1969) 


1 XiXa 
2/ ( X] Xa ) 


( 2 ) 


where n* is the apparent index for the region 
X, > X > Xa and is close to the true index 
when the dispersion is small. For dispersive 
media we write 


The wavelengths of transmission (or 
reflection) maxima and minima for a thin 
transparent crystal plate are given by [l] 

4nl = mX ( 1 ) 

where n is the index of refraction at wave- 
length X, / the crystal thickness and m the 
order of interference, odd for minima and even 
for maxima. The spectral variation of refrac- 
tive index may be determined using this 
equation if the order m can be found. This is 
usually done by preparing a specimen a few 
wavelengths thick which shows only one, 
or a few interference fringes in a very wide 
wavelength range so that unambiguous 
values of m can be assigned to the fringes. The 
approximate values of n obtained in this way 
are used to assign order numbers in succes- 
sively thicker crystals whose thickness can 
be measured with increasing accuracy. This 
procedure is difficult to carry out and may be 
suspect since equation (1) fails for thin 
crystals with large dispersion [1]. The experi- 
mental difficulties include the preparation 
of thin specimens of adequate surface area 
or, in micro-transmission measurements 
f 1 , 2] on very small crystals, the problems 
involved in recording fringes over a suitably 
wide wavelength range. 

Fortunately, it is possible to deduce the 
spectral variation of refractive index from 
measurements on the spacing of interference 
fringes in a limited wavelength range, usually 
near an absorption edge. For instance, if the 
dispersion is low. the order m appearing in 


4^1 1 = mXi 

An^t = 4(n, -|-An) t = (/« -f 2) (Xi — AX) 

= {m + 2)ki 

for two successive fringes to show that n* 
exceeds n, by X, (An/AX). For closely spaced 
fringes, 

* V d/j 

The apparent index n* is larger than the true 
index n since d«/dX is negative on the long 
wave side of an electronic absorption edge. 
The true index for a specimen of convenient 
thickness may be derived from measurements 
of the apparent index in a limited wavelength 
range by integrating (3), to read 

(nv')„ = n* di-' (4) 

where v' is the wave number and a the wave- 
number at which n is to be determined. 
Equation (3) shows that, if the refractive index 
varies linearly with wavelength in a small 
region of the spectrum {n = a + b\ + . . .), 
this will not affect the value of n*. We should 
therefore add a constant (b) to the right hand 
side of equation (4) to allow for this. The 
constant will be equal to zero for the usual 
case of dispersion on the long wave side of 
an electronic absorption edge and has only 
been shown to have a non-zero value in one 
particular case [3] when electronic, free- 
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Fig. 1 . The spectral variations of the ordinary refractive index (n) and the bire- 
fringence (A) for single crystals of Pbl^ and Cdl^. 


carrier and restrahl contributions to the 
refractive index combined to produce a linear 
term over a small region of the spectrum. 

Measurements of the spectral variation of 
n* for single crystals of Pbla and Cdl-j were 
reported in a previous paper! IJ. In both cases, 
the measurements could be represented by :- 


where and A are constant for a particular 
material. Using (4) and (5) we can calculate 
values of the true index n from 

{nv^)a=[Wy+AY^E{e.ii>) ( 6 ) 

where E (6*. <}») is an elliptic integral of the 
second kind, fully tabulated in reference|4] 
and 

^ ^ i't)' ^ ■ 

The spectral variations of the ordinary 
refractive index (/lo) for PbJz and Cdiz have 
been calculated using (6) and the values of A , 


reported previously [1]. These results are 
shown in Fig. I with values of the birefringence 
A calculated from measurements on inter- 
ference figures [1]. Values of n* and n are 
similar for Cdl^ over most of the visible region 
(n - 2-4, n* 2-7 at 5500 A) but are very 
different for Pbiz near the absorption edge 
(n — 3-1, n* — 6 at 5500 A) where dn/dA. is 
comparable to niK. At long wavelengths 
n* becomes equal to n since dn/dA is small at 
wavelengths far from the intrinsic absorption 
edge. 

It is useful to compare values of n obtained 
by an interference method with values of n 
obtained using the microscope or transmission 
methods or from the reflectivity, R = (« — 1/ 
n-F 1)% in a non-absorbing region. This type 
of comparison also provides additional 
evidence for the absence of a linear variation 
of index with wavelength. Reflectivity 
measurements on freshly cleaved faces of 
Pbiz and CdU crystals (at wavelengths where 
there is sufficient absorption to eliminate 
spurious reflections from the back face of a 
specimen) give values of n that agree with 
those of Fig. 1 within the experimental errors 
of 10 and 5 per cent respectively. The values 
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of n calculated for Pblj and shown in Fig. 1 
show excellent agreement with values obtained 
by the traditional method [5]. 
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On the nature of the magnetic inclusions 
in EuFj 


(Received \1 March 1969) 

Among the significant results revealed by 
previous chemical and magnetic studies on 
EuFz were the characterization of the pure 
material as a paramagnet down to 1-6°K and 
the fact that magnetically ordered inclusions 
were observed in other single crystal speci- 
mens. This latter phenomenon initially led to 
the erroneous conclusion that EuFj ordered 
antiferromagnetically [1]. Subsequent work by 
Lee et al.[2], showed the ordering to be a 
result of an impurity phase of hexagon-shaped 
platelets precipitated throughout the EuF 2 
matrix. From electron spin resonance experi- 
ments they characterized the platelets as 
simple uniaxial antiferromagnets with an 
ordering temperature of about 19°K. Further, 
based on rather indirect evidence, they 
assumed it to be a divalent europium oxy- 


fluoride despite the fact that mass spectro- 
graphic analysis failed to detect the presence 
of oxygen in concentrations greater than 
100 ppm. Thus, the question remained 
unanswered as to What is the composition 
and the source of the magnetically ordered 
precipitate. This note presents direct evidence 
showing it to be a europium sulfide, with the 
probable composition of EuS. 

Recently we studied the conditions under 
which pure single crystals of EuF 2 can be 
grown and could find no relationship between 
the formation of the platelet precipitate and 
the water vapor or oxygen content of the 
growth atmosphere. Thus, it was unlikely to 
be an oxyfluoride. Further, electron micro- 
probe analysis of the individual platelets 
showed them to contain sulfur rather than 
oxygen. More detailed microprobe studies, 
using an Applied Research Laboratory 
EMX-SM instrument, were then made on a 
number of other crystals containing the 
precipitate; these results will now be discussed 

The EuF 2 samples containing the inclusions 
were polished with 0-1 /i diamond paste 
using regular metallographic techniques. 
A large number of the platelets were oriented 
parallel to the (111) plane of the host crystal. 
By careful polishing at a slight angle to the 
(111) face it was, therefore, possible to expose 
an adequate area of the platelet for micro- 
scopic examination. It was quite easy, by 
using dark field illumination, to detect the 
surface-exposed inclusions. Since EuF 2 is a 
highly insulating crystal, it was necessary to 
coat the specimen with a thin conducting 
layer to prevent a surface charge from 
forming. Both carbon and gold layers were 
used, the latter being necessary to analyze 
for carbon and oxygen. 

The results of a qualitative analysis of a 
number of inclusions showed europium and 
sulfur as the major constituents. Oxygen was 
not detected <5 wt. % and fluoride not detec- 
ted < 1 wt. %. Figure 1 is a photomicrograph 
of a typical hexagon-shaped inclusion which 
has been surface-exposed by polishing. 
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Figure 2 shows a scanning X-ray of the sulfur 
Ka output of the same inclusion. It is ob- 
viously a sulfur-rich phase. Similar micro- 
graphs (not shown) of the fluorine K„ output 
showed the area of the inclusion to be free 
of fluorine as contrasted to the high fluoride 
content of the matrix. A scan of the europium 
Mfi output showed the Eu concentration to 
be about equal in both the inclusions and the 
host EuFa crystal. Since the europium content 
in EuFa and EuS differs by only 2-6 wt. % it 
is unlikely a difference could be observed. 
A further characterization of the inclusion 
phase was made by using the well-known 
shift, of the sulfur A.',, wavelength with its 
oxidation state [3]. A comparison between the 
unknown inclusions and standard sulfur- 
containing compounds, i.e. Kj.SOj for (S**^) 
and F'uS for (S'^ ) was made. No shift was 
detected between the unknown and the EuS, 
but between it and K;jSO, a shift of *-() ()03 A 
was observed. Since the reproducibility of the 
spectrometer is 0 ()005 A, this observed shift 
is a real effect and suggests the sulfur is 
present in the inclusion phase as a sulfide 
(8“'"). When the X-ray counts for the euro- 
pium Mq and the sulfur A'„ for pure EuS 
were compared with the unknown, the 
following results were obtained: 


Table 1 



EuAT^ 


EuJW„ 



count ratio 

SA,. 

standard EuS 

S4).'5 

lOSJS 

0-777 

Inclusion 

7982 

10.327 

0-773 


The counts were for 25 sec and represent 
the average of several determinations. In 
this study a primary electron energy of 5 kV 
was used in order to restrict the X-ray 
emitting depth to the size of the inclusion. 
This condition was established by the absence 
of fluorine Ka X-radiation. It should be pointed 


out that in addition to analyzing our own 
crystals, Lee kindly supplied us with the 
crystals on which the original resonance data 
were taken. Identical results were obtained 
in both cases. 

In addition to the electron microprobe 
results which suggest that the inclusions are 
EuS, the magnetic data of Lee et al.[2], is 
also consistent with this conclusion. The 
transition temperature of about 19”K, which 
they call Neel point since they assume anti- 
ferromagnetic order, fits well with the 15*6°K 
for the Curie temperature of ferromagnetic 
EuS [4]. The resonance they report can also 
be interpreted to show that the inclusions are 
ferromagnets. First, the ferromagnetic reson- 
ance (FMR) relation (w/y)"’ — 47rA/j' • //o 
(in the plane of the thin platelet and with 
4 7 tM= 13,500 for EuS) gives a good fit 
for the reported re.sonance field vs. tempera- 
ture data (for H„\\< 1 1 1 >). Second, the report- 
ed frequency dependence of //(, is not in good 
agreement with the AFMR relation suggested 
by Lee er uL, but does agree with the above 
FMR equation. Finally, the observed multiple 
resonances in the (III) plane are also con- 
sistent with FMR resonances in EuS platelets 
oriented with their planes 1 to the < 1 1 1 > 
direction. Thus, there is no disagreement 
between the resonance data of Lee el al.[2], 
and our own conclusions that the inclusions 
are ferromagnetic EuS. 

As to the source of the sulfide in our 
crystals, we are certain that the graphite 
susceptor and the powdered carbon insulation 
used in our RF furnace contained sulfur as an 
impurity. When the carbon insulation and 
susceptor were replaced by outgassed 
molybdenum, sulfide-free crystals were 
obtained. However, under these carbon-free 
conditions we were able to produce simitar 
hexagon-like platelet inclusions in our 
EuF^ crystals by deliberately adding EuS. 
Although carbon crucibles were used in many 
of our runs, these were high purity and 
spectrographic analyses showed they could 
not be a source of sulfur. At the present time 



Fig. 1 . Photomicrograph of typical inclusion (250 x). 





Fig. 2. Scanning X-ray of sulfur K„ output of inclusion shown in Fig. 1. 


[Facing page 2326] 
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we do not know the source of sulfur in Lee 
et ais., crystals [2]. 

Acknowledgements— The authors would like to thank 
Dr. K. Lee for allowing us to examine his EuFj crystals, 
and Dr. D. E. Eastman for his analysis of the resonance 
data. 

IBM Thomas J. Watson M. W. SHAFER 

Research Center, J. D. KUPTSIS 

Yorklown Heights, N.Y. 10598, 

U.SA. 

REFERENCES 

1. McGUIRE T. R., and SHAFER M. W.. J. appl. ^ 
Pfiys. 35,984(1964). 

2. LEE K., MUIR J. and CATALANO E., J. Fhys. 
Chem. Solids 26, 523 (1 965). 

3. CAESSLER A. and GOEHRING M., N aturwtssen- 
schaften 39, 169(1952). 

4. VAN DER HOEVEN B. J. C., Jr.. TEANEY D. T. 
and MORUZZl V. L., P/jv.v, Rev. Lett. 20, 719 
(1968). 


J.Phvs. Chem. Solids Vol 30. pp 2327-2330 

Temperature dependence of the hyperfine 

coupling of Mn-''^ in CdS 

{Rcicived I 1 Lebnuiry 19691 

I N THE course of the last years the temperature 
dependence of hyperfine coupling of 5-stale 
ions in cubic crystals has been studied inten- 
sively llj. 1 he mechanism responsible for 
the observed decrease of hyperfine coupling 
with increasing temperature was first pro- 
posed by Sim^ek and Orbach[21. Their 
mechanism involves an admixture of the .v- 
orbitals with the 3r/-orbitals caused by a 
dynamic phonon induced non-cubic field. 
These authors attempted to compute the 
temperature dependence of hyperfine field 
having used a Debye approximation for a 
cubic crystal with the six-fold coordination 
number and reached a good agreement with 
the experiment for MgOiMn^"^. Their theory 


is also satisfactory for many other impurity 
doped crystals when the 5-state impurity ion 
is approximately of the same mass and ionic 
radius as that one being substituted in the 
lattice. When the mass or the ionic radius of 
the impurity and the lattice ion differs greatly 
a local or resonance vibrational mode of a large 
amplitude bound to the impurity appears. This 
local motion affects the temperature depen- 
dence of the hyperfine field not only quantita- 
tively but also qualitatively. The qualitative 
course of this temperature dependence caused 
by a resonance mode was derived in [3] and 
a good agreement with the measurements on 
BaO : Mn^"^ and SrO : Mn^^ was reached. 

The CdS crystal doped by Mn-^ ions is a 
suitable object to study the temperature 
dependence of hyperfine coupling in the case 
of tetrahedral surrounding of the impurity 
ion. Though the crystal has a wurtzite struc- 
ture, the deviation of CdS^**" tetrahedron from 
its regular form is very small and may be 
neglected. However, there is a great chance 
of aCppearing of the vibrational modes localized 
on the impurity due to the difference between 
impurity Mn-'+ ion and original Cd^^ ion both 
in the mass and ionic radius. We would like 
to present our measurements of the tempera- 
ture dependence of hyperfine coupling 
constant of Mn^^ ion in CdS. The interpreta- 
tion of results is realized through the two 
vibrational modes localized on the Mn^^ ion. 

The temperature dependence of hyperfine 
coupling was measured by an X-band electron 
spin resonance spectrometer. The magnetic 
field was determined by a temperature con- 
trolled Hall probe of InSb calibrated by the 
proton magnetic resonance. The relative 
accuracy of the magnetic field measurements 
was 10“'‘. Cadmium sulphide were prepared 
by heating a mixture ofpowder cadmium oxide 
and sulphur. Manganese was not added and 
was observed in CdS as an accidental im- 
purity. Powder samples of CdS;Mn*''' 
pressed into pellets were used. To span the 
required range of temperature above the room 
temperature, the sample was arranged into a 
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Fig. I . T he (emperature dependence of the hyperfine coupling 
conMani A of Cd,S Mn‘'’. The dashed line is the theoretical 
temperature dependence of ^ given by the interaction with the 
continuum phonon spectrum. The solid line is the theoretical 
dependence of/I given by inicraclion with two local vibrational 

modes 


suitable furnace in.serted directly into the 
cylindrical microwave cavity. This furnace 
consisting of Pt wire wound around the sample 
was placed in a fused silica tube covered with 
MgO powder. The temperature was measured 
by a thermocouple inserted directly inside the 
sample. To span the range of temperature 
between 11°V^ and a room temperature a 
special con.struction of Dewar vessel, made 
from a fused silica, was suggested. The finger 
of this vessel with the opening in its bottom 
was put through the cylindrical microwave 
cavity. The sample with a thermocouple 
inserted into the finger was fanned by a gas 
evaporated from the liquid nitrogen by which 
the Dewar vessel had been filled up. The 
temperature was kept on a required level by 
two heating resistors both placed inside a 
liquid nitrogen reservoir and a finger res- 
pectively. 

The experimental results are plotted in Fig. 
J, Corrections to the constant volume could 
not be performed but they are likely quite 
small f4J. The hyperfine coupling constant 


decreases with the increasing temperature 
similarly as it is demanded in [2]. From the 
specific heat measurements [5J the Debye 
temperature of CdS is guessed to be about 
^ — 200”K. Having used this value of ^ the 
temperature dependence of the hyperfine 
coupling 


A(T)=A{T = 0)\ 1 


oir 



( 1 ) 


derived by Simanek and Orbach[2J has been 
computed. The parameter C appearing in ( 1 ) 
ha.s been estimated by fitting the experimental 
value of A (T) at T = 600°K and is equal to 
C = 2-58 . 10“''' The theoretical expres- 
sion (1) fory4(T) is plotted in Fig. 1. It can 
be seen that the departure of this theoretical 
A(T) from the experimental values is greater 
than the experimental error. Thus obviously 
only strains induced by non-local phonons 
cannot explain entirely the observed course 
of the temperature dependence of A (T) in 
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this case and local mode of vibration is under 
suspicion. 

The temperature dependence of the hyper- 
fine coupling given by the interaction with a 
local vibrational and/or resonance mode can 
be written in the form [3] 

A{T) =/4(r = 0) 

( 2 ) 

where cu is the frequency of the mode and C 
is a constant. It is evident from the course of 
the measured values in Fig. J that the curve 
A{T) approximately consists of two straight 
lines with different slopes. At lower tempera- 
tures the line has smaller slope than that one 
at higher temperatures. Neither of two quoted 
expressions (1) and (2) gives an acceptable 
result. In trying to fit in the experimental and 
the theoretical curves, the linear superposition 
of both expressions (1) and (2) were used 
without success. Thus, evidently, the pre- 
vailing contribution to the temperature depen- 
dence of hyperfine coupling gives the inter- 
action of electronic states of Mn^"* with two 
local modes. After using the linear superposi- 
tion of two expressions of type (2), where 
four parameters Ci, wi, Q, ai2 were varied 
so that the theoretical course should be 
merged in experimental data, the satisfactory 
results were reached. The theoretical tempera- 
ture dependence of A(T) for C, = 1-6. 10“^, 
a>, =4-25 . 10'^ sec-', Cj = 7-4 . IQ-^. - 

1-11 . lO*'^ sec"’ is plotted in Fig. 1. It can be 
seen that the departure from the experimental 
values are smaller than the experimental error 
±0-1 . IQ-* cm"' in the determination of ..4 (7). 

To simplify further consideration let us 
describe the local and/or the resonance vibra- 
tional mode bound to the impurity as a motion 
of the impurity ion and its nearest neighbours 
without respect to the motion of the more 
distant ions in the lattice. It means that the 
normal vibrational modes of octahedron or 
tetrahedron according to the respective lattice 
structure will be taken into account. 


Let us consider conditions in the octa- 
hedron. Due to the inversion symmetry of the 
octahedron, its normal modes are of a defined 
parity. The three-dimensional vibrational 
motion of the impurity, if all other ions of the 
octahedron are fixed, gives a 7,u-normal mode 
of the odd parity. This 7,„-mode is not able 
to couple the d- and ^-states of the impurity 
ion and thus it cannot contribute to the tem- 
perature dependence of the hyperfine field 
of this ion if the mechanism of s-d mixing [2] 
is supposed as decisive. These assumptions 
seem to be proved by the measurements of 
A(T) in BaO and SrO doped by Mn'^'^'tS]. 
Here the temperature dependence of A is 
fully determined by the interaction with one 
resonance vibrational mode the frequency of 
which is below the lower limit of the optical 
vibrational band of the crystal. The odd 7j„- 
mode, given by the vibration of Mn‘^+ ion 
relative to the fixed oxygen ions of the octa- 
hedron, should have its frequency over the 
upper limit of the acoustical band owing to the 
smaller mass of Mn^"^ ion in comparison with 
the Ba-^ and Sr’"' ions. Having observed no 
effect of a local mode of a frequency in this 
range, it is possible to conclude that the in- 
vestigated effect is caused by another normal 
mode of octahedron, most probably of the 
even parity if the contribution of s-d- mixing 
is decisive. 

The above mentioned restrictions are not 
valid in the case of tetrahedron-like surround- 
ing of the impurity. The more covalent cry.stal 
is, the greater sp'^ hybridization of the impurity 
orbitals can be expected. These hybridized 
orbitals may be admixed into the d-orbitals by 
the interaction with the vibrational motion 
of the impurity ion relative to the fixed resting 
ions, which forms a normal 72-mode of the 
tetrahedron. 

In the case of CdS : Mn*+, where the mass of 
Mn'*^ is smaller than that one of Cd^+, the 
frequency of this 72-mode is over the lower 
frequency limit of the CdS optical band. On 
the other hand the presence of the resonance 
modes may not be excluded because Mn'^''’ 


1 — C . (exp 


kT 
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and Cd*+ differ in radius and this fact results 
in decreasing of the force constants coupling 
ions in MnS 4 *“ in comparison with CdS 4 '’'. 
(The Cd •«-» S distance in CdS is 2-61 A and 
Mn S distance in MnS is 2-43 A) [6]. The 
mode, arising in consequence of the sulphur 
ion’s motion and motionless manganese ions, 
is able to cause the straight line dependence 
of A (T) because its frequency is below the 
upper limit of the acoustic band of CdS. The 
second straight line dependence of A(T) at 
higher frequencies is most probably caused by 
above mentioned Ta-local mode. From this 
analysis it seems to be reasonable to suppose 
that the mechanism of s-d dynamic mixing is 
effective even in this case and the measured 
temperature dependence of A (T) of Mn*"^ in 
CdS caused by two vibrational modes 
localized on the Mn“^ impurity ion. 


^rhion'leclgements — The authors arc highly indebted to 
D. Nohavica for preparing the CdS-powder used in these 
measurements. 
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Anomalous diffusion in beta zirconium, beta 
titanium and vanadium 

{Received 1 5 October 1968; in revised 
form 6 January 1 969) 

A NUMBER of attempts[l-3] have been made 
to explain the non-linearity in the Arrhenius 
plots of logD vs. 1/7 in the diffusion studies 
of ;8-Zr, )8-Ti and vanadium. The first general 
interpretation [1] assumed the temperature 
dependence of diffusivity based on a single 
mechanism over the entire temperature range. 
Another explanation is on the basis of dual 
mechanisms [2,3] operating simultaneously in 
the diffusion process and thus the diffusivity 
is expressed as 

D = D„, exp + ^02 exp ( 1 ) 

where /Joi and correspond to the mechan- 
ism operating at higher temperatures while D^i 
and Q 2 are the values for the mechanism at 
lower temperatures. The values of D,,, and 
Qi for the self and impurity diffusion in 
)3-Zr, |8-Ti were normal and thus the vacancy 
mechanism seemed to be operative in these 
cases while the values of D „2 and Qz for ttTe 
low temperature region (below I400°C) were 
found to be low compared to the respective 
self diffusion values. This led to different 
speculation for the mechanism of diffusion. 
According to Kidson[2], the low Dy, and Qz 
values could arise as a result of enhancement 
of diffusivity through extrinsic vacancies by 
the presence of interstilially dissolved oxygen 
impurity (especially in /8-Zr). LeClaire[4J has 
shown that a high binding energy for oxygen 
vacancy pairs is necessary if this model is 
applicable. The second proposed model [3] 
assumed the enhancement of lattice diffusivity 
(especially in /3-Zr) due to the presence of 
randomly oriented dislocations where Kidson 
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[3] used Hart-Mortlock[5, 6] relations and 
showed qualitatively that if D 02 and 02 
represent the dislocation diffusion parameters, 
its dislocation density should be at least of the 
order of 1 0®-i0*® lines/cm^. 

Using random walk analysis and Hart- 
Mortlock[5, 6] relation similar to the previous 
work [7] an attempt has been made to extend 
it for the quantitative estimation of the en- 
hancement of lattice diffusivity due to the 
presence of randomly oriented dislocations 
and to explain the anomalous behaviour in 
the self and impurity diffusion in /3-Zr, jS-Ti 
and vanadium. 

Hart-Mortlock[5, 6] relation for self and 
impurity diffusion in metals is given by 

(D/D,,) (self) = g(D„/D,,) + l (2) 
(D/D,,) (solute) = ^iDJD,)K+ 1 (3) 

where D is the apparent bulk diffusivity, D,, 
is the bulk diffusion coefficient in a crystal 
free from dislocations, D,i is the diffusion 
coefficient along dislocation. is the fraction 
of the total time that the impurity atom spends 
in the dislocation and K is the segregation 
coefficient. 

Evidently, to calculate quantitatively the 
enhancement terms, the values of D,tlD,., K 
and should be known. In absence of any 
data of (Drf/D,.) for )3-Zr, ^-Ti and V. the 
value of (DfilD,.) as discussed earlier[7] was 
calculated from the known value of {DJD,.) 
for silver on the assumption that (DjDr) 
should be the same for all the other metals 
at the same ratio of TIT,,, where T and T„, 
are the absolute temperature for the diffusion 
anneal and melting points of the solvent. 
Cottrell has shown that for a small concentra- 
tion of impurity in a solvent, the segregation 
coefficient K = exp {—WIRT) where W is 
the interaction energy of the impurity with 
dislocation core. The energy of interaction 
'W' arises as a result of the elastic and electro- 
static interaction of impurity with dislocation 
and can be written as 


W= Wt + Wz+Ws 

where fT,, W.^ are the elastic interaction terms 
of the impurity atom vyjth dislocation core due 
to the difference in the size and elastic con- 
stants of the solute and solvent atoms re- 
spectively while W 3 takes into account the 
electrostatic interaction term. Ignoring the 
term W 3 , (which is very small and difficult to 
evaluate), W^ and W^ have been evaluated 
according to Friedel[8]. In absence of any 
data on the dislocation density in these metals, 
the value of "g' was calculated taking dis- 
location density of the order of 10® lines per 
cm^. The value is definitely high for a well 
annealed single crystal. In view of the phase 
transformation of martensitic nature as 
reported by Fisher and Renken[9] and the 
possibility of the interlocking of the dis- 
locations due to the presence of the dissolved 
impurities in /8-Zr. /3-Ti, a high dislocation 
density is possible. Even in vanadium an 
evidence of a polymorphic transformation [1 0] 
is available which also gives rise to high 
dislocation density. 

The enhancement terms (Dd/D,.)g and {DJ 
D,.)gK for the self and impurity diffusion in 
/3-Zr, )3-Ti and V have been calculated at 
different temperatures and a few values are 
given in Table I. It is observed that the 
enhancement terms for the self and impurity 
diffusion in j8-Zr, /3-Ti and V is always 
greater than I below 1400°, 1300° and 1450°C 
respectively (Table 1). At higher tempera- 
tures (greater than 1450°C up to the melting 
point of the solvent) the contribution of the 
enhancement term due to dislocation becomes 
less pronounced and only lattice diffusion 
through normal vacancies seem to be opera- 
tive. Hence it may be concluded that below 
the temperature of 1400°C or so. the dif- 
fusivity in ;8-Zr, /8-Ti and V is enhanced 
by the presence of the randomly oriented 
dislocation and the experimental values of 
D„ and Q obtained in the lower temperature 
region would thus represent the results along 
dislocations. Moreover, if diffusion along 
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Table I . Enhancement terms for the self and impurity diffusion in beta zirconium, 
beta titanium and vanadium at few temperatures 


Tempera- Da 

— “s 

Solvent ture 

(°C) 



(“C) 

Zr[14] 

Cb[14] 

Cr 




Zr[14] 

Cb[14] 

Cr[l5] 

Mo[16] 


900 

4-31 X 10* 

3-03 X 10* 

7-19X 10" 

7-45 X 10* 


950 

1-94X to* 

1-26 X lO-’ 

2-70 X 10* 

2-98 X 10* 


1350 

1-96 

8-04 

79-28 

15-39 

fi-ZT 

1400 

1-29 

5-08 


9-82 

1450 

0-87 

3-28 


6 18 


1600 

0-30 

1-02 


1-83 


1650 

0-22 

0-72 


1-28 



Ti [20] 

Cb|20] 

CrI20] 

Mo [20] 


900 

1 OOx 10* 

80-25 

4-05 X 10* 

2-64 X 10* 


950 

47-64 

38-61 

1-66X 10* 

1 20x 10* 

/3-Ti 

1350 

0 68 

0-58 

9-90 

1-37 

1400 

0-46 

0-40 

6-21 

0-91 


1600 

0-12 

0-11 

1-22 

0-22 


1650 

0-09 

008 

0-86 

016 



V[21| 

Fe[21] 

Cr|21] 



800 

4-09 X 10-’ 

2-25 X 10" 

1-83X 10" 



850 

1-56X 10* 

2-09 X 10" 

1-72x10" 


V 

1450 

1-16 





1500 

0 78 





1850 

0-09 





Da 

D, 




Sn[17] 
1-60X 1(P 
6-85 X KH 
5-08 


V[I8] 

1 80X 10" 
703 X 10’ 
29- 17 


Ag[19] 
1-33X 10" 
5-21 X KF 
23-40 


Cc[16] 
l•27x 10' 
4-I7X I0» 
6-33 X 10^ 
3-52 x 10* 
201 X 10* 
43 -DO 
28-30 


Sn[20] 

V[20] 

1-5JX10" 

8-85 X 10* 

5-88 X 10* 

3-85 X 10* 

25-65 

3-30 

15-57 

2 10 

2-78 

0-47 

1-91 

0-34 


Mnt20] Fe|20] 
3-35 XI0> 3-55 X 10= 
1-37x10' 1-47x10* 

8-24 8-97 

5-40 5-67 

1-08 M3 

0-76 O-?^ 


Co [20] 

Ni[20] 

5-14X 10* 

5-04 X 10* 

2-09 X 10* 

1-99X 10* 

11-74 

11-63 

7-07 

7-21 

1-42 

1-40 

0-99 

0-98 
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Table 2. Self diffusion parameters in beta zirconium, beta titanium and vanadium 


Do Q Dd Q Dot Qv 

(cin*/sec) (Real/ mole) (cin*/sec) (kcaUmole) (cmVsec) (kcal/mole) 

Lattice (below I400°C) (above ]40()”C) (calculated) 


B-Zr 

8-50 X 10-» 

27-70 

1-34 

65-20 

0-73 

61-23 

[14] 

B-Ti 

3-58 X 10-< 

31-20 

1-09 

60 00 

3-80 

62-13 

[20] 

V 

0-36 

73-65 

2- MX 10* 

94- M 

1-42 X 10* 

tM-25 

[21] 


dislocation is predominant, the plots of tog 
D vs. 1/7 in the lower temperature region 
should give straight lines. It is interesting 
to note that the self and impurity diffusion in 
^-Zr, j8-Ti and V in the lower temperature 
region follow a simple Arrhenius relation. 
Furthermore the present results of quanti- 
tative analysis on the self and impurity diffus- 
ion in these systems also agree well with the 
proposed dual mechanism model of Kidson [3J. 

It was considered desirable to evaluate D„, 
and (diffusion parameters in disloca- 
tion free single crystals). D„ was calculated 
using equations (2) and (3), and Do,, and Q,. 
were evaluated from the slopes of the plots 
of logD,, vs. 1/7. In all these plots, fairly 
good straight lines are observed. A rep- 
resentative graph for the impurity diffusion 
in /3-Zr is given in Fig. 1. For comparison, 
the least square values of and for the 
self diffusion in j8-Zr, /3-Ti and V along with 
the experimental values are given in Table 2. 
It is interesting to note that the least square 
values of Q,, for the self and impurity diffusion 
in /3-Zr, /3-Ti and V satisfy the empirical 
relations of the activation energy with melting 
point within 20 per cent. Therefore in 
general represent the activation energy cor- 
responding to diffusion through normal lattice 
vacancies in dislocation free single crystals. 
The calculated value of in the case of 
vanadium (Table 2) is pretty high. Normally 
the values of D for face centred cubic 
systems, where vjicancy mechanism is opera- 
tive, lie within O l-lOcmVsec, still a number 
of cases til, 12] have been reported where 
£)oisa$ high as 6-3 X 10^cm7sec[13]. 



Fig. 1. Temperature dependence of ‘D,.’ for impurity 
diffusion in ^-zirconium. 


In spite of some of the assumptions made 
in the above discussion, because of non- 
availability of the experimental data, it seems 
reasonable to assume that the apparent volume 
diffusivity is enhanced due to the existence of 
randomly oriented dislocations. 

Bhabha Atomic Research Centre, M. C. NAIK 
Chemistry Division, R. P. AGARWALA 

Trombay, Bombay, 

India 
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Compositional compensation points in magnetic 
garnets 


{Received 12 November 1968) 


Very recent Mossbauer-efFect spectroscopy 
measurements performed by Czerlinsky[l] on 
several Ga-substituted yttrium-iron garnets 
determined the distribution of the ions 
over the tetrahedral and the octahedral sites. 


The experimental points of the fractional 
tetrahedral Ga ions, f( = xft, as a function of 
the total Ga substitution, t, in the formula 
Y 3 Ga,Fe 5 -,Oi 2 are in excellent agreement 
with the theoretical curve derived from a 
previous treatment on the thermodynamics of 
solid solutions[2], t = [2 + 3C — (C — \)x]xf 
[3C — (C-l)x], with the value of the energy 
factor, C = 6-5. 

Since the energy factor C is related by the 
formula C = exp {— [Ae^ — Acfel/^T’} to Acj^ 
and Acpe, respectively the difference of the 
stabilization energy between tetrahedral and 
octahedral sites of the diamagnetic M cation 
and of Fe^+, it gives a measure of the tetra- 
hedral preference of M in iron-substituted 
garnets. 

The chosen value is interesting if compared 
with C = 3-0 for Al'*^ substitution [2], which 
has a weaker tetrahedral preference than 
Ga»^[3-6]. 

We wish to point out in this note that also 
the magnetic moment compensation com- 
positions of such garnets give a measure of 
the tetrahedral preference of diamagnetic 
substitutions in YIG and that this can easily 
be predicted by the theory. In fact, the 
magnetization compensation condition in a 
mono-substituted garnet {Y;,} (Mj.Fe;,_j.) 

|M,_j.Fe 2 _/+.rlOi 2 , x=(l-f0/2. once sub- 
stituted in the distribution equation provides 
the two roots; = (C-t- 1)/(C - 1) and r = 
5; the first root is the compensation composi- 
tion. the second one represents obviously the 
total diamagnetic substitution. The minimum 
value of /fomp is 1 and is obtained for C = <» 
(exclusive tetrahedral substitution); the 
maximum value, / = 5, is obtained for C = 3/2 
but large t values require further discussion, 
as pointed out previously [2], 

The value C = 6 5 leads to = 1-36 for 
Ga-substituted garnets in very good agree- 
ment with t = 1-3 as reported by Geller et al. 
[7] and by LUthi[8]. The value C = 3 leads to 
^comp, ~ 2'00 for Al-substituted garnets in good 
agreement with r *= 2-1 as measured by 
Gelfer et a/. [3]. In Fig. 1 the curves vs. / 
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for different values of C are plotted. Also 
the curve for C = 0 07 is plotted which re- 
presents the distribution of the Sc^'*'-sub- 
stituted garnets. Sc“+ has a strong octahedral 
preference [3] and the given C-value provides 
a good agreement between theoretical and 
experimental magnetizations vs. total Sc 
substitutions. 

In the case of YIG with double diamagnetic 
substitutes, e.g. Ai and Ga, the formula can 
be written, following the bracket notation of 
Gilleo and Geller[9], { Y 3 }(AI„GaTi/Fe 3-T(jr+«)) 
[Al.rtic-jr)Gaj(i_i(j_ j()Fe 2 _rti— x-i/)]Oi 2 , and the 
thermodynamic equilibrium conditions [2] 
are; [3 — rix-l- y)](w — jr)C' =x[2 — t(1 — x— y)] 
and [3 —t{x + y)]( I — — y)C'' = y[2 — t( I — 
~x—y)]. The condition for a balance of the 
magnetic moments in the two sites, x-l-y = 
(1 +t)/2t, gives the value of the total com- 
positional compensation: Te,„ni.. = [n^’{G' — 1)/ 
(C'-f-D-bd -H')(C"-l)/(C"+I)]-'. C' and 
C' are the energy factors for Ga and AI, 
respectively. In Fig. 2, t, is plotted as a 
function of the relative amount of AI with 
respect to the total Ga-f-Al content per 
formula, w. 

Accurate Mossbauer measurements of the 
kind performed by Czerlinsky would be 
desirable to check these results. 

If the two substitutes have different site 
preferences like Ga^^ and Sc^^ (with respec- 
tive energy factors C' and C and fractions w 


and I — w per formula) then a compensation 
composition appears for values (3— 2C") 
{C + \)/5(C' — C") ^ w < 1 in correspond- 
ence of 5 > Tfomp. ^ iC'+ l)l(C' — 1) that is, 
for the (Ga, Sc) case,: 0-67 ss w < 1 and 5 > 
rcomp. ^ 1‘36. 
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more rapid handling than full length articles. 
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written in a readily understandable style. Scripts 
should be typed and double spaced with good 
margins on one side of the paper only and sub- 
mitted in duplicate to facilitate refereeing. 

It will be appreciated if authors clearly indicate 
any special characters used. An abstract not 
exceeding 200 words, should be provided in 
the language of the paper. French and German 
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and titles, but if this is not possible the abstract 
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space, authors are requested to mark less 
important parts of the paper, such as details of 
experimental technique, methods, mathematical 
derivations, etc. for printing in small type. 
The technical description of methods should be 
given in detail only when such methods are new. 
Authors will receive proofs for correction when 
their papers are first set, and alterations must 
be restricted to printer’s errors. Other than 
these, any substantial changes may be charged 
to the authors. 


typescript of the paper, knd l^^da should be 
typed on a separate sheet. Line drawings which 
require redrawing should include all relevant 
details and clear instructions for the draughts- 
man. If figures are already well drawn it may be 
possible to reproduce them direct from the 
originals, or from good photo-prints if these 
can be provided. It is not possible to reproduce 
from prints with weak lines. Illustrations for 
reproduction should normally be about twice 
the final size required. The lettering should be 
sufficiently large and bold to permit this reduc- 
tion. Photographs should only be included where 
they are essential. 

3. Tables and figures should be so constructed 
as to be intelligible without reference to the texj. 
Every table and column should be provided with 
an explanatory heading. Units of measure must 
always be clearly indicated. The same data should 
not be published in both tables and figures. The 
following standard symbols should be used on line 
drawings since they are easily available to the 
printers: O,#, + , ><,□.■, A, A>0. ♦. V,T* 

4. References are indicated in the text by 
numbers on the line in brackets, and the full 
reference should be given in a list at the end of 
the paper in the following form : 

1. BARNES R. G., BORSA F. and PETERSON D., 
J. appl. Phys. 36, 940 (1965). 

2. KNIGHT W. D.. In Solid State Physics (Edited by 
F. Seitz and D. Turnbull), Vo!. 2, p. 93. Academic 
Press, New York (1957). 

Abbreviations of journal titles should follow 
those given in World List of Scientific Periodicals 
(4th Edn.). It is particularly requested that 
authors’ initials, and appropriate volume and 
page numbers, should be given in every case. 

Footnotes, as distinct from literature references 
should be indicated by the following symbols — *, t> 
+, §, commencing anew on each page; they should 
not be included in the numbered reference system. 

5. Due to the international character of the 
journal no rigid rules concerning notation and 
spelling will be observed, but each paper should 
be consistent within itself as to symbols and units. 
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A NUCLEAR MAGNETIC RESONANCE SJUDY OF 
GALLIUM SINGLE CRYSTALS-I. 

LOW FIELD SPECTRA* 


M. I. VALIC and D. LLEWELYN WILLIAMS 

Physics Oepartment, University of British Columbia, Vancouver 8. B.C., Canada 

(Received 20 February 1969; in revised form 8 May 1969) 

Abstract— The low magnetic field splitting of the quadrupole resonance in gallium metal has been 
studied in single crystal specimens. Precise determinations of the electric field gradient tensor have 
been made at 4-2°, 77° and 285°K. The results are only weakly temperature dependent and reveal two 
non-equivalent sites in the crystal which differ only in the relative orientation of their principal axes. 
An attempt at a decomposition of the electric field gradient tensor by subtracting the calculated ionic 
contribution is highly suggestive of a strong contribution in the direction of the nearest neighbour and 
possibly indicative of some covalency. 


INTRODUCTION 

A CONSIDERABLE improvement in the re- 
solution of anisotropic effects in the nuclear 
magnetic resonance properties of metals has 
been achieved through their direct observation 
in .single crystal specimens! 1]. Gallium is one 
of the most anisotropic of metals and its 
nuclear magnetic properties can reveal use- 
ful information concerning its electronic 
properties. The measurable parameters are 
those of the electric field gradient (EFG) ten- 
sor at the nuclear site and the three describing 
the orientation dependence of the Knight 
shift in an orthorhombic crystal. 

The EFG tensor in gallium single crystals 
has been previously studied at 4-2°K by Kiser 
[2] but the results obtained are considerably 
less accurate than ours particularly with 
regard to the orientation of the principal axes. 
The quadrupole resonance has also been 
studied in the polycrystalline sample by 
Knight. Hewitt and Pomerantz[3], 
Pomerantzl4] and Kiser and Knight[5] over 
a wide temperature range and also in the 
superconducting state by Hammond and 
Knightfb]. Some measurements on the 
pressure and temperature dependence of the 


* Research supported by the National Research Council 
of Canada through Grant A- 1 873. 


quadrupole frequency in powder samples 
have been undertaken by Kushida and 
Benedek[7]. 

The present study was initialed with the 
main aim of determining the Knight shift 
parameters in the solid with a view to under- 
standing the temperature dependence of the 
spin-lattice relaxation time observed by 
Hammond. Wilkner and Kelly[8] and also in 
the hope that a comparison with the measure- 
ments in the liquid state [9j would clarify the 
interpretation of the liquid. The determination 
of these parameters however requires an 
accurate knowledge of the EFG tensor and 
the present paper is confined to the results 
obtained for the EFG tensor over the 
temperature range from 4-2° to 285°K. The 
Knight shift results are deferred to a second 
paper 1 10]. 

The relevant properties of gallium are 
summarized in Table 1 and the crystal struc- 
ture is shown in Fig. 1 . The crystal structure is 
orthorhombic with the unit cell dimensions 
A = 4-5156, B = 4-4904, C = 7-6328 at 4-2°K 
and atmospheric pressiirefll]. The eight 
atoms in the unit cell are located at the sites 
112 ] 

(w, 0. u) + + n) (m, 0, D) 

(w.i.y + i) (w + i-O.P + i) (i7-l-L Oi + i) 
(i7, L u + 


23-^7 
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Table 1 . C allium magnetic resonance parameters 





Pure quadrupole 

NMR frequency 

N uclear quadrupole 


Nuclear 

Abundance 

frequency (285-3°K) 

in 10 kG 

moment 

Isotope 

Spin 

(%) 

(kc/sec) 

(kc/sec> 

(X 10-«cm*) 

™Ga 

3/2 

60'8 

10823-8 

10218 

0-19 

"Ga 

3/2 

39-2 

6820-7 

12984 

0-12 




Fig. 2. Projection of the gallium unit cell onto the AC 
plane. Heavy lines correspond to atoms lying in one 
plane and light lines indicate atoms lying in planes a 
distance away. The various neighbours are indicated 
by the lettered vectors. 


Where u = fl-0785, v = 0 1525. The projection 
of the structure on to the AC plane is shown 
in Fig, 2. The structure may be visualized as a 
line of ‘diatomic molecules’ lying with their 
axes in the AC plane at an angle /3 of 16° to 
the C axis and displaced by half a lattice 
spacing along both B and C from the next 
line whose axes are rotated through 180° 
about the C axes. 

Each atom has one nearest neighbour at 
2-429 A and six others varying in distance 
between 2-709 A to 2-791 A. The two next 
nearest neighbours are considerably further 
away at a distance of 3 -54 A. 


THE QUADRLPOLAR HAMILTONIAN 
The Hamiltonian describing the interaction 
between a nuclear quadrupole moment and 
an electric field gradient together with the 
interaction between the magnetic dipole 
moment and a magnetic field Afo( 13 , 14 ], 

^^A{3//~J(/A- ]) -i-irf (/-," + 7-'^)} 

+ /it)h{/*cos^ + i(/^e-'-^ + /_e+‘*) sine} (1) 
where 


A = 


4/(2/- 1) 


'>V 


_ ^yy ^xx . 

Qzz ’ 


(2) 
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I is the nuclear spin angular momentum, Q 
is the scalar nuclear quadupole moment and 
Ittvk = yfio is the Larmor frequency. The 
coordinate system chosen is that of the 
principal axes system of the EFG tensor 
which then only has the diagonal components 
and q^j,. t) is called the asymmetry 
parameter. 9 and are the polar angles 
specifying the orientation of the external 
magnetic field with respect to the principal 
system. 

The case of spin / = J in the absence of 
an external magnetic field is characterized by 
a single resonance line corresponding to a 
transition between two doubly degenerate 
energy levels with a frequency separation 

Vu = pvl (3) 

where p=(l+^^)''^ and the pure quad- 
rupole frequency v'^=(>Alh, which cannot 
serve to determine either A or r} independent- 
ly. The application of a magnetic field however 
removes the degeneracy and the dependence 
of the spectra upon crystal orientation reveals 
the principal axes and the components of the 
EFG tensor uniquely, assuming that Q is 
also known. 

The frequencies for any value of tj and 
correct to first order in the magnetic field are 
given by the expression [14] 


the ‘inner pair’ of lines (i.e. the lines which are 
least split from Vq by the magnetic field) con- 
tains sufficient information to determine 
accurately the required parameters. In par- 
ticular we may note the following for the 
‘inner pair’. 

H parallel to Z: 

V = Vq±Vh 

H parallel to X : 

V ^ V(i^v„il — ri)lp. ( 6 ) 

Thus the mean frequency for both cases is 
the quadrupole frequency and the frequency 
splittings Ax and Az between the ‘inner pair’ 
may be combined to determine the asymmetry 
parameter from the result 

^ = (7) 

Az p 

It should be noted that this result does not 
require a knowledge of the magnetic field 
provided it is small. 

To obtain more accurate values of energy 
levels and frequencies we can solve the prob- 
lem exactly. The Hamiltonian (1) in the 
representation that diagonalized I/, is given by 
the following matrix 


( 3 cos 0 + yril\/3y V3sint?e+'* 0 
■n/V^3y — COS0— y 2sin^ie~"'' V3sinee'^'* 
\/3 sin 2 sin We^'* cos y rilViy 

0 VSsin^e''* 7)/y/3y — 3cos0 + y 


( 8 ) 


V = Vtj± m-z) Vfj (4) 

where 

"*1 = V[(P+ 1 — 7jj^sin*0cos-0+ (p + 1 +7))^ 
sin^O sin^0 + ( 2 — p ) ^ cos^P] 
^2 = ip[(p~l+T 7 )*sin^ 0 cos^ 0 + (p — 1 — 17 )''' 
sin'^P sin-0 -I- (2-l-p)* cos'^Pp'*''. (5) 

In general four resonance lines will be ob- 
served and of these the angular variation of 


where y — Vulvl- In some cases, in par- 
ticular 0=0 = 0 (Ho\\Z) and 0 = 90°, 0 = 
0(//oll^) the matrix is exactly soluble in 
closed form, but in all cases may be dia- 
gonalized by computer. 

EXPERIMENTAL DETAILS 
The experiments were performed with a 
modified Pound-Knight spectrometer in 
magnetic fields produced by a rotateable 
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Varian electromagnet. The specimens were 
single crystals of gallium grown from high 
purity 79 grade gallium supplied by Eagle 
Richer Industries Ltd. Cylindrical crystals of 
approximately fin. dia. by i'm. length were 
prepared by touching supercooled liquid 
gallium contained in a teflon mould with a seed 
crystal of the desired orientation. X-ray back 
reflection Laue photographs enabled an 
unambigous determination of the crystal 
orientation f 1 5] and the crystal was mounted 
in a coil of the spectrometer so that the 
magnetic field could be rotated in a plane 
containing two crystallographic axes. The 
coil was of No. 40 wire separated from the 
crystal surface by a layer of 0-0005 in. thick 
Mylar. This configuration was such that the 
oscillator could be made marginal at all 
temperatures, The applied magnetic field of 
300 G was measured with a proton n.m.r. 
probe and a lower field of 60 G also used wa.s 
determined by comparing the results with 
those obtained at the higher field. The experi- 
ments were carried out at the three tempera- 
tures 4-2°, 77° and 285°K. The former two 


temperatures were obtained with liquid 
helium and liquid nitrogen respectively 
whereas the latter was obtained with a water 
bath whose temperature was regulated to 
better than 0- 1“K in view of the rapid variation 
of the pure quadrupole resonance frequency 
with temperature close to the melting point of 
gallium. The magnetic field was modulated 
and the resonance signals observed with 
phase sensitive detection. 

RESULTS 

Figure 3 shows the observed ®*Ga reson- 
ance signals at the three temperatures. The 
signal shapes reveal a mixture of absorption 
and dispersion modes brought about by the 
phase shifts involved in the penetration of the 
radio frequency field into the bulk metal and 
they are also slightly distorted by the modula- 
tion amplitude used. 

The resonance frequencies of the important 
lines for a rotation of the magnetic field in a 
plane perpendicular to the B crystallographic 
axis are shown in Fig. 4 and it is immediately 
seen from the occurrence of two sets of 
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hig. 4. “"Ga spectrum as a function of orientation of the magnetic field Ha 
in 'he/4C crystal plane. 


resonances that two physically non-equivalent 
sites exist in the crystal. Since the two sets of 
lines only differ in relative orientation it 
follows that the EFG tensors differ only in 
the orientation of their principal axes and have 
the same coupling constants and asymmetry 
parameters. The form of the orientation 
dependence together with considerations of 
crystal symmetry indicates the positions of 
the Z and X axes of the two EFG tensors 
shown in the figure. The positions of the two 
Z axes were determined more precisely in the 
following manner. 

A calculation shows that the resonance 
frequency corresponding to the (i— i) 
transition for the case of the magnetic field 
parallel to the Z principal axis is given by the 
following expression which omits only a 
negligibly small term in^j^. 

„ = ,9) 

"L 3U-4(..„/4)Vj 

where Inv^ — yHQ{l + K) and K is the 
Knight shift. A misalignment of the magnetic 


field by a small angle 9 from the Z axis causes 
a deviation J in the resonance frequency 
which is given by the following expression 
obtained by a perturbation calculation 




3 V}, 

2\-{v„lvlY 


fP 


( 10 ) 


where 9 is measured in radians. It is obvious 
from the expression that S is highly sensitive 
to misalignment when Vh is close to vq, but can 
be made comparatively insensitive by a 
suitable choice of In principle, with the 
reasonable assumption that K is field inde- 
pendent, two sets of measurements at different 
magnetic fields would suffice to determine 
both K and the misalignment. Fortunately 
gallium has two isotopes with rather different 
quadrupole moments so that with the assump- 
tion that K is not isotopically sensitive it is 
possible to avoid extensively retuning the 
spectrometer and yet observe the ®*Ga and 
^'Ga resonances under quite different condi- 
tions of equation (9). The angular variations 
are shown in Fig. 5 and are again displayed in 
Fig. 6 as a function of 9P. In practice the 



2342 


M. 1. VALlC and D. LLEWELYN WILLIAMS 



Fig. .'i High field angular dependence of (i— ►— 4) transition frequency 
close to the Z principal axes. “I he field strength is quoted in kg 


Knight shift is initially determined from the 
slowly varying results on ^'Ga and is then 
used to predict the angular variation for 
Because of the very rapid angular variation 
in the case of "’'Ga, first order perturbation 
theory is inadequate and an exact calculation 
is necessary. The misalignment determined is 
then used to correct the ^'Ga Knight shift and 
the precedure repeated for self-consistent 
results. In the results shown, a misalignment 
of 0-2 deg is observed but in the whole set of 
measurements the misalignment was never 
observed to exceed 3-5 deg. The values of K 
have been published in a preliminary note[19|. 
The results show that both Z principal axes 
lie in the plane of the crystal and enable a 
highly accurate determination of their relative 
orientation. It should be noted that the 
crystal has reflection symmetry in the AC 
plane which requires that the B axis of the 
crystal to be one of the principal axes and that 


the other two axes lie in the AC plane. As is 
seen from the results the X and Z axes lie in 
the AC plane and the B axis is coincident 
with the Y principal axis for both crystal 
sites. This was checked experimentally by- 
studying a crystal rotation in ihQ AB plane. In 
this case the patterns from both sites are 
observed to coincide and the ‘inner pair' 
splitting along the B axis is equal to that along 
the Z axes. Even though the magnetic field 
used was small, its influence on the determin- 
ation of 7} from equation (7) was not entirely 
negligible and this is illustrated by the re- 
sults and theoretical variation shown in Fig. 7. 
The fact that this correction was considered 
at all indicates the high precision of the 
results. The accuracy in the determination of 
7j using equation (7) is governed by the 
measurement of the splittings Ay Az 
which is unaffected by the distortions in the 
line shape due to modulation or the eflfect of 
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Fig. 6. Angular dependence of (J— »— i) transition 
frequency as a function of the square of the misalignment 
between the magnetic field and the Z principal axis. 


the skin depth in mixing the modes. It is 
merely necessary to measure between any 
two equivalent points on the resonance lines. 
However the determination of the pure quad- 
rupole frequency does require a line shape 
analysis to determine the true resonance 
frequency. The line was found to be well 
represented by a Gaussian absorption mode 
and the resonance frequency was determined 
by fitting the results to a modulation 
broadened superposition of dispersion and 
absorption modes. Figure 8 shows a compari- 
son between the observed resonance at 77®K 
and the theoretical Gaussian line shape for an 
equal mixture of modulation broadened 
absorption and dispersion modes. The line 
shape at 4-2°K revealed a higher proportion of 
dispersion mode in contradiction to the 
predictions of Allen and Seymour[]8]. This 
however merely reflects the fact that the 
anomalous skin effect theory is only strictly 
valid in zero magnetic field and we may infer 
from our result that the imaginary part of the 
surface impedance is dominant at this field 
strength. It is also possible for the line to be 



Fig. 7. Effect of the magnetic field on the determination of tj. The experi- 
mental points correspond to the temperatures ( 1 ) 285°, (2) 77° and 4'2°K, 
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I ig. 8. Comparison between a theoretical Gaussian line shape and the experimen- 
tal line al ITK. I. Absorption mode. 2. Dispersion mode. 3. Equal mixture. The 
points are taken from the experimental line. 


influenced by saturation effects but the spin 
lattice relaxation time for gallium is probably 
sufficiently short that this may be disregarded. 

The values of the parameters determining 
the EFG are tabulated in Table 2 and the 
orientation of the two sets of principal axes 
is shown in Fig. 9. 

DJSCLSSION 

The EFG tensor in a metal at a particular 
nuclear site has been considered to arise from 
three sources [21], the first denoted by Zq,a„. 
from the nuclear and electronic charges ex- 


ternal to an atomic sphere around the nucleus 
in question (where Z is the normal valence of 
gallium) and second qi,K;. from the conduction 
electrons within the atomic sphere, and finally 
the third which results from the distortion of- 
closed shell electrons at the atomic site may 
be accounted for in terms of Sternheimer 
antishielding factors y* and Rq so that the 
total EFG tensor qiut is given by 

qu)t = ( 1 - 7=0 )Zq,„,t. + ( 1 - qioc. ('ll 1 ) 
We have evaluated qiau. for gallium in the 


Table 2. Electric field gradient tensor results 


T emperature 
(°K) 

tJ 

% 

(kc/sec) 

V 

2y 

(deg) 

da 

4-2 

ll3I2-2±0-4 

0-179 ±0-001 

48-7 + 0-2 

1-6903 

78 

ll253-2±0 4 

0-179 ±0-001 

48-6±0 2 

1-691 

285-3 

10877-2 ±0-5 

0-171 ±0-002 

48-2 ±0-2 

1-6955 
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Fig. 9. Orientation of principal axes with respect to the crystal structure of 

gallium. 


approximation of a uniform distribution of 
conduction electrons by direct machine 
summation of the expression 

8 +N 

(Qlatt.)u “2 X 

ffi — 1 

TTUm 

where the summation over m includes the 
eight atoms in the unit cell designated by 
U, la) and the second summation includes 
all the atoms lying within a spherical volume 
of radius R which is a multiple of the shortest 
lattice parameter at a given temperature. The 


atom at the origin is excluded from the sum- 
mation. Indices i and j stand for any of three 
symbols A, B, C and (qiatt.) U 's the (ij) com- 
ponent of the qian. in the crystallographic 
coordinate system. From the calculations it 
follows that (qiati.).4fl= (qiatt. )cB = 0 and 
therefore the B crystallographic axis is one of 
the principal axes, which of course also 
follows from the symmetry of the unit cell. 
Instead of tabulating the calculated com- 
ponents (qiatt.)/tx» (qiatt.)jjB» (qiatt.)cf’ and (qiatt.)^^ 
we present in Table 3 qian. in diagonalized 
form already. 

N is the total number of contributing atoms 
inside the sphere of radius R in units of B. 
The lattice parameters used for this calcula- 
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Table 3. Ionic contribution to the EFG tensor as 
a function of number of atoms considered 

R A (<)l«u.)zz Piatt. ’’Jlail. 


3 532 -0-02147 -0-00329 0-02476 31-7 -0-734 

15 66105 -0-02087 -0-00378 0-02464 30-0 -0-694 

25 306450 -0 02094 -0-00374 0-02468 30-0 -0-697 


tion are those from Table 4 at 4-2‘’K. The 

principal components of qiatt. 

units of 10“^ cm“^ )8iatt. is the angle in degrees 

between the Z principal axis of qiatt. and the C 

crystallographic axis. ijia,,. is its asymmetry 

parameter. 

Table 4. Lattice parameters 
of allium 

r A B C 

(°K) (A) (A) (A) 


4-2 4-5156 4-4904 7-6328 

78 4-516 4-493 7-636 

285-3 4-5195 4-5242 7-6618 


Since the convergence of the sums is quite 
fast (in contrast to the case of indium, etc.), 
alternative methods for calculating qiau, have 
not been considered. In order to see to what 
extent our ionic model describes the crystal- 
line field gradient in gallium we compare in 
Table 5 the experimentally determined para- 
meters characterizing the EFG at 4-2“K with 
those calculated assuming an antishielding 
factor of -9-50 for free +'^Ga ions 17 and 
Z = 3, from the relation. 

Vq= e^Q( I -yj Z (q, 3 „. ) „ ( 1 - ^ 

(13) 

In particular one should note that the X axis 
is parallel to the B axis in the ionic mode) 
rather than the Y axis in the experimental 
case which we have indicated by assigning a 
negative sign to it. 

The most obvious feature of the experimen- 
tal results is the very small temperature varia- 


Table 5. Comparison of ionic cal- 
culation and experimental results 
for the EFG tensor 


EFG 

Vg 




(Mc/sec) 

Plau. 

'llatl. 

Experiment 

11-31 

24-3 

-0-179 

Ionic 

2-82 

30-0 

-0-697 


tion of both the asymmetry parameter and the 
orientation of the principal axes. The quad- 
rupole frequency exhibits the temperature 
variation shown in Fig. 10 and the results may 
be combined with the asymmetry parameter 
to give the changes in all EFG components 
between 28.'' -3° and 4-2°K. We have cal- 
culated the temperature dependence of q,att, 
using the temperature dependent values of the 
lattice parameters from Table 4 and assuming 
the parameters u and v to be the same for all 



Fig. 10. The temperature dependence of the ®“Ga NQR 
fra^ency. The solid line represents the results of 
Pomerantz[4J; the experimenud points are from the 
present work. 
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temperatures. Results for R = 22 are included 
in the Table 6. All the parameters remain 
practically constant over the whole tempera- 
ture range so that thermal expansion alone 
does not explain the small changes observed. 
However the explicit temperature dependence 
of the quadrupolar interaction which arises 
from the influence of the lattice vibrations is 
generally the dominant effect [20] and it is 
possible that this could account for the whole 
temperature variation. 


Qexp. and obtain an alternative solution for 
qdiff. with an angle fine, of 31 -6° and r/ = 0-03 
and also sensibly temperature independent. 
(However, in view* of the close correlation 
between the angles mentioned above it is 
likely that pur first value is the correct one. 

In conclusion, our results suggest that the 
dominant contribution to the gradient is 
flioc.- Watson, Gossard and Yafet[21] estimate 
that the main contribution to Qioc. results from 
the interaction between the ionic and the 


Table 6. Temperature variation of the ionic contribution 
to the EFG tensor 


T 

(°K) 


(Olalt )zz 

(Qiau )vk 


^latl. 

t’Olatt 

(Mc/sec) 

4-2 

-0 02090 

-0-00373 

0 02463 

30-0 

-0-697 

2-77 

78 

-0 02086 

-0-00377 

0 02462 

30-0 

-0 694 

2-77 

285-3 

-0-02063 

-0-00453 

0 02516 

300 

-0-640 

2-80 


We may now proceed in the spirit of the 
assumed model and determine the difference 
tensor 

Adlff. (1 ^«s)qioc. qexp. ( 1 y«)2'qiatt 

(14) 

and the results are given in Table 7. It is very 
interesting to note that the angle /Sdirr. is al- 
most equal to the angle /Spain, between the 
nearest neighbour direction and the C axis 
which is 1 5 -9 deg. The temperature variation 
of /Spain is not available in the present literature 
and it would be of interest to see if its tempera- 
ture variation is the same as fintf. 

Since we can only determine the absolute 
value of qexp., we can reverse the sign of 


Table 7. Temperature variation of q^iff. 


T 

(“K) 

((Idlff. )xx 

(QdiH lyy 

(•IdlH )zz 

^difT. 

VdlJf. 

4-2 

1-210 

2-123 

-3-333 

15-7 

0-274 

78 

1-205 

2-113 

-3-318 

15-6 

0-274 

285-3 

1-115 

2-059 

-3-228 

15-0 

0-276 


electron states at the Fermi Surface, but in 
view of the small temperature variation in 
contrast to the large variation of the Knight 
shift and the spin lattice relaxation time, and 
also the very small difference between normal 
and superconducting states, this seems un- 
likely. The close correlation between fine. 
and /Spair is suggestive of a strong interaction 
in the direction of the nearest neighbour, 
and /Spair is suggestive of a strong interaction 
in the direction of the nearest neighbour, 
possibly an indication of covalency. In this 
connection it would be valuable to have more 
information on the temperature variation of 
/3pair.- Clearly a detailed theoretical treatment 
is required together with a measurement of 
the Knight shift tensor to provide additional 
information on the Fermi Surface states. The 
large difference between the Knight shift in 
solid and liquid gallium [19] is certainly indi- 
cative of a large p-electron contribution. 
Measurements on the Knight shift are pre- 
sently in progress and preliminary measure- 
ment indicate a large anisotropy. We hope to 
further discuss these points in a subsequent 
paper when measurements are complete. 
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SIZE EFFECTS ON PLASMON-PHONOTSf MODES 
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Abstract — The coupled plasmon-optical phonon modes in a finite sample of a degenerate polar 


semiconductor are studied in the long wavelength 
of the crystal is the existence of surface modes, 
absorption spectra of small samples is disucssed 
are also investigated. 

INTRODUCTION 

In doped polar semiconductors the LO 
phonons and the plasmons are coupled by the 
macroscopic polarization field which is 
associated with both types of excitations. 
This coupling has been treated theoretically 
for the case of crystals which are subject to 
periodic boundary conditions[l, 2]. In such 
crystals the only type of phonons which set 
up macroscopic fields are the LO phonons. By 
discarding the periodic boundary conditions 
and taking into account the finite dimensions 
of the crystal, it can be shown [3] that in ionic 
crystals there also exist surface optical 
phonons which are not longitudinal and which 
do set up macroscopic fields. Similarly, a 
plasma confined to a finite volume can support 
surface plasma oscillations which are not 
longitudinal and whose frequency is different 
from the bulk plasma frequency [4]. These 
surface plasmons also create macroscopic 
fields. In doped polar semiconductors the 
surface phonons are coupled to the surface 
plasmons. 

We first derive the normal plasmon-phonon 
modes of a finite semiconductor. We then 
discuss the i.r. absorption spectra of small 
samples, in which surface modes play a 
dominant role. Finally, the effects of applying 

* Present address: Department of Physics, University 
of North Carolina, Chapel Hill.N.C. 27514, U.S.A. 


limit. The novel feature resulting from the finiteness 
The manifestation of these modes in the infrared 
. The effects of the application of a magnetic field 

a constant magnetic field parallel to small 
cylindrical samples are discussed. 

PLASMON-PHONON MODES OF A 
FINITE CRYSTAL 

The eigenmodes of the system can be 
derived from the following equations of 
motion, which apply in the long wavelength 
limit for a diatomic polar semiconductor con- 
taining free electrons, 

/i.ii = — -f e*E ( 1 ) 

m*\ = eE. (2) 

H ere u is the relative displacement of the two 
ions, fjL is their reduced mass and e* their 
effective charge; x is the electronic displace- 
ment and m* is the electronic effective mass. 

The ionic and electronic displacements are 
coupled through the macroscopic electric 
field E, which can be written in terms of the 
polarization in the form 

E(r) =graddiv f \ dV (3) 
J |r-r'| 

where the integration is performed over the 
volume of the crystal. The polarization is a 
sum of independent contributions from the 
optical phonons, the free carriers and inter- 
band transitions: 

E — Ne*u + ne\+^ — (4) 
4ir 
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where N is the number of unit cells per unit 
volume and n is the free carrier concentration. 

Equations (1-4) can be solved simul- 
taneously by choosing P to be an eigen- 
function, with eigenvalue v, of the integral 
equation (3) 



d^’r' = — 47ri’P(r) 


(5) 


which the integral equation (5) is known to 
have [3]; 

(a) !» = 0, div P = 0, 

These are transverse bulk modes. From (9) 
we find that their fequency is oir, which 
identifies them as the pure TO phonons. 

(b) v= curl P = 0. 


in which case the equations of motion assume 
the form 

{[1 +vie^~ 1)] (wr^ — /^€«n^}u 


These are longitudinal bulk modes and from 
(9) we see that their frequencies are the zeros 
of the dielectric constant and are the roots of 
the equation 


m * « * 

+ v €„ajp^x = 0 (6) 

n*u -I- 

m*e* 

— [1 -I- (7) 

where e"'"' time dependence has been assumed 
and where 


/xe. 


= - U)/\ 


Airne^ 

■ 


Equating to zero the determinant of the 
coefficients of u and x in equations (6) and (7) 
we obtain the equation for the frequencies 


or 


{ [1 -f (€=c — 1 )] — o)^) 

X [1 l)]aj^} 

— = 0 



(m)2 


\ 

tD-p^ — WV 



( 8 ) 


oj'* — ( CJp^ + OiL^ ) OJ^ -h (Op^CJp^ = 0. (10) 

These are just the coupled plasmon-phonon 
modes discussed by Varga [1]. 

(c) 0 < j' < 1 , div P = curl P = 0. 

These are surface modes and their fre- 
quencies depend on the particular shape of 
the specimen. In these modes the vibration 
amplitudes usually decrease with increasing 
distance from the surface of the sample. For 
each eigenvalue u in the range 0 < i/ < I there 
exist two roots of equation (9). One of the 
surface mode bands lies in the range w < co- 
and the second one in the range cut- < w < a» ,, 
where are the frequencies of the longi-_ 
tudinal bulk modes i.e. the roots of equation 
( 10 ). 

I'or a spherical specimen, for example, the 
eigenvalues of the integral equation (5), which 
correspond to surface modes, are given by [3] 


The expression on the l.h.s. is just the fre- 
quency dependent dielectric constant of the 
system, so that the eigenfrequencies equation 
can be written in the concise form 

€(co)^^. (9) 

V 

There exist three types of eigenmodes, cor- 
responding to the three types of solutions 


= 27^’ 

In Fig. 1 the bulk modes (solid curves [5]) and 
the lowest (/=1) surface modes (broken 
curves) of a spherical GaAs crystal are shown 
for different free carrier concentrations. In 
this case the two surface mode bands lie 
within the narrow range between the broken 
curves and the corresponding full curves. 



I 


SIZE EFFECTS ON PLASMON-PHONON MODES 


2351 


IJt. ABSORPTION SPECTRA 
Retardation effects, which have been ne- 
glected so far, have to be included if the 
interaction of the crystal with electromagnetic 
radiation is to be discussed. The retarded 
eigenmodes of the system are obtained by 
solving the vector Helmholtz equation which 
both the electric and the magnetic field obey 

[A+e(tu)^]u = 0 (12) 

where €(a») is given by l.h.s. of (8) inside the 
crystal and ei<u) = 1 outside it. The eigen- 
frequencies are then obtained by imposing the 
appropriate continuity conditions at the sur- 
face of the sample. Instead of carrying out 
this procedure we go over directly to discuss 
the infrared absorption properties of small 
spherical samples. We apply Mie’s theory [6], 
according to which the absorption cross 
section of a spherical sample of radius R (in 
units of the geometric cross section) is given 
by 

2c-* “ 

""o ~ ^ (2/-+ 1) 

/=i 

X (—Re u/— Re b,— \b,\^) 

where the Mie coefficients «/, hi are defined by 



Fig. I. Bulk and surface mode frequencies of a GaAs 
sphere. The vertical lines denote the cop values of the two 
samples whose absorption spectra are shown in Figs. 2 
and 3. 

with 6a. = 11-1, €o= 13-13. 0)7.= 269cm“’, 
r = 0-007. For the plasma frequency a)„ and 
the plasmon lifetime t we have taken values 
given by Tell and Martin [5] for some of the 
samples which they have used in their Raman 
scattering experiments. The structure of the 
absorption spectra shown in Figs. 2 and 3 is 
in fact reminiscent of the Raman spectra 
which have been observed on large samples 


Mk'R) [m(k^R}r -Mk<>R)[k*RMm]' 
j)(k<R)[k^Rh,(k°R)r-h,(k^R)[k‘RJ,a‘J^)y 

j,{k«R)[k'RMk^R)V - eji(k*R)[k^RjAk^R)y 
h,ik^R)[k>Rj,{k‘R)y-ej,i k*R )[k^Rh,{k^R)y 


Here cu/c, 4:' = Vecu/r; j, and ht are 
spherical Bessel and Neumann functions 
respectively. 

We have calculated the absorption cross 
section of small spheres of GaAs. A damped 
dielectric function was used in the calculation 

e(cu) = 600 H 7-^ 1 

1 o>(w-l-t/T) 

\0> Y/ 


[5, 71 In both cases there appear three peaks, 
the middle one being due to the TO phonons. 
The other two peaks are due 1.0 the plasmon- 
phonon modes, bulk modes in the Raman 
experiment and surface modes in the absorp- 
tion by small spheres. In the latter case, if 
the radius of the sphere is small compared 
with the wavelength the absorption fre- 
quencies are close to the non-retarded values 
obtained from (9) and (11), with / = 1 . These 
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Fig. 2. Absorption cross section of a GaAs sphere of 
diameter l/x: /I = 51 x 10‘"cm ’,t= 17-7X 10 '^ sec. 



Fig. 3. Absorption cross section of a GaAs sphere of 
diameter 1 fi;n = S’6x 10*’ cm'^.T = 11-4 x 10“''* sec. 


are denoted by vertical lines on the frequency 
axes in Figs. 2-4. The absorption frequencies 
of very small spheres thus follow the broken 
lines of Fig. 1 (whereas in the Raman experi- 
ment the solid lines are traced). Increasing 
the dimensions of the sample will increase the 
ratio to bulk to surface mode absorption. 
This is exemplified by Fig. 4 which is to be 
compared with Fig. 2. 

Obsetviition of the absorption of i.r. radia- 
tion by ]ilas mon-phonons modes has been 
attempted by measuring the transmission 



Fig. 4. Absorption cross section of a GaAs sphere of 
diameter 5 fi: n = S-1 x 10'* em'-’.x = 17-7 X 10~’* sec. 

through thin slabs at oblique incidence f8]. 
In this experiment it was not possible to 
observe the low frequency phonon-plasmon 
bulk mode since, for the doping used, its 
frequency te_ was close to mr and the strong 
absorption by the TO phonons masked the 
absorption at w— In the measurement of 
absorption by fine powders this difficulty is 
avoided since the absorption at o>r can be 
reduced considerably if small enough samples 
are available. 

In our calculations we have taken forr the 
‘bulk value’ of the lifetime. This is correct 
only when the smallest dimension of the 
specimen is much greater than the electronic 
mean free path. Estimating the mean free 
path / by v^t where is the Fermi velocity 
we find that / is of the order of 1 0“® cm for the 
GaAs specimens discussed above. Thus / is 
indeed much smaller than the dimensions of 
the absorbing spheres, which are of the order 
of 10"* cm. 


EFFECTS OF MAGNETIC FIELD 
In the presence of a magnetic field there 
exists a new type of collective bulk modes. 
These result from the coupling of the collec- 
tive. cyclotron excitations to the LO phonons 
through the macroscopic electric fields [81 . The 
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frequencies of the bulk modes are given by the 
two roots of the equation 

+ 6>c® + = 0 

(13) 

where &)(. = eHJm*c. 

The coupled modes have been observed in 
the transmission spectra of thin slabs [9] 
(with the magnetic field in the plane of the 
slab). 

We discuss the effects of a magnetic field 
on the plasmon-phonon surface modes in 
cylindrical samples with the magnetic field 
Ha parallel to the axis of the cylinder (the 
z axis). The electromagnetic properties of a 
plasma in the magnetic field can be described 
by a complex, frequency dependent, tensor 
dielectric function [10]. By adding the scalar 
contribution of the optical lattice vibrations 
we find that the dielectric tensor e of the doped 
semiconductor is given by 

^■rr Ctfi/ €i« €;j, Cj-y = 16 

where (neglecting damping) 

2 

, € 0 € IX COp €oe 

1 — a)^/ct>r* — 

I €() €x €gt. 

€ € oc ^ 2 / y y 

1—0)7037- 
* — ‘ 

With this dielectric constant and assuming 
e”'"' time dependence Maxwell’s equations 
assume the form 

div H = 0 

div e . E = 0 

curl H = -/■-€.£ (14) 

c 

curl E = i ~H. 

c 

The optical properties of the cylinder will be 
treated for the case of normal incidence (Voigt 


geometry). Only normal modes which are 
independent of z will be involved. There exists 
two types of such normal modes [ 11 ] which 
^ can be excited independently by using beams 
which are polarizec^ with the electric field 
either parallel or perpendicular to the axis of 
the cylinder: (a) modes with Ellz. From (14) 
it is found that E satisfies the following 
Helmholtz equation 

(a+€.,^)e = 0. (15) 

For these modes the medium is described by 
the dielectric constant e,, = 63 which is inde- 
pendent of the magnetic field. This reflects 
the fact that for this polarization the electric 
field drives the electrons in the z direction 
i.e., parallel to the external magnetic ^Id. 
(b) Modes with E 1 z. In this case the time 
dependent magnetic field has only a z com- 
ponent, which satisfies the following Helm- 
holtz equation 

(A + A:'*)H = 0 (16) 

where 


For these modes the medium is described 
by the dielectric constant 



To solve the problem of absorption by 
cylindrical samples one has to write the 
external fields (the incident and the scattered 
waves) and the internal fields (solutions of 
(15) and (16)) in terms of cylindrical waves, 
so that the appropriate boundary conditions 
can be satisfied. Since for the parallel polariza- 
tion no surface modes are excited [ 12 ] only 
the case of perpendicular polarization will 
be discussed. The dielectric constant 6 j. has 
three resonances corresponding to bulk 
modes. One pole is at a>r and the other two at 
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the roots of equation ( 1 3). For thin cylinders parameters arewT = 2 1 9 cm \ = 243 cm-^ 
the strongest absorption peaks will lie at the to. = 11 '8 and the phonon damping frequency 


frequencies of surface modes. 

The absorption width (absorption cross 


r = 2cm'^ In Figs. 5-10 the absorption 



A:® = (tile, k' = vTj^od/c. 

The coefficients bn have been derived by 
Platzman and Ozaki[]3] (but their formula 
(13) seems to be misprinted). The frequencies 
of the surface modes can be deduced from { 1 8) 
by equating to zero the denominator of this 
expression. For small specimens. k'^*R 1 , we 

find that the surface mode frequencies are 
given by 

e,(e,+ l)-e'(e' + l) =0 (19) 

where the upper (lower) sign corresponds to 
positive (negative) values of /i. In the absence 
of a magnetic field c' = 0 and modes with 
e±in<fr angular dependence are degenerate. The 
application of a magnetic field removes the 
degeneracy. Equation (19) has four pairs of 
solutions. 

We have calculated the absorption by thin 
cylinders of InAs using the parameters given 
by Palik et al.{\4\ for the two samples on 
which they have performed bulk reflectivity 
measurements. (In their experiment they have 
observed the four reflectivity minima which 
appear at the frequencies at which is equal 
to one.) For the sample denoted 1— InAs: 
cap = 236 cm“^ and the damping frequency of 
the free carriers y = 30cm~‘. For the sample 
2-InAs; aip = 90 cm“’, y = 20 cm“*. The other 


Fig. 5. Absorption width (absorption cross section per 
unit length) of a 1-lnAs cylinder of diameter 1 ju.; 

CUc = 0. 



Fig. 6. Absorption width of a 1 -InAs cylinder of diameter 

I /u.; ci>c = 0'25 Wt- 



Fig. 7. Absorption width of a I -InAs cylinder of diameter 
I /t; ti>r = 0-75 oij'. 
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Fig. 8. Absorption width of a2-lnAs cylinder of dianteter 

1 /t; = 0. 



Cl)/ClIj 

Fig. 9. Absorption width of a 2-1 n As cylinder of diameter 
1 fl'.COr — 0-25 aij- 

widths of cylinders of diameter 1 /x in different 
magnetic fields are shown. The frequencies 
of the surface modes which cause the peaks 
in absorption are denoted by vertical lines on 
the frequency axis. 

In zero magnetic field there appear three 
peaks, one at toy and the others at surface 
mode frequencies. In this case the spectrum 



Fig. 10. Absorption width of a 2-In As cylinder of 
diameter 1 < 0 ^ = 0-75 toy. 

is very similar in structure to that of small 
spheres (Figs. 2-4). For a cylinder however, 
the surface mode absorption peaks are given 
by the equation 6(o))=— 1 whereas for a 
sphere the corresponding equation is e(a>) = 
—2 [3]. The application of a magnetic field 
splits the surface mode absorption peaks. 
Since the magnetic field influences only the 
plasmon component of the mixed plasmon- 
phonon modes it is expected that the splitting 
will be larger for modes which are pre- 
dominantly plasmon in character. Vargafl] 
has defined the phonon strength of plasmon- 
phonon bulk modes. Burstein et a/.[15] have 
added an analogous definition of the plasmon 
strength. For l-InAs, for which Wp lies 
between a>r ^^nd wy, both the high and the low 
frequency modes have comparable plasmon 
and phonon components. The plasmon 
strengths are 5((u_) = 0-70, 5(ci>+) = 0-38. 
The splitting of the corresponding high and 
low surface modes is indeed of the same order 
of magnitude (Figs. 6, 7). For 2-InAs to,, is 
much lower than ojy so that the low (high) 
frequency mode is mainly plasmon (phonon) 
i character. In terms of the plasmon strengths 
we have S((u-) = 109, S(w+)=0 01. The 
splitting of the low frequency surface mode is 
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much larger than that of the high frequency 
one (Figs. 9, 10). 

The effect of increasing the dimensions of 
the sample is demonstrated in Fig. 1 1 , in 
which the -absorption width of a 1-lnAs 
cylinder of diameter 5 fx is shown. Significant 
bulk mode absorption now appears (the peaks 
denoted B). The bulk mode frequencies (which 
are the poles of are denoted by the two 
higher vertical lines on the frequency axis. 



Fig. II. Absorption width of a I -In As cylinder of 
diameter 5 = 0 75 cue 


CONCLUSION 

Three types of normal modes were shown 
to exist in the finite plasmon-optical system. 
Transverse bulk modes of frequency a> 7 ; 
longitudinal bulk modes (which result from 
the coupling of the LO phonons and the 
longitudinal bulk plasmons) and non longi- 
tudinal plasmon-phonon surface modes. The 
surface modes usually decay with increasing 
distance from the surface but, due to the 
existence of the long range Coulomb inter- 
action, this decay is rather slow. 

The i.r. spectra of small doped semicon- 
ductor samples were calculated. It was shown 


that for small enough specimens the strongest 
absorption peaks occur at surface mode fre- 
quencies. whereas the absorption at tur is 
suppressed. This fact might prove useful for 
direct optical measurement of plasmon- 
phonon modes. 

The application of a magnetic field parallel 
to small cylindrical samples was shown to 
cause a splitting of the surface mode absorp- 
tion peaks. The splitting is most prominent 
for modes which have a high plasmon strength. 

Ar/l:noH-/ec/j;;enti'ni — The author wishes to thank Pro- 
fessor R. Englman for criticism, suggestions and helpful 
discussions. 
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Abstract — A study is made of the interaction between octahedratly co-ordinated £„ Jahn-Teller ions. 
Simple expression of the interaction energy allows the analysis of the configurations of the isolated 
pair of Jahn-Teller ions. The method is illustrated by the numerical calculations for the host crystals 
of the rocksall structure. The study is based on the assumption of the strong Jahn-Teller effect. The 
vibronic coupling between degenerate orbital and only one vibrational mode is considered. 


1. INTRODUCTION 

If the orbital level of the transition metal 
impurity in a given crystal lattice is degenerate 
some important phenomena, which are usually 
called the Jahn-Teller effect, can appear. 
Jahn-Teller effect can be explained as a 
consequence of the interaction between the 
electrons of the transition metal ion and the 
motion of the nuclei. As a base for study of 
the Jahn-Teller effect the model which takes 
into account only the nearest neighbours of 
the ionfl-3] has been frequently used. How- 
ever since we are mainly interested in the 
interactions between Jahn-Teller ions, it is 
necessary to take into account the role of the 
whole crystal explicitly. 

We shall limit ourselves to the study of 
statics of the Jahn-Teller effect. This restric- 
tion considerably simplifies the theory, but 
at the same time it requires the existence of 
the strong Jahn-Teller coupling (splitting of 
the orbital level much greater than zero point 
energy of the nuclear motion). It is believed, 
that strong Jahn-Teller coupling exists at 
least in some of the systems containing 
octahedrally co-ordinated Eg ions [4-6] and 
on such systems we shall focus our attention. 
The assumption of the strong Jahn-Teller 
coupling is not sufficient, as in this case 
Jahn-Teller effect can have not only static, 
but also a dynamic character[7]. We must 
therefore assume a stabilization of the 
particular configuration by either interaction 
between Jahn-Teller ions, or the intrinsic 


stabilization of Jahn-Teller effect (static 
effect). 

In the present paper the Jahn-Teller ion will 
be treated, using the methods of the theory 
of point defects. In part 2 the displacement 
field due to one Jahn-Teller ion in an infinite 
crystal lattice is studied. Simple formalism 
for the interaction energy of a pair of the 
Jahn-Teller ions will be developed in part 3. 
We shall then illustrate general results of 
parts 2 and 3 by a numerical calculation 
assuming the host crystal of the rocksalt 
structure (part 4). Finally in part 5 the lowest 
energy configurations of the isolated pair of 
Jahn-Teller ions will be determined. 

Using the theory of pair interactions, an 
interesting consequence can be deduced for 
the cooperative Jahn-Teller effect. Owing to 
the complexity of the cooperative effect, 
another paper will be devoted to this problem. 

2. DISPLACEMENT FIELD 

Let us consider a transition metal ion 
placed in an infinite crystal on the lattice site 
with the symmetry Oh. As mentioned above 
we shall deal with the ions, which have 
doubly degenerated Eg orbital state in this 
symmetry. 

The part of the energy of the system, which 
depends on displacement of ions from their 
positions in the undistorted crystal, can be 
expressed in the form (kinetic energy of 
nuclear motion is neglected): 

2357 
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W=VU,^')+^(.0- (0 

In this expression f is the vector of displace- 
ments (a-th component of the displacement of 
m-th ion in the kh elementary cell will be 
denoted iM), includes the inter- 
actions between displaced ions, is that 

part of the potential energy of the Jahn-Teller 
ion, which arises as a consequence of the 
vibronic interactions. 

can be expressed in harmonic 
approximation, as the quadratic form: 

( 2 ) 

where v is the matrix with the elements 

dW 

If only the linear coupling between 
orbital and e^, vibrational mode of the octa- 
hedron is considered [1], the potential 
can be expressed in the form; 

^i^)=-^ot\/(Q-2^ + Q.n (3) 

Qz, Q.i are the normal coordinates of the 
octahedron, which form the base of e^, repre- 
sentation of symmetry group Oi,\ 

-^„(0, l,0 )-ff„( 0 .- 1.0 )] 

Qa = 0 J ) - (0, 0. -I } 

-^,(1.0.0)-h^^(-l,0,0 )-^„( 0, 1,0) 

+ ^,( 0 ,- 1 , 0 )] ( 4 ) 

where ions (±1,0,0); (0, ±1,0); (0,0 ,±I) lie 
in the vertexes of the octahedron, in the centre 
of which the Jahn-Teller ion is placed. It is 
convenient to introduce polar coordinates in 
the 02, 03 space: 

V(02=' + 03^)tgd> = ^. (5) 

\£3 


The first problem which is to be solved, is 
the determination of the equilibrium deforma- 
tion of the crystal, in which the Jahn-Teller 
ion is placed. It will be assumed, that the 
configuration of the octahedron of Jahn-Teller 
ion is specified by an arbitrary, but fixed 
angle 4>- 

The equilibrium equation dWld^ = 0 can 
be expressed with respect to (1) and (2) in 
the form: 

fr + || = 0. (6) 

It is to be noted that the energy of system 
(and not the free energy) is minimized. The 
results therefore holds only for T —* 0°K. 

Expression (6) can be rewritten if the form 
(3) for potential 'l^ is taken into account; 



As the angle (j) is fixed, this equation is 
linear and the solution can therefore be 
expressed as a linear combination: 

sin<|>. (7) 

resp. are the displacement fields 
corresponding to the configuration of the 
Jahn-Teller ion s octahedron, having 02 
resp. 0;, equal to zero. Moreover the displace- 
ment fields are not independent. From 

the symmetry of normal coordinates 02, 0;, 
follows, that the substitution »<^ + 27r/3 
interchanges only the coordinate axes 
(jf X, z -»■ y). Using expression (7), 

the following relation can be deduced: 

e^\z^,y) = "(x.y,z) 

It is therefore sufficient to determine only the 
displacement field 

As follows from (1) and (6), the change of 
the equilibrium energy of the crystal is 



JAHN-TELLER IONS 


2359 


determined by the relation; 




f-f. 


( 8 ) 


It can be verified, by substitution of (3) and 
(7) in (8). that this energy does not depend 
on the angle 0. There is, analogously as in 
the case of the molecule a continuous 

series of nuclear configurations, which have 
the same energy {all these configurations have 
the same ‘absolute value’ of the deformation 
q). The nonlinearity of vibronic coupling [2] 
and (or) the anharmonicity of crystal lattice [3] 
will break this energy equivalence. 

The dependence of the potential on the 
angle (corresponding term will be called 
anisotropy energy) can then be represented 
by the expression: 

^a — hX . COS 3<^. (9) 


The anisotropy energy arises as a consequence 
of the higher order terms; therefore it will be 
assumed, that this energy is much smaller 
then the linear Jahn-Teller stabilization 
energy: 

eo = — (10) 

As follows from expression (9) anisotropy 
energy stabilizes three configurations having 
<f>^k7rl3 {k = 0-2;4 if K < 0: )t=l;3;5 
if > 0). These configurations correspond 
to tetragonal compression or elongation of the 
octahedron of Jahn-Teller ion. It is believed, 
that if K is sufficiently large, the Jahn-Teller 
effect is static, which means that the system 
may be assumed frozen in one of the three 
potential energy minima. 


3. INTERACTION POTENTIAl,S 
If the two defects a and b are located in 
a crystal, their interaction energy can be 
defined as a difference: 




is the equilibrium displacement field. 


if both defects are placed in the lattice, 
is displacement field if only defect 
a{b) is present. are 

^corresponding changes (1) in the energy of the 
crystal. 

If it is supposed, that the displacement 
fields due to the defects a, b are independent 
(i.e. the relation f a“+ ^ holds), then the 

interaction energy can be written in a simple 
form [8] 



Let us suppose, that the configuration of the 
octahedron of Jahn-Teller ion a{b) is speci- 
fied by an arbitrary, but fixed angle 
With respect to the form (4) of the potential 
the interaction energy (11) takes the form: 


€{ = — ia ( 03“'’ . cos <f>a + 02“* . sin 

+ 03'’“. cos«^j,-l-02'«'. sin<^»fr) (13) 

where 03“* is the change of the normal 
coordinate 03 of the octahedron of ion a, 
which is caused by the displacement field 
of the ion b. Analogously are defined 02°*, 
02*’" and 03*“. Expression (13) can be further 
rearranged, if the relation (7) for the displace- 
ment fields is used: 

2 ^SW5*- (14) 

trcr'=2,3 

where 5z^ = sin tbr, S 3 ' = cos 4 >c-, c — a, b and 

7“*, = -ia[0„.“*(o-') +0*9(flr)],o-,o-' = 2, 3. 

(15) 


0a“®(o’') is equal to 0^“* if configuration of 
the octahedron of ion b is specified by angle 

= 0 (a-' — 3) or <f}b = nllia' = 2). 

From the equivalence of the ions a, b 
follows, that the tensor is symmetrical, 
and hence the three quantities J^, are 

sufficient for the determination of the inter- 
action energy. 

We shall now analyse two mutual configura- 
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tions of the pair of Jahn-TeJler ions (it is 
supposed, that ion a is placed in the origin). 

Configuration Ail) -ion h is placed in the 
lattice site with the radius vector R* 
= RoU, 1,0)-, Ro being the shortest cation- 
anion distance. In the rocksalt structure 
I = 1 corresponds to a, b being nearest neigh- 
bours in cations subiattice. 

Configuration B{1) — ion b in lattice site with 
0, 21). For I = 1 ions a, b are next 
nearest neighbours in the cation sublattice 
of the rocksalt structure. From symmetry of 
the displacement field it follows, that for both 
cases = 0. Notation = 72(/) , J"!t = JAO 
will be used in the following analysis. For 
1=1, it is not ditficult to estimate the signs 
of the quantities 72(1), 73(1). The Jahn- 
Teller forces due to ion a and expected 
direction and magnitude of that part of the 
displacement field which is necessary for 

the determination of 72(1) and 73 ( 1 ) are 
shown in Fig. 1. From this figure, using the 
definition of the normal coordinate (4) and 
expression (15), following inequalities can 
be deduced: 

72 "( 1 ) < < 0 

72''(1) < 0:73"(1) > 0 (16) 

|72®(1)| |73«(1)|. 

The last inequality follows from the fact, 
that only ^ 3 ^( 1 ) contains the big displace- 
ment of the nearest neighbour of the Jahn- 
TelJer ion. 

The inequalities (16) will be verified in 



Fig, 1. The forces due to Jahn-Teller ion (full arrows) and 
the expected direction and magnitude of the part of the 
displacement field (dotted arrows). 


the next section for a special structure of 
the host crystal. 

4. JAHN-TELLER IONS IN A CRYSTAL WITH 
THE ROCKSALT STRUCTURE 

The general theory will be in this section 
illustrated assuming the host crystal of the 
rocksalt structure. It is necessary first to 
specify the interaction F(^,^') acting 
between the displaced ions. For simplicity 
it will be assumed, that the interaction 
between the two ions having the radius 
vectors Rli), R(,};') and charges 17 ™- can 
be written in the form: 

V = rhsihn: + ^ ^-|R(i)-R(i.)l/P .7 

|R(.5,)-R(^')I 


where the repulsion term is nonzero only for 
nearest neighbours. 

It is convenient to solve the equilibrium 
equation for the crystal containing Jahn- 
Teller ion in the reciprocal space. The 
periodic Born conditions are introduced in 
the usual way. instead of one Jahn-Teller 
ion. it is supposed, that the superlattice of 
Jahn-Teller ions is placed in the crystal. 
Elementary translations in this superlattice 
are the N-muItiple of the elementary transla- 
tions in the original lattice. 

It can be shown [9]. that in the reciprocal 
space the equilibrium equation has the form: 

2 (H') = G„-(k) (18) 

m'H 

where Qo'"(k) are defined by the relation: 

Q„"'{k) = 2: ^„(')e“^™ 

I 

The matrix i’J^f) is well known in lattice 
dynamics where it is called the dynamical 
matrix in the particular case that the mass of 
ions is set equal to unity. 

C„”'(k) is the component of the transformed 
force; 


-G„"'(k)=- 




S 

i 


- 2ir<kR(i> 
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If Qa”‘(k) are known, the displacement field 
can be obtained by inverse Fourier trans- 
formation; 


(19) 

Bom periodic condition restrict the values 
of the wave vector k. If k is written in the 
form: k = kih^ + + /tgba (b,, bs, bs being 

the elementary translations in the reciprocal 
lattice) then: 

= ^ na = 0,l...N a =1,2,3 

The equilibrium system (18) must therefore 
be solved for /V® values of vector k. This 
number can be however greatly reduced if 
the symmetry of the normal coordinates 
Qa"'(b.) is employed. 

As shown in part 2 it is sufficient to deter- 
mine the displacement field (<f> = 0). 
Assuming for the potential ^ the form (3), 
transformed force G may be in this case 
expressed as follows: 

G;'’ = G;'' = G,<“ = 0; 

= A . sin (iTTRykj^): 

G„‘^' = A . sin (InR^iky ) ; 

g;‘'’ = -2/I sin (IttR^^). 


Where A — ialN^-, R,t is the shortest cation- 
anion distance, m = I (m = 2) corresponds to 
the cation (anion) sublattice. 

The repulsive part of the dynamical matrix 
can be easily determined using the form (17) 
for interaction between ions in crystal. For 
determination of the coulomb part of this 
matrix Ewald method can be used [10]. 

The problem, which includes the determina- 
tion of the elements of the dynamical matrix, 
elements of transformed force, solution of 
equilibrium equation (18) and the determina- 
tion of displacement field by summing (19), 
was solved numerically, using the Minsk 22 
computer. In addition to the multiplicative 
factor, the results depend on the parameter 
K = RJp (p is the parameter in the repulsive 


part of potential (17)) and on the size of the 
cell in the superlattice of Jahn-Teller ions, 
that means on N. With increasing N, the 
/displacements of ibi^s near to Jahn-Teller 
ion converge to their limits, which corre- 
spond to , the displacements in an infinite 
crystal containing one Jahn-Teller ion. This 
convergence is fairly rapid (Fig. 2). In all 
following calculations values of N is taken so 
high, that the results are on this value prac- 
tically independent. 

The dependence of some components of the 
displacement field on the parameter k is 
revealed by Fig. 3. It can be shown [14], 
that the singularity, which the displacement 
field exhibits for k ~ 5 is connected with the 
zeros of the determinant of the dynamical 
matrix; therefore the singularity is connected 
with the choice of the form (18) of the poten- 
tial acting between the ions in crystal. 

The relation (15) was used for the deter- 
mination of the quantities J^, J 3 . The depen- 



Fig. 2. Typical example of the convergence of the dis- 
placement field as a function of N. (Parameter k = 6). 


I is connected with f by the relation f 


R«“a 

V3r,»*‘ 
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Fig. 3. Dependence of the displacement field on the 
parameter «. 

dence of the ratio yaCD/kol, J.i(l)/|€o| 
(eo being the linear Jahn-Teller stabilization 
energy (10)) on the parameter k (Fig. 4) 
confirms the validity of the inequalities (16). 
To have an idea about the magnitude of the 



Fig. 4. Quantities JgforAil) and A ( 1 ) configurations. 


displacement field and the interaction energy 
the system CaO: Cu was considered. Stabiliz- 
ation Jahn-Teller energy e® was, for this case 
determined by Hochli et to be roughly 

10® cm"'. Values of the parameters p, /?o were 
taken to be p = 0-4A; /?o = 2-4A[12]. Using 
Figs. 3, 4 following results were obtained: 

|f,(100)| = 0-06A 

^2-^(1) - V(l) =-100cm-‘; 

J/(l) = -45 cm-'; 73^(1) =400 cm"'. 


5. LOWEST ENERGY CONFIGURATIONS OF 
THE PAIR OF JAHN-TELLER IONS 

Inequalities (16), which we expect to be 
valid independently on the structure of the 
host crystal, enable us to analyse the con- 
figurations of the pairs of Jahn-Teller ions. 
Let us consider first the case of the strong 
anisotropy (anisotropy energy (9) much 
greater than the interaction energy). Inequiv- 
alent pair’s configurations /4(1), S(l), which 
give the maximum gain of the anisotropy 
energy are shown, together with correspond- 
ing interaction energy in Fig. 5. It is interest- 
ing to compare our results, with the assump- 
tions, which were made by Wojtowicz[13]. 
who has studied the cooperative Jahn-Teller 
effect on the base of the strong anisotropy 
model. Using (16) it is easy to show, that 




A, (Ml) A2(\^,) A.,(vy 







y 




B| 


Bz Bj 04 

"zJs 4JJ+4J3 "Ijj+i'Js 


Fig. 5. Configurations, which minimise the anisotropy 
energy of the pair of the Jahn-Teller ions. Pair inter- 
action energy is indicated below corresponding pictures. 
In brackets the Wojtowicz's notation of the interaction 
potentials is showa Arrows indicate the axes of tetragonal 
distortions. 



JAHN-TELLER IONS 


2363 


Wojtowicz assumption V12 < Vn < ^'22 < Vzi 
never holds, as for |J3'‘(1)| > |y/(l)| the 
sequence of the interaction potentials is 
^tt< 1^12 < 1^22 < 1^21 while for i/2'^(I)| 
> inequality r,z < Vu < < Vzi 

holds. 

The lowest energy configurations of the pair 
may be determined, by minimizing the sum 
of the interaction and anisotropy energies 
of the pair. Configurations y4 ( 1 ) , B ( 1 ) which 
may have lowest energy are shown in Fig. 6. 

Energy of these configurations and the 
condition under which they will represent 
the ground state of the pair are summarized 
in Table 1. 


6. CONCLUDING REMARKS 
In order to keep the problem as simple as 
possible several quite important effects have 
been neglected. Firsf oply the coupling of the 
Eo orbital to one eg vibrational mode was 
considered. ^ This often used approximation 
is in our case equivalent to the assumption 
of the shortrange vibronic interactions 
(coupling of the electrons of Jahn-Teller ion 
with only nearest neighbours is taken into 
account). 

Second important approximation is the 
neglect of the induced interaction, which 
represents the correction to the direct 
interaction energy (11). Induced interaction 


Table f. The conditions, under which configurations shown in Fig. 6 represent the 
ground slate of the pair of Jahn-Teller ions. Corresponding energy gain is shown. 


Denotion 
in Fig. 6 

a 

b 

c 

d 

e 

Represents 

ground 

\j/\ > w\ 

\Jf\ > \JA 

K > 

>\jf\ 

/c < 11 V 

K < tJs* 

K > kJf 

state if 
Energy 
gain 




-Jf 






Fig. 6. Configurations, which may represent the ground 
state of the pair of the Jahn-Teller ions. For energy of the 
configurations and for the conditions, under which they 
represent the ground state see Table 1. Meaning of the 
symbols; f tetragonally elongated octahedron; ^ tetra- 
gonally compressed octahedron;*i*<Thombic deformation 

(03 = 0). 


may be especially important, if the concentra- 
tion of the defects is high. The effect of the 
induced interaction will be considered in 
another paper in connection with the problem 
of the cooperative Jahn-Teller effect. 

The Jahn-Teller ion located in the host 
crystal may evoke, in addition to the deforma- 
tion having Cy symmetry, a totally symmetrical 
deformation (point symmetry group of the 
lattice site in which Jahn-Teller ion is placed 
is preserved). If analogously as for Cg deforma- 
tion, only corresponding linear term in the 
potential energy of defect is considered, the 
superposition law holds for the displacement 
field; 


where is determined by relation (7). Totally 
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symmetrical component of the displace- 
ment field may be determined in the way 
analogous to the determination of the /„- 
like displacements. Also the expressions 
for interaction energy may be generalized 
to include the influence of the totally sym- 
metrical deformation [ 1 4]. 

Finally it must be mentioned, that the 
magnetic coupling of the Jahn-Teller ions 
was entirely neglected. 
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Abstract — Heat capacity-temperature curves from 400° to 920“K for a Ni-50 at. % Pd solid solution 
alloy, measured after various heal treatments which were designed to alter the type of atom arrange- 
ments, are presented and discussed. Quite measurable deviations from a smooth reference heat 
capacity curve were observed. A rise in the heat capacity beginning below 400°K and terminating 
around 520°K is associated with ferromagnetic disordering; this part of the heat capacity curve is 
essentially the same for slow cooling and for quenching from 970°K. Anamalous behavior above 
520°K clearly shows that nonrandon atom arrangements can be induced in the solid solution Ni-Pd 
alloy by heal treatment, although the exact type of ordering could not be determined. 


1. INTRODUCTION 

Although Ni and Pd are completely soluble 
in each other[l], the numerous physical 
properties which have been measured on 
Ni-Pd alloys [2-7] can be interpreted to 
indicate that the local atom configurational 
arrangements are non-random. Not included 
in these measurements is the high temperature 
(above 300°K) heat capacity, which for 
Cu-base[8] and Ni-base solid solutions f9] 
has been useful in interpreting configurational 
changes. 

This paper reports measurements on the 
heat capacity of a Ni-50 at. % Pd alloy from 
420° to 920°K for various initial heat treat- 
ments designed to vary the local atom arrange- 
ments. Measurements on this alloy are of 
further interest because the possibility exists 
that the effect of configurational arrangements 
on ferromagnetic disordering can be studied. 


•Research sponsored by the United States Atomic 
Energy Commission under contract with the Department 
of Chemical and Metallurgical Engineering, The Univer- 
sity of Tennessee, Knoxville, Tennessee. 

fPreseni address: International Business Machines 
Corporation, Lexington, Kentucky, U.S.A. 


2. EXPERIMENTAL DETAILS 
The heat capacity was measured by dyna- 
mic adiabatic calorimetry using the techniques 
described in detail elsewhere! 10]. The re- 
producibility has been established to be about 
±0-7 per cent. The heat capacity is obtained 
from measurements at a constant energy 
input rate, which corresponds approximately 
to a constant heating rate. The specimen 
was about 2-0 cm in dia and 7-5 cm long and 
weighed 287 g. It was prepared by melting 
99-9 per cent pure Ni and 99-999 per cent Pd in 
a high-purity alumina crucible in vacuum. The 
specimen was homogenized for 2 weeks at 
1 320°K prior to measurements. Examination 
of the microstructure after homogenization 
using optical microscopy revealed no evidence 
of segregation or precipitation. The chemical 
analysis of the alloy was not obtained and the 
value 50 at. % Pd is based on the weighed 
starting materials. 

3. RESULTS AND DISCUSSION 
The specimen was initially heated to 920°K. 
then cooled in vacuum at approximately 
4'’K/min; the resulting state will be referred 
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to as the slowly cooled condition. The heat 
capacity obtained for this initial state is shown 
in Fig, 1. The peak at 448“K locates the Curie 
temperature and agrees closely with that given 
by Hansen [1]. The rise in the heat capacity 
between 620° and 720°K shows the existence 
of another energy absorbing process. 


Because of the lack of data for the Ni-Pd 
system, equation (1) was used to calculate the 
reference Cp. The volume expansivity was 
estimated using an arithmetic average (on a 
volume basis) of the expansivity of non- 
magnetic Ni[12] and of Pd [13]. A Debye 
temperature of 318°K and an electronic heat 



TEMPERATURE, *K 

Fig. 1 . The heat capacity of a Ni-^0 at. % Pd alloy after slowly cooling from above 
920‘’K. The energy input rate was J/g-hr. or about 2- l°K/min at 870°K. 


A proper analysis of the heat capacity 
results requires establishment of the heat 
capacity of the alloy in a non-magnetic and 
configurationally random state. This can be 
approximated by using the Debye heat 
capacity, characterized by a single Debye 
temperature, to which is added the electronic 
heat capacity approximated by a term linear 
with temperature. The sum of these two terms 
gives the heat capacity at constant volume, 
Cp, which can be converted to that at constant 
pressure, Cp, if the specific volume, volume 
expansivity, and isothermal compressibility 
are known at each temperature. If such data 
do not exist, an approximate conversion [1 1] 
is 

Cp — Ci,(l -h G a T) (1) 

where a is the volume expansivity (tempera- 
ture dependent), T is the absolute tempera- 
mre, and G is Grueneisen’s constant. 


capacity coefficient of 0 0082 J/mole-°K® 
was obtained by interpolation from the low 
temperature heat capacity data of Mackliet 
and Schindler 114]; from these data C, was 
calculated!! 1]. The experimental heat capa-- 
city at 920°K was then used to calculate G 
in equation (1); a value of 1-30 was obtained 
which was assumed to be constant over the 
entire temperature range. However, even 
with values of a and G, equation (1) may not 
represent adequately the dilation correction 
[11], Also, the model for C,, is questionable as 
the Debye temperature and the electronic 
heat capacity coefficient used were obtained 
from low temperature measurements, and 
hence may be inappropriate for high tempera- 
tures. Thus it is emphasized that the calculat- 
ed base heat capacity is a crude approximation; 
however, it does give a reference from which 
to interpret the results. The calculated, or 
reference, heat capacity is shown in Fig. 1 , 
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and also on the subsequent graphs. It is to be 
noted that a Kopp-Neumann calculation 
(using the non-magnetic heat capacity of Ni) 
was not employed because of the excessively 
low heat capacity obtained. 

As an introduction to the discussion of the 
results, a possible variation of the heat 
capacity with temperature illustrated schema- 
tically in Fig. 2 is discussed. The heat capacity 
of the alloy in a non-magnetic, configuration- 
ally random state (reference heat capacity) 
is shown overlaid separately with a heat 
capacity anomaly associated with ferromag- 
netic disordering and, at higher temperatures, 
an anomaly (curve y4) associated with con- 
figurational randomization, which we shall 
refer to as configurational disordering. Con- 
sider an alloy initially in the slowly cooled 
condition. Upon heating, the experimental 
heat capacity follows the reference heat 
capacity until a temperature is reached at 
which magnetic disordering is detectable 
(7rf). If configurational exchanges can be 
suppressed, magnetic disordering is complete 
at temperature T„, and the heat capacity 
returns to the reference curve. However, if 


atom exchanges begin at temperature 7 a for 
the fixed heating rate, then the additional 
heat effect reinforces that associated with the 
Remaining magnetic disordering. The heat 
capacity does not return to the reference 
curve until about 920°K, when atom exchanges 
have completely randomized the alloy. 

If the alloy were cooled rapidly (water 
quenched) from above 920®K a state ap- 
proaching configurational randomness would 
be expected; in contrast the suppression of the 
ferromagnetic state may be difficult to predict. 
However, if ferromagnetic disordering is 
suppressed upon reheating, the heat capacity 
follows the reference curve until a tempera- 
ture is reached (7^) at which the atom ex- 
changes begin to occur, which in this case 
cases a heat evolution, since the alloy is 
more random than for the equilibrium state; 
thus the heat capacity falls below the re- 
ference curve. Eventually a temperature is 
reached where the alloy begins to disorder, 
and the heat capacity rises above the ref- 
erence curve. The preceding describes curve 
B in Fig. 2. Configurational changes occur 
at a lower temperature for the quenched 



TEMPERATURE, “K 


Fig. 2. Schematic representation of the effect of ferromagnetic 
disordering and configurational alterations on the heat capacity. 
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condition than for the slowly cooled condition 
because of the influence of quenched-in 
defects on the kinetics. 

Nagasawa[I5] has reported that a super- 
lattice exists between 45 and 90 at. % Pd; this 
was based on an analysis of electron dif- 
fraction patterns from thin films. However, 
these results have been negated by the dif- 
fuse X-ray scattering measurements on single 
crystals of Ni-Pd alloys made by Spruiell and 
Lin[16]. Their results showed no evidence 
of long-range ordering, but for 50 at. % Pd 
alloy diffuse intensity maxima were observed, 
indicating the existence of some form of 
nonrandom local atom arrangements. Thus 
it is assumed that the rise in heat capacity 
in the range 620°-720°K for the 50 at. % Pd 
alloy is due to the randomization of the solid 
solution. 

Further evidence that the heat capacity 
rise between 620° and 72(rK is due to con- 
figurational randomization of the alloy is 
provided by the effect on the heat capacity 
of quenching into water after one hour at 
920°K. The resulting heat capacity curve 
is shown in Fig. 3, where it is compared to the 
slowly cooled condition. The heat capacity 


varies as described in discussing Fig. 2. The 
alloy first undergoes magnetic disordering, 
then beginning around 570°K undergoes some 
type of configurational ordering followed by 
disordering. The heat capacity associated with 
the magnetic disordering is almost identical 
for the slowly cooled and for the quenched 
condition. 

It seems reasonable that a greater deviation 
from the random state over that induced by 
the slow cooling from above 870'’K could be 
achieved by heat treating at sufficiently low 
temperatures. Thus the specimen, in the 
slowly cooled condition, was annealed for 
7-5 hr at 620°K, and the heat capacity re- 
measured. The result, shown in Fig. 4, 
indicates that additional configurational 
disordering may have occurred as a conse- 
quence of the additional ordering during the 
low temperature heat treatment. However, 
the effect is very slight as the two curves lie 
almost within the reproducibility of the 
measurements. 

Also, increasing the heating rate for a fixed 
initial condition should increase the tempera- 
ture at which configurational disordering 
begins, whereas the kinetics of magnetic 



Fig. 3. The effect of water quenching from 970'’K on the heat capacity of a Ni-50 
at. % Pd alloy. The curve represents two .sets of identical data; for one set, the 
energy input rate was 77 J/g-hr and for the other 73. Both correspond to about 

.3rK/minat870°K. 
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Fig. 4. The effect of annealing for 7-5 hr at 620“K after slow cooling on the heat 
capacity of a Ni-50 at. % Pd alloy. For this curve the energy input was 37 J/g*hr, 
or about 2-3°K/nun at 870“K. 


disordering may make that part of the heat 
capacity curve associated with this heat 
effect independent Of the heating rate. Since 
the initial condition is identical and the final 
condition at 920°K (randomness) is identical 
for each heating rate, the heat capacity curves 
must shift to make the enthalpy change be- 
tween 390® and 920®K the same. The effect 


of heating rate on the heat capacity is shown 
in Fig. 5. The onset of configurational dis- 
ordering shifts to higher temperature as the 
heating rate increases. Also, the enthalpy of 
disordering is identical for the various heating 
rates. The dependency of the heat capacity 
curve on the rate of heating in the region 
of magnetic disordering is unexpected, as 



TEMPEWATURE, *!< 

Fig. 5. Effect of heating rate on the heat capacity of a Ni-50 at % Pd alloy 
initially in the slowly cool^ condition. 
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this process should be unaffected by the 
heating rate. Although there are differences in 
the heat capacity curves in Fig. 5 between 
400“ and 480“ K which lie outside of the 
reproducibility of the measurements, it is 
uncertain whether they are real, as the heat 
capacity curves during magnetic disordering 
for a slowly cooled and quenched condition 
are very similar (Fig. 3). 

The unusual curvature in the heat capacity 
between 720^ and 820“K in Fig. 5 for the 
higher heating rates must be associated 
with characteristics of the kinetics of atom 
exchanges involved in the disordering process. 

Concerning that part of the heat capacity 
associated with configurational disordering, 
the behavior is identical to that reported for 
Cu-base[8] and Ni-base solid solutions [9], 
in which short-range ordering is involved. 
For the slowly cooled condition, the energy 
of configurational disordering in the Ni- 
50 at. % Pd alloy is approximately 9 1 0 J/mole. 
This is comparable to that obtained for binary, 
Ni-base, Ni-Cr and Ni-Mo alloys [9]. How- 
ever, the onset of disordering in the slowly 
cooled condition for these alloys is about 
770®K, whereas the temperature of about 
620®K required for the Ni-Pd alloy shows 
that the atom exchanges are considerably 
easier in this Ni-Pd alloy. 

Although the effect of heating rate (Fig. 5) 
and low temperature annealing (Fig. 4) on 
the heat capacity from 620“ to 720°K is con- 
sistent with the explanation of conhgurational 
randomization, the evidence is not strong as 
the effects produced are slight. However, the 
effect of quenching on the heat capacity (Fig. 
3) clearly establishes that local configurational 
ordering occurs in the Ni-50 at. % Pd alloy. 

Comparing the heat capacity curves of the 
slowly cooled condition to that of the quench- 
ed condition indicates that either the tempera- 
ture dependence of the absorption of heat 
during magnetic disordering is not sensitive 
to the degree or type of configurational ar- 


rangement present, or the alloy in either of 
these heat treated conditions is almost ran- 
dom. This latter possiblity is supported by 
Spruiell and Lin [16], who have interpreted 
their X-ray diffuse scattering measurements 
of Ni-Pd alloys to indicate that the degree 
of randomness is high even when heat treated 
at 620°K following quenching. It is also 
emphasized that they have not yet established 
the actual type of atom configurational 
arrangements involved. 
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Abstract— High-held magnetoresistance measurements have been used to investigate the Fermi sur- 
face of the metallic compound AuSn. The. maximum field used was 150 kG and the maximum resis- 
tance ratio of the single crystal samples was 157. The results indicate Jhat AuSn is j compensated 
metal and that its Fermi surface supports open orbits along [0001], < 1010> and < 1 120> dkections. 
Magnetoresistance oscillations periodic in inverse field were observed when the field was in the basal 
plane and when the current direction was not in the basal plane. Three sets of frequencies were 
measured in the basal plane and these agreed well with the de Haas-van Alphen results of other 
workers. The amplitude of the oscillations was ^prox. 01-] per cent of the steady magnetoresis- 
tance. In the absence of a band structure calculation, the topologicd results are compared with a 
nearly-free-electron Fermi surface model in the single zone scheme. The experimental results are 
found to be consistent with the model and with the de Haas-van Alphen results insofar as open orbit 
directions are concerned. The possible influence of magnetic breakdown on the state of compensation 
and on the origin of the resistivity oscillations is discussed. 


1. INTRODUCTION 

During the past several years it has become 
increasingly clear that we are well along the 
way toward a quantitative theoretical under- 
standing of the electronic structure of solids. 
Such calculational techniques as the aug- 
mented-plane-wave (APW), Korringa-Kohn- 
Rostoker (KKR), and orthogonal ized-plane- 
wave (OPW), methods have given energy 
bands which are in reasonably good agreement 
with experiment for metals of every class in 
the periodic table [1]. These techniques have 
also been successfully applied to ionic crystals 
such as KCl [2]. 

When one considers more complicated 
solids, however, the level of understanding 
is much lower. Although several calculations 
have been attempted, the study of electronic 
energy levels in compounds is in its earliest 
stages. In compounds in which the binding is 
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neither purely ionic nor purely metallic, 
choosing the crystalline potential becomes 
quite critical and carrying the calculations to 
self-consistency would seem to be particularly 
important. 

In the case of metallic compounds, there 
have been APW and/or KKR calculations on 
]3'CuZn[3,4], )8'AgZn[5], and /3'Pdln[6], all 
having the simple cubic CsCl structure with 
two atoms per primitive cell. It has been 
possible to measure the de Haas-van Alphen 
(DHVA) effect in these alloys [7] and to 
measure the high-held magnetoresistance 
(MR) in )3'CuZn[8]. It is of considerable 
interest to extend the above-mentioned energy 
band methods to successively more compli- 
cated solids and in the case of metallic com- 
pounds, it is obviously desirable to have Fermi 
surface measurements for comparison with 
the theoretical calculations. The hexagonal 
nickel arsenide structure would appear to be a 
good choice for energy band calculations at 
the present time. There are four atoms per 
primitive cell in this structure but this number 
is within reach of the above energy band 



2372 


D. J. SELLMYER 


methods [9]. There are many compounds hav- 
ing this structure and their properties cover 
the spectrum ranging from ionic to metallic. 

The compound AuSn has the NiAs struc- 
ture and has been the object of DHVA[10, 
11] and transport [12] studies. A preliminary 
investigation showed that open orbit effects 
could be observed in its magnetoresistance in 
fields of 50kG[13]. In the present paper we 
present the results of an investigation of the 
MR and quantum resistivity oscillations in 
AuSn in fields up to 150 kG. Because of the 
expected importance of relativistic effects and 
the relatively complex structure of AuSn, a 
serious energy band calculation for it would 
represent one of the most difficult such cal- 
culations attempted for a solid. Such a calcu- 
lation is presently being undertaken for AuSn 
[14] and it is hoped, therefore, that the work 
reported herein and the DHVA work will 
provide a rather stringent test of present 
energy band calcuiational techniques. 

2. THEORY 

(y4 ) High-field magnetoresistance 
The high-field condition is defined to be 
<a>(.T>av > 1. where toc is the cyclotron fre- 
quency and T the electronic relaxation time. 
The theory of Lifshitz and coworkers [15, 16] 
has shown that, in the high-field limit, the 
galvanomagnetic properties of a metal are 
determined by its state of compensation and 
by topological properties of its Fermi surface. 
In an uncompensated metal (electron volume 
7>^ hole volume), the transverse MR saturates 
for a general field direction and is proportional 
to cos® y when there are open orbits making 
an angle y with the current density J. On the 
other hand, for compensated metals (electron 
volume = hole volume), quadratic behavior of 
the transverse MR is the general rule when the 
ortHts are all closed; when there are open 
ott>its the MR is proportional to B® cos® y as 
above so that saturation is achieved essentially 
only when there are open orbits nearly per- 
pendici^ to J. This indicates that in order to 
determi^ the field directions on a stereogram 


for which there exist open orbits in a com- 
pensated metal, many samples having different 
current directions must be used if only trans- 
verse measurements are made. We wish to 
investigate explicitly the conditions under 
which open orbits may be detected in a com- 
pensated metal when non-transverse measure- 
ments are made. 

Suppose that J is not normal to the field B 
as shown in Fig. 1 . We must consider the re- 



Fig. 1. Geometry of nontransverse magneloresistance 
measurement. Some of the axes of the coordinate systems 
S. 5® and S' are shown along with angles involved in the 
coordinate transformations, y is the angle between the 
open orbit direction to and J. 

sistance, measured along the current axis of 
the sample, when there are open orbits along 
lo (the Xi direction), and when there are no open 
orbits along the x, axis or any other direction 
in planes normal to the Xa axis. The three 
coordinate systems of Fig. 1 are 5(xi,X2,X3), 
S‘'(x,^X 2 ^X 2 "), and 5'(x;, x^). The 5« sys- 
tem is derived from 5 by a rotation R{a) about 
Xa and the S' system is derived from 5“ by a 
rotation R{/i) about Xg". In system 5, the 
matrix equation relating the electric field E to 
the current J is 

E = pJ (1) 

where p is the resistivity matrix. Then in S' we 
have 


E'^p'J' 


( 2 ) 
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where the resistivity matrix in the 5 ' system is then equations (4-7) give 
given by 

^011 = cos® /3 cos® a 

P = BiB)RMpR(a) ^Ri0) *. (3) ^ Apcii = ^*cos®j8[flnCos®a + aS2sin®a]. 


Equations (1-3) give the matrix element 
governing the resistance measured along the 
sample axis, i.e. 

Pu —Pii cos® /3 cos® a+ pi 2 cos® /3 cos a sin a 


Furthermore, if the not unreasonable assump- 
tion is made that af . aL ” then 


^22 

lO 


^ = ^cos»a. 

Apcii 


( 8 ) 


+ p ,3 cos /3 sin /3 cos a 

Pu = +P 21 cos ®/8 cosa sina 4 -p 22 cos®/3 sin®a 
+ P 23 cos (3 sin /3 sin a 
+ p 3 , cos /3 sin /3 cos a 
+ P 32 cos /3 sin /8 sin a + p^t sin® /3. (4) 

The procedure for determining the nature of a 
nontrans verse MR rotation plot when the 
field direction sweeps through a one-dimen- 
sional region of open orbits is as follows. We 
assume that if B is tipped infinitesimally away 
from the Xa axis toward io, then the open orbits 
are lost while a and remain fixed to first 
order. We then compare the magnitude of 
p', for the open orbit and closed orbit case. In 
the S system the high-field resistivity matrices 
for a compensated metal in the closed and 
open orbit cases are [17]: 

/ OuB^ ax2B^ 

Pc = I aiiB^ a^aB | (5) 

V ^laB ^aaB ^33 J 

/ ay,B®ai'2fi«?3B\ 

p„= <3 (6) 

\-a'iaB ala a%a / 

where the coefficients afi and eg are field in- 
dependent but depend on the closed orbit and 
open orbit mobilities and relaxation times. If 
the field dependent part of the resistivity 
tensor is given by 


Thus if == and a 0, a sharp dip in the 
MR would be expected as B goes through a 
one-dimensional region of open orbits on the 
stereogram, i.e. becomes perpendicular to to- 
However, it would be possible to have a sharp 
peak as B becomes perpendicular to to if 
aj, cos® a > o'’. Evidence for both such types 
of behavior is presented below. In the high- 
field limit, the width of the extremum as B 
crosses a one-dimensional open orbit region 
is inversely proportional to <tt)fT>av[16]. 
Thus the characteristic indicator of the pre- 
sence of a one-dimensional open orbit region 
is a narrow extremum in the rotation plot. 

{B) Quantum oscillations in the resistivity 

Resistivity oscillations periodic in B~'^ have 
been observed in several metals, semimetals, 
and degenerate semiconductors. Since these 
oscillations arise from two different, yet re- 
lated, phenomena, we shall classify them here 
as either the Shubnikov-de Haas effect (SDH) 
or magnetic breakdown oscillations (MBO). 

Adams and Holstein [18] and Lifshitz and 
Kosevich[19] have discussed the theory of 
the SDH effect, and Kahn and Frederikse[20] 
and Roth and Argyres[21] have reviewed 
theoretical and experimental work on the 
subject. While the SDH effect has been 
observed in many semimetals and semicon- 
ductors, to our knowledge it has not been 
reported in metals whose Fermi surfaces con- 
tain large pieces'^. When a magnetic field is 
applied to a metal, the energies of the electrons 
are quantized into Landau levels, whose area 


Ap = p{B) -p(0) 


(7) 


*See, however. Note added in proof. 
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in k space is given by [22] 


Afi 


(n + y) 


IneB 

he 


(9) 


where n is an integer and y is a constant equal 
to i for free electrons. As B is increased the 
various Landau levels successively burst 
through the Fermi surface and this causes 
the density of states at the Fermi level 
to oscillate periodically in B~^. The SDH 
effect and oscillations in the susceptibility 
(the DHVA effect) are a direct result of the 
density of states oscillations. It follows from 
(9) that if y4o is an extremal area of the Fermi 
surface normal to B, then the period of the 
oscillation is given by 


decrease but it is unlikely that 8o-/o- will in- 
crease above about 1 per cent because the 
larger pieces of Fermi surface effectively 
short circuit the oscillations from the small 
pockets of electrons. 

On the other hand, MBO have been ob- 
served exclusively in polyvalent metals such 
as Zn[24], Mg [25] and Sn[26]. These metals 
all possess some relatively small energy gaps 
so that electrons can tunnel from one band to 
another when high magnetic fields are present. 
The probability for magnetic breakdown is [27] 

F-exp(-B„/B) (12) 

where, in a nearly free electron case, the 
characteristic breakdown field is given by 


= lirelhcAo = F"' (10) 

where F is defined as the SDH or DHVA 
frequency. If the Xth Landau level is congruent 
with the Fermi surface at an extremum whose 
area is Aq and a field 

or 

\ -I- y = hcA JlrreBx. 

Typical experimental values are F = Kf'G 
and Bx, = 10®G giving A, + y = 10*'* so we may 
put A = F/Bx- Now Pippard has shown with 
free electron theory that the amplitude of the 
conductivity oscillations is given approxi- 
mately by [23]. 

^*(2A)-^«. (11) 

Tims the amplitude of the conductivity oscilla- 
tions would be of the order of I per cent even 
at lOOkO. If in addition there are smaller 
pockets of electrons with frequencies much 
less than ICPG, K for these small orbits will 


B„ = KiAe^mcIheep. (13) 

AT is a constant of order unity which depends 
on the geometry, Ac is the energy gap between 
bands, m the free electron mass, and the 
Fermi energy. 

The distinguishing feature of MBO is their 
large amplitude. In the three metals mentioned 
above Ba-ja — i to L Stark [24] suggested the 
following explanation for these large oscilla- 
tions. As the field is increased, the quantized 
Landau levels cause the effective energy gap 
to oscillate which in turn causes P to oscillate 
and thus the resistivity to oscillate. The period 
of the oscillation is the same as that of the 
piece of Fermi surface involved in the new 
orbit caused by breakdown. Baler can be of the 
order of one because, for example, if P — 0, 
the resistivity may be essentially that of a 
Fermi surface with only closed orbits; if 
P ~ the resistivity may be dominated by an 
open orbit caused by the breakdown. Stark 
and Falicov have recently reviewed theoretical 
and experimental aspects of magnetic break- 
down in metals [28]. 

3. EXPERIMENTAL PRCX:EDURE 

The preparation of the specimens is de- 
scribed in detail elsewhere [29 j. We mention 
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here only that the pure metals used were 
ASARCO ‘five-nines’ gold and COMINCO 
‘six-nines’ tin and that single crystals were 
grown by the Bridgman method and by zone 
refining. The purity of the crystals was de- 
termined by measuring their residual resis- 
tance ratios, /? = p (295‘’K)/(4-2“K). It was 
found that the zone refined crystals and Bridg- 
man crystals of large (~ 1 cm) diameter 
typically had = 15 and this level of purity 
is insufficient to satisfy the high -field condition, 
<ftjt.T>av > 1- To get higher purity crystals 
it was necessary to grow long thin rods of 
diameter ~ 2 mm. The resistance ratio of these 
rods was measured as a function of length 
along them and it was invariably found that 
the initially solidified end had the higher re- 
sistance ratio. While giving sufficiently high 
purity crystals, this procedure had the dis- 
advantage that one had to accept the ‘as- 
grown’ orientation for the current axis. Of the 
many crystals grown, three were selected for 
experimental study; Table 1 lists the crystals, 
their resistance ratios, and their current 
directions. Jan and Pearson [12] have deter- 
mined that the AuSn phase exists from 50-0 
to 50-5 at.% tin and have measured as a 
function of concentration in this range for 
several crystals. By extrapolating a curve of 
R vs. composition constructed from their 
data, we estimate that for our purest sample, 
the deviation from the exact stoichiometry is 
approximately 60 ppm. 

Because of the limited degree of purity of 
the samples, it was necessary to perform the 
experiments in very high magnetic fields. The 
measurements were made at the Francis 


Table 1. Specimen characteristics 


Sample 

e* 


Resistance ratio, R 

1 

r 

88° 

62 

II 

12° 

88° 

157 

III 

4“ 

60° 

84 


*9 — angle between plane of [0001] and J and 
{lOTO}. 

W — angle between [0001 ] and J. 


Bitter National Magnet Laboratory in a water- 
cooled solenoid providing a maximum field of 
150 kG. The sample holder, which has been 
described in detail plreviously[301, had two 
degrees of freedom so the field could be 
pointed in any crystallographic direction for 
an arbitrary current direction. The angular 
and field dependence of the MR was deter- 
mined by passing a constant current of one to 
two amps through the sample and measuring 
the magnetoresistive voltage F(B) across the 
sample as the sample was rotated at constant 
field or as the field was swept at constant field 
direction. The voltages were measured with a 
Keithley Model 148 nanovoltmeter and re- 
corded continuously as a function of angle or 
magnet current on an X-Y recorder. 

Quantum oscillations in the MR were 
observed either in DC as above or with a 
field-modulation method with phase-sensitive 
detection. The frequency and amplitude of the 
modulation were 10 Hz and about 1 kG, re- 
spectively, with detection at the second 
harmonic. 

4. RESULTS 

(/4) High-field magnetoresistance 

Figure 2 shows the MR plots for two 
samples whose current directions are within 
2° of the basal plane. Curves a and b are 
transverse rotation plots for which B(0°) lies 
in the basal plane and B(90°) is within two 
degrees of [0001]. Curve c is a longitudinal- 
to-transverse plot which shows a very small 
MR when Jl|B at 0°. The field dependence of 
the MR is shown at several angles of Fig. 2 in 
Fig. 3. Let the field dependence of the MR be 
expressed as 

Ap^ p(B)-p(0) _ 

P P(0) 

where a is independent of field. Table 2 lists 
the values of the exponent m at the highest 
field, 150 kG. 

The rotation plots of Fig. 2 indicate clearly 
that AuSn is a compensated metal; the MR is 
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Table 2. Field dependence of the 
magnetoresistance 


Sample 

Curve and position 
of Figs. 2 and 3 

m 

11 

a (56°) 

20 

1 

6(56°) 

1-6 

11 

0(90°) 

0-71 

1 

6(90°) 

1-0 

(1 

a(0°) 

0-75 

1 

6(0°) 

0-61 

1 

c(0°) 

0-3 



Fig. 2. («) Transverse MR voJtage for AuSn II; B(0°) is in 
(0001), 12° from <n20>; B(90°) is 2° from [0001]. (b) 
Transverse MR voltage for AuSn I; 8(0”) is in (0001 K 7° 
fronKl 120>; B(90“) is 2* from [0001]. (c) Longitudinal- 
to-transverse MR voltage for Ausn I; 8(0”) |1 J; 8(90°) is 2° 
from fOOOlJ. 

approaching quadratic behavior everywhere 
except when B is in (0001) or nearly parallel 
to [CioOl]. The nearly complete saturation of 
dkp/p when JJjB indicates that the high-held 
condition is being satisfied, at least marginally, 
in the least pure sample, AuSn 1. That m is 
equal to the theoretically expected 2-0 for 
curve a (56") of Fig. 3 is a further indication 



Fig. 3. The field dependence of the MR for AuSn I and 
AuSn II is shown at several field directions of the rota- 
tion plots of Fig. 2; each of the curves is labelled with the 
corresponding curve and angle of Fig. 2. 

that <tii>eT>Bv > 1. In compensated metals it 
is difficult to estimate <<j)cT>av but if we 
assume a (highly unrealistic) two-band model 
in which the mobilities and numbers of elec- 
trons and holes are equal, then Ap/p = (<Oct)‘. 
This model would then give a rough estimate 
of otfT = 8 at 150kG from Fig. 3, curve a 
(56®). The tendency toward saturation when 
B is in the basal plane implies that there exist 
open orbits along [0001]. Furthermore the 
weak tendency toward saturation (m 1) 
when B is nearly parallel to [0001] suggests 
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tha:t there may be open orbits somewhere in 
the basal plane. However, since the current 
axes of the two samples is no closer than T 
from a < 1 1 20> direction, one would not 
necessarily expect a definite saturation be- 
cause y 90“, We return to this question 
after presenting results on AuSn 111. 

Figure 4 is a photograph of transverse 
rotation plots for AuSn HI at three different 
fields. Figure 5 shows the field directions (the 
dashed line marked B 1 J) for the rotation 
plot of Fig. 4. It is seen that, as the field 
increases, the dips occurring when B lies in 
high symmetry planes become increasingly 
sharp. As discussed in Section 2, these rather 
sharp dips indicate the presence of open 
orbits in .the corresponding directions, viz. 
<1010> and <1120> directions. According 
to equation (8) and Fig. 1 the (2110) and 



O 30 60 90 120 ISO no 

MAGNETIC FIELD OtRECTXm, Y, IN OEBREES 


Fig. 4. Photograph of transverse MR voltages for AuSn 
III at three field values. The development of sharp dips 
due to open orbits is seen as B increases. 



Fig. 5. Stereogram showing field directions for transverse 
rotation plots of Fig. 4 (dashed line labelled B ± J), and 
nontransverse rotation plots of Fig. 6 (dotted lines labelled 
with corresponding curves of Fig. 6). The stereogram 
shows the positions of MR dips (X) and peaks (0). 


(1210) dips are less pronounced than the 
( 1 1 00) dip because in the former cases y = a 
= 64“ and in the latter case y = a = 86°^To 
further explore the existence of these < 1010> 
and < 1 llo> open orbits, a series of non- 
transverse rotation plots [31] were made on 
this sample and several of these are shown in 
Fig. 6. The loci of field directions for these 
plots also are shown in Fig. 5. It is clear Uiat 
the dips when B is in {1010} and {1120} 
planes persist and the positions of these 
narrow minima are shown in Fig. 5. Figure 6 
also shows how the { 1 1 20} dips adjacent to 
the (TlOO) dip converge as the field rotation 
plane approach the [0001] direction. As the 
angle between J and B becomes smaller, the 
dips become washed out and this is reasonable 
in terms of the discussion of Section 2. There 
are, in addition, some weaker dips in higher 
order planes but we have at present no 
explanation for them. 

An interesting feature of Fig. 6 is the 
occurrence of relative maxima whenever B 
lies in the basal plane. These spikes appear 
to be the result of open orbits along the [0001] 
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Fig. 6. Nontransverse MR rotation plots at 135 kG for 
AuSn Jil. The curves are labelled with the corresponding 
field directions of Fig. 5. The vertical positions of the 
curves are arbitrary. ( ) denotes the peak when Bjies in 
(0001) and ( denotes the dip when B lies in (1100). 
Other pronounced minima occur in {1120} and {1010} 
planes. 

direction. This would correspond to the situa- 
tion discussed earlier in which OiiOcos^ 
a > No such spikes are seen in Fig. 2 
when B lies in the basal plane because for 
those samples, J is very nearly perpendicular 
to the direction of open orbits, i.e. y = 88°. In 
the case of Fig. 6, y = 60° so that a component 
of the open orbit electric field can be seen on 
the sample axis. 


{B) Oscillatory effects 

Quantum oscillations periodic in B~^ were 
discovered in the MR of AuSn but they were 
observed only under very special conditions, 
viz- when B was in the basal plane and when 
J was not in or close to the basal plane. 
Examples of d.c. and field-modulation data 
are shown in Fig. 7. Three sets of frequencies 
were observed and the angular dependence of 
these in the basal plane is shown in Fig. 8 
along with some of the DHVA results of 
Edwards et a/. [10]. No attempt was made to 
measure the temperature dependence of the 
amplitude of the oscillations because the 
signal-to-noise ratio was fairly small; the 
absolute amplitude of the i oscillation at 
T= 1-3° was only ~0'06/iV. Edwards et al. 
[10,_1 1] have measured DHVA frequencies in 
{ 1010} and { 1 120} planes as well as in (0001) 
so that, insofar as Fermi surface cross- 
sectional areas are concerned, our results 
merely corroborate some of their frequency 
determinations. However, there are two in- 



Fig. 7. Typical examples of magnetoresistance oscilla- 
tions. (a) d.c. magnetoresistive voltage at T = l-ZS'K 
showing 5 frequency (1-87X10*G) and e frequency 
(t-52 X lO’G). (b) Second harmonic signal at T == 1 •22® 
K showing enhancement of higher («) frequency. The vol- 
tages are in arbitrary units. 
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MAGNETIC FIELD DIRECTION, IN DEGREES 

Fig. 8. Frequency of MR and DHVA oscillations in the 
basal plane. The labelling of the frequencies is that of 
f 1 1]. The DHVA curves were constructed from the very 
finely spaced data points of 110]. 

teresting points regarding the MR oscillations: 
(1) the reason for their existence only when B 
lies in (0001 ), and (2) the question of whether 
their underlying cause is magnetic breakdown 
as opposed to the Shubnikov-de Haas effect. 
We return to these questions in the next 
section after discussing Fermi surface models 
and the correlation of the observed frequencies 
with particular orbits on the Fermi surface. 

5. DISCUSSION 

Since an energy band calculation for AuSn 
has not been completed as yet, we compare 
our results with a 1-OPW (nearly-free- 
electron) Fermi surface model [32]. It is by no 
means clear that such a model will give even a 
first approximation to the Fermi surface of 
such a compound. However, in AuSn one 
expects the conduction electrons to be 
essentially all s and p electrons rather than d 
electrons so that, extrapolating from the pure 
metal case, at least this necessary condition 


for the validity of the 1 -OPW approximation 
is met. Moreover, there is evidence that 
another group of compounds based on gold, 
VIZ. AuAlj, and A^Gaj, does follow the 
1-^-OPW model in ai first approximation 
[33,34]. 

In the case of elemental polyvalent metals 
having the hexagonal-close-packed stracture, 
experience has shown that the 1-OPW model 
often gives a good first approximation to the 
Fermi surface. However, because of the screw 
axis parallel to [0001], the energy bands stick 
together on the hexagonal faces of the Bril- 
louin zone in the absence of spin-orbit coup- 
ling. In this case the 1-OPW Fermi surface 
would have to be constructed in the double 
zone scheme as discussed by Harrison [32]. 
Even if there is a finite spin-orbit couplii\g 
which lifts the degeneracy on the hexagonal 
zone faces, it is possible that magnetic break- 
down occurs in the high fields in which the 
experiments are done so that neighboring 
zones are again coupled together. Since gold 
and tin have moderately high atomic numbers 
it is likely that such splittings exist in AuSn as 
they do in the heavier h.c.p. elemental metals 
Cd and T1 [35]. One is then faced with the poss- 
ibility of having, in effect, a low-field Fermi 
surface (double zone scheme), or an inter- 
mediate case in which there is only partial 
magnetic breakdown. 

The 1 -OPW Fermi surface model for AuSn 
is shown in Figs. 9.* Edwards, Springford and 
Saito[ll] (hereafter referred to as ESS) 
made a detailed study of this surface and modi- 
fications of it in relation to their DH V A results. 
This model assumes that gold contributes one 
and tin four electrons to the conduction bands, 
giving a total of ten nearly free electrons per 
primitive cell. The double zone scheme, 
1-OPW model is obtained trivially from 
Figs. 9 by stacking together the pieces of 
zones 3 and 4, 5 and 6, and 7 and 8, with due 
regard to symmetry. The result is a large 
closed ‘dumbeir in zone 3 : 4; a complicated, 

*1 am grateful to Drs. Edwards and Springford for 
providing figures similar to these. 
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fif- '^“^1’ '" single-zone-schcme (after [11]). Several of the high symmetry points are 
Iwelled in the various zones, the subscripts denote the zone number. Certain pieces of Fermi surface which occur several 
times as a result of symmetry are not shown. A cut-off view of the ‘butterflies' centered on M, is shown. These butterflies 
protrude inward and contact the large electron surfaces extending from W, toward K^. 
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multiply-connected surface in zone 5:6; and 
small, closed electron pockets and ‘propellers’ 
in zone 7:8. However, the MR results can 
be used to rule out this double zone scheme 
model immediately. The reason for this is that 
the nature of the sheets in zone 5 and 6 is hole 
and electron, respectively. If these two pieces 
of Fermi surface were connected together as 
in the double zone scheme, AuSn would lose 
its compensated nature, in contradiction to the 
MR measurements. 

The 1-OPW model of Figs. 9 is also con- 
sistent with the MR results as regards open 
orbit directions. The zone 4 surface permits 
open orbits along [0001] and the zone 5 sur- 
face^ supports opei^ orbits along [0001], 
<10W)>, and <1120>. The topology of 
the zone 6 surface is rather complicated in 
that the ‘butterflies’ centered on M actually 
contact the large electron pieces extending 
from H towards K. This is shown in the cross- 
sections of Fig. 10.* The connectivity in 



Fig. 10. Portions of three Fermi surface cross-sections 
parallel to (0001) in zone 6. The numbers shown are the 
distance of the cross-sections from the central F point, in 
units of VA (see Fig. 9). The 0-27 section shows how the 
butterflies contact the electron surface extending from 
toward Kg (see Fig. 9). 


*1 am grateful to J. T. Longo and I. S. Goldstein for the 
Harrison construction computer program from which 
these plots were obtained. 


question has been consid^ed in detail by ESS 
who concluded that it does not, in fact, exist 
[1 1]. Since zones 4 and 5 already can account 
for the m^ority of oyr MR data, our results 
cannot shed further light on the correct con- 
nectivity in zone 6. 

Additional support for the validity of the 
1-OPW model can be obtained from our 
earlier Hall effect measurements [29]. The 
high-held Hall effect in a compensated metal 
gives essentially no information except when 
at least one sheet of Fermi surface is multiply- 
connected and when the field is along a high 
symmetry direction for which the normal state 
of compensation is destroyed. Such a held 
direction is called a singular field direction 
and the geometrical considerations which lead 
to the discompensation are explained in [17i 
and [29]. When the field is along the hexad 
axis, a consideration of Figs. 9 shows that 
there are only closed orbits and that in the 
hole sheet of zone 5, there are closed electron 
orbits running through three zones. This re- 
sults in geometric discompensation and the 
detailed analysis [29] shows that the Hall 
coefficient measures the volume discompensa- 
tion given by 

A„zd 

where Agz is the area of the hexagonal zone 
face and d is the minimum^iameter, measured 
parallel to B, of the <1010> directed arms. 
The sign of the Hall coefficient at a singular 
field direction is opposite to the nature of the 
open sheet of Fermi surface giving rise to the 
discompensation. The measured Hall coeffi- 
cient when B II [0001] was negative in agree- 
ment with the hole nature of the zone 5 sheet. 
Regarding the magnitude of d, Edwards [36] 
has fitted the DHVA results to a 4-OPW 
model in the vicinity of L^. His fit, the 1 -OPW 
model, and the Hall effect give, respectively, 

d(4-OPW) = 016a.u. 

d(l-OPW) = 0-24a.u. 

d(Hall) = 0-21 a.u. 
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The Hall coefficient was measured with an 
accuracy of about 1 5 per cent. It is difficult to 
estimate the uncertainty in d(4-OPW) but an 
indication of it is contained in the statement 
that the 4-OPW fit gave a cross-sectional area 
about Li which agreed with the experimentally 
determined one to within 10 per cent [36]. 
Thus there is at least qualitative agreement 
between the 1-OPW and 4-OPW models, and 
the experimental results. 

We now turn to a discussion of the origin of 
the resistivity oscillations. Since the oscilla- 
tions are observed only when there are spikes 
in the rotation plots (Fig. 6) and are not 
observed when J is in (0001), it is clear that 
the oscillations are observable under the same 
conditions necessary for detecting open orbits 
along [0001]. Thus it seems plausible that the 
oscillations are intimately connected with the 
open orbits along [0001]. This, in itself, how- 
ever, does not imply that the oscillations are 
due to magnetic breakdown for the following 
reason. The coefficients and in the high 
field conductivity tensor contain characteristic 
relaxation times T(, and Tc for the open orbit 
and closed orbit electrons, respectively. The 
resistivity tensor is obtained by inverting the 
conductivity tensor and each term py will, in 
general, depend in a complicated way on both 
To and Tr when there are closed and open 
orbits present. Thus it seems possible that 
oscillations in the density of states could give 
rise to oscillations in Tr as discussed by 
Pippard[23], and this in turn could cause p to 
oscillate even in the case when the monotonic 
part of p is dominated by the open orbits. In 
addition, the amplitude of the MR oscillations 
is not unreasonable in terms of the simple 
estimate of equation ( 11 ) for the amplitude of 
the SDH effect. Iff, is defined as the maximum 
fractional amplitude of the I'th oscillation, then 
fa = 1 ‘2%, f e = 0-3%, and f j = 01% at 
T = I '3‘^K. On the other hand, our samples are 
relatively impure compared with the pure 
metals in which MBO have been observed 
and this could have the effect of damping the 
amplitude of breakdown oscillations to the 


rather small experimentally observed values. 
This behavior has already been observed in 
Mg [28]. One positive indication of the pre- 
sence of magnetic breakdown is an anomalous 
field dependence of the quantum oscillatory 
effects. The quantitative theory of this has 
been discussed for several special cases by 
Falicov and coworkers [37]. While we have 
not been able to study amplitude effects in the 
MR oscillations, ESS have, in addition to their 
detailed DHVA frequency determinations, 
specifically studied the field dependence of 
selected frequencies in a search for magnetic 
breakdown effects. ESS have assigned the 
three frequencies we have observed to orbits 
on the 1-OPW model as follows: 6-orbits 
around arms at Lg, s-orbits around butterflies 
at Mfl, and ^-orbits around the bellies centered 
on //g. No anomalous field dependences that 
could be associated with magnetic breakdown 
were observed for the € and { frequencies, at 
least up to 100 kG, the maximum field used in 
their experiments. ESS observe that the 6 
oscillation is lost above about 40 kG when B |) 
<n20>. Our measurements of the 8 oscilla- 
tions in the basal plane, however, were in the 
field region ffrom about 70 to 150 kG. The 
amplitude of the 6 MR oscillation tends toward 
zero as B approaches <1 120> and it is barely 
visible at one degree away from <1 120>. Thus 
the oscillatory MR and DHVA results are in 
agreement that if there is magnetic breakdown 
involving the Lg arms, it probably occurs only 
for a very restricted field range near the 
<1 120> directions. Furthermore, the energy 
gap across the hexagonal zone face separating 
zones 5 and 6 is estimated by ESS from the 
cyclotron masses and difference in area of two 
orbits which would be degenerate in the 
1-OPW model. They find that the energy gap 
obtained would predict a characteristic break- 
down field B„ (equations (12) and (13)) of 
about 250 kG which is well above the maxi- 
mum field used in our experiments. Thus it 
appears that the evidence for magnetic break- 
down is rather limited and, in terms of the 
Fermi surface model, there is no obvious 
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necessity to invoke breakdown across certain 
zone faces to explain the observed MR oscilla- 
tions. These considerations suggest therefore 
that the MR oscillations are manifestations of 
the ordinary Shubnikov-de Haas elfect. If 
this conclusion is, in fact, correct, it is rather 
surprising because it apparently would con- 
stitute one of the few observations of the SDH 
elfect in a metal having large pieces of Fermi 
surface. 


6. SUMMARY AND CONCLUSIONS 
The present work has shown that AuSn is 
a compensated metal in agreement with its 
even number of electrons per primitive cell. 
Open orbits were discovered in the [0001], 
<I010>, and <1I20> directions. These 
results are consistent with a 1-OPW Fermi 
surface model in the single zone scheme, a 
model which also has been used as a first 
approximation in explaining the DHVA 
results [1 1]. One of the features of this model 
is a multiply-connected hole surface in the 
fifth zone and Hall effect measurements for 
B II [0001] were^sed to estimate one dimen- 
sion of the <1010> directed arms. This esti- 
mate was in qualitative agreement with a 
4-0 PW estimate [36]. Quantum oscillations 
in the resistivity were observed when the 
field was in the basal plane and the current 
was not in the basal plane. It was shown that 
these oscillations are observable under the 
same conditions as [0001] directed open 
orbits are observable. Three sets of fre- 
quencies were measured in the basal plane 
and these agreed well with the DHVA results. 
An attempt was made to determine whether 
the oscillations were the ordinary Shubnikov- 
de Haas effect or had their origin in magnetic 
breakdown. Relying heavily on the DHVA 
work for the correlation of the observed fre- 
quencies with particular Fermi surface orbits 
and for the possible detection of magnetic 
breakdown, it was suggested that the oscilla- 
tions are due to the ordinary Shubnikov-de 
Haas effect rather than magnetic breakdown. 


but this conclusion must be regarded as 
tentative. 

The DHVA and the preswit work, when 
t^en together, indicate that AuSn may be 
added to the small, but growing, list of inter- 
metallic compounds for which the ncarly-free- 
electron approximation forms a useful first 
approximation to the electronic structure. 
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Abstract— From a wide variety of experiments on silver doped aluminoborate glass which include 
thermoluminescence, thermal bleaching and enhancement of radiation induced absorption and emis- 
sion spectra, after glow spectra, luminescence and absorption spectra of the unirradiated glass, and 
effects due to dopants other than silver, a number of Ag** and Ag^'^-like centers were identified In the 
irradiated glass. The Ag*^ ions in aluminoborate glass act as both electron and hole traps. The after- 
glow and thermoluminescence emissions are attributed to thermal release of trapped electrons and 
their recombination with some Ag*'*' centers; this results in emissions characteristic of Ag'^ ions. 
The possible transitions associated with Ag'*'. Ag°. and Ag**^ centers in glass are discussed. 


INTRODUCTION 

The ABSORPTION and emission spectra of 
Ag-doped glasses, before and after gamma- 
ray exposure, are of both experimental and 
theoretical interest. A considerable amount 
of work has been reported for Ag-doped 
phosphate glass, but many aspects of the 
results are still not understood [1-5]. EarKer 
studies [I -3] indicated the presence of a 
radiation induced absorption band at about 
340 mfjL and fluorescence bands at 480 m^ 
(weak) and 640 mfi (sftrong), all attributed 
to Ag“ centers. Recent experimental results 
of Lell and Kreidl[5] indicate that the radia- 
tion induced absorption and emission spectra 
of Ag-doped phosphate glass could be quite 
complex. They do not observe the absorption 
and emission bands attributed to the Ag” 
center, but find a completely new set of 
bands due to Ag’^'^-like centers as described 
in Table 1. No explanation has been presented 
to account for this difference. Further, there 
is doubt about the nature of some of the 
centers. In the irradiated silver doped 
silicate glass, no absorption or emission bands 

* Based on work performed under the ausfxces of the 
United States Atomic Energy Comission when the author 
was at Argonne National Laboratory. 


due to silver centers similar to phosphates 
have been observed [5, 7], It was thus 
concluded that the radiation induced bands of 
silver doped phosphate glass are characteristic 
of the phosphate glass structure. EPR spectra 
[4] of the irradiated phosphate glass indicates 
the possible presence of both Ag® and Ag^+ 
centers. Unfortunately, no work correlating 
EPR and optical studies, similar to that for 
KCl: Ag[6], has been reported. The present 
work on aluminoborate glass indicates 
for the first time that the radiation induced 
centers related to silver are not characteristic 
of the phosphate glass sturcture. Both Ag” 
and Ag*‘^-like centers were detected in a 
single composition of aluminoborate glass. 
This was done by correlating a wide variety 
of experiments which include thermolumines- 
cence and thermal bleaching or enhance- 
ment of radiation induced absorption and 
emission bands. A few of the absorption and 
emission bands are similar to those reported 
for phosphates and could be related to 
similar centers. No correlation work of the 
type described in the present paper has been 
reported for phosphates. Some of the possible 
transitions associated with Ag+, Ag®, and Ag*+ 
centers in glass are discussed. 
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Table I . Color centers in silver doped phosphate glass and KCl 



Luminescence (mu.) 

Absorption 


Center 

Excitation X 

Emission 

(m/i) 

Remarks 

AgA 

254 

290 


Due to Ag"’' ions'"' 

AgB 

365 

315 

590 

390 

Trapped hole'"’ 

AgB' 

365 

475 


Nature of center not 




known*"' 

AgC 

365 

435 

285(?) 

T rapped hole'"* 

AgD 

315 

485 

318(?) 

Trapped hole'"* 

Ago 

340 

480 

640 

340 

Silver atom in phosphate 
glass'*’ 

Ago 

in 

KCl 



197 

425 

Silver atom in KCl"'' 

Ag*+ 





or 



338 

The Ag®*' ions form a square 

AgCl,’- 



460 

planar complex in KCl""’ 

in KCl 
Ag*in 


275 

below 

Attributed to Ag+ ions in 

KCl 


230 nvi 

KCl"" 


‘“*LELL E. and KREIDI. N. J., In Interaction of Radiation with Solids, p. 199. 
Plenum Press, New York (1967). Composition — 50 AKPOj),; 50 LiPOs.- 4 AgPOa 
(weight), the absorptions marked (?) have not been definitely identified with the corre- 
sponding emission bands. 

""SGHULMAN J. H., SHURCLIFF W., GINTHER R. J. and ATTIX F. H., 
Nucleonics 11, 52 (1953). Composition 50 AI(PO,,)„: 25 Ba(P 03 )j; 25KPO., (about 
8w.%of AgPO,). 

"■>DELBECQ C. J., HAYES W., O’BRIEN M C. M. and YUSTER P. H.. Froc. R 
Soc. 271A, 243 (1963). 

‘•"ETZEL H. W. andSCHULMAN J. H..J. chem. Phys. 22, 1549 (1954). 


EXPERIMENTAL RESULTS 
The experimental methods are the same 
as those reported in earlier publications 
[8-10], The samples are 0-5 mm thick 
unless specified otherwise. 

Absorption and emission spectra of the Ag 
doped glass prior to irradiation 
The optical absorption due to Ag in glass 
is shown in Fig. 1. The glass composition 
was I AI 2 O 3 : 4-5 B 2 O 3 : 1 K 2 O: n AgjO, 
where n is 0 0005 for curve {a), 0 001 for 
(b) and 0-003 for (c). To find the shape of 
the absoiption bands due to silver, the 
optical absorption of the base glass has been 
subtracted from that containing Ag. The 
Ag bands are broad and overlap with one 
another. 

The fluorescence spectrum due to 2537 A 


excitation is shown in Fig. 2. The emission 
band peaks at about 296 mp. The spectrum 
is not corrected for the spectral response of 
the recording apparatus, which consists of 
a Bausch and Lomb Monochromator 33- 
86-25-01, with a grating blazed at 250 m/u, 
and a 625 5 S EMI photomultiplier. The 
intensity of the 296 m^ band increases with 
increasing silver concentration. 

Radiation induced effects 
(a) Absorption spectra. — The radiation 
induced absorption spectra for a glass with 
0-(X)l Ag 20 is shown in Fig. 3. The exposures 
were (a) 3 x 10®r, (b) 9xi0®r, and (c) 6-3 
X 10®r. Note, there are bands with peaks 
roughly at 310, 340, 350, and 450-500 m/i. 
Some of the peaks are not well defined, 
and there are some overlapping bands which 
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Fig. I . The absorption spectra of Ag+ ions in alumino- 
borate glass as a function of Ag^O concentration. 


are not evident at all. The position of these 
bands, as it will be subsequently shown in 
Fig. 6, are approximately at 260, 280 and 
380 mp,. The absorption characteristic of 
the undoped glass for equivalent dose is 
small [9]. Silver acts as both electron and 
hole trap, and as a result, this is expected to 
further reduce the radiation induced absorp- 
tion characteristic of the base glass. In general, 
the intensity of the different bands for the 
same dose increases with increasing silver 
concentration. For 0-003 AgaO and exposures 
~6-3xi0®r, the 310m^ increases more 
than the other bands. This is shown later in 
Fig. 6 {25°C curve). 

(6) Afterglow spectrum.— There is only 
one band in the afterglow. It is the same as the 
296 m/A band, one observes due to 2537 A 
excitation before irradiation. The afterglow 
spectrum of the glass due to other dopants 
(Ce, Cu, Tl, etc.) were also studied, and it is 
found to be always characteristic of the 
dopant. Along with the afterglow, there is 



Fig. 2. The fluorescence spectrum of Ag"* ions in alumino- 
boFdte glass. 


partial bleaching of the radiation induced 
bands with time, even if the irradiated glass 
is left in the dark. 

(c) Thermoluminescence. — On heating the 
irradiated glass, one observes thermolumin- 
escence glow peaks roughly at 65°±5‘’C 
and 165°±10°C. The peak position of the 
165“C glow is not well defined. Glow peaks 
at similar temperatures have been observed 
in the base glass and with other dopants. This 
is shown in Fig. 4. Like the afterglow spec- 
trum, the thermoluminescence spectrum is 
always found to be characteristic of the 
dopant. For Ag-doped glass, one observes 
the 296 mp band in both glow peaks. 

id) Thermal bleaching of absorption 
bands. — During the thermoluminescence 
emissions, there are changes in the radiation 
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Fig. 4. Thermoluminescence glow curve of atuminoborate 
glass doped with different impurities (I) base glass (2) 
Ag(3)Cu (4) Ce. 



Fig. 3. The radiation-induced absorption spectra of 
Ag-doped atuminoborate glass as a function of exposure. 

induced absorption bands. The rate of change 
of optical density at 350 mju. with temperature 
(A OD/^T), as a function of temperature is 
shown in Fig. 5. Similar curves are obtained 
for the other bands that bleach. In the bleach- 
ing curve, there are peaks at about 80° ± 10°C 
and 165®±:10®C. The change in optical 
density was recorded after the irradiated 
glass was subjected to a sawtooth annealing 
process. The specimen was raised to a 
particular temperature for five minutes by 
placing it in a preheated furnace, cooled to 
room temperature, and the absorption 
spectrum recorded. The amount of bleaching 
(A OD) is estimated from the difference in 
optical density and the difference in annealing 
temperatures gives AT. Several bands con- 
tribute to the optical density at 350 mpt 
band, and so the bleaching should not be 



Fig. 5. The rate of change of optical density at 350 
with temperature. 


attributed to the destruction of the 350 mpi 
band alone. The changes in the radiation 
induced absorption spectra, due to sawtooth 
annealing at various temperatures and cooling 
the glass to room temperature, are shown in 
Fig. 6. Absorption spectra for only a few of 
the annealing temperatures are shown. 







WAVELENGTTH (mfi) 

Fig. 6. Changes in the radiation-induced absorption bands due to annealing the irradiated glass at different tern] 
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It is difficult to analyze in detail the effect 
of temperature on each individual band 
because they overlap with one another. 
In the range of the first glow peak, there 
is bleaching of all absorption bands. The 
bleaching in the region 220-300 m/i. is 
small as compared to other regions of the 
spectra. In heating through the second glow 
peak, there is bleaching of absorption bands 
at 310, 350, 380 and 450 m/i, and bands 
roughly at 260 , 280 and 380 mpt which were 
not evident on irradiation, become prominent. 
The bleaching of absorption bands is better 
evident if the difference curves are plotted. 
This is shown in Fig. 7. The 260 rufi band 
increases in intensity during the second 



Fig. 7. Difference spectra after annealing the glass at 
different temperatures. 


glow peak. With increase of annealing tem- 
perature, along with bleaching of the 310 
nvi- band, there is an apparent shift in its 
peak position to shorter wavelengths. With 
the disappearance of the 310nvt. band, 
the 260 and 280 ma bands become prominent. 
The apparent shift in the peak position of the 
3 1 0 mfi band is possibly due to the difference 
in bleaching rate of the 280 and 3I0nvi 


bands. The 280 m/x band is thermally more 
stable than the 3l0m;u band. In Fig. 7(a), the 
difference in the optical density of a sample 
annealed at 25° and 135°C is shown. Figure 
7 (b) shows the thermal bleaching of absorp- 
tion bands around the second glow tempera- 
ture. It is the difference in optical density of a 
sample annealed at 135° and 195°C. As de- 
scribed earlier, during the second glow peak, 
the 280, 310, 350, 380 and 450 m/x bands 
bleach, while the 260 m/i band increases in 
intensity. Because of overlapping of the 
bands, some of the peaks are displaced, and it 
is also difficult to resolve some of them. At 
the first glow peak temperature, the bands 
described earlier along with a band at 340 m/x 
is found to bleach. 

(e) Evidence to prove that electrons are 
released from traps during second glow 
peak.— The radiation induced absorption 
spectra of aluminoborate glass of composition 
I AizOs-. 4-5 B 2 O 3 I: K 2 O: 0 05 PbO (I cm 
thick. Dose ~ 2-25 x 10®r) is shown in Fig. 8 . 
The peaks at 835 and 970 m/x are due to 
Pb^ ions [10]. On healing the irradiated 
glass to 65°C for about ten minutes and 
cooling it to room temperature, the peak 
intensities do not change. But, on heating the 
glass to ]65°C for ten minutes and cooling 



Fig. 8. Changes in the intensity of Pb+ ions at 165°C 
in irradiated Pb doped aluminoborate glass. 
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it to room temperature, the intensity of both 
the peaks increase, indicating an increase in 
Pb"^ concentration. 

(/) Fluorescence spectra of irradiated 
glass. — The irradiated ^ass fluoresces and the 
emission is different from that observed 
prior to irradiation. The fluorescence spec- 
tra depends on the excitation wavelength. 
The spectra due to excitation with 2537, 
3131 and 3650 A light from an Hg lamp is 
shown in Fig. 9. Though there is an absorp- 
tion band at 340 01 //., similar to that reported 
for phosphate glass, no emission correspond- 
ing to the 640 m/i, band was detected. This 
is possibly because the spectrophotometer 
sensitivity is low at such wavelengths. 

The changes in fluorescence spectra (due 
to excitation with 3131 A light), after anneal- 
ing the glass at various temperatures are 



Fig. 9. The fluorescence spectra of the irradiated glass. 


shown in Fig. 10. The peak around 485 mp. 
reaches its maximum intensity during the 
second glow peak. 



WAVCLENGTH imp) 

Fig. 1 0. Changes in the fluorescence speara after anneal- 
ing the irradiated glass at different temperatures. 

Figure 1 1 shows the fluorescence spectra 
due to 2537 and 3341 A excitation after the 
irradiated sample was annealed at 240°C 
and cooled to room temperature. The same 
emission bands prior to heating are observed 
though the relative intensities of the bands 
are now different. 

None of the fluorescence spectra have been 
corrected for the spectral response of the 
recording apparatus. In general, there seems 
to be three bands in the emission. The peak 
position of the bands are roughly at 430, 
485 and 530 m/i. There is some doubt 
about the exact location of the peak for the 
530 m/i band. 

DISCUSSIONS 

The absorption and emission spectra of 
ions in glass 

The absorption spectra in Fig. 1 and 
the emission band at 296 m/i in Fig. 2 are 
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WAVELENGTH (m/l) 


Fig. 11. The fluorescence spectra after annealing the 
irradiated glass at 240‘’C. 

all attributed to Ag+ ions in the alumino- 
borate glass. In analogy with the results of 
Ag'doped alkali halide crystals, the absorp- 
tion bands are attributed to 
transitions [1 1]. The transitions are forbidden 
in the free ion by parity selection rule, but are 
somewhat allowed in crystals and glass, 
possibly because of mixing of states due to the 
surrounding crystal field. The emission band 
at 296 m^i in aluminoborate glass and the 
290 vofi in phosphate glass possibly corre- 
sponds to the 275 m/x emission observed in 
KCl: Ag[I2J. 

The nature of radiation induced absorption 
and emission centers 

The radiation induced absorption and emis- 
sion bands in silver-doped aluminoborate 
glass are attributed to different silver centers 
in the glass. The nature of the different centers 
was fmaid by correlating the thermolumines- 
cence glow peak around 165°C with the 
thermal bleaching and enhancement of 


radiation induced absorption and emission 
bands. 

The thermoluminescence glow peak 
temperatures are independent of the dopant, 
though the emission spectrum is character- 
istic of it. Based on such a result, it is con- 
cluded that the traps involved are charac- 
teristic of the base glass. The thermolumines- 
cence and afterglow emissions are both 
attributed to recombination luminescence. 
Electrons freed from traps recombining 
with Ag*+ ions result in emissions characteris- 
tic of Ag+ ions. The emission due to silver 
and the other dopants can be described 
by the process X^ + e (X'*')* X+hv, 
where X^ represents Ce^+, Ag2+ or Cu*"^ 
ions and hv the characteristic 06®+, Ag+ 
and Cu'^ emissions. The nature of the 
traps involved have been discussed in an 
earlier report [9]. Further confirmation of 
thermal release of electrons from traps, at 
least for the 165“ glow peak, is evident from 
the increase in the concentration of Pb+ ions 
(due to Pb®"^ ions capturing electrons). The 
transitions responsible for the Pb^ ion ab- 
sorption has been discussed earlier [10]. 
The bleaching of the absorption bands at 
280, 310, 350, 380 and 450 mp, at the second 
glow peak temperature suggest that these 
bands are related to hole centers, possibly 
Ag*"^ ions in different structural sites. A ~ 
single center may have more than one band 
associated with it. More than a single form 
of Ag^+'like center could be responsible for 
the characteristic Ag+ emission observed 
in the afterglow and thermoluminescence 
emissions. The increase in the 260 mp. ab- 
sorption band around 165“C suggests that it 
is due to an Ag®-like center. We believe that 
the 260 m^ band is present on irradiation, 
but we cannot detect it without annealing 
because it is masked by other overlapping 
bands. The Ag"*" ions in aluminoborate 
glass act as both electron and hole trap, and 
thus on irradiation, both Ag° and Ag*^-like 
centers are formed. 

The kinetics of the thermoluminescence 
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emission and thermal bleaching process 
during the low-temperature glow peak is 
complicated. We believe that both electrons 
and holes become free at this temperature. 
The reason for arriving at such a conclusion 
has been described in earlier papers [9, 10], 
The 340 mfi band is apparently bleached 
during the first glow peak. In phosphate 
glass, an absorption band at 340 tofi has been 
attributed to Ag** centers, and it is quite 
possible that the 340 band in alumino- 
borate glass is also related to Ag" centers. 

There are three absorption and three emis- 
sion bands after annealing the glass at 240°C. 
The relative intensities of the fluorescence 
bands depend on the excitation wavelength. 
In general, while most absorption bands 
(with the exception of the 260 nvt peak) 
decrease in intensity at the second glow 
peak temperature, the fluorescence intensity 
of the different bands increases. There are 
many overlapping absorption bands, and for 
a given excitation wavelength, the excitation 
energy may be divided between centers which 
fluoresce and those which do not. Thus, 
if non-fluorescent centers bleach at a faster 
rate than the fluorescent centers, it is possible 
to observe an apparent increase in emission 
intensity for a center which bleaches. The 
485 m/a band, along with the other emission 
bands, can be excited with 2537, 3131 
and 3650 A light, thus indicating that the 
absorption bands associated with the different 
emission centers are spread over the u.v. 
region. The 485 irui, emission band, like the 
260 01/1 absorption band, reaches maximum 
intensity during the 165°C glow peak and is 
attributed to an Ag"-like center. It should 
be mentioned that the 485 m/i emission in 
phosphate glass has been attributed to an 
Ag*+-like center by Lell and Kreidl[5], 
while earlier studies indicated that an emission 
at 480 m/i is due to an Ag® center [1-3]. 
The other emission bands in the present glass 
are attributed to Ag^'^-like centers and 
are possibly related to the 280 and 380 m/i 
absorption bands. Some of the other radiation 


induced absorption and emission bands in 
aluminoborate glass are very similar to those 
reported for phosphate glass. It is quite pos- 
s^le that a number of similar silver centers are 
present in both glass systems. 

The nature of some of the optical transitions 
associated with the radiation induced centers 

The 425 m/i band due to Ag** centers in 
KCl is attributed [6] to a transition from the 
ground AiP^Ss. state to the first excited 
state 4i/‘“5p, It is quite possible that the 
340 m/i band if associated with Ag** centers 
corresponds to this transition. The exact 
nature of the electron transition giving rise 
to the absorption band at 260 m/i is not 
known. This could not correspond to the 
transition described above, because it is 
at a higher energy than the corresponding 
transition in the free atom. 

The Ag*+ ions has a 4d® configuration as 
compared to 3d" for ion. The energy 
levels of ions with d" configuration split into 
Ts and Ts states in octahedral symmetry. 
Ions with a I'a ground state are subject to 
large Jahn-Teller distortions. In most cases, 
a strong tetragonal distortion is encountered, 
the limit of which is a square planar complex. 
In Cu*"^ complexes with small tetragonality, 
or three bands are observed in the near 
infrared and visible. In complexes with 
strong tetragonality, only one band is ob- 
served because the three excited levels lie 
close together and the absorption bands are 
superimposed [13-1 5]. In Cu-doped alumino- 
borate glass, an absorption band at 760 m/i 
associated with Cu*"^ ions could not be 
resolved into three gaussian shaped bands. 
In anology with the results of silicate glasses 
[16,17], it is concluded that Cu^'*' ions in 
aluminoborate glass are in octahedral sym- 
metry with a strong tetragonal distortion. The 
oscillator strength of the 760 m/t band for 
Cu*"^ ion in aluminoborate glass was found to 
be about 2-9 x 10~^. The radiation induced 
bands attributed to hole centers are roughly 
estimated to have oscillator strengths several 
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orders of magnitude higtier. Thus, the 
absorption bands due to the hole centers if 
related to Ag®"^ ions in octahedral sites are 
not due to the transitions due to splitting 
of the d-level in a ligand field. The absorption 
bands are strong and could be due to charge 
transfer transitions similar to those suggested 
for AgCJ^*- complexes [6]. 

Acknowledgements -Thanks are due to K. R. Ferguson 
for his interest in the work and to C. H. Sowers for 
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CALCULATION OF THE ENTROPIES OF, LATTICE 

VACANCIES 
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Abstract— The vibrational entropy of formation of a vacancy in a crystal is calculated at high tem- 
peratures and compared with experimental data. The method used, has a pedagogical value by its 
simplicity, and can be applied to all kinds of lattice defects. The Einstein model is thus justified. 


In the harmonic approximation, the time 
independent equations of motion of a crystal 
atom assume the form; 

(D-n>n)u = 0 (1) 

where we introduce the dynamical matrix D 
which depends on the details of the micros- 
scopic forces between atoms; m is the fre- 
quency of the motion, I the identity matrix 
and u a 3N column vector, which gives the 
displacements of the N atoms from their 
equilibrium position. 

Let D and D' denote the dynamical matrix 
respectively of an initial crystal and of the 
same crystal with added defects. We separate 
the dynamical matrices D and D' into two 
parts, one part d and d' which is diagonal and 
the non-diagonal remainding parts, R and R'. 
We write: 

D =d^R 

D' = d'+R'. 

One may then derive an expansion in 
inverse powers of the absolute temperature 
T for the change in entropy A5 associated with 
the introduction of defects in the initial 
crystal [1, 8]. We can write; 


* Formerly at the Service de Physique des Solides, 
I.S.E.N., 59-Lille, France, where part of this calcula- 
tion was done. 


^= 3 (/V-A,)( 1-1,4) 

-Ifrrlnd'-rrlnd] 

+|;Ja:«+o(4)] (2) 

where N and N' are respectively the number 
of atoms in the two crystals, H and k are the 
Planck and Boltzmann constants and 

A:n=-^^^rr[(d'->R')"-d->R)''] (3) 

where B 2 n is the Bernoulli number and 

7’r[D'"-D«] (5) 

the variation of the ‘moments’ of the density 
of states [2]. The traces in these formulae 
are conveniently evaluated by using the 
Cyrot-Lackmann[2] method. 

The expansion (2) has already been used 
for the calculation of the phonon entropy of 
clean [1] and contaminated [3] surfaces and 
will be applied here to the case of the vibra- 
tional entropy of formation of a vacancy as 
announced in a recent review paper [4]. This 
problem has received in the past a large 
amount of experimental [5] and theoretical [6] 
attention. 
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The vibrational entropy 5^, of formation 
of a vacancy is the variation in entropy when 
an atom is taken out of its bulk position and 
added on to a surface kink. It is possible to 
imagine this operation in two steps: migration 
from the bulk to the gas <A5o) and adsorption 
of a gas atom on to a surface kink (A5i). We 
write: 

A5,, =A5o + A5,. (6) 

In the last operation, the number of the 
crystal atoms is increased but the surface 
configurations remain unchanged (only the 
length of the surface step is increased). 

Huntington et ul.[6], representing the ion- 
core interaction by an exponential potential 
of the Born-Mayer type, have calculated 
5/,(=l•85^) using an Einstein model. An 
inward radial displacement of about 0-015 of 
the equilibrium interatomic distance for the 
twelve nearest neighbors gave a contribution 
of —0-16k; the contribution arising from 
regions somewhat remote from the defect 
was +0-13 k and was evaluated by an elastic 
theory approach. The surface effect was also 
evaluated from an elastic theory point of 
view and gave a contribution of — 0-44)!: 
to 5/,. The Einstein model disregards 
the normal modes of the lattice in treat- 
ing the vibrations of the atoms as un- 
coupled. To gain an idea of the seriousness 
of this shortcoming Huntington et a/. [6] 
investigated a two-dimensional analog, namely 
a hexagonal ring of atoms with and without 
a central atom and computed as an indication 
of the size of this coupling term a contribution 
of 0-09 k to -S/.. This last effect is given easily 
in our approach on the microscopic model of 
the crystal. 

The expansion (2) has also the advantage 
of giving rapidly the variation of phonon 
entropy for models with detailed micro- 
scopic forces between atoms and for any 
kind of lattice defect. However in the vacancy 
case, Sf, is known experimentally [5] with a 
precision of about 30 per cent only for Au, 
Ag, AI, Cu and like Huntington et al.[6] we 


will consider in what follows only the inter- 
actions between nearest neighbors. 

If 

iKl) = (m(1), v( 1), w'(l)) 

is the displacement from equilibrium of the 
atom in a lattice site 1 of the perfect crystal, 
then the potential energy term in the Hamil- 
tonian is assumed here to have the form 

E = Const. +i/8f 2 2 [m(I)-m(H-6)]=' 

+ [i;(l)-y(I-l-S)]2 

-hMD-H'd + Sm. (7) 

The nearest neighbors of the atom in lattice 
site 1 are the atoms in lattice site 1 -I- 6; ;S is 
the force constant between nearest neighbors. 
We may introduce a Debye temperature 
T„ using the definition 

kT D = hcojif (8) 

where tojn is the maximum frequency of the 
bulk phonon branch. 

With the potential energy given by (7), one 
obtains a three fold degenerate phonon 
branch with equal to 16/3/M for f.c.c. 
crystals. 

The Cyrot-Lackmann[2] method gives 
directly the phonon contribution to A5o' 
defined in (6), by using the expansion (2): 



Due to the symmetry in A5o, 2 = 0 

(equation (3)). Therefore the o (l/P") term 
gives us the error on A5o made, by truncating 
the expansion (2) and gives the magnitude of 
the. coupling term for which Huntington 
et a/.[6] gave a value of 0-09 k. 

In the same manner, by considering the 


I 
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adsorption of a gas atom on a kink of a [100] 
step of a (001 ) surface, we obtain: 

= 3[ 1 + ln(|) ' -^] + /f, + ... 

GS 

The^S Kn (equation (3)) may be expected to 

be a few times greater than (= 1/48), by 
analogy with the free surface entropy cal- 
culation[l, 7]. A5i has exactly the same value 
as the entropy of a bulk atom. This is quite 
clear, for, the number of neighbors of a kink 
atom is half of the neighbors of a bulk atom, 
and this can be rapidly checked on the high 
temperature expansion for the entropy. A5, 
is not to be compared with what Huntington 
et al.[6] called the surface effect. They attrib- 
uted this effect to a term, in the elastic solution 
for a center of pressure, corresponding to 
a uniform contraction which is introduced to 
fit the boundary conditions at the surface of 
zero pressure. They calculated this term using 
experimental results for the effect of pressure 
on the elastic constants. In our simple model 
we do not have relaxation of atoms in the 
neighborhood of the vacancy and therefore 
no uniform contraction. 

Finally, equations (6), (9) and (10) give us 
the vibrational entropy of formation of a 
vacancy in f.c.c. crystals; 

ASfJk^ I 57 + 0'02 + K^-0’09 (Ti, /TV 

+ 0(1/7"). (11) 

The principal errors in (11) are probably 
due to the fact that we choose the simplest 
force model and neglect relaxation. However 
for the experimental values given with a 
precision of 30 per cent we have shown that 
the Einstein model is justified, and that with 
p first neighbors (p > I, [4]): 

Sf,^^kplnj^^^k. ( 12 ) 


We also checked numerically that the re- 
sult (12) is an approximation as good for 
simple cid}ic and b.c.c. as for f.c.c. stnictures. 

/Similar computatibns[4] show that the 
entropy of vibration ■S/. for a divacancy should 
be nearly equal to the one of two isolated 
vacancies: for example for f.c.c. crystals: 

‘ 5 /. - 5 /. = 3^(4 fo 1^- fo If) “ 

The comparison of the theoretical values 
(11) and (12) with the experimentsd results 
given in the Table show a good agreement; 
the accuracy of the measured values is about 
30 per cent. 

7 able 1 . Experimental 
results for the en- 
tropy of formation of 
vacancies 



Sfjk 

Reference 

Au 

1 

t5(a)] 

Ag 

1-5 

[5(b)] 

Cu 

15 

[5(c)] 

Al 

2-4 

[5(d)] 

Al 

1-76 

[5(e)] 


The application of the method used here for a 
vacancy to other kinds of lattice defects such 
as bulk impurities, adsorbed atoms, is 
underway. 

Acknowledgements — 'Me are much grateful to Professor 
J. Friedcl for the physics contained in this paper, to 
Drs. P. Lenglart and G. Thibaudier who pointed out the 
applicability of the ‘moment method' to the problem of 
point defects, to Professor E. Bonnier, Drs. Y. Adda and 
Y. Qu6r6 who gave us some references, and to Professor 
D. Lazarus who helped us through many interesting 
comments on the manuscript. 

REFERENCES 

1. DOBRZYNSKI L, and FRIEDEL J,. Surface Sci. 
12. 469(1968). 

2. CYROT-LACKMANN F., J. Phys. Chem. Solids. 
29, 1235(1968). 

3. DOBRZYNSKI L., Collogue de Physique des Sur- 
faces dans les Gaz Rar^fiSs. To be published, l.N. 
S.T.N..Saclay(1969). 



im 


L. DOBRZYNSKI 


4. FRIEOEL J., JUlich Symp. Interlattices and Vacan- 
cies (196»). 

5. See for example; SIMMONS R. O. and BALUFFl 
R. W.. (a) Phys. Rev. 125, 862 (1962); (b) ibid. 119, 600 
(I960); (c) ibid. 129, 1533 (1963); (d) ibid. 117, 52 
(I960); (c)BLANCHI G., MALLE JAC D.,JANOT 
C. and CHAMPIER G., C. r. hebd. Seanc. Acad, 
Sc/., Paris 263, 1404 (1966); (f) ADDAY. and PHILI- 


BERT J., Diffusion dans les Solids, Tome 1, Presses 
Univcrsitaires de France (1966). 

6. See for example: HUNTINGTON H. B., SHIRN 
G. A. and WAJDA E. S., Phys. Rev. 99, 1085 (1955). 

7. DOBRZYNSKI L. and LEMAN G., J. Phys. 30, 
116(1969). 

8. SALTER L.. Proc. R. Soc. 233A, 418 (1956). 



J. Phys. Chem. Solids Pergamon Press 1969. Vol. 30, pp. 2399-2404. Printed in Great Britain.^ 


MAGNETIC STUDIES ON DYSPROSIUM ETHYL 
SULPHATE SINGLE CRYSTALS 
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Abstract — Principal magnetic susceptibilities of Dy(CjHsS 04 ) 39 H ,0 have been detemlined from 
300° to 90°K. It has been observed that the interaction between electronic states and phonons lowers 
the overall stark splitting and increases the splitting of a few low lying stark levels. Consequently 
correlation between optically observed stark levels and those deduced from static magnetic sus- 
ceptibility data becomes difficult. Distortions of 5p and Ss orbitals make the effective field on Dy'*'^ 
ion weaker. A variety of field parameters may exist which makes a state lowest to give almost the 
same value of the spectroscopic splitting factor. 


INTRODUCTION 

In some recent papers 1 1-4] it has been shown 
that the static magnetic susceptibility data 
from 300° to 90°K of rare earth ions in crystals 
can be explained on the assumption of a single 
suitable crystal field different for different ions 
acting on the rare earth ions and that this field 
is influenced by magnetic dilution and by the 
distortion of closed shells of electrons about 
the rare earth ion. 

To a first approximation only and not pre- 
cisely this field could explain the stark levels 
as obtained from optical absorption studies of 
concentrated salts. 

It is well-known that any time-dependent 
variations of the crystal lattice caused by 
thermal vibrations will be averaged out and 
the lattice may be taken as a static one. But 
this will not be true if there are low frequency 
modes of vibrations. Hence in rare earth ions 
lattice vibrations may be responsible for the 
observed deviation between the stark levels 
as deduced from static magnetic susceptibility 
data and those from optical absorption data. 

This communication reports the results of 
magnetic anisotropy and absolute suscepti- 
bility measurements on Dy(C2H5S04)39H20 
single crystals in the range 300°-90°K and 
discussed in the light of the above findings. 


EXPERIMENTAL 

Dysprosium Ethyl Sulphate was prepared 
from its spec, pure oxide supplied by Johnson 
and Mathey Co. Ltd., London, by the usual 
procedure. 

Crystals were grown out of aqueous solu- 
tion by evaporation in a desiccator under 
reduced pressure. The crystals so obtained 
were checked for twining under a polarizing 
microscope. 

The method and procedure in the magnetic 
anisotropy and absolute magnetic suscepti- 
bility measurements have been described 
by Krishnan et a/. [5] and by Mookheiji and 
Mookherji[16]. 

RESULTS 

The results of measurements are collected 
in Table 1. Dy(C2H5S04)39H20 crystals are 
hexagonal with two magnetically equivalent 
complexes in the unit cell of the crystal. 

If the gram molecular susceptibility along 
the hexagonal axis of the crystal is represented 
by A'li and that for directions normal to it by 
; then 

X^-X,^K^-K, 

where and Kj^ are the gram ionic suscepti- 
bilities of the complexes for directions along 
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Table 1. Temperature 
variation of K and fi 
values 


Temp. 

(°K) 

I0« 

M 

300 

7526 

108-4 

280 

8110 

107-8 

260 

8760 

107-5 

240 

9710 

107-4 

220 

10820 

107-1 

200 

12430 

107-0 

180 

15340 

106 9 

160 

18490 

106-6 

140 

23010 

105-9 

120 

28360 

105-5 

100 

34500 

104 2 


38070 

102-6 


and normal to the axis of symmetry. The 
mean effective moment /j. = 2-84(\/^'T/g), 
where X' = A',! + 2X'J3 = K = mean gram 
molecular susceptibility corrected for dia- 
magnetism and q is the number of rare earth 
ions. 

The following diamagnetic corrections were 
adopted [6, 7] 

Dy+® H,0 

-24 9 -63-8 -13 0 

Susceptibility is expressed as 10“« c.g.s. 
electromagnetic units. 

STARK SPLITTING OF THE GROUND STATE 
The ground state, 4/''6 h, 5^2 of 
separated from its next excited state by 
3500 cm"' and hence its contribution to 
magnetism may be neglected. 

According to group theoretical considera- 
tionsfSJ the ground state under a crystal field 
of Cm symmetry breaks into eight levels 
denoted by the irreducible representations 
3rr+2rg-h3r». 

The complete Hamiltonian for Dy+3 ion 
under a crystal field of symmetry is 


where denotes the Hamiltonian for the 
free ion, 

Vc denotes the crystal potential. 

For Cm symmetry, Vc—A 3 ^Vs'>+A 4 ^Vt°i- 
the symbols having the usual 

meanings. 

is the effect of the external magnetic 
field H and is given by pg'JH ig' = effective 
Lande splitting factor, /3 == the Bohr magneton 
number) 

MATRIX ELEMENTS 

The diagonal and off diagonal matrix 
elements inside the manifold of stales spanned 
by J = 15/2 using operator equivalent method 
of Elliot and Stevens fPJ and Stevens [lOJ are 
as follows: 

= (±15/2|K|±15/2) 

- -0-6667 B2«-0 09697 B 4 » + 0-9324 Bg® 
/f 2 = (±13/21 F)±13/2) 

= -0-4000 BjO + 0-3232 B 4 ® - 1 -6784 Bb® 
/f,= <±lI/2(F(±ll/2) 

= -0- 1 7 14 B2® + 0-7850 B4°- 0*5599 Bg® 
/f4= (±9/2|F)±9/2) 

= 0-01905 B2»+ 0-7139 B4®+0-8463 Be® 
>fe= (±7/2|I/|±7/2) 

= 0- 1714 Bz®-f 0-3387 B 4 ®-f 1-2481 Bg® 

A, = i±\5l2\V\±5l2) 

= 0-2857 Bz®- 0-08178 B4®-+ 0-6455 Be® - 
/f,= <±3/2|F(±3/2) 

= 0-3619 Bz®- 0-4582 B4«- 0-3586 Be® 

A^= (±i|F|±i> 

= 0-4000 Bz® - 0-6713 B4® - 1 -0759 

B, = (±15/2lFl±3/2) = 0-02636 Be® 

Bz= (±13/2|F|±l/2) = 0-05402 Be® 

Be = (±ll/2ll/|Tl/2) = 0-08167 Be® 

B 4 = (±9/2| F)::;:3/2> = 0- 1 038 B«« 

Be = (±7/21 Fj+5/2) =0-1160 B/. 

Now setting up the sixteen by si.xteen matrix, 
it breaks into four 3x3 matrices and two 2x2 
matrices. The secular determinant breaks into 
two cubic equations and one quadratic is given 
as follows: 
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X® — (/4i-f‘/44+y47)X*+ +j44/<7 

(AiA^7-A,Bi^-AtB,^) = 0 
X^— (A2~hA3 + As)k‘A- (A2A3 + A3A3+A3A2 
{^2^3^s A^B^ A3B2^) = 0 
X*- {A3-i-A3)\ + A3A3-B3^ = 0. 

Comparison of optical absorption data and 
magnetic susceptibility data 

Hufner[ll] have fitted the optical absorp- 
tion data of the concentrated salt of Gramberg 
[ 1 2 ] with the following parameters. 

^ 2 ® = 124-0 cm-’ ; ^ 4 ® = -79 0 cm-' ; 

5a® = — 31 -0 cm-' and fla® = 492 cm-'. 

In order to test whether the above para- 
meters can explain also the observed magnetic 
susceptibility data, we have calculated K and 
K using them. These parameters give the 
following stark levels and wave functions. 


Substituting these in Van V]eck's[13] 
formula Xu and Kj^ ^e calculated from which 
Kj^ — X|| = AX and /i* are deduced. These are 
included in Table 2 along with our observed 
values for comparison. 

The agreement between the observed values 
and those deduced from optical absorption 
data is extremely poor. This disagreement 
suggests that the interaction between the 
phonons and the rare earth electronic states 
might be effective in this case. 

Effect of lattice vibrations 

It has been mentioned in the introduction 
that all the optical absorption lines may not 
be due to transition between stark levels but 
are produced by the excitation of lattice 
waves. In order to avoid this interaction 
between the electronic states and phonons 
Hill and Wheeler [14] arranged for direct 
observations of transitions between Stark 
and Zeeman split ground J manifolds in earth 
ethyl sulphates; from such observations they 


Energy in cm"' Wave functions 



-%-8 

0-063 ll± 

15/2) 

-r0-2984|± 

3/2) 

4-0 9523 + 

9/2 


-78-3 

0-8689i± 

7/2) - 

-0-49511+5/2) 



1V»'’ = 

-73-6 

0-0992i± 

13/2) 

-0-l887l± 

1/2) 

4-0-977014 

41/2 


-35-8 

-0-9876|± 

15/2) 

-l-0-0686|± 

3/2) 

4-0-07891+ 

m) 


-27-0 

-0-9781 1± 

13/2) 

+ 0-1446i± 

1/2) 

4-0-149414 

:ll/2) 


54-4 

0-86891+ 

15/2) 

-f 0-495 lj+ 

7/2) 




109 1 

0 6560j± 

15/2) 

4-0-72371+ 

3/2) 

4-0- 17671+ 

9/2) 


147-7 

0-1512|± 

13/2) 

-l-0-9716i± 

1/2) 

4-0- 18281+ 

912) 


Now taking the magnetic field perturbation on the crystal field splitting the values of the 
Zeeman energies along and normal to the direction of H are given below: 


H parallel to Z H perpendicular to Z 


3-918 C -0-01449 C* 
2 029 G - 0-05020 
l+'j? ± 5 1 68 C - 0-073 1 9 C* 
7-465 G - 0-15048 C* 
H^4«±6 101 C -I- 0-0630 0" 

1 -029 G-(- 0-0502 C* 
IP,* ± 3 -884 G -h 0 1 6497 C* 
fK,® ± 0-4369 G 0-01019 G' 


-h 0-1-1020 G* 

It's" ±3 019 G + 0-6246 G" 
0-6522 C -f 0 2911 G" 
ir/ -1-0- 0-4279 G* 

1P4®± 0-6896 G-(- 0-5731 G* 
14'a® ± 3 - 1 904 G + 0- 1078 G* 
IF,"-!- 0 - 0-2699 G* 

Wg'’± 3-922 C 4- 0-4188 G* 


where G = g'^H 
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Table 2. AK and jj? values compared 


Temp. 

CK) 


300 

200 

140 

100 

90 

iiK . 10* 

Observed 

Calculated 

7526 

23740 

12430 

41030 

23010 

47950 

34500 

57100 

38070 

58750 

71^ 

Observed 

Calculated 

108 4 
110-0 

107-1 

109-8 

105- 9 

106- 4 

104-2 

103-5 

102-6 

103-00 


suggested the following set of field parameters 
for ion in ethyl sulphate lattice. 

143cm-‘,A/4'' = -85cm-i, 

56® = -332 cm-‘ and = 535-4 cm-'. 

In order to verify this hypothesis we have 
calculated the stark energy levels and hence 
A/C and p} using these parameters following 
the procedure as discussed earlier. The energy 
levels and their correspon^ng wave functions 
are given below. A/C and values along with 
our observed values are given in Table 3 for 
comparison. 


The A/C values agree satisfactorily up to 
140°K but there is a considerable deviation 
as the temperature is lowered. This dis- 
agreement can be removed by adjusting the 
parameters of Hill and Wheeler slightly. 

Thus it may be concluded that the hypothe- 
sis of coupling the lattice waves to the 
electronic states has some substance in it. 

The stark levels as modified by this coupling 
effect are shown in Table 4a. 

It is seen that the effect of coupling is to 
decrease the overall splitting and to increase 
the separation between a few lowlying levels. 
It is further seen from equations (1) and (2) 


Energy in cm ‘ 


Wave functions 


lVi“ = 

-101-47 

0-05591+ 

l5/2>-0-2659|: 

+3/2) 

+ 0-9624 1: 

^9/2) 


-96-67 

0-2I54I+ 

13/2) -0-46791 

±1/2) 

+ 0-8606) 

+ 11/2) 

0'/ = 

-82-62 

0-86931+ 

7/2) -0-49431+ 

-■5/2} 




-45-28 

-0-99421+ 

15/2)+0-0635|: 

±3/2) 

+ 0-0865 ): 

+9/2) 


-26-49 

0-99081+ 

1.3/2) +0-0976|: 

±1/2) 

+ 0-26031: 

fn/2> 


-61-97 

0-86931+ 

5/2) +0-49431+ 

7/2) 




119-24 

0-08311+ 

15/2) +0-96191: 

±3/2) 

+ 0-2603 1: 

+9/2) 


171 33 

0 14051+ 

13/2) +0-9746): 

±1/2) 

+ 0 1 745): 

+11/2) 


Table 3. AK and p^ values with Hill and Wheeler's 
parameters 



Temp. 

300 

200 

140 

100 

AK . I0« 

Observed 

7526 

12435 

23010 

34500 

Calculated 

7494 

14013 

22573 

27292 

fli 

Calculated 

106-9 

105-2 

1040 

101-9 

H- 

Observed 

108-4 

107-1 

105-0 

104-1 
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Table 4a. Stark levels compared 


Modified 0, 18, 23, 42, 69, 150, 205, 243 in cm-* 
Corrected 0, 4-8, 18-9, 56-1, 75, 163, 220, 273 in cm"’ 


that the wave functions (2) and (3) are inter- 
changed. The coupling elFect drastically alters 
the values of K but leaves the mean moment 
values near about the observed values. The 
K value at 300®K is nearly three times the 
observed value and nearly 1-5 times at 90°K 
where phonons are less effective. 


Effect of shielding and distortion 

It has been observed [15] that the dis- 
tortion of 5p and 5^ orbitals in rare earth 
ions in crystals makes the effective crystalline 
field weaker. Consequently the magnetic 
moment of an ion in a crystal field of lower 
symmetry will be higher than that for the same 
ion in a field of higher symmetry. This has 
been verified in case of Yb"^^ ion in a hexagonal 
and a tetragonal field. From Table 4b it is seen 
that the state of affairs is also the same with 
Dy^^ ion. 


Table 4b. values under 
field of different symmetry 


Temp. 

(°K) 

Symmetry 

Hexagonal 

Tetragonal 

300 

108-4 

112-6 

200 

107-1 

112-0 

140 

105-2 

110-9 

100 

104-2 

109-2 


Spectroscopic splitting factor: 

A comparison of the wave functions as 
given in expressions (1) and (2) shows that 
the (2) and (3) interchange their relative 
position, g-values deduced from these sets 
are given in Table 5. 

All the workers deduced almost the same 
value of g and g for the lowest stark levels, 
whereas g-values for (2) and (2) levels differ 
considerably. The value for the fourth level 
both the workers give almost the same value. 

Thus it is clear that a variety of field para- 
meters may exist which make a state lowest 
and give almost the same g-value. Hence an 
attempt to deduce field parameters from 
observed g-values may often lead to wrong, 
results. These also agree with the findings 
of Mookherji and Mookheiji[16] and Mook- 
heiji[I7]. 


Acknowledgements —The work was carried out under a 
C.S.I.R. Scheme. The authors wish to express their 
thanks to the Council for financial support. 


REFERENCES 

1 . NEOG Y D.,Physica 29, 974 ( 1 963). 

2. NEOGY D. and MOOKHERJI A., Proc. phys. Soc. 
20. l332(1965);P/i.V5ic«31. 1325(1965). 

3. CHACRA S. P.. tnd. J. Pure Appl. Phys. 3. 459 
(1965). 

4. MAHALANABIS A. and CHACHRA S. P., Ind. 
J. Pure Appl. Phys. 6. 55 (1968). 

5. KRISHNAN K. S.. MOOKHERJI A. and BOSE 
A.. Phil. Trans. A238. 125(1939). 

6. JAGANADHAN A. V., Proc. Raj. Acad. ScL 1. 6 
(1950). 

7. SEELWOOD P. W., Magneto-chemistry. Inter- 
science, New York (1956). 

8. BETHEH.,/4nn./n. Phys.3, 133(1929). 

9. ELLIOT R. J. and STEVENS K. W. H.. Proc. R. 


Table 5. Spectroscopic splitting factor 


Stark levels 

1 


2 

3 

4 


g -values 

gu 

g± 

«ii 


?ii 


ffii 

gj. 

Grambcrg 

10-76 

0 

5-60 

7-28 

12-50 

3-90 



Huffner 

10-45 

0 

5-41 

8-5! 

13-76 

1-75 

19 90 

0 

Hill and Wheeler 

10-77 

0 

1039 

5-14 

5-42 

8-49 

19-69 

0 
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THE PRESSURE DEPENDENCE OF THE 
LATTICE PARAMETERS OF CrTe and CrSb 
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Abstract— The effect of pressure up to ISO kbar has been measured at the room temperature on the 
lattice parameters of CrTe and CrSb. The initial compressibilities arc (l/ao)(dfl/dp) = 4-1 X 10“< 
kbar"', (l/coXdc/dp) = 8-4 x 10*'* kbar”' in CrTe (extrapolated); (l/ao)(d<i/dp)= 3-9x 10”'‘kbar“', 
(l/ro)(dc/dp) = 6.7 X 10“'‘kbar"' in CrSb. The pressure dependence of the Curie temperature of 
CrTe was discussed in relation to interatomic distances and bonding angle, and compared with the 
changes of the Curie temperature by chemical substitution. CrSb exhibits an anomalous compression 
both in a and c axes in the pressure range from 80 to 100 kbar; c axis expands rapidly with increasing 
pressure while a axis contracts. The fact suggests that the second order magnetic transtion from anti- 
ferromagnetic to nonmagnetic state occurs at 100 kbar, and that the large exchange magnetostriction 
vanishes rapidly at the transition. 


INTRODUCTION 

In a previous paper [1], we reported the 
pressure dependence of the lattice parameters 
of ferromagnetic MnSb and antiferromagnetic 
MnTe. The pressure dependences of their 
magnetic transition temperatures have been 
discussed by the change of exchange magneto- 
striction. 

For providing further data for similar 
discussions, we measured in this work the 
lattice parameters of CrTe and CrSb at 
pressure up to 1 50 kbar. Both compounds 
belong to a group of magnetic materials of 
NiAs-type structure as MnSb and MnTe. 
CrTe is a ferromagnet with the Curie tempera- 
ture 340‘’K, which decreases with hydro- 
static pressure by the rate — 5-5x10“^ deg 
bar~*[2]. CrSb, on the other hand, an anti- 
ferromagnet with the Neel temperature 
720°K, the pressure dependence of which 
has not been measured. 

EXPERIMENTAL 

Powder photographs of CrTe and CrSb 
were taken at quasihydrostatic pressure and 


high pressure X-ray cell [3, 4]. The materials 
were diluted about 5 times by weight with 
boron powder for reduction of X-ray absorp- 
tion, and small amount of NaCl was added as 
pressure marker. Pressure w^ determined 
by NaCl compressibility dataI5, 6], Maximum 
pressure was 120 kbar in CrTe and 150 kbar 
in CrSb. 

Powder samples of CrTe and CrSb were 
obtained from Kaneko of Tohoku University. 
The X-ray diffraction patterns obtained at 
the atmospheric pressure show that they are 
in single phase, and have the lattice para- 
meters as follows; a = 3-99 A, c = 6'22A, 
cla = 1-56 for CrTe; a = 4T1 A, c = 5-45 A, 
cla = 1 -33 for CrSb. 

The lattice parameters at high pressures 
were calculated from the diffraction lines 
(101), (102) and (110) both for CrTe and 
CrSb. The errors of the parameters at each 
pressure are within 0*02 A in a, 0-04 A in c 
and 0-01 in cla. 

RESULTS 


room temperature using a Drickamer-type 


(a) CrTe 

The Curie temperature of CrTe, 70®C at 


2405 



2406 


H. NAGASAKI, 1. WAKABAYASHl and S. MINOMURA 


the atmospheric pressure, decreases with 
pressure at the rate of -5-5 x 10“®deg bar"* 
and it descends beneath the room temperature 
at the pressure above lOkbar. As our X-ray 
cell does not yield us the exact data at lower 
pressures than lOkbar, the detailed pressure 
dependence of lattice parameters below 
lOkbar (in the range of ferromagnetic state) 
was not known. Above 1 0 kbar, there are no 
anomalies in the compression curves of a, 
c and da. They decrease almost linearly 
with pressure up to 100 kbar. The smooth 
data of alao, c/co and ida)Kda)o are listed 
in T able 1 . 

(h) CrSb 

In Fig. 1, lattice parameters a and c of 
hexagonal CrSb are plotted vs. pressure, 
and in Fig. 2 an axial ratio da vs. pressure. 
Fig. 3 is a plot of relative change in volume 
y/Vf, vs. pressure. In these figures, lattice 
parameters are calculated assuming the same 
unit cell of NiAs-type through all pressure 
range. 

The pressure dependence of a and c are 
very anomalous; the compressibility of a 
becomes almost zero at about 80 kbar. Then 
a decreases rapidly again above 80 to 100 kbar, 
and decreases more slowly above 100 kbar. 
In c axis, it decreases more slowly than that 
of the other NiAs-type compounds and above 




Fig, 1. (a) « (b) c vs. pressure in CrSb. The black points 
are the lattice parameters of fictitious paramagnetic 
CrSb extrapolated from those above the Neel temperature. 

80 kbar it increases rapidly. Above 100 kbar, 
c decreases monotonically, as in the case of the 


Table I. Smoothed values of a/a^, c/Co and 
(c/a)/(c/a)o in CrTe and CrSb 


(kbar) 

o/flo 

iico 

(c-/a)/(c/fl)« 

a/an 

cl Co 

(cla)Kcia) 

0 

I 000 

1-000 

1-000 

1-000 

1-000 

1-000 

10 

0-996 

0-991 

0-995 

0-996 

0-993 

0-996 

20 

0 992 

0-983 

0-990 

0-993 

0-987 

0-993 

30 

0-988 

0-975 

0-985 

0-990 

0-982 

0-989 

40 

0-985 

0 967 

0-979 

0-988 

0-978 

0-987 

50 

0-982 

0-959 

0-974 

0-985 

0-974 

0-985 

60 

0-979 

0-951 

0-969 

0-984 

0-971 

0-985 

70 

0-976 

0-943 

0-964 

0-983 

0-970 

0-985 

80 

0-973 

0-936 

0-959 ^ 0-981 

0-971 

0-990 

90 

0-970 

0-928 

0-955 

(0-975) 

(0-976) 

(1-011) 

100 

0-967 

0-920 

0-950 

(0-972) 

(0-994) 

(1-026) 
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0 50 100 150 

P, kbar 


Fig. 2. da vs. pressure in CrSb. 



0 50 100 150 


P . kbar 

Fig. 3. F/Ffl vs. pressure in CrSb. 

a axis. Consequently, a similar anomaly is 
seen in c/a and F/Fo. 

We could not detect any first order phase 
transition above 100 kbar, in so far as our 
X-ray apparatus could resolve. Dotted lines 
above 80 kbar in Figs. 3-5 mean that the 
lattice parameters were calculated assuming 
the same unit cell as that of the lattice below 
80 kbar. The smooth data of a/oo, c/co and 
(cla)l(cla)o up to 100 kbar are given in 
Table 1. 

DISCUSSION 

(a) CrTe 

It is well known that the magnetic transition 
temperatures in NiAs-type compounds depend 
largely on the interatomic distances. Inter- 
atomic distances of a NiAs-type magnetic 
compound can be changed by two different 
methods; (i) substituting its non-magnetic 
atoms by other ones, (ii) compression by 


hydrostatic pressure. It is shown[l,7], 
however, that thes two methods of changing 
interatomic distances do not affect the Curie 
temperatures of feriomagnetic manganese 
compounds of NiAs-type in the same way. 

The similar discrepancy is found also in 
the NiAs-type chromium compounds. In 
Fig. 4, the Curie temperature of ferro- 


(«> 



c/a 

Fig. 4. The Curie temperature vs. (a) c/2 (b) a (c) c/o 
in CrTcj-j-Se^ (0 s ^ S 0-5) and CrTe,_;cSbj (0 g x S 

0-6). drawn by -• — • — parameter of x: 

parameter of pressure. 

magnetic CrTei_^Sbj. (0 ^ jc ^ 0-6) and 
CrTe,_j.Sej. (0^x^0-5)[8] are plotted 
vs. (a) first neighbor distance of Cr atoms 
(c/2), (b) second neighbor distance a, and 
(c) an axial ratio c/a which corresponds to 
the bonding angle between two Cr atoms and 
a nonmagnetic atom. The corresponding 
changes with pressure up to about 10 kbar 
are shown in dotted lines in the same figure. 

These interaction curves, drawn by implicit 
parameters of components and pressures. 
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show that the Curie temperatures in NiAs- 
type chromium compounds depend on the 
atomic separations not only of magnetic atoms, 
but also of nonmagnetic atoms. The fact 
suggests that the indirect exchange interaction 
is important along with direct one in the 
ferromagnetic chromium compounds of 
NiAs-type. 

(h) CrSb 

The compression curves of a and c axes 
of CrSb are very anomalous in the pressure 
range from 80 to lOOkbar. We would inter- 
prete the fact assuming a second order mag- 
netic transition at about 1 00 kbar and at the 
room temperature. If the transition is that 
from antiferromagnetic state to paramagnetic 
state, it would accompany the anomalous 
compressibility of a and c axes. The lattice 
distortion of CrSb due to the antiferro- 
magnetic ordering (exchange magnetostric- 
tion) is very large, that is, Au/uo = + 15 per 
cent and Ac/co = — 3-3 per cent at the room 
temperature and the atmospheric pressure 
[9, 10]. The lattice parameters of fictitious 
paramagnetic CrSb at the room temperature 
and the atmospheric pressure are shown in 
Fig. 1. The distortion should vanish rapidly 
near the transition point; a decreases and c 
increases. Whereas the rapid changes of a and 
c axes in the range from 80 to 1 00 kbar 
shown in Fig. 1 are about — 0-8 per cent and 
-h3per cent, respectively. Therefore, it 
could be considered that the large exchange 
magnetostriction of antiferromagnetic CrSb 
vanishes at 100 kbar and that the normal 
compressibility of paramagnetic lattice is 
found above 100 kbar both in a and c axes. 
In Fig. 1, the extrapolated lattice parameters 
of paramagnetic CrSb at the room tempera- 
ture and the atmospheric pressure are 
connected with the compression curves above 
100 kbar by the fine dotted lines, which would 
be the compression curves of a fictitious 
paramagnetic CrSb below the transition 
pressure. 

If the N6el temperature T^f {720'’K at the 


atmospheric pressure) descends to the room 
temperature at 100 kbar, it means that the 
average value of dT^/dp is about —5 deg 
kbar"^ This is not an abnormal value com- 
pared with those of other NiAs-type magnetic 
compounds. But unfortunately, the pressure 
dependence of the Neel temperature has not 
been measured. It could be predicted by 
Ehrenfest’s relation for a second order phase 
transition; .y, , 


dp Aa 

where Ax is the change of compressibility 
and Aa is the change of thermal expansion 
coefficient at the Neel point. The compres- 
sibility data at the room temperature exhibit 
Ax = X 2 (above lOOkbar)— xi (below 100 
kbar) = 5 X lO^'* kbar"’ as shown in Fig. 3, 
The X-ray data[9] at the atmospheric pressure 
exhibit Aa = oj (above 720°K) — ai (below 
720"K) = — 7 X 10"® deg"’. Consequently, 

-j — = — 7 deg kbar"’. 

dp 

In conclusion, we would interpret that the 
transition from the antiferromagnetic state to 
the paramagnetic state occurs at 1 00 kbar and 
that the anomalous compressibility is accom- 
panied by the transition. 

Acknowledgement — yi/e wish to thank Dr. T. Kaneko of 
Tohoku University for providing us the materials of our 
experiments. 
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Abstract— The neutral vacancy in semi-conductors is studied by using the Green’s operator method 
combined with the tight-binding approximation. A simple model for the band structure with only one 
resonance integral between first neighbours is used. First a two-band linear semi-conductor, where 
analytical solutions are obtained, is studied and then the method is applied to diamond. In both cases 
bound states are obtained whose extension is discussed. Application is made to the calculation of the 
formation energy of the vacancy in diamond which is found to be about 9 eV without taking relaxation 
into account. 


1. INTRODUCTION 

The first theoretical study of the vacancy 
in diamond has been made by Coulson and 
Kearsley[l] in order to interpret the GRl 
optical absorption band observed by Clark 
et aL[2]. They considered the first neighbours 
of the vacancy as forming a molecule and they 
used a molecular orbital treatment by taking 
combinations of the ip® hybrid orbitals point- 
ing from each atom towards the center of the 
vacancy. A similar study has been made by 
Yamaguchi[3] and another by Stoneham[10] 
using the point-ion approximation. 

On the basis of a simple molecular Hartree 
model, Watkins [4J has given a very success- 
ful interpretation of his EPR experiments in 
silicon. He has identified two spectra with the 
simple positive and negative vacancies. 

Contrasting with those molecular models, 
other calculations have been made by 
Bennemann[5] and Callaway [6] who have 
both made use of the Green’s function 
method. Such studies are not easily com- 
parable with Coulson and Kearsley’s. 

We want here to connect the molecular and 
band descriptions for defects. The simplest 


way to do it is to use the tight-binding approxi- 
mation which involves the same approxi- 
mations as Coulson and Kearsley’s model. 
We have simplified the problem by consider- 
ing only one resonance integral between 
first neighbours. Clearly this is an over- 
simplification but we obtain the first significant 
correction to a molecular approach and the 
results are useful for discussion. This will also 
serve as a basis for future work including 
resonance integrals up to second nearest 
neighbours and taking electron-electron 
interactions into account. 

2. GENERAL CONSIDERATIONS 
We use here the Green’s operator method 
combined with the tight-binding approxima- 
tion. In cases where the vacancy produces 
a short-range perturbation potential, this 
leads to very simple calculations. 

(A) Mathematical formulation 
We first choose a one-band system to detail 
the theory with maximum simplicity. Let H 
be the perfect crystal Hamiltonian and |i^) its 
solutions. We may write: 


*Cet article constitue une partie de ma thise de 
Doctoral d'Etat en Sciences Physiques enregistr 6 e au 
C.N.R.S. sous le no. A.0. 2646. 


H\<i,)=E\tf>). (la) 

In the tight-binding approximation is 
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a linear combination of the N atomic orbitals 
(N is the number of atoms), i.e; 

= (lb) 

where |y) is the atomic orbital on site Rj. 

If we now create a vacancy at the origin 
the new Hamiltonian is H’ and the wave 
functions (i/i), but (0) is now a combination of 
N — 1 atomic orbitals only, because the atomic 
potential and wave functions of the central 
atom are missing; 

= 2 (2a) 

An easy way of joining the perturbed crystal 
to the unperturbed one is to write |i/») in the 
following form: 

{,!,) = \4>) + GV\ii,) (2b) 

where 


is the Green’s operator of the perfect crystal 
and y the perturbative potential. If the atomic 
orbitals are assumed to be orthogonal, the 
relation (2) leads to: 

(0|</i) = 0. (3) 

This condition is obvious from another 
point of view. H can be represented by a 
N XN matrix using the atomic orbitals as 
a basis and H' by a iN~l)x{N—\) one. 
To relate the two problems we must write 
H' as a. N X N matrix by adding a row and 
a column of zeros corresponding to {0\H’ \m) 
elements. In this way we obtain a condition 
on the perturbative potential, i.e.: 

<0|F|m>=-<0lf/|m). (4) 

Equations (3) and (4) are equivalent. 

(B) Study of bound states 
For the bound state energy there is no solu- 
tion of H. The bound state wave function is 
then given by: 


If we project on the atomic orbitals we 
obtain easily the set of equations 

l^O;(m = SGi,„y„u<jW (6) 

m 

MO 

and the supplementary condition: 

<0|./»> = i: (7) 

m 

MO 

Equation (6) is a set of TV — 1 linear and homo- 
geneous equations with N — 1 unknowns 
which are the <y|i/»). To obtain solutions, 
the determinant of this set of equations must 
vanish. The energies obtained in this way 
must also satisfy condition (7) to represent 
bound states of the vacancy. We can notice 
that (6) and (7) satisfy the usual condition 
for bound states which is 

det (/-CK) =0; (TVXN). (8) 

(C) Extension to many-band systems 

It is possible to simplify the study of 
such systems by taking symmetry into 
account. Let us assume for instance that 
the central atom (which will be removed to 
create the vacancy) has m atomic orbitals. 
These orbitals form a representation of the 
point group of the crystal. In a similar way 
the orbitals on the/th neighbours of the central 
atom transform into each other under opera- 
tions of the point group. They also form 
representations which can be reduced by 
taking linear combinations of the orbitals. 

Now G and V are totally symmetric and 
can mix only basis functions of the same row 
of the same irreducible representation. In 
the simple case where the representation of 
the point group of the crystal induced by the 
m atomic orbitals on the center contains 
only once each irreducible representation, 
it is possible to factorize the problem into m 
parts. For each part the equations for the 
bdund states will have the same form as 
(6) and (7). 

As we want first to apply the theory to 




( 5 ) 
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deep levels in semi-conductors, we shall 
first consider a simple linear model and then 
extend the treatment to diamond. 

3. ONE-DIMENSIONAL MODEL SEMI-CONDUCTOR 
We consider a linear chain with two orbitals 
of s and p type by atom. We can build 
hybridised orbitals by taking their sum and 
their difference. We take the notation [y, 
y + 1 ) for the orbital centered on atom j and 
pointing towards atom j+ 1 (Fig. 1). 


(B) The vacancy 

To use symmetry considerations we form 
two types of functions: 


!./> = 


\Jj'— 0 + 1 —j\ —j+ 1 ) 
V2 


\jJ‘+\) + \-j, -J-1) 

V2 


( 12 ) 


{A) Band structure 

We shall take a quite simple approximation 
in order to obtain easily the essential features 
of the problem. We can write a Bloch function 
of the perfect problem 

(9) 

|-l,0> |0.-I>|0.I>||.0> 

<D 00~ex3 oo o 

-2 -I 0 1^ ^ 

Fig. I . Linear chain with two orbitals per atom. 

If now we define 2e — Ep — E, and jc = £ 
—{Eg + Ep)l2 where E^ and Ep are the free 
atom energy values, we obtain for A and B 
the set of equations 

x/f + (e-t- = 0 ( 10 ) 

xB+ (€ + \e-'^«)/l =0 

when we take only into account the resonance 
integral 


Antisymmetric: 

u*y-i)-l-y,-y+i> 

^ — 

_ U>y+ — y— I) 

■' ~ V2 

Let us solve first the symmetric case. With 
the preceeding approximations for the band 
structure the perturbative potential has very 
simple matrix elements, taking {E, + Ep)l2 
as the zero of energy: 

Fo'o' — e Fo'i ~ k. ( 13) 

Applying equation (7) we readily find the 
simple condition for bound states: 

Go-o. = 0. (14) 

This condition is satisfied when x = 0, 
i.e. at the center of the gap. 

The same result holds for the antisymmetric 
bound state. (For details see App>endix A). 

This result is physically evident because the 
two half chains are independent and the levels 
must be twofold degenerate. 


-k = UJ+i\ V}\j+iJ)- 

The two energy bands are given by: 


(C) The wave function of the bound state 
If we apply (6) to both symmetric and anti- 
symmetric bound states we find for / # 0 


x = ±:(e^4-X^ + 2€A,cos/:n)^^^ (11) 


= (15) 


The gap is given by 2|\— e|, but in the phy- 
sical case of interest where A)€, we obtain 
2(X — e) and the width of one band is 2e 


For that state it is possible to determine 
rapidly the Green’s functions which turn out 
to be: 
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C„=0.C„ = i(^)'''. (16) 

We find easily that the contribution of orbitals 
|j) and \j") to the bound state wave function 
will be: 

(17) 

This provides very useful information in 
comparing that method to a local molecular 
treatment. 


and gives a shift in the energy: 


-y 



for the symmetric state 


and 


(18b) 


+y 



for the antisymmetric one. 


Instead of 2y we shall find 2y{ \ — €®/X*). The 
difference is due to the feet that the zeroth 
order wave function is spreading out of the 
molecule. We find the local molecular result 
in the limit where e/X —* 0. 


(D) Comparison with a molecular model 
A local molecular model of the vacancy 
would consist in building a molecule with the 
first neighbours of the vacancy. In that case, 
if we put: 


4. DIAMOND CASE 

We shall apply exactly the same method to 
the diamond structure except that it is neces- 
sary to calculate one of the Green’s functions 
numerically. 


—y = {jJ+^^i\J+2J+ 1) 

we obtain two eigenstates i//^ and ijjg (Fig- 2) 
with a splitting of 2y . 


(A) Band structure 

We use the model of Leman and Friedel [7] 
which leads to analytical results. The only 
integral involved in this calculation is; 


. | 1 , 0 >- 1 - 1 , 0 ) 
*I/A 




V2 

| 1 . 0 ) + |- 1 , 0 ) 
V2 


(1 8a) 


In our model a careful treatment would 
consist in including y in the band structure 
calculation but it is possible to have immedia- 
tely an order of magnitude of the result for 
small y by perturbation theory. To first order 
we can see immediately that introducing inter- 
action between second neighbours by y 
affects only the first neighbours of the vacancy 

% 


\ t 

% 

Fig. 2. Local molecular model for the linear chain. 


(19) 

where a and ft are sp3 hybrid orbitals centered 
on first neighbours and pointing towards 
each other. 

The essential features of their results are 
the density of states curve vo{E) (Fig. 3), 



Fig. 3. Density of states per atom PoiE) for diamond with 
A = 7 cV and 4* = 8 eV. If we divide \ and 4e by the same 
factonj, we have to multiply po{E) and divide the energies 
by rf. The S functions are representing zero width bands 
which occur in the simple model we have used. These 
bands have totally p character. The zero of energy is 
(E,4-£p)/2 and the broad bands are symmetric with 
respect to that origin. 
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the gap Eg and the valence band width Et, 
which are given by the formulae: 

£„=2X-4e (20) 

f:. = 4€ 

4e being the promotional energy, 4« = Eg—E,, 
where E, and Ep are the atomic energies. 

When we take the numerical values of 
Leman and Friedel 

X = 7eV; 4€ = 8eV (21a) 

we find a cohesive energy per atom 

E, = j^^VniE) EdE (21b) 

which is of the order of 23 eV to be compzwed 
to the experimental value which is believed 
to be 1-5 eV. As in the following we shall 
use this model to calculate the formation 
energy of the vacancy, we think it is better to 
fit the value of the cohesive energy to the 
observed one. So we divide the values of X 
and 4€ by 3 and take 

X = 2'3eV; 4€ = 2-7eV (21c) 

(B) The vacancy 

Here we must make some conventions. We 
label the atoms as in Fig. 4 and design the 
sp^ hybrid orbitals (Fig. 5) by 

jOO') |01'> |02'> |03') |0'0> |r0) |2'0) |3'0). 

(22a) 

To use the symmetry properties we use the 



Fig. 4. The vacancy with its four neighbours in the 
diamond lattice. 



Fig. 5. Schematic representation erf a sp* hybrid for 
carbon. 

following combinations of (22a) 

\s) = i (t00'> + tor ) + |02') + |03'>) 

|x) = i (|00^) - tor > - |02'> + |03'» . 

\y) = i (|00') - |or) -f |02'> - 103'>) ^22b) 
k) = H|00'> + |or> - 102') - 103')) 

and |p), Ity), |/j> which are the same 
combinations of the |n'0). 

As shown before, the conditions for bound 
states are written very simply as 

<.v)Gk) = 0; (xlGlx) = 0; (ylG|y) = 0; 

<z|Gk>=0. (23) 

The last three conditions are identical giving 
a threefold degenerate state {T^), the first 
one a non-d^enerate state (y4,). With the 
numerical values chosen in (2 1 c) we find that 
all levels are located practically at the same 
energy which is about -l-0‘7 eV from the 
center of the gap. To explain the fact that the 
(y4i) state and the (Jj) states are nearly 
degenerate we cannot divide the crystal in 
four independent parts as for the linear 
case, but if the states are strongly localized 
these interactions will be very weak so that 
these states will be nearly degenerate. 

(C) The bound state wave function 

We have here a great similarity with the 
linear chain. The calculation is not so simple 
but we find that, for the energy of the bound 
state 

(r|Glt;>=i <x|GlU = ^. (24) 

From this we find (Appendix B) that the con- 
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tribution of (u) to the symmetric bound 
state, i.e. is about 0’7. We Obtain the 

same value for the contribution of [tj), 
|tw), |t*) to the Ts bound state. 

In order to compare with the linear model 
we have also calculated the contribution of 
\v') to the symmetric bound state wave 
function ju') being determined by taking the 
sum of the three hybrid orbitals other than 
I/O) on a first neighbour \f) and then sum- 
ming over /. We find it to be about 0-03 
which is negligibly small compared to 0-7. 
We obtain similar values for the case. From 
the similarity with the linear problem we may 
think that most of the remaining charge will 
be on the second nearest neighbours. 

(D) Comparison with a molecular model 

If we build a local molecule with the first 
neighbours of the vacancy and if we define: 

7=-(0'OlFo,|rO) (25) 

it is easy to see that the splitting between the 
/4i (v) level and the (tx, ty, t^) level is 4y 
as shown in Fig, 6. 

To compare with this model, we must still 
use perturbation theory as in the linear case. 
To first order the shift would be given by: 

(26) 

where (i/f) is the wave function of the bound 
state and V the perturbative potential which 
introduces second neighbours interaction. 
Expression (26) cannot be calculated exactly, 
but from the similarity with the linear case, 
we can take for ) only the contribution from 
the first neighbours which would give a 



\ 


\ I 

t I 

t I (v) 

Fig. 6. Local molecular model for the diamond vacancy. 


splitting of about 0'7x(4'y). This can be 
justified in the following way; if we assume 
that |ilf) extends only up to second nearest 
neighbours, then all the matrix elements of 
V vanish except between the first neighbours 
of the vacancy and if |«1») extends more, 
further contribution would be negligible. 

To conclude this section we can say that 
the main features of this Flartree model are: 
the existence of bound states 
their nearly degeneracy 
their strong localization 
results quite similar to those of a local 
molecular treatment when taking into 
account interaction between second 
nearest neighbours in first-order perturba- 
tion theory. 

5. FORMATION ENERGY OF THE VACANCY 
IN DIAMOND 

In principle such a model must give easily 
the formation energy Ef by summing the 
energies which are necessary to take one atom 
out of the crystal and then replace it on the 
surface. 

[A) Simple estimation ofEy 
We .shall follow Friedel[8] by saying that 
the valence band is built from bonding orbitals 
which are the sums of sp^ hybrid orbitals 
centered on first neighbours and pointing 
towards each other. The valence band is 
filled when we put two electrons in each bond. 
When forming a bond we gain an energy of 2X. 

We can evaluate the cohesive energy per 
atom in the following way; to dissociate the 
whole crystal it is necessary to cut two bonds 
per atom, i.e. to spend an energy of 4A. 
per atom, but the atoms are still in their sp^ 
state. The cohesive energy per atom is then 
approximately given by [7, 8] 

E,=^4k-4€ (27) 

which is about 6*5 eV with the numerical 
vedues of (21c). This expression (27) would be 
rigorous if the valence band would be sym- 
metric [7]. 
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Now to create a vacancy, we have to cut 
four bonds, i.e. to spend 8X. If we put the 
corresponding atom on the surface, we 
create two new bonds and gain 4X. In this 
simple way we obtain the formation energy 
of the vacancy as; 

4X = 9-2eV. (28) 


This allows us to calculate A£ (Appendix B) 
and we find; 

• AE«,16-4eV. (31) 

Then we obtain for the formation energy; 

£-/. = 8-9eV. (32) 


(B) Numerical calculations 

We have seen before (21b) that the exact 
value of Ef. can be calculated and we have 
fitted this value to 7-5 eV which is the 
experimental one. 

To create a vacancy we have to take one 
atom out of the crystal which needs an energy 
AE; to replace it on the surface which needs 
— Ec- The problem is to calculate A£. It is 
given by: 


LE j bn{E) E dE (29) 

where 8n(E) is the total variation of the den- 
sity of states between the crystal with the 
vacancy and the perfect crystal, and the 
integration is made on occupied states. 

To know the limits of integration we must 
fill the new states with electrons. Before 
creating the vacancy the crystal contained 
2N atoms and %N valence electrons. Now 
there are 2N—\ atoms, i.e. 8N~4 possible 
states. As there are 4 bound states, only 
SA' — 8 states remain for the band and parti- 
cularly 4N — 4 for the valence band. As we 
have %N — A electrons, we can put 8A — 4 
into the valence band and 4 into the bound 
states. Then; 

A£ = 6n(£) EAE + AEb (30a) 

where Eg is the energy of the bound states. 

We can write: 




Arctg 


Im det(I — GIO 
Re det(I-GT) • 


(30b) 


The main conclusion from the simple study 
is that Ep is greater than the cohesive energy 
but of the same order of magnitude. We must 
notice here that this value of the formation 
energy must be reduced by relaxation. This 
could perhaps give for Ep a value smaller 
than for Ee- 

6. CHARGED STATES AND RELAXATION 

(A) Charged states 

Let us first consider the neutral state. As 
for the band structure we write 

Vi (33) 

where T is the kinetic energy and are the 
same Hartree potentials as in H. In this way 
it is quite easy to define the matrix of the per- 
turbative potential ans to solve the problem 
numerically. 

Now we can see very easily the difference 
between the charged states. As there are more 
or less electrons than in the neutral case the 
one-electron potentials will not be the same. 
One way to determine them could be to do a 
self-consistent calculation, i.e. to express the 
new potentials as a function of the electronic 
density, then to calculate the electronic 
density deduced from those values, Eind finally 
to equal the values. 

(B) Relaxation 

It is easy to see that relaxation can formally 
be studied by changing some integrals between 
the first neighbours of the vacancy or more if 
we want a better description. If relaxation is 
not too large it is possible to develop the matrix 
elements to first order in the normal co- 
ordinates of the system. We can calculate the 
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mean energy of the system as a function of 
these normal coordinates, add the elastic 
energy and minimise the total energy with 
respect to all the coordinates. This will give 
the new atomic configurations and the gain 
in energy due to relaxation and distorsion 
(Jahn-Teller effect) [9]. 

CONCLUSION 

We have seen that the Green’s function 
method combined with the tight binding 
approximation can lead to straightforward 
and physically interesting results in the model 
we have used. 

In a first part, we have studied a completely 
analytical model (linear chain) which gave the 
following results: two degenerate bound 
states exist in the gap and their localization 
depends on the ratio of the promotional energy 
to the resonance integral between first 
neighbours; when this ratio is weak we find 
results similar to a local molecular treatment. 

We have then studied the physically 
important case of the neutral vacancy in 
diamond in the same approximation. We find 
bound states of (/4,) and (Tj) symmetry in the 
gap, which are nearly degenerate and strongly 
localized (0-7 of the population on the first 
neighbours). We conclude that a local mole- 
cular model is well justified in that approxima- 
tion. A calculation of the formation energy of 
the vacancy gives about 9 eV when the para- 
meters of the band structure \ and 4e are 
determined to fit the cohesive energy per 
atom to the experimental value 7-5 eV. This 
value must be reduced by relaxation. 

The first step for a better treatment includ- 
ing the relaxation would be to study the 
neutral vacancy in a better description of the 
band structure. Another point of interest 
would be to compare our model to Coulson 
and Kearsley’s when taking electronr- 
electron interaction into account, and also 
to do a self-consistent calculation for the 
charged states. 
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APPENDIX A 

Green functions in the linear model 
We have seen that, outside the bands: 


c = 2 


ld>/) <4»/l ^ (d>/l 

E-Ey(k) x-x„(k) 


(A.I) 


This allows us to calculate very simply the matrix 
elements (0'|G|y) and (0'|G|/) in the symmetric case: 


(O'lGU) = -L s 

I w 2 /vZ x-xAk) 

2N^ x~x,{k) 

k.v 


and in the antisymmetric one: 


1 _ {A-B)(,A e-***»-Be<**') 




x — x,{k) 
\{A e***'-. 

X—Xy[k) 


(A.3) 


Bound states 

The conditions for symmetric and antisymmetric bound 
states are; 


<0'|G|0')=0. (A.4) 

From equations (10) .4 and B are complex conjugate and 
fnnTrnormalization of the wave function we have; 

|A1 = |B|=1/V2. 




(A.5) 
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We can then put: 

/< = 1/V2e" R=l/V2e-« (A.6) 

With those notations it is easy to write: 

<0'1C|0'> symmetnc = — ^ 

k,9 

(A.7) 

<0'1G|0') antisymmetric = ^ S 
These expressions allow us to show the relation 

^O'.O'iyni. antliym. (-A. 8) 


(B.i) 

t » 

where diamond is considered to have two sublattices, 
l^jn) being centered on ^ atoms of the first sublattice, 
on the atoms the other one. The index n refers to 
the direction in which point the sp* hybrid orbitals ]4ij„) 
and The equations which relate the coefficient are: 
s 

jtri«+e 5) .4,-l-Xa*/4* = 0; ffi = 0,1,2,3 withAf = £ — £, 

( 8 . 2 ) 

and their complex conjugates. The a,, are defined in the 
following way: 


When there is a symmetric bound state at energy jr, 
there is also an antisymmetric one at— x. 

In the symmetric case we have, treating! as aii integral 

k 

on A: 


Oo = 1 : o. = a,= 

a, = e-‘««<\-l-A:; (B.3) 

a being the crystalline parameter. 






(A 9) Bound stales 

We start from the expression of G in the gap 


We immediately see that the solution is x = d in this case; 
from (A. 8) it is also a solution for the antisymmetric one. 


Calculation of other Green’s functions 

We Shalt do it only in the symmetric case because 
there are similar relations in the antisymmetric one. 

From (10), (A.2) and the fact that lim £<0'|GU> 
and £(0' IG \j' ) with / # 0' is zero, we can easily deduce 
the relations: 

Com ” ~ (-r + <) Go-.o'] 


Gfl, ^ [xGo'.r "t" AG(j,,0'j 
Go-j = — ^ +€00- j-i] 

Gqiji = — [xGo',j~H XGfl'j-,.]. 


(A.IO) 


For the bound states x = 0 and we find 


G 


OM 



— 0; Go>j 



(A.ll) 



V 


y being the volume of the crystal. 

We can define for the symmetric case a new coefficient: 

a 

2 An 

C. = -gr-. (B.4b) 

This coefficient represents the proportion of s character 
in the total wave function. The symmetric matrix element 
of G on the center can be written: 

(B.4C) 

This expression can be calculated numerically and we 
find that it vanishes at 0-7 eV from the center of the gap 
(with X and e given by (2 1 c)). 

In the same way we can define the three other indepen- 
dent combinations of the An which we call C,, C, and C,. 
We have the relation: 


From (15) we see that the contribution of the orbitals 
I j) and 1/ > to the bound state wave function is; 

l</l-l»>l* = 0 

(A.12) 

From normalization of the wave function we find 

Kl|V.)|»=l-g. (A.13) 

APPENDIX B 

Green functions for diamond 
In the work of Leman and Friedel the Bloch functions 
of the perfect crystal were written 


C.* + C/-(-C„* + C.*= 1. 


We can express 



CxME')/i(£')d£' 

£-£' 


(B.5) 

(B.6) 


A numerical calculation also ^ves the x type bound state 
at-f0-7eV. 


Extension of the bound state 

We treat only the symmetric case, the other cases being 
quite identical to it. We shall try to calculate the contribu- 
tion of the first neighbours to the bound state wave 
function. We find easily from normalization 
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I { p|^> I* j « 0.7. (B.7) 

If we go further, j.e. if we consider the orbital je') 
formed from the sum of the three other hybrid orbitals 
on the first nei^bours, we find: 

|(p'|«fr>|*“ 0-03 (B.8) 

which is quite negligible. 

Formation energy 

We detail here the calculation of given by (29). 
We have to determine: 

a/t(£')£d£ = j^ ««(£■) fdE. (B.9) 

It is easier to calculate the variation of the total number 
of states having an energy smaller than E, which is; 

f® 1 rimdet(/-GI01 

fiN(E)=/ 6«(£’)d£'=^Arctg[5^^^^i^J. 

(B.10) 

We then express (B.9) under the form 

E^N(E,) ~ /*' 8Ai(£) dE. (B.ll) 

The algebraic calculation of (B. 1 0) gives 

«A-(E)-i[Ar.,g^H.3Arcts^]. (B.U) 


In Fig. 7 we give the shape of the real part of G„ and G„ 
and in Fig. 8 we give the result of the calculation of 
SN{E) from formula (B . 1 2). 


<i|Gl»> <*|G|*> 

Fig. 7. Shape of the Green’s function (s|G|j) and (xlCjx) 
for diamond inside the valence (FB) and conduction (CB) 
bands, and in the gap. 


-SWE) -SWE) 



Fig. 8. Curves representing —SN{E), where SN{E) is 
the variation of the total number of states due to the 
vacancy (a) for the symmetric states (b) for one of the Tj 
states. These quantities tend to 1 at the valence band edge 
but fall to zero at the bound state energy. They will rise 
again to I at the conduction band edge, showing that 
four states have been removed. 
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Abstract — ESR-signals from GaP:Sn, GaP;Si and GaAs: Si, GaAs:Te are reported, GaP:Sn 
crystals give two isotropic signals. The larger one of them with g-value 1 -998 is attributed to bound 
donor electrons. No definite conclusion about the origin of the other line with g °= 2 - 131 is presented. 
The system GaP:Si gave only one line with g= 1-985, which we also attribute to bound donor 
electrons. GaAs.Si and GaAs:Te give each one very broad isotropic signal with 2-07 and g = 
2-06 respectively. These values do not agree with earlier measurements on GaAs. They also disagree 
with theoretical values for shallow donors obtained by application of Roth's formula for g-factors. 
It is concluded that these signals are not likely to come from shallow donor electrons. The problems 
of treating impurity-levels in GaAs and CaP within the effective mass formalism are discussed. It is 
pointed out that a calculation following the Koster-Slater-method might be valuable in those cases 
of relatively deep donors. 


INTRODUCTION 

Since Fletcher et a/.[l] reported the first 
spin resonance measurement from bound 
donor electrons, the field of ESR in impurity 
semiconductors has grown very rapidly. 
Plenty of information about the detailed 
nature of these defects has been gathered, 
most of which is available in survey-articles 
by Ludwig and Woodbury [2] and Feher[3]. 

In 1967 Title [4] reported spin-resonance 
lines from the donors Si, Se and Te in GaP. 
Within the experimental error he got the same 
g-factor 1 -9976 in all cases. The result that 
the g-factor is independent of the dopant is 
in agreement with the effective mass approxi- 
mation developed by Luttinger and Kohn 
[5], and the main result of Roth’s [6] calcula- 
tion. She obtained, by introducing spin-orbit 
coupling to first order and using a two-level 
approximation of the band-structure, compara- 
tively simple formulas for the g-factors of 
conduction electrons in Si and Ge. The 
numerical results were in fair agreement with 


*This work has been supported in part by the United 
States Air Force Office of Scientific Research under 
Contract AF 6I(052)-937 and in part by the Swedish 
Natural Science Research Council. 

^Present address: Kenya Science Teachers College, 
P.O. Box 30 596, Nairobi, Kenya. 


the measured ones and an earlier, similar 
calculation for the extreme case of conduction 
electrons in InSb[7J gave a good agreement 
with the experimental result reported later 
by Bemski[8]. 

On the other hand, Title’s straight-forward 
application of Roth’s formula to the case of 
GaP gave not a very good numerical agree- 
ment with his experimental g-factor. Title 
discusses several causes to this numerical 
discrepancy among which we quote three: 
(1) donor levels in GaP are so deep, that the 
effective mass approximation may break 
down. (2) the relevant effective masses in 
GaP are not known, so an average has to be 
used. (3) the two-level approximation in 
Roth’s calculation may be insufficient for GaP 
as for the earlier treated case of Si. 

The purpose of this paper is to report 
some further ESR-signals from two 11 1- V- 
compounds, mainly doped with group IV- 
elements, and discuss their origin. The 
problems connected with the application of 
Roth’s formulae to these compound semi- 
conductors will be pointed out. 

EXPERIMENTAL 

The experiments were carried out on a 
standard Varian 4500 X-band ESR spectro- 
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meter equipped with a muJtipurpose rectang- 
ular cavity and a 100 kHz-modulation-unit. 
In all measurements reported here the 
klystron frequency was = 9-4 GHz. 

The measurements had to be carried out 
at low temperatures. In all cases but one we 
had to go down to 4-2‘’K. Principally two 
methods are possible to achieve this cooling: 
Either to immerse the whole cavity with the 
sample and part of the wave-guide in the 
liquid helium, or to introduce a quartz-finger- 
dewar with the sample inside it, into the 
cavity. In the first case you cannot use the 
modulation-coils in the cavity-walls since this 
causes too much Joule-heating, i.e. you loose 
the enhanced sensitivity obtained by the 
lOOkHz-molulation. In the second case the 
boiling of the liquid is bound to be rather 
violent since there is no space for an outer 
liquid nitrogen jacket around the finger, which 
cannot even be silvered to protect against 
radiation. 

We have chosen the latter way, often called 
the cold-finger method, mainly because it 
allowed us to benefit from the increased sen- 
sitivity through the 100 kHz-modulation. 
Details of the ^UTangement have been de- 
scribed elsewhere [9], The four crystal- 
systems investigated were GaP doped with 
Sn and Si, GaAs doped with Si and Te*. 
GaP : Sn, GaAs : Si and GaAs ; Te were single 
crystals, GaP: Si polycrystalline of high 
purity produced at the Bell Telephone 
Laboratories. Doping concentration was of 
the order of 10^^ cm'-'' and the doped samples 
give Si-Si pair spectra in contrast to the 
undoped ones whose Si-concentration is 
believed to be I0’*cm"^. The GaAs: Si 
crystal was pulled horizontally according to 
the Bridgman technique. The Si-concentration 
was about 10‘"cm“f The GaAs.Te crystal 
was made by floating zone purification and 


*We gratefully acknowledge the helpfulness of Dr. 
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providing the GaP-Si samples and Tekn. lie. H. Nettel- 
bladt, HAFO-institute, Stockholm for giving us the 
[fiaAs ; Si and Te crystals. 


the Te-conc. also of the order KF*cm~®. 
Some acceptor impurities were probably 
present in the last two samples. The Sn- 
concentration in GaP;Sn was estimated to be 
in the range 10^'- 10*® cm“®. 

To ensure good accuracy of the values of 
the magnetic field, NMR-technique was 
used to fix certain field-points between which 
interpolation could be done. We estimated 
that errors in the determination of the mag- 
netic field could be neglected compared to 
other errors such as asymmetry in line-shape, 
variation in klystron-frequency etc. 

RESULTS AND DISCUSSION 

The ^-values and line-widths of the ESR- 
signals for the investigated crystal -systems 
are given in Table 1 and Fig. 1. In the table 
are included some related results reported 
by other authors. The figures show the stan- 
dard 1st derivative representation of micro- 
wave-absorption vs. magnetic field strength. 
Among our samples only GaP;Sn gave signi- 
ficant signals already at ITK, The strength 
of these signals increased about 100 times 
when the temperature was lowered to 4-2‘’K. 

To ensure that the signals were caused by 
the doping of the crystals we made similar 
measurements on the corresponding undoped 
samples in the cases of GaP : Sn and GaP : Si. 
In neither case did the signals from the doped' 
samples appear. 

The ESR-spectrum from GaP : Sn consisted 
of two strong isotropic lines and five, much 
weaker anisotropic lines. The g-value and 
crystalline field splitting parameter obtained 
for the five lines made it possible to identify 
Fe^+ as an unwanted impurity in our sample. 
The details of this are reported in [9]. The 
larger of the isotropic lines with value 1-998 
can certainly be attributed to bound donor 
electrons from the Sn-dopant. The numerical 
values: g-factor and linewidth, agree with 
those reported by Title [4]. The puzzling 
feature is however the second isotropic line 
with such a high positive g-shift as 01 29. 
The possibility that this strong signal origin- 
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Table 1. Observed %-factors and approximate line-widths A in g, for 
different dopants in GaP and GaAs. Unless otherwise specifid T = 

A-TK 


Dopant 

Zn 

Cd 

Si 

i 

Sn 

' r ' ' 

S Se ’ Te 

Host 

GaP 

8 



1-985 ± 0 003“" 

1- 998 ±0-00l<“? 

2- 131 ±0-001 

1-9976± 0-0008'»> 





55 

TTK 


A 



70 

25 

45-60 




2-07± 0 02‘“> 


2-06 ±0-01“' 


8 


11 3-4<« 




GaAs 



77K 





A 

20 

SOO" 

170 


160 


Ourresult, cf. [9]. 

Title 1967 t4]. 

Title 1963 [10]. 

Fedotov et al. 1968 [11], L .B orthogonal to stress; || ; B parallel to stress. 




I B 

Fig. 1. The signals obtained from the four crystal systems at 4-2'’K in the standard 
first derivative representation of magnetic susceptibility x” vs. magnetic field B (no 
quantitative intensity-comparisons should be made, since the signals have been 
recorded with different amplifications). 

ates from another unwanted impurity can not if the impurity belonged to the matrix material, 
be ruled out completely. Due to it’s isotropic We consider it unlikely that such a high con- 
character however, it would have appeared centration of an unwanted impurity should 
even in the polycrystalline undoped sample be caused only by the Sn-doping. Finally, 
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if the doping introduced another impurity, 
it remains to explain the high g-value of the 
signal. Oxygen and sulphur are common 
impurities in the GaP but are both group VI 
donors and should give signals in accor- 
dance with Title’s results [4]. It would be 
tempting to assume that Sn could substitute 
both for Ga and P-atoms in the lattice, thus 
acting both as donor and acceptor. The second 
line should then be due to transitions between 
Zeeman-levels of a hole bound to an acceptor. 
However, acceptor-holes should not give 
rise to EPR-signals according to earlier 
experiments and theoretical considerations. 
Kohnill] argues that the width of the 
energy-level of an acceptor is larger than the 
transitionenergy hv in X-band experiments. 
The reason for this large energy-spread could 
be the electron-lattice interactions. Kohn also 
suggests that random internal stresses, due 
to dislocations, lift the degeneracy of the 
valence band, which in turn broadens the sig- 
nal beyond detection. The second argument 
was tested by Feher, Hensel and Gere [13] 
who applied an uniaxial pressure to boron- 
doped silicon and only then detected an ESR- 
signal. A similar experiment on GaAs doped 
with Cd, was later made by Title [10] which 
also confirmed Kohn’s second suggestion. 
The other communication on Cd-doped 
GaAs, by Fedotov et a/.[ll], reported how- 
ever an acceptor-line obtained without 
applying any external stress. The authors 
did not clain that their results contradicted 
those mentioned— they believed that the 
mechanical treatment of the crystal had 
caused such a large uniaxial strain that it 
overcame the random strains due to 
dislocations. 

These considerations make it difficult to 
reach a definite conclusion about the origin 
of the isotropic line with g = 2-131 in GaP- 
Sn. We suggest that, either a deep donor of 
unknown origin, or a combined impurity 
center with Sn and perhaps with the Fe®^- 
ions, could give rise to a signal of this nature. 
We that careful optical measurements 

% 


and analysis might give valuable information 
for the solution of this problem. 

The line obtained from GaP: Si we con- 
sider to have an easily conceived origin. There 
are good reasons to believe that it is caused 
by electrons bound to the Si-donors. How- 
ever, there is a small significant difference of 
the g-value for this resonance and our 
donor-resonance in GaP-Sn. 

It has been suggested by Thomas, Ger- 
shenzon and Trumbore[14] that Si enters 
GaP as a shallow acceptor, which would 
violate the interpretation just given. In 
contrast to this Lorenz and Pilkuhn[i5] 
conclude from their optical data that Si 
dominantly enters as a shallow donor in 
GaP-crystals, but that the presence of Si 
also introduces a deep acceptor about 0-25 
eV above the valence band. It seems as if 
our results support the interpretation of 
Lorenz and Pilkuhn that Si enters GaP as a 
shallow donor. This argument is based on 
the fact that an acceptor would not be seen 
in ESR-measurements unless an uniaxial 
pressure is applied, as discussed above. 

At the first glance the signals from the 
two GaAs-crystals offer no complications: 
the g-values do not differ significantly in 
accordance with the effective mass theory, 
and their line-widths are also similar. It is 
thus easily supposed that the group IV- 
element Si and Vl-element Te in a similar 
way act as shallow donors in GaAs. The 
first objection, however, arises from the com- 
plete disagreement with earlier experimental 
results. Duncan and Schneider [16] report 
for n-type GaAs two lines with: g = 0-5228 
and 1-2. We failed to reproduce the signal 
with g= 1-2, though several attempts were 
made both at 77° and 4-2°K. Duncan and 
Schneider used the formula for the g-factor 
of conduction electrons in InSb derived by 
Roth [7]: 

were all parameters: m*lm = effective mass 


I 
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ratio, Eg = bandgap and A = spin-orbit split- 
ting of the valence band, refer to the F-point 
of the Brillouin-zone. 

Since GaAs is also a polar semiconductor 
with the absolute conduction band minimum 
at the F-point this application might con- 
stitute a reasonable first approach. The 
resulting g-factor is between -f- 0-28 and -f 0-56, 
into which range the lower ^-value of Duncan 
and Schneider falls. 

Cardona [17] published the same year an 
extensive amount of experimental and 
theoretical results for semiconductors with 
diamond and ZnS-structure. He calculates 
the effective ^-factor at conduction-band- 
minima at the F- and L-points, taking into 
account, not only the spin-orbit-splitting of 
the valence-band as was done by Roth, but 
also the splitting of the conduction-band. It 
is typical for polar materials that such a split- 
ting appears. He obtains an expression for 
^(Fic) in band-energies which are experimen- 
tally determined. The values used are slightly 
different from those of Duncan and Schneider: 
m*lm = 0‘07 instead of 0*074, £^,= 1*55 
instead of l*53eV, A = 0*35 instead of 0*33 
eV, which changes the result. To show that 
Cardona’s refined calculation gives a signi- 
ficant difference for the case of GaAs we used 
his experimental values in equation (8) of 
[17] which is equivalent to Roth’s formula. 
This gives gCFid — 0*17 instead of Cardona’s 
own value of 0*32. 

These considerations, however, have not 
shed any light on the origin of our signals in 
GaAs with g-factors 2*07 and 2*06. Provided 
that Roth’s calculation is valid for GaAs, 
we can conclude that it is not likely that 
these signals come from electrons bound at 
shallow donors. The possibility of a deep 
donor or a combined impurity center should 
be considered in this case as well as for GaP. 
With such a model the similtirity of the g- 
factors for the two different donors becomes 
the most remarkable feature. 

For the sake of explicitness we write down 
Roth’s formulae[16] for g-shifts in Ge: 



where m,, nti are the transverse and longi- 
tudinal effective masses at the )l:*point of the 
conduction-band minimum, is the bandgap 
and B the spin-orbit-splitting of the valence- 
band at the same point. Ag^ is a correction, 
the value of which is not really decided upon. 

If the signal is isotropic the g-value 
measured is the spherical average: g = 

The application of these results to GaP, 
as is done by Title [4] raises some problems. 
First, the absence of inversion-symmetry 
in the GaP-structure might complicate the 
derivation. Secondly, the conduction-band 
edges are not at the corresponding A:-points 
in the Brillouin-zone. In GaP the conduction- 
band minimum is on the (lOO)-axis, probably 
at the boarder [18] i.e. the A’l-point, while 
for the Ge the edge is at the L-point on the 
<lll>-axis. The assumption made by Title 
(as by Roth) about the relation of the spin- 
orbit-splitting of the valence-band at the 
A:-point of the conduction-band minimum: 
S, to the splitting at the center of the zone: 
A,6 = §A can be questioned. A quantitative 
argument for this can be found in a later 
article by Cardona and Greenaway [19] on 
the reflectivity of Gray Tin. The spin-orbit 
splitting at the £-point is there demonstrated 
to be about § of the splitting at the F-point. 
The assumption that this relation approxi- 
mately holds for Ge is supported by experi- 
mental data in Table 1 of [19] where A(r) = 
0*30 eV and A{£) = 0*18eV are given. We 
feel, however, that the use of the same rela- 
tion between the spin-orbit-splitting at the 
F- and A'-points instead of the F- and L- 
points in GaP needs some further justification. 

We would like to conclude this discussion 
of g-factors and their calculation within the 
effective mass formalism by stressing that in 
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numerous cases the fact that the donor level 
is deep may make this formalism inapplic- 
able. It is argued by Title [4] that the group 
Vl-donors he has studied are as deep as about 
0*1 eV, which within the hydrogenic approxi- 
mation gives the bound donor electrons a 
‘Bohr radius’ of ik, which is not very large 
in comparison with the lattice constant 5'4A. 
It thus seems desirable with a calculation for 
deep donor states which takes account of the 
spin-orbit coupling in the central cell. A 
method for such a calculation was presented 
early by Elliot [20]. He uses Wannier-funct- 
ions instead of Bloch-functions and due to 
their localized properties, the contribution 
from the central Wigner-Seitz cell to the 
spin-orbit coupling is obtained in closed form. 
In his actual calculations thereafter he had 
to refer to the tight-binding approximation 
which gave a result proportional to the atomic 
spin-orbit-splitting. 

During the same period the Koster- 
Slater method [21] for calculating impurity- 
levels of isolated impurities was presented. 
Although this method has great advantages, 
realistic applications have been very few, due 
both to numerical and theoretical difficulties. 
It seems, however, that some of the complica- 
tions encountered can now be handled. Two 
recent publications by Callaway and Hughes 
[22] and Faulkner [2 3] present extensive 
calculations on realistic multiband systems 
following the Koster-SIater approach. In 
both these cases as well as in earlier calcula- 
tions, the final results, the energy-levels of 
the impurity-electron, depend on at least 
one parameter expressing the strength of the 
perturbing potential. This parameter is used 
to fit the calculated values to the experimental 
ones. We suggest that an independent check 
on such a calculation could be done in the 
following way; When the parameter in the 
potential is fixed, an expression for the 
impurity-electron wavefunction is defined 
as a linear combination of Wannier-functions 
for the perfect lattice. With this wave-function 
one ^ perform a calculation of the g- 


factor for the impurity electron along the line 
suggested by Elliot in [20], without referring 
to the tight-binding approximation. In 
favorable cases this g-factor can be compared 
directly with an experimental value. 

It should be noted that such a calculation 
has the advantage of being designed specifi- 
cally for an impurity level. The essence of 
the effective mass approximation is on the 
contrary to treat for instance a shallow donor 
level, as a linear combination of conduction 
band minima. That this approximation cor- 
responds to a measurable difference in g- 
value also for the relatively favourable case 
of donor-doped silicon has been shown by 
Feher[24]. He demonstrates the difference 
between the g-factors of bound donor 
electrons and conduction electrons. He also 
showed that this difference increases with 
increasing ionization energy of the donor. 
From the values given in Table 4 of [24] one 
could guess that a donor state as deep down 
in the bandgap as 0- 1 e V would be dangerous 
to treat as a conduction state. On the other 
hand, the value of ionization energy where 
the effective mass approximation brakes 
down must be related to the bandgap. 

We believe that important progress could 
be made by a calculation of g-factors as 
outlined above. Our application of the 
Koster-SIater method [25] is though planned 
to be different from that of Callaway and 
Faulkner. Instead of transforming the 
Bloch-functions of the unperturbed lattice to 
Wannier-functions it was suggested to ap- 
proximate them directly by Lowdin’s[26] 
Orthogonalized Atomic Orbitals. 

Finally a comment on the rather shocking 
line-widths which we give in Table 1 and 
which can also be inferred from Fig. 1. The 
first thing to say is that a rather large line- 
width is to be expected from unresolved 
hyperfine splitting at the donor nucleii as well 
as at the neighbouring lattice atoms. The 
donors Sn, Si and Te all have isotopes posses- 
sing a nuclear spin of The natural 

abundance is however only 15-5 and 8 per 
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cent respectively. All isotopes of Ga, As 
and P have nuclear spins / = §, I and i re- 
spectively. We doubt however that this can 
be the only reason for the extremely large 
line-widths observed. Additionally the high 
doping concentration might cause broadening 
of the signals by interactions between the 
donor electrons as discussed by Title [4]. 
He estimates this hopping mechanism to 
be effective for doping-concentrations about 
cm“* in GaP giving Lorentzian-type tails 
to the signals. Finally there is a more tech- 
nical reason for the large line-width put 
forward by Goldstein [27], who fears that 
high local strains may be present in compound 
semiconductors, thus broadening all ESR- 
signals. 

CONCLUSIONS 

In this work ESR-resonances of Sn- and 
Si-donors in GaP are reported and identified. 
A second signal from GaP:Sn and other 
signals from Si- and Te-doped GaAs are re- 
ported and possible origins discussed. The 
difficulties in using existing theoretical results 
for the ^-values in doped GaP and GaAs 
are stressed. Finally an alternative to the 
effective mass approach is outlined which 
should work also for the calculation of 
g-factors of deep donor-electrons. 

/tcknon’ledgemenn — The work reported here has been 
carried out within the Solid State Group, Uppsala Uni- 
versity, and we gratefully acknowledge assistance and 
cheerful support from it’s Members and Technical Staff. 
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Abstract -The kinetics of clustering and short-range order in stable solid solutions are examined from 
the viewpoint of a recent lattice diffusion theory. It is found that short-range order kinetics can be 
approximated by a single relaxation time but that clustering kinetics display a wide spectrum of 
relaxation limes. For a regular solution, the short-range order relaxation time is 

^ 32DLr-T, J 

where a is the lattice parameter, D is the chemical or interdiffusion coefficient. T is the temperature, 
Te is the critical temperature, and 


_ 1 1 b.c.c. lattice 
^ 13 f.c.c. lattice. 

Consequently, if the interdiffusion coefficient shows Arrhenius type behavior when T *> 7"^, the re- 
laxation time will also show this behavior and have the same activation energy. As T -* T„ the inter- 
diffusion coefficient generally deviates somewhat from Arrhenius type behavior; the relaxation time, 
however, will show a much stronger deviation due to the singularity at T = Tr- 


1. INTRODUCTION 

It is now well-established that the diffuse, 
short-range order intensity changes with 
temperature [I -3], indicative of changes in the 
statistical arrangement of solute and solvent 
atoms. After a sudden change in temperature, 
the new intensity distribution will not, of 
course, arise instantaneously because atomic 
migration is required. The purpose of this 
paper is to consider the time dependence of 
the intensity. Little theoretical development 
will be needed here since it is only necessary 
to show how a recent lattice diffusion theory 
[4] can be extended to this problem. The main 
effort will be analytical; calculations of the 
relaxation times for several systems will be 
given to illustrate its variation with tempera- 
ture and to contrast its variation between 
clustering and ordering systems. The primary 
impetus for considering this problem are the 
recent measurements by Radelaar[5, 6] of the 


resistivity relaxation times for binary solid 
solutions, and we will compare the short-range 
order relaxation time for the gold-silver 
system, for which the assumptions used here 
are strictly obeyed, with his results [6]. 

2. THEORY 

When the diffuse intensity, I{h, t), is some- 
what larger than its equilibrium value, we may 
assume that its rate of decay can be written 
as 

= ( 1 ) 

where / is the time, Rih) is the rate when 
/(h) = 0, and T(h) is the relaxation time for 
the intensity at position (ft) in reciprocal 
space reached by the diffraction vector 

sih)= (S-So)lhK, 

where So and S are unit vectors in the direc- 
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tion of the incident and diffracted beams, 
respectively, and \k is the wavelength of the 
radiation. The relaxation time is assumed to 
have a non-zero, positive value as the single- 
phase solid solution is assumed to be stable. 
Therefore, at equilibrium (i.e. at / = “) we 
have by definition that 

0 I 0, 

dt 

which from equation (1) yields: 

=T-'(/!)/(/l,®). (2) 

On replacing Rih) in equation (1) by its 
value given by equation (2), we find that the 
solution to equation (1 ) is 

/ih,t) = t/(/l,0)-/(/2,oc)] 

X exp [—7”' (/?)/]-(- /(/»,«>), (3) 

We can obtain the expression for the re- 
laxation time, t(/i), valid for any site ih) in 
the reciprocal space for cubic crystals, from 
the lattice diffusion theory where it was shown 
that the Fourier amplitudes of the composi- 
tion modulation in a solid solution obeyed the 
equation [4] 

A(h, t) = A(,h,0} exp [«(/») r] 

where a (A) is an ‘amplification factor’ which 
depends on the thermodynamic properties of 
the crystal, the atomic mobility, and crystal 
lattice. Since the intensity in Laue units is 
given by 

l(h, 

where N is the number of atoms and c is the 
atomic fraction of component two in a bin- 
ary substitutional solid solution, the intensity 
expression according to the lattice diffusion 
theory is 


This expression differs from equation (3) by 
the omission of the terms in /(A,*). For 
stable, single-phase solutions, this omission 
can be attributed to neglect of the composi- 
tion fluctuations at equilibrium. The diffusion 
theory is, therefore, strictly valid (for stable, 
single-phase solutions) only when I{h,t) ^ 
I{h,°o) and yet not so large that non-linear 
effects must be considered. (It should be 
pointed out that in the satellite decay studies 
[7, 8], relaxation times were obtained from the 
slope of logarithmic plots of [/(A,0~ 
f( A, »)]/[/ (A, 0) — /(A, w)] versus time which 
is the proper plot according to equation (3).) 
On comparing equation (4) with (3) for the case 
where I{h,t) ^ we see that the re- 

ciprocal relaxation time is simply twice the 
negative value of the amplification factor: 

7-’(A) =-2a(A). (5) 

Substituting for a(h) from equation (12) of 
reference [4] we find that 

t-*(A) = [2DB*(A)//"] [/" + 2A:i?*(A)]. (6) 

The function D is the interdilTusion coefficient 
[9] given by 

D= [nc(] -v)f"lki,n [c£>, + (I-c)Dj 

(7). 

where SI is the atomic volume, f” is the 
second derivative of the Helmholtz free en- 
ergy per unit volume with respect to the con- 
centration, c, and D] and Da are the tracer 
diffusivities of components one and two, re- 
pectively. The term kg is Boltzmann’s con- 
stant and T is the temperature. The parameter 
K represents the gradient-energy coefficient of 
the Cahn-Hilliard theory [10] and has been 
measured for two clustering systems where it 
is positive [11, 12] and for two ordering sys- 
tems where it is negative [7, 8]. The function 
BHh) is simply a lattice transforrti of the type: 

BHh) = (1/n*) 2[l-cosk(A) •x(r)] (8) 


/(A,f)-/(A,0)exp[2a{A)t]. (4) 
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over nearest neighbor sites reached by the 
vector x(/’) in which a is the lattice parameter 
of a cubic crystal and k(/{) is the w&ve 
vector: 

k(/i) = 2'ir{hibi + hzb2 + h^h^) 

where bi, b 2 and bg are the reciprocal lattice 
vectors and the symbol (ft), denoting the 
reciprocal space coordinates, is shorthand for 
(hi, hi, ftg). It is evident from the equation for 
B^(h) that this function, when |k(ft)i is large, 
causes T“’(ft) to depend on the lattice geom- 
etry; when the wave vector is small, it reduces 
to ik(ft)|*. 

A physical interpretation can be given to 
equation (1) if we substitute for T~‘(ft) its 
value given by equation (6) and substitute 
for /(ft, «) its value given by fluctuation 
theory! 13, 14] which, in Laue units, is given 
by 

= c(l-c)(l[/" + 2KB^h)] 

following the notation used in reference [4]. 
On substituting into equation (1) and re- 
arranging, we obtain 

M(ft) J[/" + 2A:B='(ft)]/(ft) 

^ — I (10) 

Ocd-c)]- ^ ^ 

In this form, the equation readily lends itself 
to the “rate-equals-mobility-times-driving- 
force” interpretation where 

M(h) = 2DBHh)/f" 

represents the mobility and 

Fih) = [r + 2KBHh)]l(h) 

the driving force which is proportional to the 
free energy associated with the Fourier co- 
efficient of wave vector k(ft) [4]. The remain- 
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ing term in braces, kaTfClcil^c), can be 
considered as a driving force resulting from 
thermal energy which tends to move the 
system away from a hypodietical equilibrium 
^ven by /(ft)=0. The two ‘forces’ are 
balanced at r = «. 

3. APPLICATION TO (HIDERING SYSTEMS 

B-Brass 

The negative free energy associated with 
the negative gradient energy coefficient found 
in ordering systems and proportional to 
2KB^(h) is offset in the stable, single-phase 
region above the critical temperature, Tc, by 
the second derivative of the Helmholtz free 
energy, /", which is positive. However, at 
Tc the sum of these two free energy terms is 
zero for the Fourier coefficients which pro- 
duce order [4] i.e. those with wavelengths 
equal to the lattice parameter, and for tem- 
peratures near but above 7^, this sum is quite 
small. As a result, there are large fluctuations 
in short range order near 7^. 

The diffuse scattering associated with these 
fluctuations, critical opalescence, was first 
observed in solid solutions by Walker and 
Keating (2] who measured, over a rmige of 
temperatures above Tf. (=741“K), the diffuse 
neutron intensity scattered by a j3-brass 
crystal. The fluctuation intensity for this 
system according to equation (9) is shown in 
Fig. 1 for 7= 7^ + 25 and +75‘’K. For the 
calculations, the gradient energy coefficient 
and the second derivative of the free energy 
were obtained from equations based on regu- 
lar solution theory which for b.c.c. crystals 
are [4] 

K = -k„TJ2a 

and 

r = 4kAT + T,)ia 

For demonstrating the kinetic theory, let 
us consider the intensity for 7= 7^ + 75 in 
Fig. 1 as the initial condition for isothermal 
aging at 7 = 7p-f-25. The changes in intensity 
with time and the approach to the equilibrium 
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Fig. J. The diffuse intensity along the [100] direction of 
^-brass determined from equation (9) for two tempera- 
tures above the critical point. 


intensity distribution can be obtained from 
equation (3). The behavior with time of 
/ ( 1 , 0, 0) , the intensity of the ordering Fourier 
coefficient, is shown in Fig. 2. The relaxa- 
tion time, t(1,0, 0), for this intensity was 
calculated from equation (6) using the regular 
solution values for K and /'' and the tracer 
diffusivities reported by Kuper, Laz^uals, 
Manning and Tomizuka[l 5]. 



Fig. 2. The approach of the intensity at the superlattice 
position for ;3-brass to its equilibrium value at T = J, -I- 25. 
The initial value is the equilibrium intensity at T = T, -f- 75. 



1000/ T [“k"' ] ’’’c 

Fig. 3, The behavior of the relaxation time tII.O.O) for 
the intensity at the superlattice position of ;3-brass as a 
function of the reciprocal temperature. A positive devia- 
tion from linear, Arrhenius type behavior is observed 
as 1/7 -* I/7V, 

The variation of the relaxation time with 
temperature is shown in the Arrhenius plot of 
Fig. 3. The pronounced positive deviation 
from the straight line results from the driving 
force (free energy) for the ordering Fourier 
coefficient approaching zero ns T —*• 7,. from 
above. The very short relaxation times, even 
when 7 is very near 7^, explains the impossi- 
bility of retaining short-range order in this 
system on quenching [16]. Although the re- 
laxation times for this alloy are much too fast 
to be measured by resistivity techniques 
[5,6,17], the deviation of T(fi],0, 0) from 
linear Arrhenius type behavior near is a 
general result. We will return to a discussion 
of this behavior in Section 5. 

Gold-silver system 

Although the gold-silver phase diagram 
shows a single-phase solution at all tempera- 
tures below the solidus, the negative heat of 
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mixing [IS] indicates that an order-disorder 
transition might be thermodynamically feas- 
ible at some low temperature. It has been 
suggested by Norman and Warren[19] on 
interpreting on their short-range order mea- 
surements with Cowley’s theory [20] that the 
composition AggAu should order at I60®K. 
The recent measurement of a negative 
gradient energy coefficient for this system [7] 
is further support that an order-disorder 
reaction is thermodynamically feasible. 

From Radelaar’s recent work [5, 6], it is 
evident that the resistivity relaxation time is 
associated with that for short-range order. The 
simplest assumption for this correlation is 
that the resistivity relaxation time is equal to 
that for the intensity /(1, 0,0) at the super- 
lattice position. To check the validity of this, 
we have compared the relaxation time 
7(1 , 0, 0). determined from equation (6), with 
Radelaar’s results. The values for the tracer 
diffusivities were obtained by extrapolating 
(analytically) the values measured at high 
temperatures [17]. The second derivative of 
the free energy [7] was obtained from tabu- 
lated thermodynamic functions [18]: 

f" = 4640- 1970c 

-{M3-[0-814/c(l-c)]}7X]0^^ 

(11) 

We have treated K as an adjustable parameter 
in fitting t| ( 1, 0, 0) to the relaxation time mea- 
sured by Radelaar for the 45- 1 at.% Au alloy 
at 473°K as shown in Fig. 4. A fit should be 
necessary at only one point since the gradient 
energy coefficient is insensitive to temperature 
and composition changes [7, 10]. A value of 
K = — 2-] X 10~® erg/cm gives a good fit and 
lies at the lower limit of the experimentally 
measured value of K = -2-6 ±0-5 x 10“®er^ 
cm. [7]. In fact, it is a more reasonable value 
for K than the mean value measured experi- 
mentally if we consider the critical tempera- 
ture, Tc, at which 



Fig. 4. The variation of the relaxation time t(1,0, 0) for 
the intensity at the superlattice position of Ag 4S-1 at.% 
Au at 473°K as a function of the gradient energy coeffi- 
cient, X. The resistivity relaxation time, r^, measured by 
Radelaar [6] is given by the horizontal line. 

On substituting for /" from equation (1 1), we 
obtain the dependence of the critical tempera- 
ture on the gradient energy coefficient shown 
in Fig. 5 for the 45-1 at.% Au alloy. We see 
for /l = —2-6 X 10~* erg/cm that the critical 



Fig. 5. The linear variation of critical temperature, T^, 
for Ag 4S-1 at.% Au as a function of the gr^ent energy 
coefficient, X. 


/"+2KB‘(1,0, 0 ) = 0 . 


( 12 ) 
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Table 1 . A comparison of the resistivity relaxation times [6] with the relaxa- 
tion time of the ordering intensity 1(1,0, 0); gold-silver system 


Alloy composition 
(at. % Au) 


451 



50-0 

56-1 


Temperature 

Th 

r(l,0.0) 


T(I.O.O) 

Tr 

T(1,0,0) 

CK) 

(10® sec) 

(10® sec) 

(10® sec) 

(10® sec) 

(10® sec) 

(10® sec) 

473 

72-0 

80-0 

55-0 

75 0 

27-0 

59-0 

500 

5-7 

6-6 

4-5 

6-2 

2-6 

4-8 

550 

0-126 

0-121 

0-071 

0-115 

0-072 

0-091 

600 

0 005 

0 0044 

0-0031 

0 0042 

0-0032 

0-0033 


temperature is 580°K which is obviously in- 
correct since the solution is known to be 
stable at this temperature. The value of 
A’ = — 2-1 X 10“*erg/cmi however, yields a 
critical temperature of 145°K which is nearer 
the value suggested by Norman and Warren 
[19]. 

The resistivity relaxation times, t«, obtained 
by Radelaar are compared with the calculated 
values of T(1 , 0, 0) in Table 1 . Both relaxation 
times can be fitted by linear Arrhenius plots 
with the activation energies shown in Table 
2. The activation energies for t(1,0, 0) are 
somewhat higher than those for r^. A similar 
deviation has been observed between the 
calculated activation energies for interdiffu- 
sion [7], which from equation (6) are approxi- 
mately that for t(1,0, 0), and the measured 
values in this temperature range for the gold- 
silver system [7]. 

Before leaving our discussion of this system, 
it is worthwhile to check the assumption of a 
single relaxation time, t( 1, 0, 0), for short-range 
order. To do this it is necessary to consider 
the distribution of relaxation times in the 
vicinity of the superlattice position. Cal- 
culated values of t(Ai, 0, 0) for the 50 at.% Au 
alloy at 473°K are shown in Fig. 6 below the 
diffuse intensity calculated from equation (9). 
At this temperature, we see that there is a 
small peak in T(hi, 0, 0) at the superlattice 
position but that the variation time of the 

« 


Table 2. A 
energy for 
time with 

comparison of activation 
the resistivity relaxation 
that for 1(1, 0,0).- gold- 
silver system 

Composition 

Q (kcal/mole) 

(at.% Au) 

ForTK[6] 

Forrd.O.O) 

45-1 

42-3 

43-2 

50-0 

41-4 

42-5 

56-1 

40-0 

42-5 




Fig. 6. The calculated djfiUse intensity and relaxation 
times for Ag 50 at.% Au along the [100] direction at 
473‘’K. 
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relaxation time over the range hi = 0*25 to 
1*0 is relatively small. From the half-width of 
the diffuse short-range order peak, it seems 
that the relaxation time for short-range order 
should be a weighted average over the range 
h, = 0-8 to 1-0. Then according to these argu- 
ments the value for r( 1 , 0, 0) should be a slight 
overestimate, roughly 1 5 per cent, of the effec- 
tive relaxation time for short-range order. As 
the temperature is decreased towards Jc, the 
peak in the relaxation time at h, = 0 becomes 
more pronounced. However, the diffuse short- 
range order peak also becomes more pro- 
nounced and decreases in width. Thus the 
weighted average of the t(^,, 0, 0) values in 
the vicinity of the superlattice position will 
still be approximately equal to t( 1 , 0, 0) even 
though there is a wider distribution of relaxa- 
tion times about this position. 

4. APPLICATION TO CLUSTERING SYSTEMS 
The changes in diffuse intensity with time 
according to equation (3) for a clustering 
system is shown in Fig. 7. The intensity be- 
havior is similar in several respects to that for 
spinodal decomposition [ 1 1, 22]. The calcu- 
lated behavior in Fig, 7, however, is for the 



Fig. 7. The approach to equilibrium of the diffiise in- 
tensity for a clustering system above the spinodal. The 
calculations are for Cu 67 at. % Ni at 700'’K. The initial 
distribution is equal to the calculated equilibrium intensity 
at 1300°K. The four intermediate intensity profiles are 
for aging times, at 700‘’K, of 5,10, 30, and 60 x 10* sec. 


copper-nickel system above the spinodal. The 
choice of this system for a sample calcula- 
tion is due to the fact that it lends itself to the 
ingenious experimental technique devised by 
Mozer, Keating and Moss {23] of preparing a 
*null alloy’, tbe use of which for clustering 
systems is quite advantageous because the 
diffuse peak at the firagg positions, e.g. at 
(h) = (2,0,0), is not superimposed on the 
Bragg, Haung, and thermal diflUse intensities 
which are present in alloys when the mean 
scattering length (or the mean scattering factor 
for X-rays) is non-zero. 

The alloy composition for the calculation ’ 
is 67 at.% Ni. The second derivative of the 
free energy,/", was obtained from the tabu- 
lated thermodynamic functions [1 8]; 

/"= (-1-82X 103-I-3-44 7') X 10^ erg/cm® 

which equals zero whfen T «= 530°K, This 
temperature agrees with the critical tempera- 
ture for this composition suggested by Mozer, 
Keating and Moss [23]. The value for K was 
obtained from the heat of mixing at c = 0*5 
using the assumption of nearest neighbor 
interactions [10, 11]: 

K = 3-85X 10"® erg/cm 

The tracer diffiisivities were obtained from 
the results of Monma, Suto and Oikawa[24]. 

The intensities shown by Fig. 7 represent 
the approach to equilibrium at 700®K; the 
initial intensity distribution is that given by 
equation (9) for 1300°K. As is well known 
from the theory of spinodal decomposition 
[22], the intensities at small values of hi grow 
slowly because the diffusion distances associar 
ted with these intensities are large, propor- 
tional to 1 1 hi. The gradual shift in the inten- 
sity maximum during the isothermal anneal 
makes it impossible to describe clustering 
kinetics, even approximately, by a single 
relaxation time in contrast to short-range 
order kinetics. The decay at larger values of 
hi, i.e. for hi > 0*3, can be attributed to the 
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positive gradient energy coefficient which 
gives a rather large ‘incipient surface energy’ 
[22] for the Fourier coefficients of large wave 
number, small wavelength. Thus on going to 
lower temperatures, their fluctuation in- 
tensity decreases. 

5. DISCUSSION 

The rise in relaxation time near Tc 
A noticeable result of the lattice diffusion 
theory is the pronounced deviation of the 
relaxation time from linear Arrhenius be- 
havior in the vicinity of the critical tempera- 
ture, Fig. 3. This is caused by a rapid fall-off 
in the thermodynamic driving force as the 
critical temperature is approached. In fact, the 
critical temperature represents a singularity 
in the relaxation time. This is best seen by sub- 
stituting the expressions from regular solu- 
tion theory for /" and K into equation (6) 
for the reciprocal relaxation time at the super- 
lattice position which yields* 

r-(l.0,0)=pD[^] ,13, 

where 


Thus, the relaxation time is equal to m 732D 
when T > Tc but approaches infinity as 
\I(T—Tc) near the critical temperature. 

An appreciable deviation from linear 
Arriienius behavior has been observed by 
Radelaar and Ritzen[25] for the resistivity 
relaxation time of AugCu above its critical 


•The steps for deriving equation (13) were as follows; 
first equation (6) was written explicitly for r“'(I,0,0) 
yielding 



on replacing B*(I,0,0) by its value 16/n*[4J. Next the 
regular solution parameters were substituted for /" and 
K, equations (16) and (17), respectively, of reference 
[4]. Tb^H^raction energy, i>, was then solved for in 
term&coiiHwritical temperature, T^, using equation (1 2). 


temperature. The qualitative agreement be- 
tween this observed behavior and the theo- 
retical predictiont is strong support for Rade- 
laar’s conclusion that the resistivity relaxation 
time is directly related to the short-range order 
relaxation time [26]. 

The explanation given by Radelaar and 
Ritzen[25] for the anomalous rise in relaxa- 
time differs somewhat from that given here. 
They revived the concept, given much earlier 
by Borelius[27], of small ordered regions in a 
disordered matrix which must surmount a 
potential barrier between the ordered and 
disordered states to reach equilibrium. If 
small ordered regions do exist with a poten- 
tial (free energy) barrier, then they must be 
considered as a second phase which is not in 
equilibrium with the matrix. However, the 
relaxation experiments of Radelaar and 
Ritzen were performed on specimens having 
only a small departure from equilibrium and 
the possibility of a second phase must, there- 
fore, be discounted. Moreover, to make the 
small ordered region mechanism viable, it 
was necessary to postulate that the free energy 
barrier between the two stales increases as 
the critical temperature is approached which 
seems contrary to the principle that the chemi- 
cal potentials in the ‘disordered’ (short-range 
ordered) and ordered states must be equal at 
the critical temperature. In fact, it is the de- 
crease in the difference in free energy between 
the disordered and ordered states as the criti- 
cal temperature is approached which causes 
the rise in relaxation time according to the 
phenomenological theory proposed here. 

It is now established both experimentally 
[15] and theoretically [28] that the self- 
diffusion coefficients also deviate from linear 
Arrhenius behavior near Tc due to the depen- 
dence of vacancy formation and migration 
energies on the degree short-range order. As a 
result, this effect will also contribute to the 


..4The assumptions of solely nearest-neighbor inter- 
actions and of no size difference between solute and 
solvent atoms do not permit a quantitative comparison 
for the copper-gold system. 
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rise in relaxation time since the interdiffusion 
coefficient, D in equation (7), is a linear com- 
bination of the self diffusivities. This second 
contribution, however, should generally be 
minimal compared to the contribution from 
the singularity in the driving force at T^. For 
disordered /8-brass, the self-diffusivities do not 
begin to deviate from an extrapolated line 
through the Arrhenius plot of the high- 
temperature measurements until the recipro- 
cal temperature (1000/ T) = 1 -3 is reached [15]. 
At this same reciprocal temperature, the cal- 
culated value for t(1, 0, 0) for /3-brass, Fig. 3, 
is already an order of magnitude higher than 
its value given by a linear extrapolation. There 
is a further point regarding the critical tem- 
perature which needs clarification. The per- 
tinent critical temperature for the kinetic 
theory is the temperature at which equation 
(12) is obeyed where a second order phase 
transformation is predicted. For ^-brass, the 
critical opalescence observed by Walker and 
Keating [2] strongly suggests that the trans- 
formation is second order. However, the 
order-disorder reaction in Cu;,Au and, appar- 
ently, in AugCu is first order [29]. Therefore, 
for these alloys, the critical temperature for 
the kinetic theory will be a metastable one 
lying below the temperature at which the first 
order reaction occurs. 

Time dependence of the Warren short-range 
order parameters 

Recently, Welch [30] has developed a 
theory for the kinetics of short-range order in 
which he obtained an expression for the time 
dependence of the Warren short-range order 
parameter, a:(r, r), for nearest neighbors. 
Radelaar[31] has independently developed 
a similar theory for short-range order kinetics. 

The solution to Welch’s linearized kinetic 
theory for the short-range order parameter is 

a(r, t) = Aaexp (— t/r') -ha(r, ») (14) 

where Aa = a(r, 0) — a(r,«) and t' is the 
relaxation time for the short-range order par- 


ameter, a(r,t). The argument (r) represents 
one of the nearest neighbor sites of the origin, 
(0). Welch’s theory predicts that the reciprocal 
relaxation time will be directly proportional 
to the ditfusivity of the faster component if 
the two self-diffusivities are widely different. 
This same tjualitative result holds for r(/t), 
equation (6). 

Important quantitative differences do exist, 
however. To see this, it is necessary to write 
the expression for a(r,t) according to the 
lattice diffusion theory. This is obtained by 
substituting the expression for /(/i, O.cquatiop 
(3), into the defining equation for a(r,t) given 
by the integral 

X exp [ik(h) • x(r)]dh,dh 2 dhn (15) 

over the Brillouin zone in which z is the 
number of atoms in the unit cell. It is readily 
seen on inspecting equations (3) and (15) that 
the lattice diffusion theory does not yield 
an exponential time dependence and a single 
relaxation time for the short-range order 
parameter in contrast to Welch’s result, 
equation (14). Indeed, diffusion theory[32] 
predicts that it is the X-ray intensity at a 
point in reciprocal space and not the Fourier 
transform of the intensity, a(r, t), which shows 
exponential time dependence. Significantly, 
both exponential decay and growth of the 
intensity have been verified by experiment 
[7,8,11,33]. 

Limitations of the theory 

Because the diffuse intensity is conserved*, 
the increase in intensity of a diffuse peak dur- 
ing isothermal annealing must be compensated 
by a decrease in the ‘background’ intensity in 
regions of A-space away from the peak. This 
result is shown in Figs. 1 and 7 for systems 

*The integrated value of over the Brillouin zone 
is independent of time and equal to the number of atoms 
in the unit cell. 
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with short-range order and clustering, re- 
spectively. For the calculations, however, the 
intensity is only approximately conserved 
because the fluctuation equation used to 
obtain /(A,*), equation (9), is strictly valid 
only when T > Tg. Instead of equation (9), 
for example, the more rigorous (and con- 
siderably more complex) fluctuation theory of 
Zemike[34]. which agreed admirably with the 
measurements of Walker and Keating[2] for 
all T > Tf, could be used. However, the 
thermodynamic approximations which yield 
equation (9) are identical to those used in 
obtaining the driving force equation for the 
kinetic theory which is, likewise, only strictly 
valid when T s> T^. Consequently, the equa- 
tions given here represent a synthesis of two 
theories, a fluctuation theory and a diffusion 
theory, which are valid to the same approxi- 
mations. 

As the critical temperature is approached, 
the theory will become less accurate because 
of targe fluctuations. For /3-brass, the diffuse 
intensity given by equation (9) agrees with the 
short-range order intensity measured by 
Walker and Keating [2] for temperatures 
above 7'o-l-20°C. Consequently, we expect 
that the kinetic theory will, likewise, be valid 
for temperatures greater than =7'c+20°C. 
Since the theory is not valid at 7c, the value 
of infinity for the relaxation time should not 
be taken literally. 

There are further limitations on the theory. 
The approximations limit the theory to oiffy 
small departures from equilibrium. Further-' 
more, the equations are written solely for 
binary, substitutional alloys of cubic syih- 
metry[4] and are strictly correct only wheh 
the solute and solvent atoms are of the same ' 
size. The lattice diffusion theory has, however, 
been extended [3 5] to all Bravais lattices 
including interactions between more distant 
nei^bors and the elastic free energy [36] re- 
sulting from the size difference between solute 
and solvent atoms. This more complete theory 
should be used to study the distribution of 
relax%on times in the a-brass[17] and 


copper-gold systems [25] where the size 
difference is large. It does not, however, 
change the results, both quantitative and 
qualitative, obtained here since these assump- 
tions are adequately obeyed for the gold- 
silver and copper-nickel systems. The equa- 
tions are also valid for the /3-brass system for 
relaxation times and intensities in the vicinity 
of a superlattice position since the elastic 
free energy associated with Fourier coeffi- 
cients having wave vectors near k( 1,0,0) is 
small for the b.c.c. lattice[36]. 

6. SUMMARY 

We have shown that the lattice diffusion 
theory [4] can be used to study kinetics of 
solute rearrangement in stable, single-phase 
solid solutions. The principal findings are: 

(1 ) The kinetics of short-range order can be 
approximated by a single relaxation 
time; whereas, the kinetics of clustering 
cannot. 

(2) The relaxation time for short-range 
order deviates from linear Arrhenius 
behavior in the vicinity of the critical 
temperature at which the free energy 
associated with the ordering Fourier 
coefficient vanishes. 

(3) For temperatures considerably above 
the critical, the activation energy for the 
short-range order relaxation time should 
correspond to that for the interdiffusion 
coefficient. 

(4) The calculated short-range order relaxa- 
tion times for the gold-silver system 
agreed reasonably well with the resis- 
tivity relaxation times measured by 
Radelaar[6] for a gradient energy co- 
efficient of — 21 X 10~® erg/cm. This 
value is at the lower limit of the range 
determined experimentally, ±2-6±0-5 
X 10“®, from diffusion studies in layered, 
gold-silver thin films [7]. 
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Abstract— This paper presents an iteration method for the solution of a generalized diffusion equation 
derived from the theory of diffusion process during the uptake of excess calcium by calcium fluoride. 

The iteration process can be carried out by a digital computer to obtain a numerical integration of the 
diffusion equation with estimated accuracy. By using a GE-22S computer it takes, on the average, 
no more than 2 min to obtain a solution of the diffusion equation to within I per cent error. To 
demonstrate the general applicability of the method numerical solutions for a wide range of the 
parameter have been worked out. 

INTRODUCTION is dependent on the concentration. Analytic 

A STUDY has been made by Wagner [1] on solutions of the equation subject to the re- 
the theory of diffusion process during the quired boundary conditions are not available 
uptake of excess calcium by calcium fluoride, and even numerical solutions are difficult to 
When calcium fluoride is heated in calcium obtain. 

vapor, additional layers of the CaFj lattice This paper presents a method which, with 
are formed at its surface due to outward dif- the aid of a medium size digital computer, 
fusion of F“ ions and inward diffusion of would take no more than a few minutes to 
electrons, e~. During this process it assumes obtain a numerical solution of the diffusion 
a dark color due to thg electrons trapped at equation with prescribed practical accuracy, 
anion vacancies, i.e. color centers. it is suggested that the method also applies 

The diffusion process is determined by a to the solutions of other diffusion equations 
diffusion equation derived from Pick’s second involving concentration-dependent coeffi- 
law. Concentration distributions can then be cients. 
calculated with the solution of the diffusion 

equation. DIFFUSION EQUATION AND ITS 

If the calcium excess is very low, the TRANSFORMATION 

diffusion coefficient is independent of con- Consider a semi-infinite sample of CaFj 
centration and the classical solutions with its surface exposed to Ca vapor (Fig. 1). 
suffice. F ollowing Kroger’s notations [2] let , con- 

However, if the calcium excess is moderate- centration of free electrons; rtf-, concentra- 
ly high it has been shown [I] that the diffusion tions of color centers (trapped electrons); D, 
coefficient is dependent on concentration, diffusion coefficient for counter-diffusion of 
and the classical solution no longer applies. F~ ions and electrons; r, time; x, distance from 
In this case to obtain concentration distri- the surface. 

butions the solution of a differential equation When calcium excess is moderately high 
governing the concentration of color centers electronic conduction dominates [1]. The 
has to be sought. The differential equation differential equations governing the con- 
contains a modified diffusion coefficient which centration of free and trapped electrons: 
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partial pressure of calcium vapor at the sur- 
face jc = 0 and initially no excess of calcium 
is present in the calcium fluoride, the initial- 
boundary conditions for the diffusion equa- 
tion (2) are then 

Op* = «e>K X = 0, t > 0 (4) 

F F 

and 

= 0 at X > 0, r = 0 (5) 

F 

Equation (2) with conditions (4) and (5) 
is a one-dimensional diffusion in a semi- 
infinite sample. Following [3], we assume that 
is a function of the variable 

F 

k = \xl{DUyi^ (6) 


can then be converted to a diffusion equation 
governing the concentration of the color 
centers 


d 

dt dx 



( 2 ) 


where D„ is the modified diffusion coefficient 


D^ = 


D" 


1 -Fartp* 

F 


(3) 


only and introduce the dimensionless ratio 

r = (7) 

F 

Equation (2) can then be reduced to 
dXM+/lydx/ 

where 


no = 


Dgt 


a — 


Ue' 1 


> 0 


diffusivity of electrons; Ki, constant of 
internal equilibrium between F~ interstitials 
and anion vacancies; K 2 , constant of equilib- 
rium between the color centers and the anion 
vacancies and mobile excess electrons; 

«ip}. electrochemical mobilities of the 
mobile excess electrons, the interstitial 
flouride ions and the anion vacancies 
respectively. 

Assuming that a constant concentration 
of cpliiplnters is maintained by a definite 


A = > 0 (9) 

F 

and accordingly (4) and (5) become two-point 
boundary conditions 


y = 1 = yo 

at \ = 0 

(10) 

II 

0 

II 

8 

at X = -h 00 . 

(11) 


Now following[4] and [5], we introduce and 
substitute the new variable 


j = log(l (12) 

into equation (8), conditions (10) and (11), 
and obtain 
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j = log(l 4-^4) = So at X = 0 (14) 

and 

s = 0 = Soo at X=4-oo. (15) 

Note that from equation (1 2) we have 

y = j{e*-l) (16) 

and 


condition problem the numerical integration 
of equation (8) can be readily peiformed by a 
computer. We shall evaluate the initial gra^- 
t^nt by the iteration method. For this purpose 
we first derive an aiSproximate differential 
equation of equation (1 3) as follows. 

It is obvious from equation (13) with condi- 
tions (14) and (15) that d*s/dX* > 0 for 
0 < X < + 00 , and for small X, d*s/dX* < 1 
and hence ds/dX changes slowly. Thus taking 
into consideration con(fition (14) we replace 
the term d$/dX on the right-hand side of 
equation ( 1 3) by the term 


dy _ e* d.r 
dX “/I dX‘ 


(17) 


X 


(18) 


SOLUTION BY THE ITERATION METHOD 

A formal solution of the diffusion equation 
with equation (8) as a special case has been 
obtained [6]. A method for obtaining a numer- 
ical solution of equation (8) with conditions 
(10) and (11) through interpolations of some 
tabulated values, corresponding to certain 
values of a parameter, of X and y has been 
worked out[l]. A method involving step 
function approximation [7] may also be 
applied to obtain a numerical solution of 
equation (8). 

In what follows an iteration method with 
one simple programme for a computer to 
obtain a numerical integration of equation (8) 
subject to conditions (10) and ( 1 1) is presented. 
In this method the iterations converge rapidly 
and the error in each iteration can be 
estimated. 

Comparing with the former approaches, 
the advantage of this method is its speed and 
its obtaining a numerical integration of equa- 
tion (8) for any given value of parameter A 
with prescribed estimated accuracy without 
resorting to any tabulation or any interim 
manipulation. 

Notice that if the initial gradient cor- 
responding to the solution of equation (8) 
with the two-point boundary conditions (10) 
and (11) can be evaluated, then as an initial 


and obtain an approximate equation of ( 1 3): 

^=2e*(io-s). (19) 

Equation ( 1 9) is equivalent to 

= ( 20 ) 

which can be integrated with condition (14): 

(^) = ‘ro'* + 4{e'(l +5o-.r)-^} (21) 
where 



Equation (21) gives 

^ = - (V*+4{e*(l +5o-s) (23) 

and 

+4{e*'-e»(l + So-s)}) (24) 

where the choice of negative values is evident. 
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We note that condition (15) under equation 
(13) implies 

^=0 at = (25) 

dX 

As first approximation we evaluate the 
initial gradient jJ”’ from (24) by assuming 

— = 0 at 5 = = 5*. 

dX 

Thus 

= - 2(^*0- l-5o)''^ (26) 

From (17) we obtain the corresponding 
initial gradient for equation (8) 



which together with ( ! 0) can be used as initial 
conditions to obtain by a computer a numeri- 
cal integration of equation (8), from which 
the asymptotic value 

y = atX = + 00 (28) 

can be approximately obtained. 

The difference 

/?, = y»-yi" (29) 

between the asymptotic values (11) and (28) 
gives the error estimate of the first approxi- 
mation. 

Note that from (12) we obtain the corres- 
ponding asymptotic value for the solution of 
equation (13) 

= log(l+>ly»>) (30) 

between which and the asymptotic value (15) 
the difference 

= (31) 


will be used as a correction term for the next 
iteration. 

As second approximation we again evaluate 
the initial gradient 5^“’ from (24) by assuming 

^ = 0 at 5 = + r,. 

Thus 

= (1+^0 -4*0}*'"- (32) 

Then with (17) we calculate the corresponding 
initial gradient for equation (8) 

= (33) 

which together with (10) can be used as initial 
conditions to obtain a numerical integration 
of equation (8), which yields approximately 
the asymptotic value 

y = yi*^ at X = + oo. (34) 

The error of the approximation can then 
be estimated by the difference 

/?2 = yK— yi*'. (35) 

The correction term for the next iteration is 
given by 

(36) 

where can be evaluated with equation 
(12); 

=log(l+^yi2)). (37) 

Generally the k^*' iteration proceeds as follows. 

(i) Calculate 

= + (38) 

(ii) By assigning 

^ = 0 at j = (39) 


I 
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to (24) evaluate 

= -2{e*» - (1+So- (40) 

and then 


(iii) Use (10) and as initial conditions 
to perform numerical integration of equation 
(8) and hence obtain approximately the 
asymptotic values 

y = y®*’ at X = + «>. (42) 

(iv) Compare the error estimate 

^*- = yoo— yJ*^ (43) 

with the prescribed value R. 

(v) If |/?A^) > R and therefore further 
iteration is required, calculate 

^i''' = log(]+^yi*') (44) 

and the correction term 

= (45) 

for the next iteration. 

The above iteration process, together with 
/4,y„ and the prescribed estimated accuracy 
R as input data, can be put into one simple 
programme to be executed by a computer. 

By using a GE computer with the pro- 
gramme solutions of equation (8) with condi- 
tions (10) and (11) for a wide range of the 
parameter A have been worked out. The 
time taken by the computer from data input 
to solution printed was 1-2 min. The numeri- 
cal integrations were calculated by Runge- 
Kutta method. Asymptotic values of the 
solutions were assumed after |dy/dXt< 
0*01. The prescribed estimated accuracy 
was R = O'Ol. 

The numerical solutions obtained are listed 
in the following table. 


Table \. Results, obtained by iteration method, 
of numerical integration of equation (8) 


^ “art®? 

0 500 

1-000 

2-000 

4-000 

6-000 

^ umber of 


ii 




iterations 


f 




required 

6 

6 

6 

10 

12 

-(dy/dy)x_o 

,1'483 

1-787 

2-305 

3-158 

3-835 

X 

y 

y 

y 

y 

y 

0-0 

I-OOO 

1-000 

1-000 

1 000 

1-000 

01 

0-856 

0-830 

0-788 

0-725 

0-679 

0-2 

0-723 

0-680 

0-615 

0-524 

0-464 

0-3 

0-602 

0-551 

0-476 

0-381 

0-324 

04 

0-495 

0-441 

0-368 

0-279 

0-230 

0-5 

0-402 

0-350 

0-283 

0-206 

0-166 

0-6 

0-323 

0-276 

0-217 

0-153 

0-152 

0-7 

0 256 

0-215 

0-166 

0-114 

0 090 

0-8 

0-200 

0-166 

0-126 

0-064 

0-067 

0 9 

0 154 

0-127 

0-095 

0-063 

0-050 

10 

0-117 

0-096 

0-072 

0-046 

0-038 

11 

0-088 

0-071 

0-054 

0-034 

0-029 

1-2 

0-065 

0-052 

0-040 

0-025 

0-022 

13 

0-047 

0-038 

0-029 

0-018 

0-017 

1-4 

0-033 

0-027 

0-021 

0-013 

0-013 

1-5 

0-023 

0-019 

0-016 

0-009 

0-010 

I -6 

0-016 

0-013 

0-011 

0-006 

0-006 

1-7 

0-010 

0-009 

0-008 

0-004 

0-007 

1'8 

0-007 

0-006 

0-006 

0-003 

0-006 

1'9 

0 004 

0-004 

0-005 

0-002 


2 0 

0-002 

0-002 

0-004 



2-1 

0-001 

0-001 




Runge-Kutta integration step size A\ = 

0 01 



10-00 

25-00 

50-00 

100-0 

200-0 

Number of 






iterations 






required 

18 

40 

3 

2 

7 

-<dy/dX)>_„ 

4-986 

8-021 

11-71 

16-73 

23-67 

\ 

y 

y 

y 

7 

7 

000 

1-000 

1-000 

1-000 

1-000 

1-000 

005 

0-786 

0-672 

0-565 

0-452 

0-340 

0 10 

0-608 

0 463 

0-340 

0-235 

0-153 

015 

0-479 

0-330 

0-220 

0-139 

0-085 

0 20 

0-382 

0-243 

0-151 

0-091 

0-053 

0 25 

0-308 

0-184 

0-108 

0-063 

0-036 

0 30 

0-250 

0-143 

0-080 

0-046 

0-026 

0-35 

0-206 

0-113 

0-061 

0-034 

0-020 

0-40 

0-171 

0-091 

0-048 

0-026 

0-016 

0 45 

0-142 

0-075 

0-038 

0-021 

0-012 

0-50 

0-120 

0-062 

0-030 

0-016 

0-010 

0-55 

0-101 

0-052 

0-025 

0-013 

0-008 

0-60 

0-086 

0-044 

0-020 

0-011 

0-007 

0-65 

0-073 

0-037 

0-016 

0-009 

0-006 

0-70 

0-063 

0-032 

0-013 

0-007 

0-005 

0-75 

0-054 

0-027 

0-011 

0-006 

0-005 

0-80 

0-046 

0-024 

0-009 

0-005 

0-004 

0-85 

0-040 

0-021 

0-007 

0-004 


0-90 

0-034 

0-018 

0-006 

0-003 


0-95 

0-030 

0-016 

0-005 

0-003 
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Table 1 (coat.) 


A 

Number of 

10-00 2500 

50-00 

100-0 

200-0 

iterations 

required 

18 40 

3 

2 

7 

-(dy/d\)x.'' 

4-986 8-021 

11-71 

16-73 

23-67 

A 

y y 

y 

y 

y 

] 00 

0-026 0-014 

0-003 

0-002 


103 

0-022 0-013 

0-003 



MO 

0-019 0-012 

0 002 



115 

0-017 0-010 

0-001 



1-20 

0-015 0-009 

0-001 



1-25 

0-013 0-008 

0-000 



1-30 

0-011 0 008 




1-35 

0-010 0-007 




1-40 

0-009 0-007 




1-45 

0-008 




1-50 

0-007 




1-55 

0-006 




1-60 

0-006 




165 

0-005 




Runge-fCutta integration step size AA 

= 0-01 


A = o.n%* 
Number of 

500-0 

1000-0 


1500-0 

iterations 

required 

7 

4 


4 

-(dy/dA)x.o 

37-59 

55-93 

68-90 

A 

y 

y 


y 

000 

1-000 

1-000 


1-000 

002 

0-487 

0-355 


0-289 

004 

0-267 

0-160 


0-117 

0-06 

0-164 

0-086 


0-059 

008 

0-110 

0-052 


0-034 

0-10 

0-078 

0-034 


0-021 

0-12 

0-059 

0-023 


0-014 

014 

0-046 

0-017 


0-010 

016 

0-036 

0-012 


0-007 

0-18 

0-030 

0-009 


0-005 

0-20 

0-025 

0-007 


0-003 

0-22 

0-021 

0-005 


0-002 

0-24 

0-018 

0-004 


0-002 

0-26 

0-016 

0-003 


0-001 

0-28 

0-014 

0-002 


0-001 

0-30 

0-012 

0-002 


0-001 

0-32 

0-011 

0-001 


0-000 

0-34 

0-010 

0-001 


0-000 

0-36 

0-009 

0-001 



038 

0-008 

0-000 



0-40 

0-008 

0-000 



0-42 

0-007 




0-44 

0-007 




0-46 

0-006 




0-48 

0-006 




0-50 

0-003 




0-52 

O-OOS 




0-54 

0-005 




0S6 

0-005 





0-004 




oSikK^' 

0-004 




Rl^lige^Kutta integration &tep size AX « 0*005. 



CONCLUDING DISCUSSIONS 

As it has been pointed out in[l] that solu- 
tions for arie* > 1 are characterized by a high 
negative gradient at \ = 0. However the 
present method would still be applicable even 
if A — an°^ is very large. As shown in the 

F 

table numerical solution of equation (8) has 
been obtained by the present approach even 
for A = an* = 1-500. 

From the above tabulated values it can be 
seen that for the same value of X the values of 
y are decreasing with increasing values of 
the parameter^. This shows that with increas- 
ing initial concentration the diffusion of color 
centers in terms of the ratio of local con- 
centration to initial concentration is slowed 
down in a manner described quantitatively by 
the present method. 

It has been noted [8] that the value of 
(dy/d\)x=o for a particular value of the 
parameter A could be estimated by means of 
interpolation with the tabulated values. 
Plotting {dy/dX)x=o vs. (1 -h/f )*'* one obtains 
nearly a straight line so that interpolations 
is feasible, bearing a rather small error. 
Assuming such approximation the initial 
gradient (dy/dX)x_o is linearly increasing with 
(l-l-/^)~’'^ inverse square root of the local 
diffusion coefficient at X = 0, in accord with 
the general conclusion [1] that local concentra- 
tion gradient is inversely proportional to the 
local diffusion coefficient. Actually the 
quotient 

_/^\ 

dX/x=o VdX/x-o.^.^0 

increases from about 1-58 to about 1-73 over 
the total range of A between 0 and 1500. 
Hence strictly speaking the graph is not a 
straight line, but concave upward. 

In many instances [5 ,9] the study of 
diffusion process in solid states often leads 
the problem of solution of a diffusion 
equation involving concentration-dependent 
diffusion-coefficient, subject to initial- 
boundary conditions similar to (4) and (5). 
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Without modifications the above method 
applies to the solution of such equations. It 
has been pointed out[l] such would be the 
case with the diffusion process during the up- 
take of excess alkali metal by alkali halides. 
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{Received March 1969) 

Abstract— The electroluminescent (EL) properties of zinc selenide doped with copper and bromine 
have been measured at various frequencies of the applied operating voltage and as a function of 
temperature. The samples measured were prepared with different doping concentrations and firing 
schedules. Two EL emission bands have been observed, at 5360 and ~ 6300 A. The relative 
intensities of these two bands were found to depend upon how the samples were prepared. The 
observed characteristics are in agreement with models which have been proposed to explain reported 
photoluminescence and photoconduction experiments. 


1. INTRODUCTION 

Our original interest in ZnSe was to use it 
as an electroluminescent phosphor for visible 
displays held at liquid nitrogen temperature. 
Experiments undertaken to determine the 
electroluminescent properties of ZnSe : Cu ; Br 
revealed two electroluminescent emission 
bands at ~ 5300 and 6300 A. This observed 
electroluminescent emission can be explained 
on the basis of the same models which have 
been proposed for photoluminescence and 
photoconduction experiments[ 1 , 2]. Should 
the shorter wavelength emission predominate 
when the phosphor is cooled to liquid nitrogen 
temperature, this would be a useful phosphor, 
since the green (5300 A) band in ZnSeiCu 
is near the peak of the eye’s sensitivity [3] and 
thus has potentialities for greater apparent 
brightness. So far, ZnSe has not proven 
superior in brightness to a more commonly 
used phosphor ZnS which when cooled shifts 
its emission to the deep blue, away from the 
peak of eye response, resulting in low sensi- 
tivity to the human eye. 

2. EXPERIMENTAL PROCEDURES 

Samples were prepared from slurries of 
ZnSe, Cu(N 03 ) 2 . ^nd ZnBrj in alcohol and 

*This research was conducted under the McDonnell 
Douglas Corporation Independent Research and 
Development Program. 


then dried at 200'’C. In some samples, NH 4 Br 
was added after drying. Firing was done in a 
tight, but not sealed, quartz ampoule in a 
quartz tube furnace with helium flushing gas. 
Firing times were 20 min, and the samples 
were rapidly withdrawn to the cool zone. The 
materials were then ground, etched with 
aqueous sodium cyanide, washed, dried, 
mixed with epoxy[4], and bladed in layers 
50 /am thick on brass substrates. A trans- 
parent gold layer OOOfi/D) was used as one 
contact. The brass substrates were tightly 
screwed to the cooling block of a vacuum 
optical dewar. The EL spectra were measured 
with a monochromator (Bausch and Lomb 
High Intensity Monochromator Model 2) and 
a photomultiplier (RCA 7326, S-20 response). 

3. ELECTROLUMINESCENT PROPERTIES 
Measurements of the photoluminescent 
properties of ZnSe:Cu by Morehead[l] have 
shown two prominent emission bands at 
l-97eV (6300 A) and 2-34 eV (5300 A). 
These same two bands Jiave now been ob- 
served in electroluminescent spectra. The 
relative intensities of these two EL bands can 
be established by the processing techniques 
used and somewhat by the operating para- 
meters (frequency and temperature). The 
following paragraphs discuss how these bands 
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are controlled and how they behave in 
response to thermal quenching. 

General dependence of processing 

The relative intensities of the 1-97 and 
2‘34eV bands can be controlled by the 
amount of Cu cation and Br anion added and 
by the firing temperature. When only Cu ion 
is added to the ZnSe powder, a single EL 
band at 2-34 eV is obtained. As the bromine 
ion content is increased, a band at 1 -97 eV 
develops and increases, as shown in Fig. 1. 
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Fig. 1. Spectral electroluminescence brightness for 
various bromine ion concentrations. 


The 1 *97 eV band seems to become saturated 
with about 2*5 x 10~® mole fraction Br ion 
added. Whether this saturation is due to rapid 
volatilization during firing of the ZnBrj in the 
mix, hence restricting the level of bromine 
ion concentration, or whether it may be a 
consequence of the limited solubility of 
bromine ion in ZnSe at 950°C as indicated 
below is not known. Both possibilities exist. 


By varying the firing temperature, the 
intensity of the 1 *97 e V band can also be 
controlled as shown in Fig. 2. Our samples 
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Fig. 2. Spectral electroluminescence brightness for 
various firing temperatures. 

all had excess Br ion {5 per cent NH 4 Br), so 
the increasing brightness of the 1 -97 eV band 
reflects either the increased solubility of 
bromine ion with temperature or an increase 
in sites for Br ion resulting from selenium 
vacancies generated at the firing temperature. 

The energy of the 1 -97 eV band changes 
with preparation methods, shifting ~ 0- 1 eV 
(to 2 07 eV) at higher bromine ion concentra- 
tions or higher firing temperatures. For 
convenience, it is still called the 1 -97 e V band. 

Dependence of operation parameters 
The overall EL brightness of two typical 
samples as a function of temperature is shown 
in Fig. 3. In the one sample (ZnSe:Cu:Br), 
two broad maxima are observed during 
cooling from room temperature. The first 
maximum is predominantly red (l-97eV) in 
color, and the second is predominantly green 
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Fig. 3. Electroluminescence intensity for various 
temperatures. 

(2-34 eV). The crossover between these two 
is at about 200°K. The other sample (ZnSe; 
Cu) was doped to have green emission only 
and did not show the first maximum. 

The spectral output at various tempera- 
tures shows more explicitly what happens 
during cooling. In Fig. 4, the 1-97 eV emission 


Photon energy, eV 



Fig. 4. Spectral electroluminescence brightness for 
various temperatures. 


develops rapidly as the sample is cooled from 
324“ to 200“K., and then the 2-34 eV band 
develops below 200‘’K. 

The relative inte^psity of these two bands 
'can be varied withi change in excitation 
frequency, as is shown in Fig. 5. As die 
frequency is increased, the high energy band 
(2-34 eV) increases faster than the low energy 
band (1 -97 eV) similar to the behavior of the 

Photon onorgyiOV 



Fig. 5. Spectral electroluminescence brightness for 
various excitation frequencies. 

two bands in ZnS phosphors[5]. These 
measurements were made at 150“K, the 
temperature at which the holes have a chance 
to escape from the green centers and become 
trapped on red centers during one cycle of 
excitation. At higher or lower temperatures, 
the spectra are relatively insensitive to 
frequency of excitation. 

Temperature quenching of EL 
Samples were prepared to show pre- 
dominantly the 1*97 eV band or 2-34 eV band 
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SO that the brightness of one particular band 
could be measured as a function of tempera- 
ture with a minimum of interference from the 
other band. The intensity of the green band, 
as a function of 1/7, for several excitation 
frequencies, is shown in Fig. 6. Three main 



OOOS OOO* 0 009 0 00* ooor 0006 0006 OOlO 

Reciprocal temporotura, 'K** 

Fig. 6. Electroluminescence intensity of 2 34 eV photons 
as a function of temperature and excitation frequency. 

features are noted: a constant intensity region 
at low temperature; a region of thermal 
quenching of the emission, with quenching 
activation energy of approx. 0-3-0-35 e V ; and 
a ‘shoulder’ on the quenching portion of the 
curve. Spectral measurements show no shift 
in wavelength of the green band (2-34 eV) 
when this shoulder appears, but observations 
of the brightness wave (Fig. 7) show that a 
secondary brightness maximum occurs when, 
the shoulder appears. This secondary maxi- 
mum has been proposed as being either the 
release of trapped electrons [6] or the return 
(during a later portion of the voltage pulse) 
of conduction electrons which missed the 
luminescent centers on the first transit through 
the crystallite [7]. A plot of the 1/7 position of 
this shoulder versus frequency gave an activa- 
hNi energy of 0-27 eV. This is so close to the 
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Fig. 7. Relative intensity of 2-34 eV band vs. [/T and 
brightness waveform at various intensities. 


quenching activation energy (0-3 eV) that an 
unambiguous interpretation is difficult. 

The — 0-3 eV quenching of EL red band 
is to be compared to the ~ 0-4 eV value of 
quenching of overall photoluminescence 
observed by Morehead[]]. 

The temperature quenching characteristics 
of the 1-97 eV band are shown in Fig. 8. This 
curve gives an indication of the expected _ 
0-7 eV slope, which is predicted from the 
ZnSe:Cu model[l], though a long, linear 
slope is not demonstrated as clearly as might 
be desired before the curve falls into a 1 '35 eV 
(or greater) slope. The simplest interpretation 
for this steep slope which is not expected from 
the model for the Cu ion centers in the ZnSe 
is the presence of a radiationless recombina- 
tion center with an activation energy 1-35 eV, 
which competes with the luminescent center 
for the free electrons at higher temperatures. 
(This same slope was also found using u,v. 
rather than EL excitation, so this steep 
portion is not due to the EL excitation 
process.) A fe^ experiments such as adding 
large quantities of sel^um or NH^Br to the 
charge in order to more effectively expel 
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Fig. 8. Electroluminescence intensity of l■97eV photons 
for various temperatures. 

residual oxygen have had no noticeable effect 
on this quenching energy. 

4. DISCUSSION 

ZnSe : Cu ; Br can be prepared to show 
either a predominant red (l-97eV) or green 
(2-34 eV) EL band by varying the bromine ion 
concentration and firing temperature. The two 
EL bands show thermal quenching with about 
0-7 and 0-3 eV activation energy, respectively. 
The electroluminescent characteristics of 
these two bands can be explained by the 2 
energy level model for ZnSe : Cu proposed by 
Morehead[l] and Stringfellow and Bube[2] 
shown in Fig. 9. The copper ion alone pro- 
duces a center ~ 0-3 eV above the valence 
band (or 2-4 eV below the conduction band) 



E,«2-7eV 


Fig. 9. Simplified energy band diagram of ZnSe doped 
with copper ion. 


and is responsible for the 2-34 eV emission. 
As bromine ion is added to the sample, the 
first Cu ion level becomes compensated (or 
associated with Br ion) and the second Cu 
level, ~ 0-7 eV above the valence band (or 
1-97 eV below the conduction band), appears, 
giving rise to the L97 eV emission. The extra 
shoulder on the 2*34 eV quenching curve can 
be interpreted either as release of electrons 
from traps 0*27 eV deep, or as the return of 
free electrons to the luminescent center later 
in the voltage cycle. The extremely large 
quenching activation energy (> ]*35eV) for 
the 1 -97 eV band at higher temperatures can 
be attributed to a competing recombination 
center, the source of which was not demon- 
strated in these experiments. 
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Abstract— NMR and magnetic susceptibility properties of the multiphase V-Ru alloy system have 
been measured between room and liquid helium temperatures. The Knight shift of the behaves 
similarly as in some other previously investigated cubic V-X alloys for the same ela ratio. Taking 
into account the recent specific heat and the present magnetostatic results, obtained in the same 
V-Ru samples, the NMR data are analysed. 


The, SPECIFIC heat, susceptibility and NMR 
properties have been extensively studied 
for the alloys of vanadium with the 3d and 
4d transition elements [1-4]; Ti, Cr, Fe, Nb 
and Tc. Generally the rigid band model 
has been used to explain the similarity in 
behaviour. 

In this article we report the measurements 
of the magnetic properties of vanadium- 
ruthenium alloys whose specific heats and 
superconducting transition temperatures have 
been already studied [5]. 

The bulk samples are the same that were 
used for the measurements of the thermal 
properties. They were prepared from 3N 
vanadium and 5N ruthenium by arc-melting 
under argon pressure and initially no anneal- 
ing was performed. The alloys compositions 
were deduced from the weighed charges be- 
fore melting; X rays studies have confirmed 
the structures given in reference [6]; V and 
Ruthenium at high temperature form solid 
solutions progressing continuously through 
the structures b.c.c., CsCl, tetragonal, to hexa- 
gonal as the percentage of V is increased. 

The powders for NMR measurements were 
obtained by filing and ball-milling: the 
particle size was under 40 /x. 

Magnetic susceptibilities were obtained 
by measuring the force acting on small speci- 
mens (about 100 mg) in constant H dHldy 
magnetic configuration, from room tempera- 


tures down to T5°K, and in fields ranging 
between 2 and 1 7 kOe, 

Figure 1 shows the molar susceptibility 
Xm (at 20‘'C) of the V,_:rRUi alloy system 
with dependence in Ru concentration. A 
close similarity in the general aspect appears 
by comparing this susceptibility plot with the 
respective curves for the electronic specific 
heat coefficients and superconductivity 
transition temperatures [5]. 

In good agreement with the nearly tempera- 
ture independent behaviour observed for the 
NMR Knight shift (see later), susceptibility 
measurements have shown no important 
variation as a function of temperature. After 
corrections for the parasitic magnetic impuri- 
ties, all the investigated V-Ru alloys exhibit 
changes in susceptibility less than l-IO 
per cent between room and liquid He 
temperatures. 

From [7] each Fe atom dissolved in Vi_a; 
Rux with 0-3 < X ^ 0-5 is known to have an 
associated localized magnetic moment with 
effective value ranging between 1 and 2-5 fig- 
The purity of the V used to prepare the ingots 
was not better than 3N, major impurity being 
Fe. As expected, an appreciable Curie-like 
susceptibility term was observed in low 
temperature measurements for the alloys in 
the Ru concentration range where we have to 
deal with localized Fe moments. Therefore 
the Xm vs. T curves were corrected with a 
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Fig. I. Magnetic susceptibility ofV-Ru alloys as afunction 
of composition. 

Curie or Curie-Weiss law contribution in 
such a way that = 0 at extrapo- 

lated 0®K temperature, as usually performed. 
The Fe impurities content can be estimated to 
about 1000 ppm. The corrected molar sus- 
ceptibilities at 0°K for all ‘pure’ alloys 
are to be found in the Table 1. 

Knight shift measurements were performed 
with a modified Varian NMR spectrometer: a 
laboratory built crossed coils probe with a 
balancing system similar to that designed by 
Drain [8] was adapted to the Varian spectro- 


meter for the measurements at nitrogen and 
helium temperature. The metal dewar used 
for the low temperature measurements was of 
standard commercial type. The magnetic 
field of the 12 in. Varian magnet was moni- 
tored with a marginal oscillator using deuteron 
or proton resonances. 

Figure 2 shows the Knight shift at 1 0 Mhz, 
referred to pure vanadium dissolved in nitric 
acid, as a function of composition. Within the 
limit of error the Knight shift can be con- 
sidered independent of the temperature. The 
very small increase with field, almost indepen- 



ATOMIC PER CENT RUTHENIUM 

Fig. 2. The Knight shift of the ''V magnetic re,sonance 
in V-Ru alloys as a function of composition measured 
at 10 Mc/s. 


Table I. V-Ru data table 




(i) 

V 

Am 

y 

(ii) 


V 

Am 

(ii) 

Tr 

(ii) 

K 

y* 

(iii) 


V- 1^ Ul' 

Am 

V 


303 (iv) 

- 9 

9-9 

135 

177 

399 

5-3 

0-599 

6-19 

85 

227 


Ruo.is 

221 

-11 

3-95 

54 

178 

351 

< I 






RUo-ss 

149 

-12 

1-93 

26 

135 

460 

< I 






RUo.38 

125 

-13 

1-93 

26 

112 

460 

< 1 






RII9.45 

182 

-14 

7-40 

101 

95 

413 

40 

0-552 

4-77 

65 

131 


RUo-m 

125 

-15 

3-55 

48 

92 

420 

< 1 






RUe-si 

122 

-15 

3-75 

51 

86 

427 

< 1 






RUo.es 

111 

-17 

4.4 

60 

68 

417 

40 

0-552 

2-84 

39 

89 


RUO'SO 

106 

-19 

3-82 

52 

73 

475 

2-8 

0-497 

2-55 

35 

90 


RUo'SO 

68 

-20 

3-23 

44 

44 

500 

1-2 

0-426 

2-27 

31 

57 

Ru 


38 (iv) 

-21 

30 

41 

18 

550 

0 49 

0-375 

2- 18 

30 

29 


(i) Measured total molar susceptibilities extrapolated at 0°K and corrected for parasitic Fe impurities. All 
susceptibilities are to be found in this table in I0'^e.in.u./mole units. 

(ii) Results of FJiikiger. Heiniger and Muller[S]. The electronic specific heat coefficients are expressed in 
inJ/‘’K‘moie. The Debye di>and transition temperatures arc in °K. 

(ill) Ail quantities marked with an asterisk are related to McMillan theory!! 1]. 

(iv) Our susceptibility results on pure V are in good agreement^with the other data to be found in the recent 
(i^erature. The Ru magnetic data are taken from WEISS and KOHLH AAS. Z. angew. Phys. 23, 1 75 ( 1 967), 

' ■ 
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dent of composition, can be attributed to a 
second order quadrupole effect. 

For the CsCl type alloys the indicated 
Knight shift has been measured at helium 
temperature, where the line shape is normal 
At nitrogen and room temperature, these 
samples show an assymmetric line broadening, 
and satellites appear in the high held side of 
the main resonance (Fig. 3). The satellites 
shift being proportional to the field prevents 
their observation at field lower than 8 kG and 
shows that they are not the result of a second- 
order quadrupole effect, but of magnetic 
origin. 

Annealing of these samples at 800°C for 
24 hr completely changed the line shapes: 
the .satellites in the high field side of the 
resonance vanished and new satellites again 
field dependent appeared in the low field side 
(Fig. 3). The same behaviour was observed 



Fig. 3. Typical NMR absorption derivative curves of 
“'V in V~Ru alloys with CsCl structure; (a) unannealed, 
(b) annealed at 800®C. 


with a bulk sample which was annealed for 
10 hr at 1400°C and then powdered. Such 
phenomena could be the result of ordering 
in CsCl structure apd further investigations 
df this effect are in progress. 

We have verified that annealing of the 
other samples at 800‘’C causes a difference of 
less than one per cent in susceptibility and 
Knight shift measurements. The linewidth, 
defined as the separation of the absorption 
peaks, was measured for all the samples at 
different fields and temperatures. In the b.c.c. 
and hexagonal structures, the linewidth is 
independent of temperature, except for a 
small increase at helium temperature, which 
is almost certainly the result of impurity 
effect. For the CsCl structure where the high 
temperature line shape does not allow us to 
define a linewidth the reported values were 
taken at helium temperature. 

The linewidth shows a marked dependence 
on the field and varies with composition (see 
Fig. 4); the extrapolated value for H — 0 
gives the field independent value which is of 
the same order as the estimated theoretical 
linewidth (as calculated with the Van Vleck 
formula assuming a Gaussian line shape). 

For the field dependent contribution we can 
distinguish between the behaviour of the 
b.c.c. structure and that of the hexagonal 
structure. In the first case (Fig. 5) the line- 
width increases with the field, independently 



Fig. 4. The field dependence of ®'V resonance linewidth 
of some V-Ru alloys. 
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Fig. 5. Linewidth of “'V magnetic resonance in V-Ru 
alloys as a function of composition. 


Fig. 6. Knight shift of *‘V in V-Cr, V-Fe, V-Tc and 
V-Ru alloys as a function of el a. 


of composition: it could be in part the result 
of the demagnetization field arising from the 
bulk magnetism of the particles (of order I g) 
and in part to Knight shift effects caused by 
local fluctuations in concentration or aniso- 
tropic shift. For h.c.p. case the variation of 
the linewidth with field shows a minimum 
(see Fig. 5) in high fields the linear depen- 
dence on field is more marked than in the 
b.c.c, structures: this is probably caused by 
an increase of the anisotropic shift, as con- 
firmed by the asymmetry of the line. At low 
field the increase of the linewidth is the 
result of a second order quadrupole effect 
as expected with the hexagonal structure and 
the minimum is obviously the combination of 
the two effects. 

The similarity in behaviour of the Knight 
shift of VCr, VFe. VTc and VRu in b.c.c. 
phase as a function of electron-atom ratio 
(see Fig. 6) suggests an analysis of the 
results on the basis of a rigid-band model. 
Such an analysis has been done for VCr 
[1,3,4]. 

The susceptibility data can be crudely 
analysed to estimate the orbital contribution 
erf" the Van Vleck type Xm"" in this alloy 
system: 

/\m Km Km Km \Y/* 

For the diamagnetic contribution of 

the closed-shell ions we took linearly inter- 
polated values between the average value of 


— 9-10“®e.m.u./mole for V and the one of 

— 21-10“* for Ru atoms. The very small 
Landau diamagnetic susceptibility arising 
from s electrons was neglected. In a first 
attempt to estimate Xm'"’ we have calculated 
the unenhanced Pauli spin susceptibility for 
s and d electrons Xm“'’"X'y) from the specific 
heat results of Heiniger[5]. These values are 
given in Table 1. 

The Knight shift was then calculated 

K = K, + Ka+K,, 

= ax>+bx<t + cxw 

using the Clogston[9, 10] values of the coup- 
ling coefficients a, b and c: the result of this 
analysis for the cubic alloys is in qualitative 
agreement with the data of Fig. 2 (see Fig. 7). - 



Fig. 7. Knight shift of “V in V-Ru alloys as a function of 
ela iojhe cubic r^gc; (a) measured, (b) estimated using 
xSE*^**"* (c) estimated using x«iiin with MacMillan 
correction. 
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A pos&ible origin of the quantitative discre- 
pancy could be a poor estimation of the spin 
susceptibility caused by ignoring the electron- 
phonon interaction in density of states and/or 
the exchange enhancement of the spin sus- 
ceptibility. For the samples in the hexagonal 
range of structure, some qualitative agreement 
between the susceptibility and the Knight 
shift was obtained, but the basis of a quan- 
titative analysis is for the present uncertain. 

The electron-phonon contribution to the 
specific heat coefficient, y, can be computed, 
using the theory of McMillan [1 1]. 

Taking his semi -empirical electron- 
electron coupling constant /a* = 0-13 (more 
or less appropriate for transition metal 
alloys as shown by McMillan) we can com- 
pute the electron-phonon coupling constant 
A with the help of the mccisured [5] transition 
temperatures, Tp, and Debye temperatures 
0D. Thus we calculate the electronic heat 
capacity coefficient y* corrected for the 
electron-phonon interaction; y* and y are 
related by the enhancement factor (I-l-X). 
Again from y* we can obtain values for Xm*'”" 
(y * ) and hence for Xm* “ (see the data T able I ). 

With the help of this McMillan correction 
we reanalyse the Knight shift data in the cubic 
range. It is impossible to make direct use of 
the McMillan theory because of the lack of 
Tc data. However assuming the same A value 
as in the CrV system for the same e\a ratio 
one finds some improvement over the un- 
corrected estimates, as shown in Fig. 7 but 
the results are not in precise quantitative 
agreement. Further studies are planned to 


obtain the required data on and to test 
the rigid band model in more detail by nuclear 
spin lattice relaxation measurements. How- 
ever the rough agreement may be a result of 
the fact that the relatively large and dominant 
orbital contribution to the estimated Knight 
shift is only slightly modified by the other 
contributions. 
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Abstract -The diffusion of nickel into lead telluride has been studied between 200° and 400° as a 
function of crystal composition and doping. Even at these temperatures, the diffusion of nickel is 
very dependent on the composition of the crystal. For the most part the nickel distribution proftfes, 
as determined using radiotracer techniques, cannot be described by a simple solution of the diffusion 
equation. Except in crystals containing a large concentration of cation vacancies, the nickel distribu- 
tion profiles are best fit by two overlapping curves, each of which is a solution of the diffusion equation 
with different values of the diffusion coefficient. Diffusion into crystals containing a large cation 
vacancy concentration can be described by a simple solution of the diffusion equation. The range of 
compositions which can be studied at these temperatures is restricted by the retrograde solubility of 
lead and tellurium in PbTe. 


INTRODUCTION 

It has been evident for sometime that 
impurities such as copper, nickel, and silver 
have unusually large diffusion coefficients 
in semiconducting materials. Copper has been 
shown to diffuse rapidly into PbSIl], ger- 
manium [2], silicon [3] and GaAs[4], while 
nickel diffuses rapidly into PbS[5] and ger- 
manium [6]. Bloem and Kroger [1,5] found 
that in the temperature range 100°-500°C 
both nickel and copper behave as donors 
in PbS. By measuring the migration of the 
p-n junction into initially p-type PbS, they 
determined the diffusion coefficients of Cu 
and Ni into PbS to be, 

Dcu = 5 X 10-5exp(-7130//?T) (1) 

and 

Djvi = 1 7 -8 exp(- 22 ,000/7? 7). (2) 

In the studies on lead sulfide [1,5] the 


♦Taken in part from the PhD. thesis of T. D. George, 
Northwestern University (1968). Work supported by 
a grant from the Army Research Office- Durham. 

tFormerly a NASA Trainee at Northwestern Uni- 
versity. Present address: Central Analytical and Charac- 
terization Laboratory, Texas Instruments, Inc.. Dallas, 
Texas. 


migration of nickel or copper was followed 
by electrical methods, not by radiotracers 
and the variable of initial crystal composition 
was not studied. It is the purpose of the 
present paper to report an investigation of 
the low temperature diffusion of nickel 
into PbTe using radiotracer techniques. 
Particular attention has been given to the 
initial composition of the PbTe crystals 
and its effect on the migration of nickel. 

EXPERIMENTAL 

Single crystals of PbTe used in this in- 
vestigation were grown by the Bridgeman 
technique. Crystals were sawed from the 
ingot, polished, and equilibrated at 700°C 
as previously described [7, 8]. The initial 
compositions of the crystals equilibrated at 
700'’C were those defined by the lead tel- 
luride-lead phase limit (9-7x10^^ electrons/ 
cm^), the minimum total pressure (2-0 x 
10"* holes/cm**), and the lead telluride- 
tellurium phase limit (6-4 X 10*®hoies/cm®). 
As will be discussed in the next section, 
the retrograde solubility of lead and tellurium 
makes these compositions unstable at the 
lower temperatures used for diffusion anneals. 

The counting procedures and the method 
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by which the nickel concentrations were 
estimated have been previously described 
[7, 8]. Ail diffusion anneals were carried out 
in sealed, evacuated ampoules of approxi- 
mately 2 cm® total volume. 

Precipitation phenomena 
The first study of the aging behavior of 
lead telluride at low temperatures was that 
of Scanlon [9]. He equilibrated crystals at 
700°C containing approximately 3 x 10^® 
holes/cm® and aged them at temperatures 
ranging from 200” to 400°C. By following 
the change in Seebeck coefficient with time, 
he was able to determine the kinetics of aging 
and concluded that crystals containing 
excess tellurium precipitated the excess at 
dislocations until the composition of the 
matrix crystal corresponded to the limit 
of solid solubility of tellurium in PbTe at 
the aging temperature. The time necessary to 
reach the new ‘equilibrium’ state increased 
with decreasing temperature, and the carrier 
concentration of the aged crystals decreased 
with decreasing temperature. At 400‘’C 
the precipitation of excess tellurium required 
approximately two hours and the ‘equilibrium’ 
carrier concentration was 2 x 1 holes/cm®, 
whereas at 300°C, fifty hours were required 
for complete precipitation and the carrier 
concentration was 4-5 x 10'^ holes/cm®. 
At 200'’C the time required to precipitate 
the excess tellurium was on the order of 
five hundred hours and the final carrier 
concentration was 2 x 10^^ holes/cm®. The 
equilibration times were independent of 
sample dimensions. 

The precipitation phenomenon was checked 
in the present investigation on all crystals 
used for diffusion studies by measuring the 
room temperature Seebeck coefficient of 
crystals aged for various lengths of time at 
various temperatures. Room temperature Hall 
measurements were also made. At 300®C 
the Seebeck coefficient ceases to change 
after about sixty hours on crystals initially 
containing 2 x 10®* holes/cm®. The carrier 


concentration of p-type undoped crystals 
aged 72 hr at 300°C was 6.4 x 10” holes/cm® 
as compared to 4-5 x 10” holes/cm* reported 
by Sc^on[9]. The carrier concentration 
of crystals aged 72 hr at 300°C was the same 
for crystals pre-equilibrated at the tellurium 
phase limit (6-4 X 10®® holes/cm® initially 
after quenching from 700°C) as those pre- 
equilibrated under argon (2 x 10®* holes/cm® 
initially after quenching from 700°C). Crystals 
pre-equilibrated at the lead tell uri de-lead 
phase boundary (9-7 X 10*® electrons/cm®) 
showed no change in their Seebeck coefficient 
when aged for seventy-two hours at 300°C. 
It was concluded that excess lead precipitates 
more slowly than tellurium. Since diffusion 
times did not exceed 24 hr, crystals contain- 
ing excess lead were used as quenched from 
700°C. Silver doped crystals containing 
1 X 10®*' Ag/cm® and 5 x 10'® holes/cm® 
initially after quenching from 700°C also 
showed a change in their Seebeck coefficient 
when they were aged at 300°C. At equilib- 
rium at SOO^C, these silver doped crystals 
contained 3x10*® holes/cm®. This aging 
of silver-doped crystals agrees with the 
aging studies of sodium-doped PbTe as 
reported by Crocker and Doming [10]. 
Bismuth doped crystals also age at 300®C. 
Crystals whose initial Seebeck coefficient 
was —275 fj,vl°C {— 9-7 x 10®^ electrons/cm®) 
had a carrier concentration of 3 x 10®^ 
electrons/cm® after aging at 300®C. While 
undoped p-type and Ag-doped crystals 
became less p-type upon aging, Bi-doped 
crystals became less /j-type. This behavior 
is consistent with a model involving a de- 
crease in cation vacancies during aging. 

At 400°C, crystals pre-equilibrated at the 
lead telluride-tellurium phase limit, show a 
decrease in carrier concentration from 
6-4 X 10'® holes/cm® to 2x10®* holes/cm®. 
Crystals initially containing 2x10®® holes/ cm® 
showed no change in carrier concentration 
when aged at 400‘’C. One set of Bi-doped 
crystals (n-tyi^) and one set of undoped 
n-type crystals converted to p-type after 
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72 hr at 400“C. These crystals were not used 
for diffusion studies as the Seebeck coefficient 
of these aged crystals showed a large amount 
of scatter from sample to sample. None of 
the crystals showed any change in their 
Seebeck coefficients when aged at 72 hr 
at 200°C. Since diffusion times did not 
exceed 28 hr, crystals used for diffusion 
studies at 200‘’C were used as quenched from 
700°C. Several crystals were aged at 300“ 
and 400°C before diffusing at 200°C. In this 
way more compositions could be studied 
at one temperature. At both 300° and 400° 
the composition range which can be studied 
is obviously quite restricted due to retrograde 
solubility. 

RESULTS 

Diffusion at 400°C 

Diffusion anneals at 400°C were carried out 
only on crystals containing excess tellurium. 
All crystals contained 2 x 10’** holes/cm^ 
which corresponds to the limit of solid 
solubility of tellurium in PbTe at this tem- 
perature [9]. Crystals initially containing 
6-4x10''' holes/cm^* at 700°C were first 
aged in a closed vacuum at 400°C before 
the diffusion was carried out. Crystals 
equilibrated at 700°C under argon contain 
2 X 10'" holes/cm^ and were used without 
aging. Typical results on the aged crystals 
are shown in Fig. 1. The results obtained 
on unaged crystals containing 2 X 10'** 
holes/cm** (crystals annealed under argon 
at 700°C and quenched) were similar except 
that the diffusion coefficients were generally 
higher by a factor of two. This difference may 
indicate that the aging treatment at 400“C 
removes thermal defects in addition to defects 
due to deviations from stoichiometry. Thus 
a crystal may be produced with the same 
carrier concentration but fewer lattice 
defects which yields a smaller diffusion 
coefficient. 

As can be seen in Fig. 1 , the nickel distribu- 
tion profiles cannot be described in terms 
of a simple solution of the diffusion equation. 



Fig. 1. Nickel distribution profile at 400°C: 2X10'" 
holes/ cm", 2 hr. 


The curves can, however, be fit by two 
overlapping curves each of the form 

C(x) = Co exp(- x^lADt) (3) 

where C(jf) is the nickel concentration of 
X cm below the initial surface, Co is the 
value of the nickel concentration at x = 0 
(extrapolated in the case of the faster com- 
ponent of nickel diffusion), t is the diffusion 
time in seconds, and D is the diffusion coeffi- 
cient in cmVsec. The values of D were 
evaluated from slopes of the straight lines 
resulting from log C(x) vs. plots. 

Diffusion at 300°C 

At 300“C several compositions were 
studied. Crystals containing excess lead 
(9.7x10'^ electrons/cm") showed no in- 
dication of precipitation when aged and were 
used as quenched from 700°C. Undoped 
p-type PbTe was aged for at least 72 hr before 
carrying out the diffusion anneal. Doped 
cryst^s, both Ag- and Bi-doped, were also 




[Ni] /cm' 
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aged before diffusing in nickel. The final 
equilibrium states have already been de- 
scribed. 

Typical results for p-type undoped crystals 
are shown in Figs, 2 and 3. Again the dis- 
tribution profiles of nickel cannot be des- 
cribed in terms of a simple solution of the 
diffusion equation. Similar nickel distribution 
profiles were obtained for undoped crystals 
containing excess lead and Ag-doped crystals. 
The diffusion coefficients for these undoped, 
n-type and Ag-doped crystals were about 
an order of magnitude higher than those 
obtained for undoped, p-type crystals. The 
diffusion coefficient of nickel in Bi-doped 
crystals was also higher than for undoped 
p-type crystals, but the nickel distribution did 
not have a break as shown in Fig. 2. 

As mentioned earlier, the retrograde 
nature of the phase field of PbTe severely 
limits the compositional range which can be 
studied at low temperatures. In order to 
investigate the behavior of nickel in undoped 
crystals containing greater than 6*4 X 10’^ 
holes/cm^, several diffusion anneals were 
carried out on undoped, p-type crystals 



Fig. 2. Nici 



[istribution profile at 300°C; PbTe, aged, 
X 10*^ holes/cm*, 24 hr. 



Fig. 3. Nickel distribution profiles at 300“C; PbTe/Te, 
aged 6-4 X 10” holes/cm" #-.5 hr. 0-24 hr. 


containing initially 2 x 10’** holes/ cm^. During 
the diffusion anneal the carrier concentration 
in these crystals decreased due to the simul- 
taneous precipitation of tellurium. The nickel 
distribution profiles which resulted were" 
time dependent and could not be adequately 
described by equation (3). Several of the 
profiles obtained in this way are shown in 
Fig. 4. The diffusion coefficients indicated 
have been approximated from the slopes of 
the solid lines shown. It is evident that the 
apparent diffusion coefficient of nickel 
migration decreases with increasing time 
of the diffusion anneal and therefore with 
decreasing carrier concentration. From 
values of the changing Seebeck coefficients 
determined in a separate series of experi- 
ments, the apparent nickel diffusion coefficient 
has^ been correlated with the electronic 
state of the crystal. This correlation is 
shown in Fig, 5. The values of the Seebeck 
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Fig. 4. Nickel distribution profiles on unaged crystals 
at 300°C. Initial carrier concentration 2 x I0‘* holes/ cm®. 



SEEBECK COEFFICIENT , /iV/'C 

Fig. 5. Correlation between apparent Dm and Seebeck 
coefficient at SOO^C. The open circle marked ‘aged’ 
denotes a sample whole See^ck coefficient attained a 
constant value with time. 


coefficients used were the ones obtiuned 
by aging undoped crystals for the times 
indicated. Diffusion anneals were carried 
opt for the same length of time. The point 
shown by the open dircle is the value of 
Dm obtained on a fully aged crystal and cor- 
responds to the slower component of nickel 
diffusion shown in Fig. 2. 

Diffusion at 200°C 

According to Scanlon [9], the time required 
to reach equilibrium through precipitation 
of excess Te at 200°C is on the order of 
500 hr. Crystals of several compositions aged 
for 48 hr at 200°C did not show any change in 
their Seebeck coefficients. Since diffusion 
times did not exceed 28 hr, crystals could 
be used as quenched from TOO^C. Several 
crystals were, however, aged at 300° or 
400°C prior to diffusion at 200°C in order 
to provide additional compositions. 

In general the results obtained at 200°C 
agree with those obtained at the higher 
temperatures. Crystals containing excess 
Pb, Ag-doped crystals, and undoped, p-type 
crystals containing less than 2X10^^ holes/ 
cm^ show a break in the nickel diffusion 
profile. Bismuth-doped crystals and undoped 
crystals containing 6-4 x 10'* holes/cm’ 
do not exhibit a break in the nickel profile, 
and the nickel diffusion coefficient was found 
to be higher in these crystals than in crystals 
containing 2 x 10'* hole/cm*. 

DISCUSSION 

Retrograde solubility of the constituents of 
lead telluride places certain restrictions on the 
study of any phenomena at low temperatures. 
Most notable in the case of diffusion studies is 
the limitation placed on the effect of composi- 
tion on the diffusion of impurities. Because of 
retrograde solubility, the composition range 
which can be conveniently investigated is 
considerably less than that which can be 
obtained at 700°C. Nevertheless, within 
the limitations imposed by the system, 
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the dependence of the difihsion of nickel on 
composition has been demonstrated. 

diffusion of nickel in PbTe cannot 
be explained in terms of a single mechanism. 
The results suggest that there are at least 
two processes occurring during the diffusion 
of nickel. Diffusion curves with ‘breaks’ 
similar to those reported here (Figs 1 and 2) 
have been observed for the diffusion of silver 
in cadmium sulfide [11] and of manganese 
into gallium arsenide [12]. Lead telluride 
crystals containing excess Pb, silver doped 
crystals, and undoped crystals containing 
up to 2 X 10‘* holes/cm“ yield nickel profiles 
which exhibit a break. Both components of 
the nickel distribution profile appear to 
depend on composition in the same way, 
with the diffusion coefficients for both 
components being highest in crystals sat- 
urated with lead. Of the compositions 
studied, the smallest nickel diffusion coeffi- 
cients were found in undoped, p-type crystals 
containing 6*4 X 10‘^ holes/cm®. 

At this time no mechanism can be verified 
for the diffusion of nickel in PbTe at low 
temperature. Several observations can be 
made which may help in understanding the 
phenomena. Those compositions in which 
nickel apprears to migrate via a dual process 
contain fewer cation vacancies or more 
cation interstitials than do those crystals 
which produced a single, smooth nickel 
profile. This result suggests that interstitial 
migration of nickel is occurring. Bloem and 
Kroger [5] first suggested that nickel migrates 
interstitially in lead sulfide based on their 
measurements of p-n junction migration. 
In contrast to the lead sulfide work [5], 
in the present case both n and p type crystals 
retained their original carrier sign after 
the nickel diffusion. Even p-type crystals 
with cmrier concentrations as low as 6 x 10’^ 
/cm® retained their p-type carrier sign after 
the nickel diffusion. Moreover, it was also 
shown that the nickel diffusion coefficient 
in is composition dependent. The 

di^mm^ decreases with decreasing lead 


concentration. Secondly, the two processes 
involved in the diffusion of nickel appefu* 
to be of the same nature. Both components 
of nickel diffusion vary in the same direction 
with changes in crystal composition. Finally 
the two components of nickel diffusion appear 
to be simultaneous events. Were this not the 
case, the break in the curve would be expected 
to occur at some particular nickel concen- 
tration. A time-dependent study at one 
composition indicated that the position of 
the break in the nickel profile depended only 
on the time of the diffusion anneal (See 
Fig. 3). 

That crystals containing a large vacancy 
concentration, excess Te or Bi-doped 
crystals, do not show a break in the nickel 
distribution profile suggests that a different 
diffusion mechanism is operative in these 
crystals. At this time nothing more can 
be said about nickel diffusion in these 
crystals, 

The overall composition dependence of 
nickel diffusion at these low temperatures is 
striking. It is generally assumed that lattice 
defects are relatively immobile in the lead 
salts at these low temperatures [5]. The 
precipitation studies of Scanlon [9] illustrated 
that under certain conditions, at least, lattice 
defects can be made to migrate at low tem- 
peratures. The nickel diffusion results shown- 
in Fig. 4 illustrate that the migration of 
defects and their concentration play an 
important role in the diffusion of nickel. 
Defects in the lead salts are probably much 
more mobile than previously thought. The 
general trends established here for the varia- 
tion of nickel diffusion follows that expected 
for cation self-diffusion in a solid having a 
Frenkel defect structure. That is the diffus- 
ion coefficient is higher at both phase boun- 
daries than at intermediate compositions. 
Since the diffusion coefficient for nickel 
does not change continuously in the same 
direction across the phase field, it is unlikely 
tfi^ a single, diffusion mechanism ,can .be 
invoked. 
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SUMMARY AND CONCLUSIONS 

Diffusion of nickel into PbTe at low 
temperatures (200“— 400“C) shows that even 
at these temperatures the diffusion of nickel 
is very dependent on the composition of the 
crystal. For most of the compositions studied 
the diffusion profiles of nickel can be des- 
cribed in terms of two overlapping curves 
each of which is a solution of the diffusion 
equation but with different values of the 
diffusion coefficient. In general the diffusion 
coefficients for each component of nickel 
diffusion differ by an order of msignitude. 
Crystals containing excess lead (9-7 x 10^^ 
electrons/cm®) and silver-doped crystals 
have higher diffusion coefficients than do 
undoped p-type crystals (6-4 x 10” holes/cm®) 
at 300°C. IJndoped crystals containing 
more than 6-4 x 10” holes/cm^ are not 
stable at BOO^C and excess Te precipitates 
during annealing. A study of the diffusion 
behavior of nickel in p-type crystals while 
the precipitation of tellurium was occurring 
simultaneously indicates that the diffusion 
coefficient of nickel increases with increasing 
hole concentration above 6-4 x 10” holes/cm^ 
Experiments at 200°C where the precipitation 
of tellurium is much slower confirm this 


dependence of the nickel diffusion coefficient 
on composition. Further, the distribution 
profile of nickel in bismuth doped crystals 
apd undoped crystals containing 6*4 XlO*^ 
holes/cm^ at 200°C cah be described by a 
simple solution of the diffusion equation. 
All of the crystals, n- or p-type, retained their 
original carrier sign after the diffusion with 
nickel. 
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R6suni^ — On considere un corps dans lequel les moments magn6tiques se groupent en trois sous- 
reseaux, les ions appartenant a un meme sous-r6seau ayant leurs moments parall&les. On suppose 
I’anisotropie negiigeable. Le calcul fait dans I'approximation du champ moleculaire, montre qu'il 
peut exister deux sortes de structures; soil une structure colin6aire (ferro-ou ferrimagn^tique) soil 
une structure dite ‘en etoile’. On determine les conditions de stability de ccs difftrents types de con- 
figuration. On ^tudie enfin revolution d’une structure en etoile' vers un arrangement colineaire, 
obligatoire quand la temperature croit ainsi que les differents types de variation de Taimantation des 
sous-reseaux et de leur resultante generale. Ces deux derniers points sont traites en partie par le calcul 
algebrique, en partie par le calcul numerique. 

Abstract— We are considering a compound in which the magnetic moments are divided into three 
sublattices, ions belonging to the same sublattice having their moments parallel. Anisotropy is supposed 
to be negligible. Calculations made in the approximation of molecular field theory, show that two 
kinds of structure may exist; either a collinear structure (ferro or feiximagnetic) or a ‘star’ structure. 
We determine the stability conditions of these various configurations. Finally we study the evolution 
of a ‘star’ structure to a collinear arrangement which always occurs when temperature increases and 
also the different types of variation of the sublattice magnetizations and of the net moment. These two 
latest points arc treated partly by algebraic, partly by numerical calculation. 


INTRODUCTION 

SoiT UN oxyde metallique comportant trois 
cations magnetiques de nature difFerente. 
Nous supposons: (1) que les ions de meme 
nature occupent dans le cristal un site cris- 
tallographique unique qu’ils garnissent en 
totalite (nous reperons chacun des sites 
cristailographiques, ainsi que les ions qui 
I’occupent par les indices 1, 2, 3); (2) que 
dans I’etat magnetiquement ordonne, les 
moments magnetiques de tous les ions d’un 
meme type forment un arrangement ferro- 
magnetique: les ions du type i ont tous le 
meme moment magnetique fif. L'aimantation 
du sous*reseau / dans le cristal est done 
M< = ou rii est le nombre d'ions i dans le 


* Partie de la these de doctorat d'6tat, Paris le 2 
decembre 1968. 

+L.M.P.S.-C.N.R.S. Bellevue. 


cristal; (3) que le couplage spin-reseau, e’est- 
a-dire I’anisotropie, peut etre negligee. De 
plus les interactions d’echange seront iso- 
tropes, les coefficients de champ moleculaire 
seront done des scalaires. 

Reprenant la methode de calcul, employee 
par Neel[l] dans le cas de deux sous-reseaux, 
nous allons chercher, dans le cas de 3 sous- 
reseaux, quelles sont les solutions des 
equations de champ moleculaire et determiner 
parmi ces solutions celles qui correspondent 
a des structures stables a une temperature 
T < Tc- Nous etudierons ensuite revolution 
de ces structures en fonction de la temperature. 

A. STRUCTURE A UNE TEMPERATURE T < 

1. Solution des equations de champ mole- 
culaire 

Avec les hypotheses faites ci-dessus les 
equations de champ moleculaire s’ecrivent: 
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III = SM] 4- y Mj + / 9 M 3 ( 1 ) 

h2 = yMi + €M2 + ckMs (2) 

ha = /3M, + aMj + ^M,, (3) 

5, e, ^ dtant les constantes de champ molecul- 
aire relatives aux interactions 1-1, 2-2, 3-3 
respectivement et a, /i, y celles relatives aux 
interactions 2-3, 3-1, 1-2 (Fig. I). 


8 



Fig. 1. 



Fig. 2. Diff6rents types de structures. 


Le premier terme correspond a I’energie 
interne: 


i 

+ yMiMi cos i|/ + otM^Ms cos d 
+ /8A/,A/3 COs (fl+i/f)]. (5) 

A une temperature donnee, F depend de 
0, Ip et Mi. La minimisation de F par rapport 
a ces variables donne Petat d’equilibre. 

Nous avons: 


II faut bien remarquer que I’hypothese que 
nous faisons au depart, a savoir que les 
moments magnetiques des ions d’un meme 
type ferment un arrangement ferromagnetique, 
peut etre remise en cause si les constantes 
6, e, S sont fortement negatives, e’est-a-dire 
s’il existe de fortes interactions antiferro- 
magn6tiques entre ions de meme type (cf. 
plus loin). 

En I’absence d’anisotropie, les moments 
/Ai (done Mi) doivent etre paralleles au champ 
mol^culaire hi. II existe done d’apres (1-3) 
une relation lineaire homogene entre les 
moments fiy, /tz, IA3, qui par suite sont 
coplanaires. Nous appelons respectivement 
^ ete les angles (Mj, M2) et (Mj, M3) (Fig. 2). 

L’energie libre du systeme s’ecrit: 

f = E{Mue,iP)+kTf^'B^i-^{xi)dXi (4) 

avec Xi = Mi(7’)/A/to . 3^~^ix) est la fonction 
inverse de la fonction de Brillouin. Mio et 
Mi{T) repr6sentent les aimantations du 
^bus*reseau 1 kO“K et a T°K. 


yMzSinip+jBMuSin (6 + \p) = 0 (6) 

yA/i sini/> — aMs sin0 =0 (7) 

et 

Mi{T)=M„^l^i^y (8) 

Les solutions des equations (6) et (7) sont: 
(1) sin Ip — &in 6 = 0. solution ferro-ou ferri- 
magnetique. 


(2) COSi^ = ^ T 2 Lkaxa ^ 

2y^ a pMyM.^, 

_ — — + 

2 /Tij/ng 


(9) 


de meme 
cos 


la^fiyM^M^ 


2 mg/Wg 


( 10 ) 


trvec 


/TTi = yj8A/i, m2 = oyMa, m3 = (11) 
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Cette solution correspond k une structure 
dite ‘en dtoile’ d^jk signal6e par Niessen[2]. 
(La structure Yafet-Kittel[3] est un cas 
particulier de la structure *en 6toite’). 

Les configurations correspondantes k ces 
solutions sont repr6sent6es sur la Fig. 2. 

2. Condition d'existence et stabilite des 
differentes structures 

(1) Structure ‘en etoile'. Nous aurons une 
structure ‘en etoile’ si les deux conditions 
(A et B) suivantes sont remplies simultand- 
ment: 

Condition A: II faut que simultanement 
les expressions des cosinus (equations (9, 10)) 
soient en module inftrieures k runit6. 

Ceci revient a ecrire, dans le cas des deux 
expressions (9) et (10), une seule inegalite 
soil: 

[m,®— (mj + ma)^] [m,^— (mj — mg)^] < 0 

( 11 ) 

ou en developpant la formule 

(m, + m2 + ms) (mi — m2 — m3) (mi — m2 + m3) 

(m, + m2 — m3) < 0. (IT) 

Autrement dit le module de tout m^ doit 
etre compris entre les modules de la somme 
et de la difference des deux autres mj. 

De plus nous voyons (que les cosinus 
tendent simultanement vers ± 1 ; /a structure 
‘en itoile’ peut done ivoluer de fagon continue 
vers une structure colineaire. 

Condition B: II faut que I’energie magndti- 
que d’une telle configuration soit inferieure 
a I’energie magnetique correspondant a une 
structure colineaire (fcrro-ou ferrimagnetique). 

Nous avons cinq configurations possibles 
appelees respectivement F, N^, N^, N 3 
(Fig. 2). L’energie de chacune des ces con- 
figurations se calcule ais6ment a partir de 
I’expression (5). Nous avons: 

E* = 2 + +m3^)-K ( 12 ) 


E col. = — (ut/nitTii -h UgUigma 

+ U3m3mi)—K (13) 

avec 

K = i(6Mi* -I- cM** -f CMj*) 

Uj, «3 repr6sentent respectivement la 
valeur limite (± 1) des cosinus de 6, 6-h t/f et «(<. 
Nous avons done pour une structure du type: 


F 

"1 = "2 = «3 = 

+ 1 


II 

c? 

11 

1 

Ml = 1 

N 2 

Ml = «3 = — 1 

M 2 = 1 

Ns 

Ml = M 2 = — 1 

Ms = 1 


La difference {F* — F col.) = {E* — E col.) 
se presente toujours sous la forme du produit 
du carre d’une function lineaire de m^ mj, 
m3 par le facteur \l2afiy. Elle est done du 
signe du produit afty. 

La condition B sera oepy < 0. Done si le 
produit aPy est negatif (condition B) et si 
cos 9 et cos \fj existent (condition .<4) la struc- 
ture ‘en etoile' presente I’energie la plus basse. 
Ceci confirme le resultat deja trouve avec 
les structures Yafet et Kittel et les structures 
en helice a savoir; si une structure non 
colineaire existe et si les interactions sont 
antiferromagn6tiques, la structure non 
colineaire est la plus stable. 

(2) Structure coliniaire (dans le cas apy < 
0). Si le produit apy est ndgatif, maJs que la 
condition A n’est pas satisfaite, nous aurons 
une structure colineaire. II est ais^ k partir 
de la formule (13) de determiner la structure 
stable. 

(3) Le Tableau 1 resume la discussion dans 
le cas aPy < 0. Dans chaque combinaison 
possible des signes de a,p,y, le tableau 
indique les signes des quatre expressions 
de la forme (m, -I- mj -I- m3 ) . . . (in6galit6 11') 
quand la structure est du type ‘en Etoile’; 
quand la structure est colin^re, trois de 
ces quatre expressions gardent la mdme signe 
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que dans ie cas de la structure ‘en etoile’ 
la 4eine change de signe; cette demiere est 
indiquee dans la 2eme colonne et son signe 
dans tes coJonnes suivantes. Endn certaines 
structures ne sont jamais stables: la case 
correspondante est vide. 


Tableau 1 



Signe des 
constantes 

a.p.y 

«. /9.7 

a./3,-y 
+ - + 

a.^.y 
+ + - 

E 

m,+m2 + nta 

+ 

~ 

- 

— 


mi rrii'-mA 

— 

+ 

— 



— m, +Ws — /Mj 

— 

— 

+ 

— 


— ffii — mj-l-Wri 

— 

— 

— 

+ 

F 



+ 

+ 

+ 


m, — /n 2 — /W 3 

+ 


4- 

+ 

N, 

— Wi + Wi — ZWa 

+ 

+ 



N, 

— mj — /nj + m.T 

+ 

+ 

+ 



(4) Quand afiy est positif nous avons une 
structure colineaire dont le type se determine 
sans difhculte. 

Remarque 

L’^tat stable doit correspondre a une con- 
figuration magnetique dont les moments sont 
non seulement paralleles (extremum de 
r^nergie) au champ moleculaire, mais de 
meme sens (minimum de I’energie). Nous 
dcrivons cette condition pour hj (equation 
(1)) dans le cas d’une structure ‘en etoile’. 

h, = SMi-l-yMa + ^SMa; 

la valeur algebrique de hi comptee sur Mj 
positif est: 

hi = SMi + yMi cos (/(-f-yffiV/g cos (6+ip) 
hi = 8Mt+^(-mi) = (8-^) Ml. (14) 

L’etat stable correspond done, dans le 
cas d’une structure ‘en etoile’ (afiy < 0), a: 



0 et de meme, 



> 0 , 

> 0 . 


(15) 


11 peut exister une interaction antiferro- 
magn6tique k I'interieur d’un sous-rdseau, 
mais il faut qu’elle soit assez faible, sinon la 
repartition en sous-reseaux que nous avons 
supposee au depart ne serait pas coirecte. 

Nous limiterons done notre etude par les 
trois conditions (15). 

3. Valeur de I’aimantation 

(1) Cas d’une structure ‘en itoile' (Fig. 3). 
Si nous avons une structure ‘en 6toile’, 
I’aimantation spontanee est donnde par la 
formule: 

/ = + Mg® -t- 2 M1M2 cos ip 

+ cos S + 2M3M, cos (fl + 1|/) ] { 16) 

Nous voyons que pour un systeme d’ions 
magnetiques donnes I’aimantation peut 
prendre des valeurs tres differentes suivant 
la valeur des angles 6 et i/j. Notamment ces 
valeurs peuvent devenir tres faibles par 
rapport a celles qui seraient obtenues avec 
une structure colineaire pour le meme systeme 
d’ions magnetiques. 

Cette aimantation est evidemment dans le 
plan des moments magnetiques. Sa direction 
depend des difFerents parametres (constantes 
de champ, valeur des pins . . .). Sauf cas 



Fig. 3. Schema de la structure ‘en etoile'. 
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particuliers, eHe ne sera alignde avec aucun 
des moments. L’angle que fait cette aimanta- 
tion avec Tun des moments du motif, par 
exemple fij est donne par la formule: 


— M2sini//+Mssin 
^ A/i + Mj cos i/f+Ma cos (i/i+ fl) ' 


Mt = + + aA#s|j 

(23) 

A/3 = |«2 '^A/i + «, oAf 3 + CA/sl]. 

(24) 


(2) Cas d’une structure coliniaire (Fig. 2). 
L’aimantation, qui evidemment est alignde 
avec les moments, a la valeur bien connue 
qui pent s’ecrire: 

/ = |miMi -H WjA/j + W3A/3I ( 18 ) 

B. EVOLUTION EN FONCTION DE LA 
TEMPERATURE D’UNE STRUCTURE 
MAGNETIQUE EN “ETOILE’ 

Nous avons defini les conditions de stabilite 
d'une structure 'en etoile’. Nous supposons 
maintenant qu'une telle structure est stable 
a 0°K dans un corps donne. Nous allons 
6tudier r6volution de cette structure avec 
la temperature. 

1. Lois de variation des aimantations des 
sous~reseaux en fonction de T 
En remplacant dans Tequation (8), ht par 
son expression en fonction des M, (equations 
(1-14)) nous obtenons: 

dans le cas d’une structure ‘en etoile’ 

= (19) 

= (20) 

M, = ^30 - ^)] (21 ) 

dans le cas d’une structure alignee 

( 22 ) 


Ainsi dans le cas d’une structure alignie la 
valeur de I’aimantation d’un sous-riseau 
depend des valeurs des aimantations des 
deux autres sous-reseaux. Par contre dans 
le cas d’une structure ‘en itoile’ les aimanta- 
tions des sous-reseaux varient independam- 
ment les unes des autres. 

Nous tirons de cette dernifere propri6t6 
deux consequences; I’aimantation M\iT) 
d’un sous-r6seau est toujours decroissante 
quand la temperature croit, a chaque sous- 
reseau correspond une temperature de Curie: 


T 1 = *^1+ ^ ^0 
^ " 37, ^k 



(25) 


Quand T croit et se rapproche de la plus 
petite temperature de Curie Tc\ I’aimantation 
d’un des sous-reseaux devient suffisamment 
petite pour que les expressions des cosinus 
6 ct Ip deviennent egales en module a I’unite 
(equations (9) ou (10)). La structure en etoile 
devient alors colineaire. Nous appelerons 
Ti la temperature a laquelle ce changement de 
phase magnetique a lieu. Nous avons obliga- 
toirement 0 < Ti < T^, ou est la tem- 
perature de Curie du corps. A 7 = 7„ les 
trois sous-reseaux pr6sentent une aimantation 
non nulle. 

2. Variation des aimantations des sous- 
resaux d.T = T\ 

A T =Ti la structure ‘en etoile’ devient 
colineaire. 11 y a continuity des aimantations 
MiiT), hj etant le meme a cette tempyrature, 
que Ton se place dans la phase ‘en etoile’ 
ou dans la phase colineaire. Mais la loi de 
variation de Taimantation Mi{T) change: 
I’aimantation peut decroitre plus vite apr^s 
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r, qu’avant (nous appellerons ce cas le 
‘ler cas') ou au contraire moins vite aprfes 
Ti qu’avant Jj (nous disons le ‘2feme cas’) 
(Fig. 4). Nous allons determiner comment 
varie I’aimantation de chacun des sous- 
rdseaux. 





ac 



0 


LI 


T| 

Cal 



Fig. 4. Les deux types possibles de variation en fonction 
de la temperature de Taimantation reduite d’un sous- 
reseau d’une structure ‘en etoile’. 


(5-j8y/a)>0, (€-aylfi)>0 et (C-afity) 
> 0, les ddnominateurs des rapports figurant 
au second membre des equations (26-28) 
sont toujours positifs. 

Les signes des numerateurs de ces rapports 
nous renseignent done directement sur la 
forme des courbes d’aimantations Mi(T). 
Ces numerateurs peuvent s’ecrire: 


(wii + Wsmj + Mzma) (29) 
(wami + mz + Mimg) (30) 
y ^ (uzmi + Mi/nz + ma). (31) 


Appelons Pt la pente de la courbe Mi{T) 
k T = Ti d\x cote des basses temperatures et 
P'i Celle du cote des hautes temperatures. II 
est possible de calculer des rapports P'llPt. 
Nous obtenons: 

- {fiyPi + UaayPi + UiafiPa)!^ 

' 

(26) 


Dans le cas d’une structure colineaire 
donnee m,, « 2 , Wa sont tels (Paragr. A-2) 
que les trois expressions entre parentheses 
sont identiques au signe pres, Ces expressions 
changent de signe a 7= T,. Ce signe est 
donne au paragr. A (Tableau 1). Le signe des 
derivees par rapport a la temperature de ces 
expressions a T = 7, est done parfaitement 
connu. Par suite nous pouvons construire 
le Tableau 2 qui donne, en fonction du signe 
des constantes de champ et du type de 


Df i ("a-yjSPi + ayPz + Mj a^SPg) 7, 
1 _i_a = e ^ 

P2 




(27) 


1 


- (u^yfi Pi + Ujay Pa-hafi Pa) Tj 

= l 

Pb 




(28) 


Oil D est une quantite toujours positive 
dependant des constantes de champs des 
aunantations et des derivees Pj{7i). 

La courbe A/j(7) sera du type ‘ler cas’ si 
1 —/*,'//*< < 0 et du type ‘2eme cas’ si 1 — P,7 
Pi>0. 

Avee les hypotheses fsutes; a^y < 0, 


Tableau 2 



a /3 y 
+ - + 

a P y 
+ + - 

a p y 
- + + 

a p y 


cas 

cas 

cas 

cas 

F M, 

2 

2 

1 


Af, 

1 

2 

2 



2 

1 

2 


N, M, 

2 

2 


1 

Mx 

2 

1 


2 


1 

2 


2 

Nt M, 


1 

2 

2 

Mx 


2 

2 

J 

Af, 


2 

1 

2 

/V, A#. 

1 


2 

2 

Mi 

2 


1 

2 

Mi 

2 


2 

1 
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Structure colin6aire vers lequel ^volue la 
structure *en 6toiIe\ la forme des courbes 
MtiT) kT=Ti. 

La lecture du Tableau 2 montre que, 
quelque soil le cas envisage, I’aimantation 
d’un sous-rdseau ddcroit plus vite quand la 
structure est devenue coliniaire (‘ler cas’) 
et deux aimantations de sous-reseaux 
decroissent moins vite (‘2eme cas’). Quand 
a, /3 et y sont n6gatifs I’aimantation qui 
decroU plus vite dans la phase colineaire 
correspond au sous-r^seau dont I'aimantation 
est opposee a celle des deux autres. 

Parmi les 2 sous-reseaux dont les aimanta- 
tions obeissent a la loi du type 2, on remarque 
que I’aimantation de Tun d’entre eux peut 
croitre a T > T^. II n’est pas possible de 
demontrer algebriquement cette propriet6, 
mais par contre il est possible de montrer 
que seule une des deux aimantations peut 
croitre. En effet les conditions necessaires 
pour que les aimantations des deux sous- 
reseaux croissent simultanement avec T 
s’excluent. 

En resume on peut dire: 

(1) Quand T < T, , I’aimantation de chaque 
sous-reseau d^croit avec T. 

(2) On passe de faQon continue d’une struc- 
ture ‘en etoile’ a une structure colineaire 
aT= r,. 

(3) A cette temperature I'aimantation d’un 
des trois sous-reseaux decroit plus 
vite au-del& de Tj qu’avant Tj. 

(4) L’aimantation des deux autres sous- 
reseaux decroit moins vite au-dela de 
Tj qu’avant T,. 

(5) L’une des deux demieres aimantations 
peut etre alors une function croissante 
de la temperature, mais pas les deux. 

3. Mise en evidence de differentes formes de 
courbes par le calcul numerique 

A partir de valeurs de constantes de champ 
moleculaire, que nous nous donnons, nous 
avons calculi les fonctions Afj(J), I{T), 
B{T), (p(T) pour montrer la diversity 


d’allure des courbes representatives qu’il 
est possible de rencontrer. Les calculs ont 
ete faits avec un ord^pateur IBM 70S>4. 

' Nous avons calcul6 les fonctions pour 
tous les signes possibles de a, /3, y(<x/9y < 0). 
Nous retrOuvons toujours les memes types. 
Nous ne presenterons done que des courbes 
correspondantes ^ a, / 3 , y, tous trois negatifs, 
et du mSme ordre de grandeur (si t’une des 
constantes est tr^s petite ou tr^s grande par 
rapport aux autres, la temperature Tj est 
proche de 0°K et il n’est pas possible 
d’examiner la forme de la courbe). 

Nous avons pris les constantes 6, e, C, soit 
nulles, soit positives, plus rarement negatives 
(les conditions (8 — ay IP) >0... 6tant res- 
pect^es). 

En general pour simplifier nous avons 
pose: fijo = p^o — P-a» — 4aib, sauf dans quel- 
ques cas ou nous avons pris /liiq = p^o = 4p,B 
Pao = 2ps (avec les valeurs de J correspon- 
dantes). 

Parmi toutes les courbes calculus nous 
n’avons garde que celles qui pr6sentaient 
quelques particularites. Le Tableau 3 donne 
les valeurs des differentes constantes cor- 
respondant aux courbes publi6es (dans les 
calculs seuls les rapports des constantes de 
champ intervenant, p est pris arbitrairement 
egal a —1). II indique de plus les valeurs des 
quantites 




i \jt2 . 

A V 

’ aj 

1 Aa JO, 


' b) 

1 A/|o; 


aB\ 

Aflo- 

A (« 

-f) 


Nous savons que les temperatures de Curie 
des trois sous-r6seaux de la structure ‘en 
6toile’ sont respectivement proportionnelles 
aA,B,C. 

Toutes les courbes que nous avons cal- 
culus v^rifient le r^sultat obtenu pr^cedem- 
ment concemant la variation de Mi{T) ^ 
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Figs. 

5 

Courbes 

a p y 

S 

€ 

C 

IMo 

fi-B 


T * 


Structure 

A 

B 

C 

Ti<T <Tc 

(a) 

I 

1 

p 

06 

00 

0 

0 

0 

4.4.4 

0,65 

1.19 

1,53 

N, 

(b) 

11 

-0,92 -1 -1,14 

0 

1,88 

0 

4.4.4 

1.24 

2,93 

0,80 

N, 

(c) 

III 

-0,78 -1 -1,03 

0 

0 

0 

4,4.2 

1,32 

0,80 

0,25 

Nx 

(d) 

IV 

-1,29-1 -0,94 

1,73 

-0,12 

-0,68 

4,4.2 

2,46 

1,04 

0.23 

N, 

(e) 

V 

-0,78 -1 -1,33 

0 

3 

1.7 

4.4.4 

1.7 

4,04 

2,29 

N, 

(f) 

VI 

-1,05 -1 -1,12 

0 

2,3 

1,9 

4.4,4 

1,07 

3,48 

2,84 

JVx 


T =Tx'. deux aimantations de sous-reseaux 
decroissent moins vite avec T au-dela de 
7i qu’avant 7,. 

Sur la Fig. 5(a) nous avons prolonge la 
premiere partie de la courbe (equations 
(19-21)) jusqu’a 7^', pour mettre en evidence 
cette propriete. 

La courbe II (Fig. 5(b)) montre qu’avec 
des valeurs de constantes de champ physique- 
ment raisonnables, I’aimantation d'un sous- 
reseau peut crditre d. T{Ti < T < Tr). 
Nous savons qu’un seui des trois sous- 
reseaux peut presenter cette propriete. 

Les variations des angles 6, ^ et <p cor- 
respondant a ces deux cas, representent assez 


bien le type de variation que nous avons 
trouve pour I’ensemble des courbes calculees: 
variation assez lente de ^ et i// en fonction de 
7 (avec ou non changement de sens de varia- 
tion) puis variation beaucoup plus rapide. 

L’ensemble des Figs 5(a-f) montrent la 
diversite d’allure des courbes d’aimantation 
7(7) du corps. Nous observons dans la 
phase ‘en etoile’ (0 < 7 < 7,) 

7(7) toujours decroissante (Figs. 5(a-d)) 

7(7) toujours croissante (Fig. 5(f)) 

7(7) croissante puis decroissante (Fig. 5(e)). 

Dans la phase colin^aire les courbes I{T 
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h 

a •-1,05 j9*-l 
8-0 f.2,3 

MP-Vb 


Fig. 5(f). 


r-U2 

{•1,9 


Fig. 5. Variation en fonction de la temperature r^duite des aimantations r6duites 
des sous-reseaux, de I'aimantation du corps et des angles que forment entre elles 
les aimantations des sous-reseaux. 


peuvent avoir les formes les plus diverses 
presentant ou non un minimum ou un point 
de compensation; I{T) peut croitre ou 
decroitre tres rapidement quand la tempera- 
ture croit. 

CONCLUSION 

Nous avons mis en evidence I’existence 
d’une structure ‘en etoile’ dans le cas d’un 
corps ou existent trois interactions difFerentes 
entre ions magnetiques. Cette structure 
devient colineaire a une temperature T < Tc. 
Nous avons etudie les variations de I'aimanta- 
tion des trois sous-reseaux en fonction de la 
temperature et donne quelques courbes 
types. 


Dans un prochain article [ 4 ] nous mon- 
trerons, par des mesures de diffraction de 
neutrons, que ce type de structure existe 
effect! vement dans MiMn204 et suit bien 
revolution thermique pr 6 vue par la theorie. 
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TECHNICAL NOTES 


Knight shift measurements in liquid alloys of 
Aly Cu and Mn 

(Received 5 March 1969; in revised form 7 May 1969) 

The purpose of this paper is to give a brief 
preliminary report of measurements of 
Knight shift changes in liquid Al-Cu alloys 
doped with Mn, currently in progress in our 
laboratory. When dissolved in pure Cu, Mn 
impurity atoms possess a localized magnetic 
moment [1] while in Al, by the same criteria, 
they do not [2]. By alloying Al and Cu it be- 
comes possible, in effect, to investigate the 
influence of variations of the Fermi energy of 
the matrix on the formation of localized 
moments. Similar experiments have been 
carried out previously in solid alloys[3], but 
metallurgical considerations drastically limit 
the possible variations in the composition of 
the matrix. In the liquid state no such prob- 
lems arise, Al and Cu being miscible in all 
proportions, and it is possible to study the 
magnetic behavior of transition metal im- 
purities in a matrix of any desired composi- 
tion. Recent work with liquid alloys has shown 
that the properties of the impurity state are 
not strongly dependent upon the state of the 
matrix in which the impurity is dissolved 
[l,4(a)]. Thus, general conclusions about the 
impurity state based on work with liquid metal 
systems should be pertinant to solid alloys as 
well. It is perhaps the possibility of obtaining 
a better understanding of certain solid state 
phenomena that provides the major incentive 
for research on liquid metals. 

The alloys used for the measurements 
described below were prepared by melting 
the constitutents in capped purified alumina 
crucibles under an atmosphere of purified 
argon. Magnetic susceptibility measurements 


on these same alloys have been previously 
reported [5]. The apparatus used for the NMR 
work is essentially that described by Odle 
and Flynn [4(b)]. 

We have measured the change in Knight 
shift of the ^^Al nucleus as a function of tem- 
perature in liquid Al, relative to that at the 
melting point. The change was observed to be 
small, 0 ()032%/°C over the temperature range 
660“ to 11(X)“C. If we set the Knight shift of 
the ^^Al nucleus in pure liquid Al near the 
melting point equal to 0164 per cent, the 
value obtained by Knight, Berger and 
Heine [6], the data is closely represented by 
the line shown in Fig. 1 . 

The temperature dependence of the Knight 
shift of the same nucleus in liquid Al^oCuso, 
AUCU40, and Al,oCu«, has been determined 
relative to pure liquid Al at the same tem- 
perature. Use of the value 0164 per cent for 
the Knight shift of ®^A1 in pure liquid Al per- 
mits the determination of the fractional 
shift, relative to a non-conducting reference 
compound, of the ^’Al resonance in the 
liquid binary alloys at the temperature of the 
measurement. This fractional shift is denoted 
by the symbol and the results of our 
experiments are presented in Fig. 1. We em- 
phasize that the values shown there represent 
a fractional shift relative to a suitable refer- 
ence compound, and not a shift relative to 
pure liquid Al. As is clear from this diagram, 
increasing the Cu content of the alloys re- 
sults in amonotonic decrease in the fractional 
shift of the Al nuclear resonance. 

Measurements were also carried out on 
alloys of the same composition, containing 
sufficiently small quantities (2 at. %) of Mn to 
preclude the appearance of any indication of 
magnetic coupling between the Mn atoms. 
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Fig. 1. The temperature dependence of the fractionaJ frequency shift of the NMR 
line in pure Al and in binary alloys of AI and Cu. 



Fig. 2. The temperature dependence of the fractional change in Knight shift of the ’'At 
NMR line in binary alloys of Al and Cu doped with 2 at.% Mn. 


where K' is the fractional shift of the 

a 

nucleus in the doped alloy. 

In the one-electron approxintation the 
relative change in Knight shift due to an 
atomic fraction c of magnetic impurities in 
a liquid metal, is given [1] by ^e rather 


The results of these measurements are re- 
ported in Fig. 2. There, the numbers given are 
calculated from the equation 


AK_ K„-K, 
K K„ 


( 1 ) 
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Fig. 3. Reciprocal of the fractional change in the Knight shift 
versus temperature for Mn impurities in binary alloys of Al and 
Cu. AK/K is scaled to unity at 1 100°C for purposes of comparison. 


cumbersome expression 

P 1 BK {n-\-2)Ep 

k' Be 3kB(T-e)p(kf)kf^ 

I Jt*p(A)cU:{/ 4 z[sin^T 7 \ (k) — sin^rj i (^)] 

J 0 

+ 52[sin2T7 1 (A) — sin2T7i, (A:)]} (2) 

where 

A2 = 5 [ tn2*(/cr) —J2^(kr)] d(r)dr 

Jo 

fl2 = -5 r n2(kr)j2(kr)d(r) dr. 

Jo 

Here Ef is the Fermi energy of the alloy, n is 
the difference in occupation of the spin-up and 
spin-down sub-bands, kg is Boltzmann's 
constant, 6 is the Curie temperature of the 
alloy, p(k) is the density of electrons at the 
nuclear-sites with wave vector k, rtzikr) and 
j 2 (kr) are, respectively, the spherical 
Neumann and Bessel functions of order, 2, 
710) are the wave phase shifts for the two 
spin sub-bands, and d(r) is the radial distribu- 
tion function appropriate to the matrix. In view 
of the complexity of this equation and the un- 


known or diificuit-to-estimate parameters re- 
quired, we have for the time being made no 
attempt to compute numerical values for F. 
Rather, we make use of this expression to 
provide a criterion for the presence or absence 
of a localized magnetic moment, i.e. in the 
event that I/F is linear in T over the available 
temperature range, the impurities are assumed 
to possess a local moment, otherwise not. 

In Fig. 3 we plot 



vs. temperature for the alloys containing 
40 at.% and 60 at.% Cu. The two sets of data 
have been arbitrarily normalized to unity at 
1100°C and cluster quite closely about a 
straight line. 

The data for the alloys containg 20 at.% 
Cu cannot be fitted to this graph, nor can the 
data for a 20 at.% Cu alloy doped with Fe. 

According to the criterion given above, a 
substantial localized magnetic moment devel- 
ops on the Mn atoms in the concentration 
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range 20 at.% Cu to 40 at.%. The transition 
from the non-magnetic to the magnetic state 
is rather abrupt, the magnitude of the Knight 
shift change and local moment varying only 
slowly for concentrations of Cu greater than 
40 at.%. 

Friedel [7, 8] has given a rough criterion for 
the formation of a localized magnetic moment 
which can be applied to the alloys investigated 
here. He finds that an impurity should possess 
a local moment if 

(3) 

where p is the number of unpaired atomic 
spins, A£ is the average difference in energy 
between two atomic d-electrons with spins 
parallel and anti-parallel, and IV ~ 1/3 is 
the width of the virtual bound d level. 

For Mn, p = 5 and AE is estimated from 
atomic data to be about 0-8 eV for all 3- 
d-transition-metals from Sc to Ni. Using these 
numerical values and estimates of the Fermi 
energy of the Al-Cu alloys. Friedel’s criterion 
suggests that the onset of a magnetic moment 
should occur in the vicinity of 40 at.% Cu, as 
is indeed observed. 

Schrieffer[9J has suggested that it may be 
possible to interpret the behavior of these 
alloys in terms of a very high Kondo tempera- 
ture, which, in the case of the non-magnetic 
alloys would exceed the temperature at which 
the measurements are performed. In this case 
a quasi-bound state is formed between the 
impurity spin and the average spin of the con- 
duction electrons in the neighborhood of the 
impurity so that the net spin of the complex 
vanishes. In the transition region (between 
20 at.% Cu and 40 at.% Cu for the alloys 
studied here) the Kondo temperature would be 
of approximately the same magnitude as the 
temperature at which the experiments are 
performed, i.e. ~ 1000“C. However, a detailed 
elucidation of any relationship between the 
results reported here and the Kondo effect in 
the same alloys awaits theoretical clarification 
and more experimental data. At the present 


time we are extending our measurements to 
alloys with concentrations between 20 at% Cu 
and 40 at.% Cu, as well as to binary alloys of 
Al and Cu containing transition metal im- 
purities other than Mn. 
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Dislocation pits in o-silicon carbide by heating 

[Received 22 January 1969; in revised form 6 May 1969) 

Well-defined pits at the sites of dislocations 
in a-silicon carbide could be produced chemi- 
cally [I -4] so far only on the (0001 ) plane i.e. 
the A face as a consequence of the polar 
structure of the crystal. The authors [5], how- 




Fig. 1. General etch pattern produced on a habit 
{0001} face by heating in the carbon arc (x 262-5). 




Fig. 2(a). Fig. 2(b). 

Figs. 2(a,b). Etch patterns produced on a pair of matched {00001 } cleavage by heating (X 122-5). 



Fig. 3(a). The etch patterns on a (0001) face by heating 
(X 122-5), 


Fig. 3(b). The patterns produced on the comple- 
mentary (000 1 ) face of Fig. 5 (a) by etching in Na^Oj at 
480°C (X 122-5). 


{Facing page 2482] 
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ever, could produce well-defined hexagonal 
pits on both the {0001} planes by etching 
them in controlled conditions in a mixture of 
molten KaCOa + NajCO, (1:3)11] at 920“C 
for Hmin and in molten NaOH[3] at 650‘‘C. 

SiC has no congruent melting point [6, 7] 
and oxidation takes place readily at 1700°C 
[8]. Volatile oxides of Si are formed at this 
temperature [9] and Faust [3] suggests that 
volatile SiO and CO should constitute an 
etch for SiC. It was, therefore, considered 
that if SiC crystals are heated to a tempera- 
ture of the order of 2000‘’C etching might 
take place. Savitskii et a/. [10] have reported 
the effects of thermovacuum etching on 
chemically etched yt faces of SiC. 

For etching, SiC crystals were heated to the 
required temperature in a carbon arc for 30 to 
45 sec, keeping the crystals in a cavity drilled 
in one of the carbon rods. Thus the carbon 
electrode functioned as a furnace. The crys- 
tals were kept sufficiently below the flame 
with the faces to be etched away from it to 
avoid the formation of a carbon coating over 
the faces. The accurate measurement of the 
temperature at which the thermal etching took 
place was not, however, possible. 

Figure 1 shows the etch patterns on a habit 
{0001 } face of SiC, produced by this method. 
It is similar to the usual chemically etched 
figures, with randomly distributed hexagonal 
point bottomed pits with sides parallel to 
(1120) directions. The results obtained on the 
fractured basal cleavages were similar to those 
in Fig. 1. 

To determine whether the pits produced by 
this technique, j)riginate at the sites of dis- 
locations {0001} matched cleavages were 
simultanously etched in the arc as shown in 
Figs. 2(a) and 2(b). The pits have a perfect 
correspondence in number, position and orien- 
tation on the two complementary cleavages, 
though the cleavage lines have moved due to 
preferential etching. Notice the indistinguish- 
ability of the (OOOT) face from the (0001) face. 
The formation of pits at the sites of disloca- 
tions was confirmed by etching one part of a 


cleavage thermally and the counterpart 
chemically in molten Nac02. The exact corres- 
pondence of pits are, shown in Figs. 3(a) and 
3(b) respectively. 

The results shown in Figs 1-3 suggest that 
the pits are formed at the sites of dislocations. 

Unlike in the chemical etching the thermal 
attack on (0001) and (0001) faces appears to 
be similar, and this gives an advantage to 
thermal method over chemical etching. 
Though the mode of evaporation in thermal 
etching is not understood, it can be considered 
that SiC dissociates into Si and C atoms with a 
rich Si vapor. Both Si and C react with oxygen 
at high temperatures to form volatile SiO and 
CO. A balance between the amount of rich 
SiO and less CO will be obtained from the 
production of CO from the burning of carbon 
rods. These volatile oxides in balance attack 
the /t layer with Si on top[l 1] and the B layer 
with C on top similarly. This process of etch- 
ing appears to be different from the chemical 
etching where SiC molecules are removed as 
single units enabling each face to keep its own 
identity. Here also an /f face will end up as an 
y4 face after thermal etching because as soon 
as Si is dissociated from the surface the C 
atom will also escape immediately since its 
bond is weakened. The process is two stage. 

This method can easily and successfully be 
applied to study the dislocation contents in 
other non-centrosymmetric crystals whose 
opposite faces chemically react differently. 
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X*ray detennination of the thermal expansion 
of calcium molybdate 

(Received 9 April 1969) 

INTRODUCTION 

In CONNECTION With a programme of X-ray 
investigations, undertaken to obtain detailed 
information on the temperature variation of 
the lattice parameters, the coefficients of 
thermal expansion and the position and 
thermal parameters of the atoms in the unit 
cell of some Scheelite (CaW04) type crystals, 
we have previously reported the results on 
the thermal expansion of KI04[1] and 
NaI04[2J. Results of a similar X-ray study 
on calcium molybdate (CaMo04) are being 
presented here. 

EXmUMENTAL AND RESULTS 
A synthetic single crystal of CaMo04 
obtained from Dr. W. S. Brower of the 
National Bureau of Standards, Washington, 
D.C. was crushed to fine powder form and 
filled in the specimen holder of the back 


reflection focussing Camera. X-ray powder 
pictures were obtained at eight different 
temperatures using CuK« radiation. The 
details of the experimental set up have been 
described earlier by Sirdeshmukh[3]. 

Unambiguous indexing of the powder lines 
was achieved with the help of the space group 
conditions and the fact that in these com- 
pounds the expansion along the c-axis is 
larger than that along the a-axis. Thirteen 
lines, (3,3, lO)^,^, (604)„„ (620)„,<^, (536)„,o,. 
(1,1. 14)^102, (634)„i,^, and (44S)ai„2 recorded 
in the back reflection region were used in 
evaluating the lattice parameters at different 
temperatures using Cohen’s [4] analytical 
method in combination with the error 
function, e^tanep. Independent measure- 
ments and calculations were made on each 
film and the average values obtained there- 
from, are given in Table 1. The standard 
errors calculated by the method of Jette and 
and Foote [5] are also tabulated. 


Tab/e 1. Values of the lattice 
parameters of CaMo04 at different 
temperatures 


Temp. 

("O 

a 

(A) 

c 

(A) 

33 

5 2266 ± 0 0001 

11 -4352 ± 0-0004 

75 

5-2292 ± 0 0001 

11 -4420 ±0-0004 

no 

5-2304 ± 0 0002 

11 -4483 ± 00005 

158 

5-2332 ± 0-0002 

11 -4577 ±0-0005 

215 

5-2358 ± 0-0002 

11 4668 ±0-0005 

265 

5 2385 ± 0 0003 

11 -4769 ±0-0009 

312 

5-2415 ± 0-0002 

11 -4893 ± 0-0007 

355 

5-2431 ±0-0001 

11 -4937 ± 0-0009 


The values of the principal coefficients of 
expansion at different temperatures were 
determined by the procedure suggested by 
Deshpande and Mudholkar[6] and the 
following expressions were obtained by the 
usual method of statistical treatment: 

a„ = 7-20 X 10-8 + J5.9^ X lO-^t 
-1-54X 
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and 

a,, = 1 M7 X 10-« H- 22-99 X 10“*/ 

+ 1614XlO-«/*. 

Here a„ and are the coefficients of expan- 
sion at t°C, parallel to the a and c axes res- 
pectively. The values calculated at different 
temperatures using the above expressions 
are shown in Fig. 1 along with the observed 
values. The mean coefficients of expansion, 
over the range 30°-350‘’C, were found to be 
Ota = 10- 13 X 10-«rc and = 16-54 x l(r«/“C. 



Fig. 1. Temperature variation of the coefficients of 
thermal expansion of calcium molybdate. 


DISCUSSION 

The values of the lattice parameters of 
CaMo 04 obtained at room temperature in 
the present study, are compared in Table 2 
with those available in literature. 

There is good agreement between the values 
obtained in the present investigation and those 
reported by Swanson et a/. [9]. The values of 
the expansion coefficients are also in good 
accord with those of Brower [10], who reports 
eta = 10-71 X lO-TC and = 16-17 x IQ-^rC 
in the range 30°-350°C as obtained by an 
interferometric method. 


Table 2. Comparison of the 
lattice parameters of C^o 04 
at room temperature 


' i 

Authors 

a 

c 

'■ 

(A) 

(A) 

Vegard[7] 

5-23 

11-44 

Sillen and NylanderlS] 

5-213 

11-426 

Swanson et a/.[9] 

5-226 

11-43 

Present study 

5-2266 

11-4352 


A comparison of the principal coefficients 
of expansion at for a few crystals having 
the Scheelite structure, is made in Table 3. 

Table 3. Thermal expan- 
sion coefficients of a few 
Scheelite type crystals 
at 30°C 


Substance 

a„X 10* 

«cX 10® 

KIOJl] 

25-35 

56-62 

NalO^ [2] 

38- 17 

54-87 

CaW04 [ll] 

6-35 

12-38 

SrWO,[12] 

5-86 

13-21 

BaW04ll31 

4-43 

18-35 

CdMoO«[ll] 

6-85 

15-13 

CaMo04 

7-67 

11-88 


It is seen that all these crystals exhibit same 
type of anisotropy. For any of these com- 
pounds, the value of the thermal expansion 
coefficient along the tetragonal axis, is larger 
than that along the a-axis and remains larger 
at all temperatures. However in the periodates, 
numerical values of the expansion coefficients 
and the rates of their temperature variation 
are higher than the corresponding quantities 
in the tungstates and the molybdates. That 
the melting points of the tungstates and the 
molybdates are much higher than those of 
periodates [14-1 7] is also a fact, worth a 
mention in this context. 

Structurally all these ABO4 type crystals 
belong to the space I 4ja of the tetragonal 
system. They are known to have a complex 
layer structure, the layers being perpendicular 
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to the c-axis [18]. Each layer has a two-dimen- 
sional CsCl type arrangement of and 
ions (/I = I or 2). Each ion is surroun- 
ded by eight ions of the other sign, four 
at the comers of a square, lying in the layers 
and the other four situated tetrahedrally 
around it. The reasoning given earlier by 
Deshpande et a/.[l,2] to explain the results 
of periodates, also holds good for calcium 
molybdate and other crystals of this group. 
The ionic interactions between any ion and 
the four ions of opposite sign lying in the same 
layer give rise to binding forces essentially 
along the layers and the interaction between 
this ion and the four ions of opposite sign 
situated at the corners of a tetrahedron provide 
binding forces with components along the 
layers as well as in perpendicular directions. 
It follows from this that the binding between 
neighbouring atoms in the layers of the lattice 
is stronger than that along the c-axis and so 
the coefficients of expansion along the a-axis 
can be expected to be smaller than that along 
the c-axis. 
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Coloration of LIF produced by 3-0 MeV 
^Ar ions 

[Received 2% March 1969) 


Extensive studies have established that the 
exposure of alkali halide crystals to ionizing 
radiation results in the production of color 
center bands. These studies have been re- 
stricted for the most part to irradiations by u.v. 
rays. X-rays, gamma rays, electrons, protons 
and neutrons. Little information has been 
reported, however, as to the color center 
bands produced by energetic massive ions. 
Since the penetration depth of the massive 
ions is quite small it is possible to investigate 
color center, e.g. the F-center, concentrations 
in crystals which are otherwise too opaque for 
orffinary optical measurements. 

LiF was used in this investigation since 
preliminary coloration studies with various 
alkali halides exposed to energetic argon ions 
indicated that the damage was quite stable in 
LiF at room temperature. The dominant color 
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centers produced by ionizing radiation in LiF 
at room temperature have been identified as 
F and F-aggregate center bands[l] and the 
damage has been found to be independent of 
irradiation flux [2]. Thus the color centers 
produced by ionizing radiation in LiF could 
be used as a basis for comparison to the color 
centers produced by the 3 -0 Me V argon ions. 
The crystals* were first hardened by very 
brief exposure to Co*®(10®R) gamma rays to 
facilitate cleaving. Samples were then cleaved 
(~6x6ximm®) and annealed for several 
hours at 450°C to remove the damage induced 
by the gamma-ray irradiation. 

The NRL 5 MV Van de GraafF accelerator 
was used to produce the 3-0 Me V beam of 
“Ar ions. The ion beam was magneticialiy 
analyzed before striking the target and the 
beam current on target was measured and 
integrated in a Faraday cup arrangement 
which had a negatively biased guard ring 
located at its entrance to suppress secondary 
electrons. Tests were made for the presence 
of a neutral beam component which would 
produce damage in the target but not be 
measured as an electrical current. The neutral 
beam component introduced a correction of 
about 3 per cent to the dose delivered to the 
target. The beam spot (~ 25 mm*) was 
scanned electrostatically over an area some- 
what larger than the sample size in order to 
ensure uniform irradiation over the target. 
Slits were used to limit the beam scan to a 
well defined rectangular area which was 
leirger than the crystal samples which were 
irradiated. The area bombarded was measured 
and used together with the integrated beam 
charge in calculating the total number of ions 
per cm* incident on the sample. Irradiations 
consisted of repeated short runs with beam 
intensities of 6xlO“*A or less into target 
areas of approximately 1 cm*. The coloration 
produced was measured at room temperature 


*The samples were cleaved from a single block of LiF 
purchased from the Harshaw Chemical Co.. Cleveland, 
Ohio, U.S.A. 


with a Cary 14 optical spectroi^otameter 
several hours after irradiation. 

The F-center grp]ivth curve (plotted as F- 
centers/cm* v. incident ions/cm^) obtained 
from the 3'0MeV"Ar ion bombardment is 
shown in Fig. 1. In order to convert the opti- 
cal density measurements of the F band 
(247 nm) to F centers/cm*, Smakula's equa- 
tion [3, 4] was emi^oyed using an osdllator 
strength of unity and a half-width for the F 
band of 0*70 eV. The data are presented as a 
log-log plot since it covers several orders of 
magnitude in both parameters. The F-center 
growth curve shown in Fig. 1 is linear up to 
approximately 5 x lO*"* F centers/cm®. Farge 
et al.[5] have reported that a log-log plot 
of the F-center growth curve from X-ray 
irradiated LiF should have a slope of i. 
Extrapolation of the linear portion intersects 
the abscissa at 1 -7 X 10'* F centers/cm*. A 
linear F to ^/-center relationship is observed 
over the dose range examined. 

An estimate of the corresponding F-center 
concentration (F centers/cc) at which the 
growth curves begins to become nonlinear 
can be obtained by assuming uniform colora- 
tion within the damaged layer. Preliminary 
damage profile curves, obtained by etching, 
have indicated that deviations from uniform 
coloration are not large. The nuclear and 
electronic stopping powers of 3-0 MeV ^Ar 
in Li and F were calculated using the theory 
of Lindhard et a/. [6]. The projected range 
for 3-0 MeV *”Ar in LiF was calculated to be 
1-64/i,. Taking into account the penetration 
depth of the *®Ar yields an initial concentra- 
tion of negative ion vacancy sources for LiF 
crystals prehardened and annealed of about 
9*5 X 10'® F centers/cc, which is in range of 
the value usually observed. The F-center con- 
centration at which the growth curve becomes 
nonlinear is estimated to be 2*8x10'® F 
centers/cc. This nonlinear section occurs at a 
dose of about 2 x 10" ions/cm*. Saturation 
of the F-center concentration occurs at 
about 4*25 x 10'® F centers/cc. Pooley[7) has 
obtained a saturation for the F-center con- 
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Fig. 1. Log-log plot of the F-center growth curve in LiF produced by 3-0 McV *®Ar ion bombardment. 


centration in KCl subjected to 300 keV proton 
irradiation of about 0*8 x 10‘® F-centers/cc. 

For the linear portion of the growth curve 
an accurate determination of the number of F 
centers produced per incident ion can be 
obtained. It is found that 2600 F centers are 
created per ^Ar ion. Since each ion has an 
inci^nt energy of 3*0 MeV, an average 
energy of 1150 eV is expended per F center 
produced. This efficiency can be compared to 
values ranging from 850eV/F center to 3800 
eV/F center for irradiation of LiF at liquid- 
bdium temperature by 2-0 MeV electrons and 
X-rays of various energies [8]. The relative 
tna flwifiirif. of the efficiency for "Ar in the 
present study is consistent with the X-ray 
and dectron liquid-helium study in that for 


irradiations with high track ionization den- 
sities, the efficiency decreases as the ioniza- 
tion density increases. Such comparisons are 
not very meaningful, however, due to the 
differences in sample temperatures. 

In addition to the F band (247 nm) the 
absorption spectra produced by the ^Ar 
bombardment contained additional bands in 
the M-band (445 nm) region. In an effort to 
catalog the new color center bands the spectra 
produced was quantitatively resolved with a 
computer into individual Gaussian bands and 
compared to a similarly resolved spectrum 
obtained from a sample which had received 
gamma-ray irradiation. A general computer 
program designed to perform at least squares 
analysis for nonlinear functions [9] was 
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Fig. 2. Resolved spectrum of a LiF sample bombarded by 3-0 MeV "Ar ions with a dose of 
3-8 X 10'* ions/cm*. The data is represented by open circles, the resolved individual Gaussians 
by the broken lines, the fit by the solid line. The new bands are represented by the dash-dot 

curves. 


employed to decompose the optical absorp- 
tion spectrum into its component Gaussian 
bands. The program input consisted of (1) 
the data points, taken at intervals of 1 nm, 
from the continuous spectrum furnished 
by the Cary spectrophotometer, (2) initial 
guesses as to the Gaussians present, i.e. the 
number present, their height in optical den- 
sity, the positions of the band maxima, and the 
bandwidths at half maximum, and (3) which, 
if any, of the three parameters per Gaussian 
were to be held fixed. The spectrum of a 
gamma-ray (10^ R) irradiated crystal was 
analyzed by estimating the parameters of 
the six dominant F and F-aggregate color- 
center bands known to exist in gamma-ray 


irradiated LiF, i.e. the F, M, Ri, Rs, 
and bands. To analyze the spectra 

produced by the *®Ar ions the positions and 
bandwidths of the standard bands (R, M and 
Fs*^ bands) were held fixed and only their 
heights were allowed to vary. 

The fit for an ^®Ar {3-8x 10“ions/cm*) 
produced spectrum is shown in Fig. 2. The 
data are represented by open circles, the 
resolved individual Gaussians by broken 
lines, the fit by the solid curve, and the new 
bands by the dash-dot curves. The assign- 
ment of bands at 3*21, 2*97 and 2-22 eV, 
resulted in a particularly good fit to the data. 
It is assumed in this analysis that the rate of 
growth of these bands, as well as their cor- 
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responding half-widths, remains constant over 
the dose range studies. An enlarged view of 
both the known bands and the three new 
bands are shown in Fig. 3. 


WAVELENGTH (nm) 



Fig. 3. Enlargement of the M-band region shown in Fig. 2 
indicating the positions of the three new bands at 2-22, 
2-97 and 3-22 eV. 


Support for the assignment of the three 
bands unobserved in previous studies in the 
^Ar produced spectrum was sought by ex- 
tending the study to include other massive 
ions. LiF crystals were therefore bombarded 
with 3 0MeV *^Kr and 2 0MeV ‘“sxe ions. 
Preliminary spectra produced by these ions 
were then analyzed following the procedure 
used with the ‘“’Ar results. Similarity the 
spectra resulting from the '*^Kr and ‘*®Xe 
irradiations required three additional Gaus- 
sian bands in order to obtain a good ft. The 
poskkms and half-widths of the bands agreed 
<piite well, with one exception in ^Kr. 

In conclusion, we have found that in ad- 
dition to the known color centers created in 


LiF by irradiation with electromagnetic rays 
or light particles, bombardment by energetic 
massive ions produces additional damage. 
The centers created by 3-0 Me V ^Ar ions 
exhibit bands near 3-22, 2*97 and 2-22 eV. 
The "Ar produced F-center growth curve is 
linear up to approximately 2*8 X 10‘® F 
centers/cc. From the slope of the linear por- 
tion of the growth curve it is determined that 
2600 F centers are created per incident 
■“Ar ion, which yields an efficiency of 1150 
eV per F center. Saturation of the F-center 
concentration in LiF due to the 3-0 MeV ‘‘“Ar 
irradiation at room temperature occurs at 
approximately 4-25 X I0‘"/cc. 
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Stacking faults in GaAsi^fP^r alloys 

(Received 21 March 1969) 

The occurrence of stacking faults in epi- 
taxial semiconducting layers, notably Si, 
[1-3] has been widely reported and well 
described. Their presence in Ili-V com- 
pounds has also been reported [4, 5] but their 
characterization has been less complete than 
for Si. This correspondence reports the 
occurrence of intrinsic stacking faults in 
doped GaAs,_j.Pj. alloys. 

The epitaxial layers were grown by a vapor- 
phase technique [6] on damage-free GaAs 
substrates in the [100] direction. The growth 
rate was approximately 0-4 /la min~‘. Two 
general cases were examined: p-type GaAs, 
and n-type GaASi_j.Pj. The latter included a 
compositionally graded region between the 
substrate and constant composition layer. In 
all of the latter cases, the compositional 
gradient, (AC/AA'), was found to be a con- 
stant using electron beam microprobe 
analysis [7]. The doping was done directly 
from the vapor-phase during growth. Speci- 
ments obtained from these layers and 
thinned by ion bombardment [8] were 
examined by transmission electron micro- 
scopy in an RCA-EML)-3G electron 
microscope. 

For p-type GaAs, seven homoepitaxial 
Zn-doped GaAs layers were prepared on 
Te-doped substrates (n== 1-2x10’® cm“®), 
with 3 X 10’® « p ^ lx 10*® cm“®. Stacking 
faults were observed in only the most highly 
doped crystal for which p = 1 x 10*® cm“’. 
This crystal also contained precipitates, which 
were identified as ZngAsa by transmission 
electron diffraction. A complete account of 
precipitation in Zn-doped GaAs will be 
published separately. 

The experimental results for the n-type 
samples of GaAs,_^Px are presented in 


Table 1. The carrier concentration for all the 
doped samples in Table 1 equalled 1-2 X 10’® 
cm“®. It is seen that faults were observed only 
when the epitaxial lajfer was doped (samples 
2, 5, 7, and 9). Neither doping in the substrate 
(samples 1, 4, 6, and 8), the magnitude of 
(AC/AAf) (compare sample 7 and 8), nor the 
final composition of a constant composition 
layer could be correlated with the occurrence 
of faulting. 

We had previously observed [9] Ga^Ses 
precipitates in GaAs doped with Se to 
/I > 1 X 10’®cm~®. In all cases when stacking 
faults were observed, the dopant concen- 
trations for both Se and Zn were high enough 
for precipitates to have formed. Furthermore, 
the faults form continuously during growth 
since the faults had a wide distribution in 
length. Further, as shown above, they are not 
introduced from the substrate. This suggests 
that the faults might be nucleated at precipi- 
tate sites. If this is true, it is implied that 
reduction of the doping in the vapor-grown 
layers will reduce the probability of stacking 
fault intersections, and thus decrease the 
formation of stair-rod dislocations. This is of 
importance since stair-rod dislocations can be 
electrically active [10]. 

The faults were invariably intrinsic and 
were bounded by Shockley partial disloca- 
tions. A typical fault is shown in Fig. 1 for 
different diffraction conditions. By inspection 
of Figs. 1(a) and 1(b) the plane of the fault is 
determined as (TTl). Figure 1(a) was taken 
under two-beam bright-field conditions, 
using go22: J = 0[11], while Fig. 1(b). was 
taken in dark field using go^is = 0. From 
the fact that the two images are pseudo- 
complementary at the bottom foil surface [1 2], 
the fault plane can be specified with the aid 
of the diffraction pattern. The sense of the 
inclination of the fault plane was confirmed 
by additional dark-field experiments were 
s 0 using the techniques described by Bell 
and Thomas [13], Figures 1(e) and 1(f) were 
obtained in dark-field, using gay with 5 < 0 
and 5 > 0, respectively. Under these condi- 
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Table 1. Dependence of stacking fault occurrence on growth parameters of 
GaAsi-xPx alloys. S = substrate: G - compositionally graded layer; C — 

constant composition layer 


Sample 

Compositional 

gradient 

(% P/p.) 

Final 

composition 

(%P) 


Doping 

Specimen 

origin 

Stacking faults 
observed 

S 

G 

C 

G 

c 

1 

0 

0 

Te 


none 

C 


no 

2 

0 

0 

Te 


Se 

C 


yes 

3 

0-21 

20 

none 

none 


C 

no 


4 

115 

45 

Te 

none 

none 

G,C 

no 

no 

5 

1-57 

20 

Te 

none 

Se 

G,C 

no 

yes 

6 

1-74 

50 

Te 

none 

none 

G,C 

no 

no 

7 

314 

40 

Te 

Se 

Zn 

G 

yes 


8 

3-74 

50 

Si 

none 


G 

no 


9 

5-00 

100 

Te 

Se 

Se 

G.C 

yes 

yes 


lions, the image contrast is greatest at the top 
of the foil for ^ < 0, and greatest at the bottom 
of the foil for 5 > 0, It can be seen from either 
Figs. 1 (e) or 1 (f) that the sense of the inclina- 
tion of the fault agrees with that determined 
from Figs. 1 (a) and 1 (b). 

The nature of the fault was determined in 
the following way. With reference to the dark 
field image (j = 0) in Fig. 1(b). it is observed 
that if the origin of the operative reciprocal 
lattice vector, g^, is placed at the center of 
the fault, jfo 22 is directed away from the bright 
fringe. This is sufficient to indicate that the 
fault is intrinsic [14]. 

Since the stacking fault in Fig. 1 is intrinsic, 
its displacement vector — }[TTl]. The 

phase angle[15] a = iTrg.R = — 2 ttI3, which 
implies the edge fringes in the bright field 
image will be dark, as observed in Fig. 1(a). 
When a = 0 , there is no fringe contrast. This 
is shown in the bright field image of Fig. 1(c), 
where g = 022. 

Figures 1(a), 1(c) and 1(d) which show the 
bright field images of the fault for g^ 2 ', go 22 . 
and gcM, respectively, can be used to deter- 
mine the types of partial dislocations bounding 
the stacking fault. The invisibility criterion 
for partial dislocations is = 0 or ±i. It can 
be seen that both partials are out of contrast for 


and that they are both in contrast for 
fo 22 and go 4 o- Reference to Table 2, which 
shows g.h values for the partial dislocations 
which can lie in the (Til) plane of the fault, 

Table 2. Values of g.h for 
partial dislocations (foil 
normal [100] parallel to 
electron beam) 


b 




022 022 

040 

004 

i[112] 

4 

1 

-f 

4 

41121] 

-4 

1 

-4 

4 

4[2Tl] 

4 

0 

4 

4 

41111] 

-4 

0 

-4 

-4 


indicates that dislocations having Buyers 
vectors equal to (1/6) [112] and (1/6) [121] 
would be invisible for go^. Although which of 
the two partial dislocations is associated with 
which Burgers vector cannot be specified, 
it can be said that both partials are of the 
Shockley type and that neither is a Frank 
partial. A Frank partial (see Table 2, b = 
i[lil]) should be visible for ^o 3 *. but 
invisible for go 22 - 




Fig. 1. intrinsic stacking fault in Se-doped GaASi_,P,. 
(a) BF. #o! 2 . J = 0; (b) DF, gob. i = (c) BF, gob. 

j = 0; (d) BF. go*, s = 0; (e) DF. g*. j < 0; (f) DF, 
gol!' J > 0. BF = bright field; DF = dark field. 
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Some comments on *T)n the magnetic anisotropy 
and susceptibility of CoFjSHF, 6HzO and 
NiFi 5HF,6HzO”* 

(Received 4 March 1 969) 


The authors of the above paper, Dutta Roy 
and Ghosh (abbreviated as DR & G) report 
a phase transition in CoFjSHF.dHzO at 
246‘’K which is shown to be very similar 
to that observed in CoSiFe.bHzO by Majum- 


•DUTTA ROY S.K. and GHOSH B., J. Phys. Chem. 
Solids 29 , 1511 (1968). 


dar and Dattafl). The fluosiMcate belongs tb 
the txigonaJ system and is isomoitiJioiis (at 
the room temperature) with FeSiF^^bHzO 
the detailed structure of which was worked 
out by HainiJton(2] (cf, also the X-ray struc- 
ture of NiSnCl*»6H20 by Pauling[31). There 
is one Co(H20)8*''’ ion in the unit ceU wMch 
has trigonal symmetry, the symmetry axis 
coinciding with that of the crystal (referred 
to here as the c axis). 

The hydrofluorides reported by DR & G 
apparently have quite different chemical 
composition and detailed data on their chemi- 
cal preparation and analysis (or a reference to 
the relevant literature) seem very desirable. 
No X-ray data have been reported except 
that the crystal contains one molecule in die 
unit cell. Nothing has been stated about the 
space group or the cell dimensions. An octa- 
hedrally coordinated Co(HzO)6*'*‘ ion is 
assumed to be present in the crystal from the 
“presence of a strong absorption band at 
1 9,800 cm“^” in the optical spectrum, the 
justification for which is open to question. 
Even then, the structural similarity between 
this crystal and the fluosilicate is not suffi- 
ciently well established so that the assumed 
analogy in the magnetic and phase transition 
properties does not seem very meaningful. 

After the phase transition in CoSiFe.bHzO 
was first reported by Majumdar and Datta[l], 
Ray [4] of the same laboratory published 
preliminary X-ray data of this crystal at low 
OhtsubofS] reported the unpublished X-ray 
temperatures which indicated a monoclinic 
phase below the transition temperature, 
data of Watanabe and his group at Osaka 
University as showing that the low tempera- 
ture phase is “monoclinic or triclinic, with less 
possibility.” Ohtsubo assumed the presence 
of two kinds of CofHzOle*"'’ ions at low 
temperatures and proposed a “spin structure” 
in which the two ions are tilted in opposite 
directions, in order to explain his observed 
weakly ferromagnetic properties of the 
crystal at l^K. It appears, therefore, that the 
frequent reference by DR & G to “Watanabe’s 
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X-ray data" really refers to Ohtsubo’s spin 
structure. 

It was observed [1] that during the phase 
transition in CoSiF6,6H20 (a) the principal 
magnetic anisotropy, Xti~Xi (II 
reference to the c axis of the crystal) increases 
sharply; (b) an anisotropy appears in the plane 
normal to the c axis and (c) the colour of 
the crystal changes from pink to orange yellow, 
accompanied by changes in the optical spectra 
DR & G report similar changes in the hydro- 
fluoride (no spectral data are given except 
mentioning the position of the main band at 
room temperature) and proceed on the basis 
of the assumption that the two Co(H20)6^+ 
ions are tilted by an angle with respect to 
the c axis below the transition temperature. 
They have not considered an alternative 
possibility, namely that the clusters do not 
appreciably change in orientation but become 
distorted to a lower symmetry. Objections 
against DR & G’s assumption are the fol- 
lowing: (1) the changes in the optical spectra 
of the fluosilicate, especially the appearance 
of a new band at 19,000 cm~', indicate a 
change in the ligand field symmetry t; (2) the 
g-values for the Co®+ ion calculated from 
the susceptibility data[l, 5] and </> = 12°, as 
deduced by DR & G, would come out as 
^11 = 6-8 and g^ = 2-6 which are widely different 
from the values j?|| = 5-82 and g^ = 3-44 as 
reported by Bleaney and Ingram [6] from the 
e.s.r. measurements on the diluted crystal 
where the trigonal symmetry of the bulk 
crystal does not change at low temperatures 
(for discussions on the weak subsidiary lines 
of ^11 and gj^values of 6-6 and 2-6, respectively, 
see [1]; DR & G’s remark that “it is evident 
from the magnetic data of Majumdar and 
Datta[l] that on dilution the phase trans- 
formation disappears” is not quite correct. 


tNott added in proof: Professor A. G. McLellan of the 
University of Canterbury, New Zealand, has reported 
(To be published) that two sharp peaks of the i.r. band of 
the fluosilicate centered at 1-45/4. abruptly diminish in 
intensity as the temperature the crystal is raised across 
ISO^K. 


since measurable anisotropy has been ob- 
served in the plane normal to the c axis at 
low temperatures in a 1:1 diluted crystal; 
see Table 2(b), p. 423 of [1]); (3) the easy 
cleavage of the crystals along the c axis, 
the close-packed columnar structure of the 
Co(H20)6-SiFB chains which are difficult 
to break (Pauling [3]), and the fact that in 
such transitions there are normally only small 
changes in lattice parameters with a tendency 
for “persistence of axes” (Ubbelohde[7]), 
would preclude any large change in the 
orientation of the clusters; (4) Ohtsubo[5] 
concludes from his data that the spin axes 
are tilted by only about 1° while the crystal 
field axes are canted “a little more than this 
value” but are still “nearly along” the c axis 
of the room temperature form. 

Two other minor points in regard to DR & 
G’s paper deserve comment: (i) the source of 
the “experimental results” on CoSiFe.bH^O 
(Table 2) is not stated. Apparently they refer 
to [1]; however, no experimental data have 
been presented in the latter paper at rounded 
off temperatures; and (ii) the split com- 
ponents of "F should be quartets in spin and 
not triplets, as given by DR & G (p. 1516, 
col. 2, line 3 from bottom). 

There are a few typographical errors; e.g. 
“Mazumdar and Dutta Roy[l]” occurring 
twice (in the text and in the list of references^ 
should read “Majumdar and Datta[l]”. 

Department of Chemistry, S. K. DATTA 

Presidency College, 

Calcutta. 

India 
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ERRATA 
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I 

1 

L. M. AMZEL and L. N. BECK A; A model for the evaluation of thermodynamic 

properties for the solid-solid and melting transitions of molecular crystals. 

J. Phys. Chem. Solids 30, 521 (1969). 

The printer regrets that several of the expressions in the published paper should 

be changed to the following correct formulations: 

(i) On page 523, column 1, 4th line from top; in the expression for E the upper 
limits of the summations are missing, and should be ‘D" in the first and in the 
second summation, respectively. 

(ii) On page 523, column 1, 6th line from top; in the expression fory there are 
factorial signs and brackets missing; the true expression is 


[NQV. 

[^(1-e)]! 

[NQS.y n [/VG5,]! 

L 

[N{l-Q)S,]\n [N{\-Q)S,]\ 

V. ✓ 


(iii) On page 523, column 1 ; in equation (1) the variable 5, has to be replaced by 
Sr, with5r = 1 — 5i. 

(iv) On page 523, column 1, in equation (2) the brackets are misplaced and the 
variable 5, has to be replaced by Sr, with Sr= 1 —5,, so that equation (2) should 

have read 

log (e/d -Q)) = {(zWIlkT) - iz'W'lkT)Sr[\ - iDSrli2D-2))]}i2Q- 1). (2) 

(v) On page 524, column 2, in equation (3) the variable 5, has to be changed to 
Sr, with Sr= 1—5,. 

The calculations and discussions presented in the paper were based on the above, 
correct expressions. 
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u 

N. G. EROR and J. B. WAGNER, Jr.: Electrical conductivity and thermo- 
gravimetric studies of single crystalline cobaltous oxide. J. Phys. Chem. Solids 
29, 1597(1968). 

The author regrets that in Table 3 on page 1608 the activity of oxygen in 
cobaltous oxide was denoted as ao,- It should be oq- The standard state oxygen 
pressures, were omitted from Table 3. They are: 4*98 x 10"®, 2>83 X 10"® and 
1'72 X 10^® (atm) for 1000®, 1100® and 1200®C, respectively. In addition, the value 
for the activity of cobalt at Nq/Nco = 1 006 is 0-112. This value of Nq/Nco was 
inadvertently omitted from Table 3. The activity of cobalt at No/l^co — 1*00643 
was not calculated. 
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I^ysics md ^’Chemistry of Solids will be taken to 
imply that it represents original research not pre- 
viously published (except in the form of an ab- 
stract or preliminary report), that it is not being 
considered for publication elsewhere, and that if 
accepted it will not be published elsewhere in the 
same form, in any language, without the consent 
of the Editor-in-Chief. It should deal with 
original research work in the field of the physics 
and chemistry of solids. 

2. Papers should be submitted to the appro- 
priate regional editor (all English-language 
papers to he sent to the U.S. editor). 

3. Short communications may be published as 
“Technical Notes’’ and will receive somewhat 
more rapid handling than full length articles. 
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of the editors of “Solid State Communications.” 

II. SCRIPT REQUIREMENTS 

1. Papers submitted should be concise and 
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should be typed and double spaced with good 
margins on one side of the paper only and sub- 
mitted in duplicate to facilitate refereeing. 

It will be appreciated if authors clearly indicate 
any special characters used. An abstract not 
exceeding 200 words, should be provided in 
the language of the paper. French and German 
papers should be submitted with English abstract 
and titles, but if this is not possible the abstract 
will be translated by the publishers. To conserve 
space, authors are requested to mark less 
important parts of the paper, such as details of 
experimental technique, methods, mathematical 
derivations, etc. for printing in small type. 
The technical description of methods should be 
given in detail only when such methods are new. 
Authors will receive proofs for correction when 
their papers are first set, and alterations must 
be restricted to printer’s errcm. Other than 
these, any substantial changes may be charged 
to the authors. 


^ 2. Blwtrations shduld not be indudoi in ^ 
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typed on a separate sheet. Line drawitiigs 
require redrawing should inchide all rrievant 
details and clear instructions for the. draug^tts* 
man. If figures are already well drawn it may be 
possible to reproduce them direct imm 
originals, or from ‘good photo-prints if these 
can be provided. It is not possible to rqiroduce 
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A LINEAR INTERPOLATION OF THE ELECTRONIC 
LEVELS OF /2-SYSTEM IN OCTAHEDRAL 
COORDINATION 

H, 13. RAHMAN 

Department of Mathematics, Heriot-Watt University, Edinburgh, Great Briuin 
(Received 12 April 1969) 

Abstract — The transition from LS toJJ coupling within the/* configuration is shown schematically as a 
function of f/Fj, and the composition of levels in the intermediate coupling is given at f/Fj = 4-2, 8-4 
and 12- 6. Also, the energy levels of /^-system in an octahedral crystal-field were calculated by dia- 
gonalizing complete Coulomb, spin-orbit and crystal-field interaction matrices for a range of values of 
the parameters F^, F,, F„, i,A 4 {r*) and/4a<r®>. The eigenvalues wereexpandedby Taylor series, and a 
linear interpolation to de .cribe the variation of the energy levels as a function of these parameters is 
presented. The accuracy of this interpolation is indicated. 


1. INTRODUCTION 

In recent years it has been realized that, for 
actinide ions in crystals, the spin-orbit and 
crystal-field interactions are large and of com- 
parable sizefl, 2]. It is, therefore, desirable to 
calculate the energy levels by simultaneously 
diagonalizing these interactions with the elec- 
trostatic interaction within the 5/^ configura- 
tion. In these ions, the crystal-field cannot be 
treated as a first-order perturbation on the 
free-ion J levels because the levels are not 
usually grouped in clusters of levels associ- 
ated with a particular free-ion J level [3] as is 
the case in lanthanide with smaller crystal- 
fields. But even when the crystal-field is small 
as in Pr^"^. there are many good reasons for 
performing complete calculations. For those 
spectra in which many of the levels have been 
identified, such calculations will, apart from 
testing the theory, help in assessing the need 
fpr other interactions such as exchange inter- 
action and the configuration interaction. 

Satten et a/. [1] did such complete calcula- 
tions for the configuration and obtained a 
set of values of the parameters F^, Fe, 4, 
,Aa{r^) by fitting the calculated levels to 
the absorption spectra of in crystals con- 
taining UCP“ complexes. This work made 
useful assessment of the size of the crystal- 
fields in salts of UCP“. However, if one wants 


to change the parameters to study other ions 
of /* configuration embedded in crystals of 
octahedral symmetry, one profits very little 
from this work, since the interaction matrices 
have to be set up and diagonalized again. 

In the first part of this paper, the case of a 
free-ion of configuration in the intermediate 
coupling is considered, and then the effect of 
crystal-field is included. The eigenvalues of 
complete interaction matrices (Coulomb, spin- 
orbit and crystal-field) are expanded by Taylor 
series, and a linear interpolation is given from 
which energy levels can be calculated, if the 
variation in the six parameters F^, F^, F^, 
Aiir^} and is small, without having to 

set up and diagonalize the interaction 
matrices. 

2. FREE-ION CALCULATIONS 

Using the tensor operator methods of 
RacahI4], the matrix elements of the spin- 

N 

orbit ^„i S (Sf . /i) in an F configuration can be 
expressed as 

{FaSUM\U, ^ (ij . l,)\l>^a'S'L'JM) 

x|^, ]|</^a5Z.||F»»||Pa'5'L'> 
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Nielson and Koster[5] have calculated the 
reduced matrix elements of 1^”” for the con- 
figurations p'^, and/^ They have also given 
the electrostatic matrices for these configura- 
tions. 

Assuming that the 5/ radial wave functions 
is hydrogenic, the following relations between 
F* were obtained by Judd [6, p. 226]* 

^=■4/^2 = 0142, F„/F2 = 0-0161 . (1) 

These relations were used to show, in Fig. 1 , 
the transition from LS to jj coupling by plot- 
ting energy levels for different values of 
VF 2 {C= Cnf)- For 5=0, the energies of the 
multipiets of configuration lies between 
-32-45 and 115-74 (in units of F..) if hydro- 


genic ratios (1) are used, while in thejy coup- 
ling limit (F-i = 0) /* is split into three equally 
spaced levels at -4-0, -0-5 and 3-0 (in units of 
5). Following a scheme of Condon and 
Shortley[8, p. 271], transition is shown by 
taking x/ ( H" x) the abscissas where 

The factor ^ is introduced to make the 
total splitting nearly the same at the two ends 
of the diagram. 

Since for lanthanide and actinide the ratio 
CT5/F2 is likely to be near the left hand side 
of the Fig. 1 . composition of the levels in the 
intermediate coupling is given, in Table 1. at 
X = 0-2, 0-4 and 0-6. 



Fig. 1 . The/* configuration in the intermediate coupling. The arrangement of 
levels at the left-end of the diagram (f = 0) will be altered if different F* ratios are 

chosen. 


*Judd corrected a slight arithmetic error in his earlier CRYSTAL-FIELD CALCULATIONS 

work (Elliott eta/. [7]) where they are given as The cubic crystal-field for the /electrons 

F 4 /F 2 = 0-145, Fg/F, = 0-0164. may be expressed in terms of spherical har- 
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monies, and can be expressed as the sum of 
the 4th order and 6th order potentials, 

y= ^ 4 + 1 ^ 6 = (16/3)7r''M,2: 

+ (5/14) V+ Vr'') ] + 32(7r/13)''^^e 
x2r«[K6‘’-(7/2)''*(V + n-‘')] (2) 

where Vi’” are the normalized spherical har- 
monics and the summation is over all the elec- 
trons. and Ag are the function of the lattice, 
and in the matrix elements of V they always 
appear multiplied by (r^) and (r®) fora single 
/ electron. In view of the uncertainty of the 
values of (r^) and (r®), coupled with the fact 
that A 4 and Ag are not given by a point-charge 
model calculation because of the possible 
shielding effect etc., (=^4) and A„(r'‘} 

(=B) are treated as empirical parameters. 
Satten and Margolis(9] have calculated the 
matrices of the potential (2) for the con- 
figuration in the basis \LSJr,), where i indi- 
cates the irreducible representation of the 
octahedral group. The matrices are 7x7, 
3X3. two 9x9 and 12 x 12 for f,, 1^3, 

and I's (in Bethe’s notation) or Ai, A.^. E, T, 
and Tg (in Mulliken’s notation) respectively. 


4. LINEAR INTERPOLATION 
If the variation in the parameters is small, 
the energy levels can be calculated by Taylor 
series expansion of the eigenvalues of the 
complete interaction matrices. The energy of 
a level depends on six parameters F^, F4, Fg, 
^,A and B. If we let 

F2 = Fj + 6F2, F4 = F4 + SF4. etc. 

and neglect squares and products of SF'j, 6F4, 
etc., the energy of a level j can be expanded as 



are the partial derivatives calculated 


at F', F4, etc.; Pi are the parameters Fa, F4, 
Ffl, C.A , fl for /■ = 1 , 2, 3 . 4, 5 respectively. 

It is difficult to calculate the partial deriva- 
tives analytically. However, numerical cal- 
culations can be done by changing the para- 
meters slightly from the values F^, F^, etc. and 
calculating the difference of the eigenvalues 
from F/. Once the partial derivatives are 
calculated, the first-order energy can be 
obtained from equation (3). 

The crystal-field matrices were combined 
with the corresponding matrices of electro- 
static and spin-orbit interactions, and dia- 
gonalized for F2=190, F' = 34, Fg = 3-5, 
= 1800, /I' = 1000 and B' = 55 (all 
in units of cm~*) to obtain E/’. These zero- 
order values of the parameters seem reason- 
able from previous works, e.g. by Pappalardo 
and j0rgensen[lO], Satten et a/. [1]. The inter- 
action matrices were rediagonalized, by 
varing Fg by ±0-5 cm“‘ and the other para- 
meters by ±l cm~*. to obtain the values of 



rag/ 

UfJo* 

L^F4. 

rounded 

1 by 


etc. When an /^-ion is sur- 

Jo 

an octahedral crystal-field, the 
energy levels are derived from the splitting 
and mixing of y-manifolds, and are labelled by 
the irreducible representations of the site 
symmetry group. The results are given irr 
Table 2. Apart from a few low-lying levels, the 
wavefunctions involve considerable mixture 
of ISLJ) states. 

In order to estimate the contribution from 
the higher-order terms (omitted in equation 
(3)) in the Taylor series expansion, the para- 
meters were changed by certain percentage 
c (i.e. SPi = c%P'i) and the mean square-error, 
/x, between the exact results and those given 
by equation (3), was computed, /u, is defined in 
the usual was as 




where £/ is the zero-order energy of the level 
j (^culated at P[ which are F', F', etc.; 



where Aj are the differences between the exact 
calculations and those given by equation (3), n 
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Table 2. The zero-order energy Ej® and the partial derivatives {3Ej/3Fa)o. 
{3Ej/flF4)o. etc. The lowest Ai-level is taken as zero on the scale 


Level 

Efi, cm-1 

(BEjiaFt),, 

{aEiiaFt)^ 


OEi/3£)o 



Ti 

929-3 

-0-76 

-1-39 

7-71 

0-07 

0-87 

1-77 

E 

1241-1 

0-59 

-0-39 

-9-32 

0-07 

0-76 

512 

T, 

2490-9 

1-36 

-6-23 

-16-73 

0-27 

2-09 

-1-55 

T, 

4970-6 

14-62 

-7-86 

-102-29 

0-84 

1-03 

5-07 

E 

5223-9 

11-98 

-7-89 

-123-75 

1-22 

1-71 

-4-78 

Tt 

6336-7 

0-31 

-12-51 

-11-31 

3-29 

0-61 

3-92 

Ty 

7214-4 

4-39 

-3-41 

-82-44 

3-37 

0-70 

0-21 

T2 

7216-6 

3-76 

-15-16 

-19-53 

2-79 

2-03 

0-31 

E 

8006-0 

3-97 

2-15 

-51 06 

2-73 

2-21 

4-15 

-4, 

8255-7 

6-95 

46 39 

-69 33 

3 44 

-0-69 

2-56 

r. 

9431-4 

11-60 

8-17 

-205-58 

3-47 

1-18 

4-72 

Ty 

9480-4 

4-34 

20-81 

-52-65 

3-52 

1-76 

1-57 

A.2 

9953-4 

12-98 

-0-90 

-239-29 

3-60 

1-36 

9-30 

E 

10029-3 

4-88 

19-43 

-62-82 

4-20 

0-95 

3-31 

Ty 

10353-6 

10 36 

13-97 

-192 31 

3-37 

2-41 

086 


11105-7 

5-73 

0-46 

-71-73 

4-78 

1-64 

0-84 

E 

11502-0 

1-41 

12-81 

1-82 

4-74 

2-21 

0-41 

T^ 

11601-8 

6-47 

18-08 

-98-80 

4-13 

2-59 

0-44 


12263-8 

3-58 

-12-17 

-21-09 

5-37 

2-13 

4-37 

T. 

13079-2 

5-22 

-6-48 

-22-33 

5-09 

3-04 

3-09 

Ay 

13325-3 

-0-90 

28-48 

32-47 

5-85 

1-64 

4-49 

Ty 

13453-8 

2-73 

6-19 

-5-14 

5-22 

3 14 

3-49 

Ay 

14732-5 

34-03 

44-83 

-378-61 

4-34 

0-04 

5-55 

Ty 

15626-4 

16-95 

45-46 

-163-28 

6-08 

0-27 

3-48 

E 

15837-1 

24-64 

37-14 

-201-56 

5-21 

1-52 

-2-72 

T^ 

16436-3 

43-95 

-12-49 

13-4 

3-54 

2-18 

0-92 

E 

17327-2 

35-85 

14-96 

-155-19 

4-29 

2-73 

0-37 

Ay 

17418-4 

55-32 

56-94 

-784-84 

2-32 

3-07 

6-14 

T, 

17778-2 

11-22 

63-86 

-46-92 

6-31 

219 

0-66 

Ty 

19498-7 

64-07 

60-63 

-1018-04 

3-47 

2-64 

2-27 

T, 

20140- 1 

39-57 

39-78 

22-73 

5-01 

1-83 

5-39 

Ay 

20179-6 

32-21 

41-22 

14-80 

5-55 

2-61 

-0-77 

Ty 

20351-2 

36-05 

42-13 

-144 94 

5-28 

2-66 

2-13 

A2 

21269-0 

46-25 

39-02 

18-92 

4-57 

2-83 

-0 15 

T^ 

22111-6 

45-91 

46-04 

-130-71 

4-81 

3-41 

4-55 

E 

22282-0 

46-73 

43-43 

-81-80 

4-65 

3-60 

3-84 

n 

23720-6 

55-84 

21-70 

-497-46 

6-17 

2-53 

3-56 

E 

25148-2 

52-40 

2-26 

-250-73 

6-55 

3-73 

4-75 

Ay 

41058-4 

82-28 

219-73 

1513-39 

5-47 

2-56 

3-25 


is the number of levels and k is the number of 
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Abstract— A statistical theory for the composition dependence of the heat of formation of alkali 
halide solid solutions has been developed on the basis of the substitutional impurity model of Dick and 
Das. Numerical results are presented for all pairs of binary alkali halide systems. Good agreement with 
experimental values is found over the entire composition range for seven out of eight systems for which 
experimental data are available. The overall agreement is better than for any of the previously 
developed theories of other authors. 

1, INTRODUCTION perturbation of the crystal lattice and the 

The classical theory of ionic crystals of formation energies amount generally only to 
Bom[l], Bom and Mayer [2] and Huggins about one-tenth of the formation energy of 
and Mayer[3] has been quite successfully Schottky defects. It is not clear whether the 
applied to the calculation of the formation smallness of the perturbation acts in favor of, 
energy of point defects in alkali halides. It or against the applicability of the Bom- 
has been shown that, although the results Mayer theory. On the one hand, one may 
depend markedly on the particular choice of expect that the simple theory can account 
the short range potential and the sets of para- more easily for the energy change due to a 
meters used, good agreement with experiment small change in configuration. On the other 
can be obtained for some potential forms with hand, however, the formation energy for sub- 
suitable parameters [4-6]. Most of this work stitutional defects amounts only to about one 
deals, however, with vacancies and inter- per cent of the cohesive energy, and it is 
stitials, but for substitutional defects and solid conceivable that the small difference between 
solutions over the entire composition range the solid solution and the solid mixture 
the sufficiency of the Born-Mayer theory is depends more sensitively on the details and 
still subject to question. As no extra charge on possible deviations from the two-body 
is introduced and the elastic strain field is central-force potential. This expectation 
only due to the size difference of two ions, a seems to be supported by a recent treatment 
substitutional defect represents only a minor of this subject by Tosi and Doyama[7] 

who find very good agreement between theory 
and experiment for the formation energy of 

*This work was supported by the National Science Schottky defects and for the migration 
Foundation. energies of vacancies in alkali halides, 
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whereas for substitutional defects discrepan- 
cies up to 50 and 100 per cent occur. 

It is the purpose of this paper to demonstrate 
that good agreement between theory and ex- 
periment can be obtained with a very simple 
model over the entire composition range for 
the heat of formation of seven out of eight 
alkali halide systems for which experimental 
data are available. The entire composition 
range is considered because it is believed that 
this permits a more severe test of the theory 
than the treatment of an isolated defect only. 
Also the reliability and accuracy of experi- 
mental data is higher for the composition 
dependence of the heat of formation over the 
entire composition range than for the initial 
slope only. The second objective of this paper 
is to calculate the heat of formation over the 
entire composition range for all alkali halide 
systems because these data will be used in 
a subsequent paper for calculating the tem- 
perature dependence of the solid solubility. 

The present treatment avoids some of the short- 
comings or limitations of previous approaches which wiil 
be briefly assessed and summarized below. Essentially, 
the quality of any treatment of the individual defect problem 
is determined by two factors, namely the form of the inter- 
atomic potential used, and the approximations made in 
calculating the atomic displacements around the defect. 
For large defect concentrations the problems connected 
with defect interaction and cluster effects enter as a third 
factor. For vacancies and charged interstitials in ionic 
crystals the displacement field gives rise to long range 
elastic and dielectric polarization effects, but for mono- 
valent substitutional defects in alkali halides it has been 
shown by Dick and Das [4] that over 99 per cent of the 
relaxation energy arises from the displacement of 24 
ions surrounding the defect. 

While the contribution from farther distant ions may 
therefore be safely omitted it is not at ail possible to 
neglect the relaxation altogether, or to consider too small 
an environment in which the relaxation is taken into 
account. This is illustrated by ait theoretical treatments 
prior to Dick and Das [4], In the first three of these 
(8-10] the relaxation is neglected, resulting in rather poor 
agreement with experiment. Grimm and Herzfeld[8j 
considered a potential consisting of a Coulomb and an 
inverse power law repulsive term and determined the 
repulsive exponent from experimental heat of formation 
data. The values obtained in this way are much smaller 
than those obtained from empirical compressibility data. 
The approach of Tobolsky [9] amounts in effect to ignor- 
ing the repulsive contribution which is, however, im- 
portant for the defect formation energy. For this reason 
the heats of formation values obtained by Tobolsky are 


smaller than the experimental data by a factor of about 
two. In the theory of Wallace [10] the repulsive energy is 
properly taken into account and even van der Waals 
interaction included, but ionic displacements are still 
neglected, resulting in theoretical data which are too 
large by a factor of about two. Subsequently two equi- 
valent theories were developed independently by 
Wasastjerna[l 1] and Hovi[12], and by Durham and 
Hawkins[13] who did allow for the relaxation of one 
common ion, i.e. the Af ion between two second nearest 
neighbor A and B ions in a solid solution of the form 
The interaction potential used by Wasasfjema 
and Hovi is assumed to be of the two-body central- 
force type, but is not specified because only its second 
derivative is retained which is determined from the 
compressibility. The potential used by Durham and 
Hawkins is composed of Coulomb, van der Waals and 
exponential repulsive terms between first and second 
neighbors. Wasastjema and Hovi also included the effect 
of local order which reduces the heat of formation. 
Although Wasastjema and Hovi] 12] find very good agree- 
ment with experiment for the two systems KCI-KBr and 
KCl-RbCl, the theoretical values of Durham and 
Hawkins [ 1 3J are too small by about 30 per cent for KClg 5 
Bro-s and Ko.jRbo-sCI. Later Lister and Meyers [14] 
concluded on the basis of their careful experimental data 
for six alkali halide solid solution systems that neither 
of these two theories can account for the experimental 
data of all systems over the entire composition range, 
even if suitable adjustments of the input parameters arc 
made. 

In the more elaborate theory of Dick and Das [4] the 
relaxation of 24 ions surrounding the defect is taken into 
account, and the electrostatic interaction of the dipole 
moments induced in the displaced ions is included in 
addition to the short range van der Waals and exponen- 
tial repulsive interaction. These authors investigate the 
effect of changes in the potential on the heat of formation 
of individual substitutional cation and anion impurities. 
They consider the Huggins-Mayer form of the repulsive 
potential in connection with (a) no van der Waals inter- 
action, (b) van der Waals interaction with the constants'" 
from Mayer, and (c) van der Waals interaction with iso- 
electronic van der Waals constants. In addition, the 
simple potential of Bom and Huang[15] consisting only 
of Coulomb and exponential repulsive interaction 
between first nearest neighbors is considered with the 
repulsive parameters obtained by Born and Huang[15] 
from the compressibilities. For all four cases mentioned 
the electrostatic dipole interaction is calculated for the 
two sets of polarizability data of Sternheimer[I6] and 
of Tessman, Kahn and Shockley [17], It is found that the 
heat of formation and the displacements and especially 
the induced dipole moments which minimize the relaxa- 
tion energy depend on the potential and the choice of the 
parameters. For the heat of formation the values obtained 
differ by as much as a factor of three. Comparison with 
experimental data for NaCl-Br and NaBr-Cl indicated 
that the best agreement is obtained for (a) the Huggins- 
Mayer potential with iso-electronic van der Waals con- 
stants and Stemheimer’s polarizability values, and for 
(b) the Bom-Huang potential without van der Waals 
interaction with the polarizability values of Tessman, 
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Kahn and Shockley. These conclusions are based on the 
experimental data of Fineman and Wallace (18] for the 
system NaCl-NaBr. If one considers in addition the ex- 
perimental data of Lister and Meyers[14] (which are 
listed below in Table 3), one may conclude by com- 
parison with the four cases NaCl-Br, NaBr-Cl, KBr-Na, 
NaBr-K, for which Dick and Das have calculated the 
theoretical values for all different models mentioned that 
the Bom-Huang potential in connection with the 
Tessman-Kahn-Shockley polarizabilities is superior to 
any of the other potential models. For these reasons the 
defect model of Dick and Das with the Born-Huang 
potential and the Tessman-Kahn-Shockley polariz- 
abilities is adopted as the basis and starting point of the 
present work. 

The present paper is devoted to calculating 
the heat of formation of all alkali halide solid 
solutions over the entire composition range. 
Whereas in the limit of small defect concen- 
trations this amounts to a mere numerical 
application of the model of Dick and Das, 
the extension to large defect concentrations 
is based on a new statistical model which will 
be developed in Section 3. 

The starting point is the definition of the 
heat of formation Qy ('heat of mixing’) of a 
solid solution as the difference of the internal 
energies of the solid solution, t/jj, and of a 
solid mixture of the components I and 2, 

U,.-ixiU,+xM ( 1 . 1 ) 

where jci, denote the mole fractions and 
L/,, U 2 the internal energies of the two 
components, respectively (Xi + X 2 = 1). Since 
zero point and thermal energy amount at 
most only to a few parts per thousand of the 
internal energy, and since only deviations of 
the thermal energy of the solid solution from 
a linearly interpolated dependence of the two 
end components enter according to (1.1), it is 
.sufficient for all practical purposes to replace 
in (1. 1) the internal energy U by the cohesive 
energy <f) of the static lattice. All additional 
assumptions will be mentioned below in the 
two following sections. 

2. THE MODEL OF DICK AND DAS 

In this section the single substitutional 
defect model of Dick and Das [4] is described 


and the pertinent equations are presented. 
The intention is not only to make this paper 
self-contained and to explain the nomen- 
clature, but especially to provide the basis 
for the application and extension of this model 
to large defect concentrations. 

Figure V shows the types of ions which are 
allowed to relax in the model of Dick and Das 
upon substitution of a monovalent impurity 
in an alkali halide with the rock salt structure. 



Fig. I. The three types of ions allowed to relax around a 
substitutional impurity in the rocksalt structure. There 
are six type ‘I’ ions (open circle), twelve type ‘2’ ions 
(filled circle), and six type ‘3* ions (open square) displaced 
by the impurity (filled square). (The ions of type ‘3’ arc 
not third nearest neighbors of the impurity.) 

The ^i(i= 1 , 2, 3) represent the displacements 
of the ions in terms of 0 , the nearest neighbor 
distance of the pure host crystal. The displace- 
ments are assumed to be in a radial direction 
with respect to the impurity. The ions 1, 2, 
and 3 are also allowed to F>olarize, The elec- 
tronic dipole vectors are also assumed to be 
radially directed and are denoted by ja, 
(/ = 1, 2, 3) in units of ea, where e denotes 
the electronic charge. The rest of the ions are 
assumed to be undisplaced and unpolarized. 
As mentioned in the introduction, Dick and 
Das [4, 19] have shown that this assumption 
is justified. 

The change in the lattice energy, AE, due to the intro- 
duction of the single substitutional impurity can be 
separated into four parts: repulsive, electrostatic, elec- 
tronic dipole self-energy, and van der Waals. The zero of 
energy is taken to be the energy of the host crystal. The 
change in zero-point energy of the lattice vibrations is 
neglected. 
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Nearest neighbor repulsive interactions only are 
considered in calculating the repulsive part of A£. This 
will be denoted by AEr- The repulsive energy due to an 
anion-cation interaction in the pure host crystal is 
assumed to be ^4 exp(— r/p) if the two ions are separated 
by a distance r. B exp(— r/o) describes the repulsive 
energy between an impurity ion and its nearest neighbor. 
The change in repulsive energy to second order in the 
displacements, is the following (reference [4], equation 
(D): 

HEr = 6{B exp{— fl/er) —A exp(— o/pl] 

+ 6[(alp)A eKp(-alp) — (a/(r)fl exp(-a/<T)]f, 

+ 6[( (a*/2p^) - (2a/p) )A exp(-a/p) 

+ (a*/2cr*)flexp(-a/(r)]f,‘ 

+ 6[{aW)-(2alp)]A exp(-a/p) {2^,== + ^/) 

+ l 2 \^alp)A exp (—a/p) 4^1 fa 

- 6(a=‘/p®)/( exp{-a/p)f,f 3 . (2. 1 ) 

Here a denotes the nearest neighbor distance. 

Dick and Oas investigated the case of second nearest 
neighbor repulsive interactions and found their effect 
to be small for a Br' defect in NaCI. 

The electrostatic part is calculated by superimposing 
both a fictitious positive and negative unit electronic 
charge at the normal lattices sites of the 1 , 2, and 3 type 
ions. One of these charges will restore the correct charge 
to that lattice site vacated by the displaced ion. The 
remaining charge and the displaced ion can be treated as a 
dipole at the undisplaced site. Calculating the dipole- 
dipole interactions to second order in f, and p, gives 
(reference [4], equation (3)): 

A£, = ^ (7-113Wi'+ 16- 245^2* + 0-8895 M 3 * 

+ 9-705M2M., + 8-955M,M3 - 27-44M,M2) (2-2) 

where 

M, = (+forf= I;-for/=2.3) (2.3) 

with g = + 1 for an anion impurity and^ = — I for a cation 
impurity. The electrostatic part of the energy change docs 
not contain the interaction of the dipoles with the perfect 
cubic lattice as the interaction is zero due to the field 
being zero at the perfect cubic lattice sites. 

The electronic dipole self-energy AE, becomes (refer- 
ence [4], equation (4)): 



where a,, Oj, and ixg are the electronic polarizabilities of 
the 1 , 2, and 3 ions. Since ion 2 and 3 are of the same kind, 
it is or, = or,. 

As the van der Waals energy term contributes a very 
small amount to the total energy, the van der Waals term 
will be omitted. As is well known (sec e.g. [15]), this is 
no serious deficiency at all, first because the van der 
Waals contribution to the cohesive energy amounts to 
about one per cent or less, and second, because the re- 
pulsive parameters are determined from empirical com- 
pressibility data which naturally include the van der 
Waals interaction. 


The total change in energy due to a single substitutional 
defect can be written as 

AE = AEr + AE, + AE, (2.5) 

Minimizing this expression with respect to the six vari- 
ables and p, ( 1 = 1, 2, 3) gives the minimum value 
A£n>ln- 

The value AEmm for the system AX-B represents the 
difference between the energy of a B ion at an A site in 
the AX host crystal and the energy of an A ion at an A 
site in the AX host crystal. In order to obtain the heat of 
formation as defined in equation (1.1) a term A£o must be 
added to A£min> where A£o is the difference between the 
energy of an A ion at an A site in an AX crystal and the 
energy of a B ion at a B site in a BX crystal: 

Qy = A£mi„ + A£o (2.6) 

where 

A£„= j^-^ + 6,4 exp(-f;/p)j- 

-rtB exp(— (2.7) 

Here a and h are the nearest neighbor distances in the two 
crystals AX and BX. respectively, and a is Madelung's 
constant. 

3. COMPOSITION DEPENDENCE OF THE HEAT 
OF FORMATION 

The purpose of this section is to develop a 
statistical model for the lattice energy of 
binary solid solutions of alkali halides over 
the entire composition range. To this end, the 
lattice energy will be assumed to be associated 
with certain lattice sites rather than with unit 
cells as commonly done. This is similar to 
summing over the bond energies of all pairs 
of ions and dividing by two to find the lattice 
energy. In this approach the total lattice energy 
per mole is obtained by summing the energy 
per lattice site over the N lattice sites of either 
the anion or the cation sublattice of the crystal 
(N = Avogadro’s number): 

(3.1 

I 

Here is the energy associated with the /th 
lattice site and depends on the type of site 
and on the kind of ion at that site. It will be 
emulated on the basis of the Dick and Das 
model with due allowance to be made for the 
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surroundings and the lattice constant of each 
site which determine its nature. All N sites 
of cither of the two sublattices are considered 
to contain defects. 

The sites are characterized by the con- 
figuration of the second nearest neighbors, and 
there are 1 3 different types of sites assumed in 
this model. Since the six nearest neighbors 
of any possible defect site are always ions of 
opposite sign to the occupant of the site 
under consideration, the site type designation 
is made after considering the 12 second 
nearest neighbors of the given site. Assume 
the host crystal to be an /tA' crystal and B 
ions to be the defects. Site types are de- 
signated by the number m of A ions as second 
nearest neighbors (m = 12, 11,... 1, or 0). 
Thus there are 1 3 site types. 

There are 26 different site energies which 
must be taken into account since either an A 
ion or B ion can occupy each of the 13 
different types of sites. They are denoted by 
€u where m denotes the number of A ions as 
second nearest neighbors (m = 12, 11, .. .1,0) 
and I denotes the type of ion occupying the 
site (I = A, B), The index J is redundant and 
indicates whether the site is predominantly an 
A site or a site {J — A, B). By definition, a 
site is called a J site if it has more than six 
second nearest neighbors of type J. Thus it is 
y = /! for m = 7, 8, . . . 12 and 7 = fl for m = 1, 
2, . . .5. For m — 6 the site is considered as an 
A site if occupied by an A ion, and as a B site 
if occupied by a 5 ion, thus y = / for m = 6. 

Now let (m = 12, 1 1, ... 1 , 0) denote 
the probability that a site has m ions of type 
A as second neighbors, and /*/(/ =A,B) the 
probability that the site is occupied by an ion 
of type /. Then the summation in (3.1) can 
be written as 

= N S /x«-> t-,] . (3.2) 

Assuming complete random distribution of 
defects the probability factors P,(I = A, B) 
are given by 


Pa = Xa = 1—x 

Pb = Xb = x. (3.3) 

The probability factors (m == 0, 1, . . .12) 
fend the site energies c” are listed in Table 1. 
The probability factors are obtained from the 
combinatorial factors for each configuration. 
The site energies shown reflect the fact that 
when a site is occupied by an A ion and has 
from 6 to 12 second nearest neighbor A 
ions, a site is called an A site so that all site 
energies are referred to the lattice energy 
corresponding to the composition AX, 
whereas for coordination numbers smaller 
than six the site becomes a B site and the site 
energies refer to the composition BX along 
with the the corresponding energy difference 
for replacing a B ion occupying a B site 
with (12-/?) second nearest fl-neighbors by 
an A ion. The nomenclature has been chosen 
so that the superscript refers again to the 
number of A ions in the second coordination 
sphere, resulting in the factor ( 1 2-n). 

The site energies are evaluated explicitly 
as follows. When a single substitutional 
defect B is put into a host crystal AX, a change 
in energy arises. At high concentrations 
of defects one would not be substituting a B 
ion in a pure A site but the substitution would 
be in a modified A site and hence an energy 
change different from would result. 

For example, assuming that the B ion is 
larger than the A ion, it would require less 
energy to squeeze the B ion into an expanded 
A site than it would be to squeeze the B ion 
into a pure A site. An expanded A site is 
caused by some B ions as second nearest 
neighbors. Likewise, an A ion in a modified /f 
site would have an energy different from 

^AA‘ 

In evaluating the various site energies, it is 
assumed that the energy of an A site (as 
defined above) is given by the same expression 
for the lattice energy as that corresponding to 
a pure AX crystal, except that for the nearest 
neighbor distance an intermediate value 
corresponding to Vegard’s law is used: 
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Table 1. The site energies associated with the different 
types of sites and their occupation probabilities 


m 

Site type 
(2nd n.n. 
filled by) 

Probability B*"** 
of site type 
occurring 

Site energy when 
site occupied by 
an .4 ion (/ = /4) 

Site energy when 
site occupied by 
aB ion (/ = B) 

12 

12.4 

OB 



^AA 


11 

llA 

IB 

12(1 -x)"* 


e'AA 

el’.4= (A£i!,+ei!,) 

10 

10/4 

2B 

66(]-x)‘»x“ 


€'Ta 

= (A£K, +ei“J 

9 

9A 

3B 

220(I-x)V 


^A 

eL = (AEl^+cL) 

8 

&A 

4B 

495(1 


^A 

(ABL + eSJ 

7 

lA 

5B 

792(1 -x)V 


Caa 

~ (^T^A + ^aa) 

6 

6/4 

6B 

924(1 -x)*x“ 


eL 

eSfl 

5 

5A 

IB 

792(1 -x)V 




4 

4A 

8B 

495(1 -x)‘x« 


= AEJfl + e%n 

^ie 

3 

3A 

9fl 

220(1 - x)=x* 

«4n 



2 

lA 

lOB 

66(1 -x)*x‘" 


= A£iK+€^fl 


1 

\A 

IIB 

12(1 -x)x" 



e),fl 

0 

QA 

MB 

X'* 

■ 


eSfl 


€aa — f-M exp i—ajp), 

(m = 0, (3.4) 

Here a„ is the nearest neighbor distance 
of the site determined from Vegard’s law by 
considering the concentration to be set by the 
occupants of the 12 second nearest neighbors, 
i.e. 

= + (m = 0, 1 ,... 12) 

(3.5) 

where ao and are the nearest neighbor 
distances for the compositions AX and BX, 
respectively. 

Likewise, the energy for the B sites is 
assumed to be of the form: 

^ + 65 exp (- bjp ) , 

{m = 0, 1,. . . 12) (3.6) 

where b„ is determined in the same manner 

Vegard’s law then takes the form of a series 
of successive step functions. It is an atomistic 
Vegard’s law which is used to determine 
the site size— atomistic in the sense that the 
second nearest neighbor configuration fixes 


the site size. It should be noted, however, 
that for any given defect concentration x 
all 13 values of the lattice constant occur 
according to the probability with which the 13 
types of sites are present. 

AE PA is the change in energy due to a single 
substitutional impurity B in an AX host crystal 
with a nearest neighbor distance of a„ and 
AE^„ is the change in energy due to a single 
substitutional impurity A in a BX host crystal 
with a nearest neighbor distance of b,„. 
Consider, for example, the energy c® 

AH 

associated with an A ion in a site with no A 
ions as second nearest neighbors; 

= + (3.7) 

The energy AEP^b due to replacing a B ion in a 
pure BX crystal by an A ion may be split up 
as a sum of two terms, 

AEPab = 6[/4 exp(-6o/p)-^ exp(-/»o/o-)] +D. 

(3.8) 

The first term denotes simply the change in 
repulsive energy for constant nearest neighbor 
distance b^, and the second term D arises 
from the relaxation of the surrounding ions. 
Therefore, from equations (3.6) and (3.8), 
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eSB = -^ + Mexp (-6o/p)+i>- (3.9) 

This form illustrates the fact that the relaxa- 
tion term D occurs in the site energy 
as an additive correction to the lattice energy 
of the pure BX crystal, given by the first two 
terms in (3.9) and therefore appears as a 
property of the defect site. 

According to Fig. 1, the ions labelled as 2 
and 3 are the same kind as the reference ion. 
In the case of an anion defect, 18 of the 24 
ions which relax are, therefore, anions with 
large polarizabilities. Hence, the A£ cal- 
culated in the anion defect case is significantly 
affected by the polarizabilities of its second 
nearest neighbors. This requires a modifica- 
tion of the procedure used for evaluating the 
site energies as described below. In fact, this 
method has been used in arriving at the 
numerical results listed in Section 4. 

Consider, for example, the energy 
associated with an A anion in a site with five 
A ions as second nearest neighbors; according 
to Table 1 it consists of AE’,, and Now 
^E\n represents the change in energy due to a 
single A ion being substituted in a BX crystal 
with a nearest neighbor distance given by 
h:„ but with the 1 2 second nearest neighbors 
as B ions. A better estimate of would be 
the following: 

= + (3.10) 

This would account for the five A ions among 
the second nearest neighbors. In general, 

(12— m) , , ^ ^ /n 

-- j - 2 ' (AE?^ + 6g„)+-^€7„ 

(m= 1,2,. ..5) 

^ ( 12 — m) 

= + + J2 

(m = 7,8, . . . 12). (3.11) 
For a cation defect, the polarization plays a 


less significant role as the polarizabilities are 
smaller. It was found numerically that only 
the following values of need to be adjusted; 

ii 

®5fl == AfAEJfl + eBfl) (3.12) 

Finally, the heat of formation over the 
whole composition range is given by the 
following expression: 

Q,.- = (I>-A/[(l-x)ei® (3.13) 

The numerical data were calculated from 
(3.13) by using the improved site energies 
according to (3.1 1) and (3.12) for calculating 
<I> and are presented in the following section. 


4. NUMERICAL RESULTS AND DISCUSSION 

Equation (2.5) was minimized with respect 
to the six variables and fZi (/= 1, 2, 3), and 
the heat of formation corresponding to I per 
cent defect concentration calculated from 
(2.6). The repulsive parameters of Born and 
Huang [15] (Table 9) that were calculated 
from the lattice constants and compressibilities 
were used together with the polarizability 
dataofTessman, Kahn and Shockley [17]. 

Results were obtained for 96 alkali halide 
host crystal and defect combinations and are 
tabulated in Tables 2(a) and 2(b). Table 2(a) 
contains 48 systems with cation defects and 
is arranged so that systematic comparisons 
can be made easily. Adjacent entries across 
in the first and second columns are the opposite 
end components of a single solid solution 
system. The same is true for adjacent entries 
in the third and fourth columns. Each group 
of four entries going down a column is also a 
series such that comparisons are easily made. 
Table 2(b) contains 48 systems with anion 
defects and is arranged similar to Table 2(a). 
The data in Tables 2(a) and 2(b) illustrate an 
intuitively obvious trend first stated by Bruni 
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Table 2{a). Heat of formation for 1 per cent cation defect 
concentration (in cal! mole) 


LiF-Na 

49-3 

NaF-U 

J33 

LiF-K 

510 

KF-Li 

369 

LiCI-Na 

37-2 

NaCI-Li 

28-6 

LiCl-K 

263 

KCI-Li 

119 

LiBr-Na 

30-2 

NaBr-Li 

23-8 

LiBr-K 

194 

KBr-Li 

102 

Lil-Na 

22-1 

Nal-Li 

17-5 

Lil-K 

141 

Kl-Li 

75-4 

LiF-Rb 

834 

RbF-Li 

463 

NaF-K 

118 

KF-Na 

73 

LiCI-Rb 

412 

RbCI-Li 

164 

NaCI-K 

63-6 

KCl-Na 

39-4 

LiBr-Rb 

302 

RbBr-Li 

143 

NaBr-K 

47-2 

KBr-Na 

34-2 

Lil-Rb 

244 

Rbl-Li 

no 

Nal-K 

34- 1 

KI-Na 

24-6 

NaF-Rb 

243 

RbF-Na 

127 

KF-Rb 

13-3 

RbF-K 

11-2 

NaCl-Rb 

128 

RbCI-Na 

70-7 

KCl-Rb 

9-36 

RbCI-K 

4-59 

NaBr-Rb 

95-9 

RbBr-Na 

63-4 

KBr-Rb 

5-50 

RbBr-K 

6-46 

Nal-Rb 

77-5 

Rbl-Na 

48-2 

Kl-Rb 

5-70 

Rbl-K 

5-16 


Table 

2(b). 

Heat of formation for 1 per cent anion 
concentration (in call mole) 

defect 

LiF-CI 

233 

LiCI-F 

205 

LiF-Br 

466 

LiBr-F 

257 

NaF-Ci 

226 

NaCI-F 

116 

NaF-Br 

442 

NaBr-F 

176 

KF-CI 

164 

KCI-F 

83-8 

KF-Br 

293 

KBr-F 

134 

RbF-CI 

129 

RbCl-F 

69 1 

RbF-Br 

226 

RbBr-F 

115 

LiF-I 

973 

Lil-F 

2-56 

LiCl-Br 

14-5 

LiBr-CI 

10-5 

NaF-l 

849 

Nal-F 

255 

NaCl-Br 

12-6 

NaBr-Cl 

10-6 

KF-1 

620 

Kl-F 

208 

KCI-Br 

I0'5 

KBr-Cl 

7-21 

RbF-I 

530 

Rbl-F 

185 

RbCl-Br 

8-74 

RbBr-Cl 

6'91 

LiCl-I 

96- 1 

Lil-CI 

35-9 

LiBr-I 

24-3 

Lil-Br 

14-3 

NaCl-1 

82-9 

Nal-Cl 

46-6 

NaBr-1 

24-1 

Nal-Br 

16-7 

KCl-l 

67-9 

Kl-CI 

37-7 

KBr-1 

18-9 

Kl-Br 

14-6 

RbCI-I 

63-2 

Rbl-CI 

.36-1 

RbBr-I 

16-9 

Rbl-Br 

14-6 


[20] according to which the energy for the 
formation of the solid solution increases with 
increasing degree of deformation required. 
For instance, KBr-Na has a lower heat of 
formation than NaBr-K as it is easier to 
put a small ion in a large ‘hole’ than it is to 
put a large ion in a small ‘hole.’ Also, a series 
such as KCl-Na, KBr-Na, KI-Na shows a 
decrease in their respective heats of formation. 
This is the anticipated result as the ‘hole’ in 
which the Na ion is inserted increases in size 
as one goes through this sequence of solid 
solutions. The physical parameters that enter 
the theory are lattice constants, the electronic 
polarizabilities, and the repulsive parameters 
which describe the size of the ions and their 
compressibilities. 


Table 3 contains a comparison of known 
experimental data for the initial slopes of heat 
of formation and the theoretical values of 
Table 2 together with theoretical values of 
several other authors. The experimental 
values listed in Table 3 were obtained by 
estimating the slopes of the measured curves 
and hence a certain amount of uncertainty is 
introduced in addition to the rather large 
experimental error that is reflected by the dis- 
crepancies among the experimental values of 
different authors. 

It is apparent that for the three alkali halide 
systems for which more than one theoretical 
value is available the data calculated here 
from the model of Dick and Das agree within 
an estimated error of 10-15 per cent with the 
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experimenta] data, with the exception of the 
slope at the Rb-rich end of the system KCI- 
RbCl, where the theoretical slope is 40 
per cent too small. None of the other theore- 
tical data provide as good overall agreement 
for all systems, although some of the other 
theoretical data agree better with the experi- 
mental values for one system or one of the two 
slopes of the system. For the remaining 5 
systems where no other theoretical data are 
available the theoretical data presented here 
agree within experimental error with the 
experimental values, except for Nal-K and 
KBr-1, where the theoretical values are 31 
per cent and 26 per cent too large, respectively. 


Thus it must be asserted that the theoretical 
data presented here differ noticeably from the 
experimental values for only 3 out of the 16 
heat of formation data listed in Table 3. 

The heat of formation was calculated over 
the whole composition range from the 
theoretical model presented in Section 3 for 
all alkali halide solid solution systems. The 
results are listed in Tables 4(a) and 4(b) for 
all systems containing a common anion or 
cation, respectively. The tables are arranged 
so that the values going across represent 
increasing composition of the component 
listed second, e.g. NaF for LiF-NaF. Those 
systems that on the basis of ideal entropy of 


Table 4(a). Heats of formation (in call mote) of alkali halide solid 
solutions containing a common anion* 


Mole per cent 
of second 
compound 

to 

20 

30 

40 

50 

60 

70 

80 

90 

(LiF-NaF) 

1530 

2303 

2550 

2665 

2864 

2986 

2761 

2155 

1256 

LiCI-NaCI 

337 

540 

643 

698 

730 

717 

632 

480 

275 

LiBr-NaBr 

286 

457 

545 

592 

619 

609 

538 

410 

235 

Lil-Nal 

20.<i 

329 

393 

428 

449 

442 

391 

298 

172 

(LiF-KF) 

6337 

8918 

9180 

8925 

8997 

8979 

8158 

6346 

3646 

(LiCI-KCI) 

2243 

3425 

3856 

3901 

3803 

3562 

3074 

2322 

1319 

(LiBr-KBr) 

1701 

2613 

2962 

3027 

2978 

2804 

2423 

1827 

1037 

(Lil-KI) 

1231 

1904 

2178 

2242 

2217 

2092 

1809 

1368 

780 

(LiF-RbF) 

9175 

11948 

13500 

13900 

13200 

10800 

9191 

7827 

4603 

(LiCI-RbCI) 

3459 

5193 

5712 

5604 

5301 

4875 

4191 

3177 

1808 

(LiBr-RbBr) 

2605 

3942 

4381 

4359 

4184 

3882 

3341 

2522 

1428 

(Lil-Rbl) 

2072 

3148 

3519 

3516 

3372 

3116 

2671 

2016 

1145 

(NaF-KF) 

1045 

1633 

1893 

1992 

2026 

1953 

1704 

1288 

737 

NaCI-KCI 

583 

920 

1077 

1148 

1179 

1145 

1004 

763 

440 

NaBr-KBr 

433 

685 

807 

865 

894 

872 

764 

579 

332 

Nal-KI 

312 

495 

584 

627 

650 

635 

559 

426 

246 

(NaF-RbF) 

2117 

3244 

3661 

3718 

3646 

3430 

2964 

2244 

1287 

(NaCl-RbCl) 

1154 

1796 

2067 

2148 

2147 

2042 

1772 

1344 

773 

(NaBr-RbBr) 

869 

1360 

1576 

1650 

1661 

1585 

1376 

1042 

598 

Nal-RbI 

694 

1086 

1259 

1321 

1332 

1274 

1108 

840 

483 

KF-RbF 

125 

200 

238 

260 

275 

273 

242 

185 

108 

KCI-RbCl 

69 

112 

133 

146 

156 

156 

139 

106 

62 

KBr-RbBr 

57 

91 

109 

120 

128 

128 

114 

87 

51 

KI-RbI 

53 

86 

102 

112 

120 

120 

107 

82 

48 


•Those systems that are not likely to form solid solutions at any temperature are 
included in parentheses. 
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Table 4(b). Heats of formation (in callmole) of alkali halide solid 
solutions containing a common cation* 


Mole per cent 
of second 
compound 

10 

20 

30 

40 ' 

50 

60 

70 

l‘ 

80 

90 

(LiF-LiCl) 

4261 

6692 

7375 

6752 

5563 

4641 

4077 

3381 

2049 

(NaF-NaCl) 

2143 

3584 

4360 

4510 

4182 

3612 

2959 

2197 

1221 

(KF-KCI) 

1575 

2658 

3272 

3441 

3254 

2856 

2359 

1749 

%7 

(RbF-RbCl) 

1246 

2116 

2623 

2782 

2657 

2355 

1952 

1449 

801 

(LiF-LiBr) 

6808 

10353 

11028 

9488 

6840 

4578 

3625 

3384 

2383 

(NaF-NaBr) 

4053 

6603 

7756 

7628 

6637 

5428 

4375 

3311 

1882 

(KF-KBr) 

2739 

4522 

5423 

5518 

5028 

4279 

3479 

2578 

1429 

(RbF-RbBr) 

2140 

3560 

4310 

4445 

4118 

3556 

2908 

2149 

1186 

(LiF-Lil) 

11631 

16220 

14877 

11061 

7771 

5403 

3428 

2287 

1874 

(NaF-Nal) 

7552 

11865 

13103 

11509 

8409 

5843 

4742 

4133 

2623 

(KF-KI) 

5547 

8854 

10161 

9721 

8198 

6532 

5218 

3%2 

2250 

(RbF-Rbl) 

4759 

7636 

8840 

8592 

7411 

6019 

4811 

3595 

2009 

LiCI-LiBr 

141 

248 

317 

346 

339 

306 

256 

191 

107 

NaCl-NaBr 

135 

240 

318 

363 

364 

328 

271 

200 

111 

KCI-KBr 

85 

150 

194 

216 

217 

202 

173 

130 

72 

RbCI-RbBr 

70 

123 

159 

177 

180 

167 

143 

108 

60 

(LiCI-Lil) 

920 

1562 

1895 

1881 

1593 

1227 

934 

698 

405 

(NaCI-Nal) 

838 

1430 

1769 

1844 

1704 

1457 

1185 

884 

497 

KCI-Kl 

620 

1064 

1330 

1416 

1350 

1191 

984 

732 

407 

RbCI-RbI 

574 

984 

1232 

1317 

1264 

1122 

931 

692 

384 

LiBr-Lil 

263 

458 

575 

606 

561 

476 

384 

284 

159 

NaBr-Nal 

248 

433 

550 

595 

576 

514 

428 

319 

178 

KBr-KI 

198 

347 

443 

486 

480 

438 

369 

276 

154 

RbBr-RbI 

190 

333 

426 

468 

465 

426 

361 

270 

150 


*See footnote of Table 4(a). 

mixing are not expected to form solid-solid 
solutions at any temperature are shown in 
parentheses. 

Hor the eight alkali halide systems for which 
experimental data are available the theoretical 
results of Table 4 are plotted in Figs. 2-9. 
Also shown are the curves according to the 
theories of Wasastjema and Hovi[l 1, 12] and 
of Durham and Hawkins [13] that, for the 
systems shown in Figs. 2-7 were calculated 
by Lister and Meyers[14]. It can be seen that 
the present theory gives better overall agree- 
ment with the experimental data than does 
either of the two older theories. For some 
systems some of the other theories provide, 
however, better agreement over certain 
parts of the composition range. The only 


serious failure of the present theory occurs 
for the system KCl-RbCl. There is no ex- 
planation why this should happen for this 
particular system. 

The present theory does not fit the experi- 
mental data perfectly. In some cases the maxi- 
mum of the theoretical curve does not coincide 
with the maximum experimental value in 
height and the composition location of the 
maxima of the two curves do not always 
agree. The reason for the discrepancies is 
that in the middle sector of the composition 
range, i.e. for high defect concentration, it is 
very difficult to account for the clustering of 
large groups of ions. Also, the method of using 
the atomistic Vegard’s law ^proach is not 
rigorous enough to obtain complete agreement 
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with experiment, in addition, for those 
systems for which the theoretical curve lies 
J^ove the experimental data the discrepancy 
could be explained by a small degree of order- 
ing which so far has been taken into account 
only in the theory of Wasastjerna and Hovi 
[ 11 , 12 ]. 





While the present theory is not entirely 
satisfactory it is a step in the right direction. 
This is, among other things, reflected by the 
fact that according to equations (3.2), (3.3) 
and Table 1 , the heat of formation is a poly- 
nomial of 13 th degree in the variable x. 
Apparently a polynomial of this high a degree 





Fig. 4. 


Fig. 7, 
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Figs. 2-9. Heats of formation of eight alkali halide solid 
solution systems according to present theory (solid 
curve), Wasastjema and Hovi’s thcory[ll, I2j (dashed 
curve), and Durham and Hawkins’s theory 1 1 3] (dash- 
dot curve). Experimental points from Lister and M^ers 
[14] (open circles); Hovi|21] (open triangles); Fineman 
and Wallace! 18] (hUcd squares); Fontell et u/.[22J 
(open squares), Bassett and Wallace[23j (filled circles). 

is necessary for describing the composition 
dependence in alkali halides because it was 
found that the simple functional form jr( 1 — jc) 
which is typical for the elementary treatment 
of metallic solid solutions with short range 
forces and without relaxation is not sufficient. 

Of fundamental importance in calculating 
the heat of formation over the entire composi- 
tion range was the extension of the Dick and 
Das isolated defect model to evaluate energy 
changes at high defect concentration levels. 
This was accomplished with the assumption 
of an atomistic Vegard’s law for determining 
nearest neighbor distances. No explicit 
allowance was made for the clustering of 


defects at high concentrations. However, the 
success of the present theory in its agreement 
with experimental data may be considered 
the justification for the present method of 
hahdling high defect concentrations. 

The apparent superiority of the present 
theory over the previous theoretical attempts 
of Wasastjema and Hovi and of Durham and 
Hawkins seems to be due to the fact that in 
the model of Dick and Das the displacements 
around the defect are handled more appro- 
priately (not only is the number of ions that 
are allowed to be relaxed larger, but also all 
ions around the defect are taken into account, 
rather than only the 'common ion’), and that 
the electrostatic interaction of the induced 
electronic dipoles is included. 

Recently, there has been much interest in the theory of 
off-center displacements in ionic crystals. Experimental 
work (24-26] along with theoretic^ work [27-29] has 
revealed that in systems with a large ionic size difference, 
c.g. KCI-Li, the small ion possibly docs not reside on the 
normal lattice site but is slightly displaced in either a( 100) 
or (III) direction. The present theory minimized the 
energy change due to a substitutional defect by assuming 
the defect was at a normal lattice site. Because of the 
small difference in ionic radii this seems to be justified 
for the eight systems of Figs. 2-9. However, for systems 
with a large ionic size mismatch there may exist a lower 
energy minimum if the defect is slightly displaced from 
the normal lattice site and is smaller than the original host 
ions. The associated energy change is of the order of 2 
cal/ mole per cent [30] so that for these systems the data 
in Table 2 may be expected to be too high by an amount 
of this order of magnitude. Also, for very small cation- 
anion radius ratios one has to expect correction terms 
arising from second neighbor anion-anion contributions. 

The fact that the agreement of the Dick and 
Das model with experiment is best for the 
exponential repulsive law with the parzimeters 
of Born and Huang and without van der 
Waals interaction is surprising. In fact, for 
Schottky defects, Boswarva and Lidiard[6] 
arrive at the opposite conclusion. A possible 
explanation for this discrepancy is the small- 
ness of the perturbation for substitutional 
defects which could result in a smaller 
sensitivity to the details of the potential. Also, 
in the Huggins-Mayer form of the repulsive 
potential the parameters are determined from 
the compressibilities and therefore fit exactly 
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the secand derivatives of the potential that 
enter the expression (2.1) for the relaxation 
energy. 

5. CONCLUSIONS 

The following conclusions about the present 
theory may be drawn. First, the present work 
gives better overall agreement with experi- 
mental data than do previous theories. Second, 
Dick and Das’ model for the substitutional 
defect is realistic, since it gives agreement not 
only for the initial slope, but, with extensions, 
also for the shape of the curve over the entire 
composition range. Third, this good agree- 
ment is achieved with a small number of input 
parameters: the nearest neighbor distances, 
two repulsive parameters for the Born- 
Mayer potential, and the electronic polariz- 
abilities. Fourth, from the good agreement one 
may conclude that the assumption of random 
defect distribution over the entire composition 
range is justified, or that only a very small 
degree of order should exist. This supports 
the conclusions of Barrett and Wallace [31] 
from their experimental work that no local 
order is present in alkali halide solid solutions. 
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Abstract — Solid solubility curves are calculated for six alkali halide systems from theoretical heat of 
formatation data. Fair to good agreement with experimental data is found for the two systems for 
which these are available. The vibrational contribution to the entropy of mixing is found to be import- 
ant and can be adequately calculated from the Debye approximation. The composition dependence 
of the elastic constants required for the calculation of the Debye temperature of the solid solution 
can be successfully determined from a simple interpolation formula based on Vegard’s law for the 
volume under pressure. 

1. INTRODUCTION calculated from the theory of WasastjernaI4] 

Although for metallic alloys theory and and Hovi[5]. and (c) ideal mixing plus the 
experiment have advanced more uniformly, contribution arising from Schottky defects, 
a striking imbalance between knowledge and These authors found fair agreement of the 
understanding exists for solid solutions of experimental data with the theoretical data of 
ionic crystals. An enormous amount of em- (c). This implies that no local order is present 
pirical solubility data has been accumulated and no vibrational contribution arises, 
for nonmetallic systems [1], but theoretical It is well known that for metallic alloys the 
approaches have been scarce, and even for the solid solubility cannot be explained in terms of 
simplest case of alkali halide solid solutions the entropy of ideal mixing, and that the vi- 
only very few and approximate theoretical brational contribution is crucial in accounting 
attempts have been madef2, 3]. Fineman and for deviations from the entropy of ideal mixing 
Wallace [2] calculated the solid solubility of [6J. The question arises whether this is not 
NaCl-NaBr from experimental heat of forma- true more generally, and whether, for example, 
tion data by using the entropy for ideal mixing, in alkali halide solid solution the vibrational 
but no experimental data are available for contribution may be important. This contribu- 
this system that would permit verification of tion can be calculated from the composition 
the theory. For the system NaCl-KCI Barrett dependence of either the heat capacity or of 
and Wallace[3] compared the experimental the Debye temperture for the solid solu- 
entropy of mixing (determined from experi- tion. However, experimental data for alkali 
mental heat of formation and solid solubility halides do not seem to be available, and rig- 
data) with the theoretical entropy correspond- orous theoretical calculations for the vibra- 
ing to (a) ideal mixing, (b) partial order as tional spectra of disordered solids encounter 

*This work was supported by the National Science great difficulties that have not been Completely 
Foundation. solved even for simpler metallic systems[7, 8]. 
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For metals, estimates of the vibrational con- 
tribution based on the Debye approximation 
have been very successful [ 6 ]. The only imput 
data required are the elastic constants over the 
entire composition range. For alkali halide 
systems experimental data are available only 
for KCI-KBr[9], but for this system the ex- 
solution dome has not been measured. For the 
two systems (NaCl-KCI and LiCI-NaCI) for 
which the exsolution domes are known experi- 
mentally, no elastic constant data are avail- 
able. however. Although a general theory for 
the composition dependence of the elastic 
constants is available [ 10 ] no application to 
alkali halide systems has been made that would 
permit a purely theoretical calculation of the 
vibrational entropy contribution. 

The objective of the present paper is to dis- 
cuss several interpolation formulas for the 
composition dependence of the elastic con- 
stants that can be derived from simple ad hoc 
assumptions. It will be shown (a) that the 
experimental data for the KCI-KBr system 
can be well represented by an interpolation 
formula, and (b) that for NaCI-KCl and LiCl- 
NaCl the vibrational entropy calculated in the 
Debye approximation from the interpolation 
formula for the elastic constants leads to fair 
to good agreement between theoretical and 
experimental solid solubility curves. The .solid 
solubility curves are calculated for altogether 
six alkali halide systems and it is found that 
the vibrational entropy contribution is import- 
ant in all cases and may result in a lowering 
of the exsolution domes by as much as 450°C 
from the value calculated from the entropy of 
ideal mixing. 

2. COMPOSITION DEPENDENCE OF ELASTIC 
CONSTANTS 

Experimental data for the composition de- 
pendence of the elastic constants of alkali 
halide solid solutions are available for only 
one system, KCl-KBr[9]. The elastic con- 
stants Ci 2 and C 44 vary linearly with composi- 
tion, but c,, ‘hangs’ up to two percent below 
the straight line joining the values of c,, for the 


end components. The same is true also for the 
bulk modulus 5 = ( 1/3) (cu + 2 ci 2 ). Thus if the 
composition dependence of the bulk modulus 
is known theoretically it can be used in con- 
nection with the linear composition depend- 
ence of and C 44 to calculate the nonlinear 
composition dependence of the constant c,, 
also. 

It is convenient to describe the composition 
dependence of the bulk modulus B(x) in terms 
of the deviation AB(x) from a linear composi- 
tion dependence: 

AB(x) (2.1) 

where = (/ = 0 . 1 ), and x is the mole 

fraction of component 1. In this section, 
three alternative expressions for AB(jf) will 
be derived and compared with the experiment- 
al data for KCI-KBr. 

In Fig. 1 the experimental data of AB{x) 
for KCI-KBr calculated from [9] are plotted 
and suggest a functional dependence of the 
form 

AB(x) = Dx(l-x). (2.2) 

The constant D can be expressed by differ- 
entiation of ( 2 . 1 ) and ( 2 . 2 ) in terms of the 



Fig. 1. Composition dependence of deviation — AB of 
bulk modulus from linear law for KCI-KBr (0 experi- 
mental data of Slagle and McKinstry 19]; calcu- 
lated from equation (2.2); calculated from 

Vegard’s law for volume, equations (2.9a) and (2.9b); 
— — calculated from Vcgard's law for lattice con- 

stant, equations (2.9a) and (2.9c). 




ALKALI HALIDE SOLID SOLUTIONS- II 


2519 


slopes {dBldx)x^f^ (aJ9/ax)o and (afl/daf)jf.,= 
(dB/dx)t as follows: 



(2.3) 


An alternative expression for Afi(jc) can be 
derived from the generalized Vegard’s law 
(2.6) without assuming a particular functional 
foim as in (2.2). Onei obtains directly from 
(2.6) in connection with (2.4) and (2.1) 


The slopes can be obtained by differentiating 
the equation defining the bulk modulus 


ABix)=^^\:^^^xil-x) (2.9a) 


1 

B{x) 


1 ^ avix.p) \ 
K(j:) V 3/7 /p„o 


(2.4) 


with respect to composition: 

_ BU) / dVix,p) \ BHx) 

\dx) f'fxiV 3x Vix) 


d‘^V(x.p) \ 

dpdx 


(2.5) 


Assuming that the volume depends linearly on 
composition for arbitrary pressure (‘gener- 
alized Vegard’s law’), 

Vix,p) = V{0,p) (\-x) + y{\.p)x (2.6) 

gives upon differentiation: 



where 


^ = <2.9b) 

Comparison with (2.2) shows that the constant 
D is replaced by a composition dependent 
factor. Actually, equation (2.2) is nothing but 
a symmetrical form of (2.9a) in which this 
factor is replaced by a constant that is de- 
termined from the average initial slopes ac- 
cording to (2.3). 

The composition dependence according to 
(2.9) and (2.1) has been derived before by Liu 
and Takahashi and successfully used for de- 
cribing the composition dependence of the 
bulk modulus in solid solutions of almandite 
and pyrope[1 1]. 

A third interpolation formula is obtained if 
Vegard’s law at arbitrary pressure is assumed 
to hold for the lattice constant, instead of the 
volume: 


(dw\ _ 



\dpdx/^:^„ 

\B, 

bJ 


Here F(i,0) (/= 1 , 2) are the zero 
pressure values of the molar volumes of the 
two end components. Both quantities in (2.7) 
are independent of the composition. The con- 
stant D follows then from (2.3), (2.5) and (2.7) 
as 


_ iBrVor] (B.-Bo) 

2BoB,LoL • 


Thus the deviation AB(x) is in this approxima- 
tion determined by the bulk moduli and the 
volumes of the two end components. 


a(x,p) = a(O.p) (\ —x) + ail.p) X. (2.10) 

Since for cubic crystals the bulk modulus is 
given by 


1 

B{x) 


3 / 3Q(jf./?) \ 

a(x, 0)\ dp /p=o 


( 2 . 11 ) 


one obtains in connection with (2.1) again 
equation (2.9a); however, with E replaced by 


E' =^^-1. 

floBi 

The composition dependence of the devia- 
tion AB of the bulk modulus from a linear 
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relationship has been calculated for the three 
cases mentioned for the system KCl-KBr by 
using the experimental data for the molar 
volume and for the bulk modulus listed in 
Table 1. The results are plotted in Fig. 1 and 
show that the symmetrized formula (2.2) and 
equation (2.9a) in connection with (2.9b) based 
on Vegard’s law for the volume both agree 
fairly well with the experimental data. The 
agreement is not perfect, but this may be part- 
ly due to the large experimental error which is 
reflected in the large scatter of the experi- 


justified a posteriori by the success of this 
formula in correctly accounting for the en- 
tropy of mixing. 

In addition, it will be assumed that for all 
other alkali halide systems the elastic con- 
stants Ci2 and C44 also vary linearly with com- 
position, as is the case for KCl-KBr. It then 
follows immediately that the deviation of the 
elastic constant c,, from a straight line also 
follows a law of the form (2.2). 

Acuix) — Ax(i —x) (2.12) 


Table 1. Molar volume \/(cm^lmole), elastic 
constants (XQ" dyneslcm^) and bulk modulus 
(10" dyneslcm^) of six alkali halides at 300°K 



LiCI 

NaC'l 

KCl 

KBr 

Kl 

NaBr 


20-50 

26-84 

37-19 

43-02 

52-81 

31-91 

t'li 

4.94(fti 

4.94(Ai 

4-069«-> 

3-468'" 

2-74"” 

4-01"” 

CiS 

2-28"" 

i-29"-’ 

0-71 1"-’ 

O-SSO"-' 

0-45"” 

1-09"” 


2-46'" 

1 -27'" 

0-631'" 

0-507' '•> 

0-37"" 

0 . 99 ( 1 .. 

B'"’ 

3-167 

2 506 

1-831 

1-543 

1-213 

2-063 


'"'Calculated from the lattice constants tabulated m [12]. 
'*’Haussuhl[3]. 

'"’Slagle and McKinstryl91. 

""Calculated from t'n and Cu. 


mental data. It must be kept in mind that ac- 
cording to (2.1) AB is the difference of two 
large numbers, and that ABIB amounts only 
to less than 2 percent. The difference between 
the symmetric form (2.2) and equation (2.9a) 
with (2.9b) based on Vegard’s taw for the 
volume is smaller than the experimental error 
and may be neglected for practical purposes. 
For the values calculated from equation (2.9a) 
in connection with (2,9c) based on Vegard’s 
law for the lattice constant, much larger dis- 
crepancies with the experimental data occur. 

As the symmetric law (2.2) gives as good 
agreement with the experimental data as equa- 
tions (2.9a) and (2.9b) the former will be used 
subsequently because of its greater simplicity. 
Encouraged by the success of this formula for 
KCl-KBr it will be applied below to other 
alkali halide systems. This extension will be 


where 

/f=3Z> (2.13) 

and D is given by (2.8). 

Numerical values of the constant A were 
calculated for six alkali halide systems from 
the input data of Table 1 and are listed in 
Table 2. Also shown are the equimolar values 
of the relative deviation of c,, from the linear 
dependence corresponding to a solid mixture 
of. the components, cfi''^(x) = c'n(O) (1 — x) 
-+-Cj,(l)x. For the systems considered this 
deviation ranges from about 2 to 8 per cent. 

3. THEORY OF SOLID SOLUBILITY 
The solid solubility is determined by the 
excess Gibbs free energy G * of the solid solu- 
tiorrover the solid mixture. At zero pressure it 
is [14] 
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Table 2. The constant A according to equation (2.13) and (2.8) dynes/cm^) 
and the relative deviation (Acii/c"***)x=o -5 (per cent) of the elastic constant Cxxfrom 
a linear dependence for equimolar solutions of six alkali halide systems 



LiCt-NaCl 

NaCl-KCl 

j 

NaBr-KBr 

NaCI-NaBr KCl-KBr 

KBr-KI 

A 

-1-131 

-5-7 

-1-377 

-7-6 

-0915 

-6-1 

-0-501 -0-278 

-2-8 -1-8 

-0-447 

-3-6 


G* = Q^-TAS (3.1) 

where 

(3.2) 

is the excess internal energy of the solid solu- 
tion over the mixture of the components (heat 
of formation). AS is the corresponding excess 
entropy (entropy of mixing), and T is the ab- 
solute temperature. It will be assumed that the 
excess entropy is additively composed of the 
entropy of ideal mixing and of the vibrational 
contribution: 

AS = AS'‘> + AS''’’‘^. (3.3) 

The entropy of ideal mixing per mole is given 
by[15J 

= — /?[jclnjr-f(l— jc) ln(l— jr)] 

(3.4) 

where R is the gas constant. The vibrational 
contribution is in the Debye approximation 
and in the high temperature limit (T > 6) 
given by [ 6 ] 

AS'''‘^ = -2R(Ae(x)te^Hx)). (3.5) 

Here A6{x) =6**’{x) deviation 

of the Debye temperature of the solid solution. 
5"(jr), from that for the solid mixture, = 

6o(l—x) + dxX, where e,(f=l,2) denotes the 
Debye temperatures of the end components. 

For metals, additional entropy terms due to 
differences in electronegativity and valence 
contribute to A5t6], but may be neglected for 


alkali halide solid solutions. In addition, con- 
tributions from defects, especially Schottky 
defects, may arise and may not be entirely 
negligible for alkali halides [3]. This point 
will be discussed below. 

If the composition dependence of the heat 
of formation Q^• and of the entropy of mixing 
AS are known, the solid solubility limits JCi and 
JC 2 can be obtained for each temperature T 
from the excess free energy (3.1) by solving 
the two equations (r)G*/ax), = (flG */ax) 2 , 
and G 2 * — Gi* = (aG*/ax)i(jC 2 — X,) (method of 
equal tangents) [14], 

The composition dependence of the heat of 
formation has been investigated in a previous 
paper ([16], subsequently referred to as l),and 
the theoretical results obtained for Qr(x) have 
been used to calculate solid solubility data 
which are presented in the following section. 

The Debye temperature ft®*(x) of the solid 
solution was calculated by the method of 
Quimbey and Sutton[17] from the equation 

e‘’{x) = (/?/k)(3j/4K^(x))’'®[(cij(j:) — C 44 (x))/ 

p{x)V'^J{C{x).K(x)) (3.6) 

where h and k denote Planck’s and Boltz- 
mann’s constant, respectively, F 2 (x) is the 
volume of the unit cell, j; is the number of 
atoms in V^ix), and p(x) is the density. The 
factor J{C{x) ,K(x)) is a function of the 
combinations of elastic constants C — c^J 
(cj, — C 44 ) and (c-, 2 -f C 44 )/(c,,-C 44 ), and 
is available in graphical form [18]. 

Since only {A$(x)IB{x)) is of interest, most 
factors in (3,6) cancel out approximately, ex- 
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cept the factor containing (Cn — C 44 ) Con- 
sequently, the excess entropy term is related 
to the deviation of the elastic constants of the 
solid solution from a linear interpolation of the 
elastic constants of the end components. In 
calculating the vibrational entropy from (3.5) 
the composition dependence of the elastic 
constants was described by the formulae 
described in Section 2. 

4. NUMERICAL RESULTS AND DISCUSSION 
The solubility curves were calculated from 
the theoretical heat of formation Qr(x) accord- 
ing to equation (3.13) of 1 for six alkali halide 
systems with and without the vibrational 
entropy term in (3.3). The results are plotted 
in Figs. 2-7 together with experimental data. 





MOLE 7o KBr 
Fig. 4. 



MOLE 7oNoBr 
Fig. 5. 



Fig. 6. 
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Figs. 2-7. Solid solubility curves for alkali halide systems; 

(— theoretical curve, calculated with A5"’ only; 

theoretical curve, calculated with A.S'"' and AS'"*; 
— semilheoretical curve, calculated from ex- 

perimental heat of formation with A.V"’ and AA‘"‘; 

scmitheoretical curve, calculated with AS'" 

and AS*'"', where experimental data on composition 
dependence of elastic constants were used; O experi- 
mental data from [19]; experimental data from [20]). 

where available. In all cases the solid solu- 
bility curve is drastically shifted to lower tem- 
peratures if the vibrational entropy term is 
included. Whenever the melting curve is 
not shown it lies well above the tempera- 
ture range of the figures. 

Figures 2 and 3 for the systems NaCI- 
KCl and LiCI-NaCl show that the exsolution 
domes calculated with both the entropy of 
ideal mixing and the additional entropy con- 
tribution from the vibrational factor are much 
closer to the experimental exsolution domes 
than the exsolution domes calculated with 
A5'" only. The agreement between the experi- 
mental and the theoretical exsolution domes 
for LiCl-NaCl is very good. 

For NaCl-KCl there is still some disagree- 
ment between the theoretical exsolution dome 
calculated with both and and the 

experimental exsolution dome. Since, accord- 
ing to Fig. 4 of I the theoretical heat of forma- 
tion curve is for this system somewhat higher 
than the experimental data, the solid solubility 
curve was also calculated (including both A5'® 


and AS*''®) from an experimental heat of 
formation curve obtained by drawing a best 
curve through the experimental data. Because 
of/the large scatter of the experimental data 
this was not possible without ambiguity. The 
result is also plotted in Fig. 3 and agrees 
better with the experimental data than the 
purely theoretical curve. However, the solu- 
bility curve calculated from the experimental 
heat of formation data falls about 5()“C below 
the experimental solubility curve. This would 
mean that the actual heat of formation curve 
lies between the theoretical and experimental 
curves of Fig. 4 of 1. A part of the discrepancy 
between the theoretical and experimental 
solubility curves of Fig. 3 could possibly also 
be accounted for by considering the entropy 
contribution due to the presence of vacancies. 
Barrett and Wallace [3] pointed out that a posi- 
tive contribution to the excess entropy is also 
possible due to the existence of vacancies in 
the lattice. They determined from den- 
sity measurements [2 1 ] the number of va- 
cancies (Schottky defects) for their samples of 
NaCl-KCl. The amount of vacancies was 
quite large, corresponding to a maximum of 
about one percent. Barrett and Wallace e.sti- 
mated the additional entropy due to the empty 
lattice sites. This additional positive contribu- 
tion to the entropy, if included, would also 
lower the purely theoretical exsolution dome 
and bring it in closer agreement with the 
experimental exsolution dome. 

Table 3 gives the various entropy contribu- 
tions in calories per mole at x' = 0-5 for all the 
solid solutions studied. The value listed for the 
entropy contribution due to vacancies, AS*'^'', 
for NaCl-KCl was estimated by Barrett and 
Wallace [3]. The term was not taken 

into account in the calculations of the results 
shown in Fig. 3. 

It is unlikely that the number of vacancies 
in a system such as KCl-KBr is large enough 
to give any appreciable entropy contribution 
due to the lower temperatures and smaller 
size misfit involved in this system as com- 
pared to NaCl-KCl. 
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Table 3. Contributions to entropy of mixing (cal! mole) for x = 0-5 



LiCI-NaCI 

NaCI-KCI 

NaBr-KBr 

NaCI-NaBr 

KCl-KBr 

KBr-KI 

AS"’ 

1-38 

I'SS 

1-38 

1-38 

1-38 

1-38 

AS'"" 

AS''‘'^ 

0-28 

0-34 

019'“' 

0-25 

0-32 

0-20 

0-20 


‘“'Barrett and Wallace[3]. 


The effect of the defect concentration on the 
solid solubility illustrates that the absolute 
value of the solid solubility curve should 
depend on the number of vacancies present 
in the sample. If a sample is grown at a high 
temperature and then quenched to a lower 
temperature for measurement, the configura- 
tion of the higher temperature is ‘frozen’ into 
the sample. 

In order to verify the quality of the interpo- 
lation formulae used for the elastic constants 
for the system KCl-KBr the vibrational en- 
tropy was also calculated from a smooth curve 
drawn through the experimental elastic con- 
stant data as a function of composition. The 
result is also shown in Fig. 6 and is seen to 
deviate by a small amount only from the solu- 
bility curve calculated with the interpolation 
formula for the elastic constants. 

A possible objection to the calculation of .solid solu- 
bilities presented here is that a special analytical form has 
been used, according to equation (.3.13) of I, for the com- 
position dependence of the heat of formation. That this 
argument must be discarded can be seen as follows. Sup- 
posing the heat of formation had the simple form, as usually 
assumed in elementary treatments of alloys, Qf = f/x{ I —x). 
where // depends on the differences in lattice energies of 
the two end members, the corresponding exsolution dome 
would lie lower than the theoretical one calculated with 

only. In the first place, however, this special com- 
position dependence does not fit the experimental data 
because of the asymmetry and the quantitatively different 
shape of the heat of formation vs. composition curve. 
Moreover, it can be shown that the towering of the ex- 
solution dome that can be achieved in this manner is not 
large enough for NaCI-KCl. so that only the use of the 
entropy for ideal mixing can account for (his failure. 

Consider, for example, the system NaCI-KCl. Using 
the experimental heat of formation from [3], one obtains 
for the constant ff a value of 4200 (cal/mole). Assuming 
the form //x( 1 —x) for the heat of formation and using the 
entropy of ideal mixing, the Gibbs free energy function 


becomes G' * = 4200jr(l — jr) — TAS'". The maximum tem- 
perature of the exsolution dome can then be calculated by 
finding the temperature at which the second derivative of 
G * with respect to composition for x:=0-5 is equal to zero. 
One obtains a value of 1050°K. as compared with ISIO^K 
for the theoretical curve calculated with AS"’ only. The 
value of 1050“ is still almost 300°K above the maximum 
temperature of the experimental solubility curve. In this 
connection it must be emphasized again that the work in 1 
shows that the simple form (4. 1 ) is entirely inadequate to 
describe the experimental heat of formation data, but that 
a much higher order polynomial is needed Also, the ex- 
solufion dome calculated from Qf ~ Hx{ 1 - v) consists of 
a much sharper peak than is observed experimentally 

The good agreement of the theoretical and 
experimental exsolution domes of LiCI- 
NaCI and the relatively good agreement of the 
theoretical and experimental exsolution domes 
of NaCI-KCI. in addition to the reasonable 
agreement of the experimental and theoretical 
results for the composition dependence of the 
bulk modulus and the elastic constants justifies 
to a large extent the assumptions made in the 
present work. 

5. CONCLUSIONS 

For the two alkali halide systems for which 
experimental solid solubility curves are avail- 
able (LiCI-NaC! and NaCi-KCl). the theo- 
retical curves presented here agree quite well 
with the experimental data. This implies that 
the assumptions made in these calculations 
are approximately valid. These assumptions 
are (a) that the entropy of mixing deviates 
markedly from that of ideal mixing, (b) that 
the deviation from ideal mixing is primarily 
due to the vibrational contribution, (c) that 
the vibrational contribution to the heat of 
miiinng can be adequately calculated (i.e. 
within the relatively large bounds of experi- 
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mental error) from the Debye approximation, 
(d) that the composition dependence of the 
elastic constants is linear for c,2 and C44 and 
nonlinear for Cu, and (e) that the nonlinear 
composition dependence for Cn can be calcu- 
lated from a simple interpolation formula for 
the bulk modulus that is based on the assump- 
tion of Vegard’s law for the pressure depend- 
ence of the volume. Conclusions (d) and (e) 
are supported independently by direct experi- 
mental data on the composition dependence of 
the elastic constants for the only one alkali 
halide system (KBr-KCl) for which experi- 
mental data are available. 

y4 cJcnow/edgements — The authors are indebted to Pro- 
fessor T. Takahashi for a copy of the thesis of L. S. Liu 
prior to publication. One of the authors (D.L.F.) would 
like to thank the National Science Foundation for a 
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Abstract — De Haas-van Alphen oscillations in the low-temperature, magnetic susceptibility have 
been investigated in fields up to 100 kG for the hexagonal, intermetailic compound AuSn at the equi- 
atomic composition. Results are presented for the frequency measurements in the <0001}, {1010} and 
{1120} planes, together with cyclotron effective masses and Dingle scattering temperatures'. The 
l-OPW model, extending into eight zones, the first two of which are filled, has been constructed 
according to both the single and double zone schemes, and the extremal cross-sectional areas have 
been computed. Spin-orbit effects are found to be important in AuSn and the experimental results are 
interpreted in terms of a model for the Fermi surface based on the single zone scheme, but with limited 
magnetic breakdown. Between zones 3 and 4. breakdown is complete at magnetic fields > 30 kG. but 
no major breakdown phenomena were observed below 1 00 kG between zones 5 and 6. An estimate of 
016 eV is obtained for the spin-orbit gap relevant to the latter case, corresponding to a breakdown field 
of ~ 250 kG. The derived model for the Fermi surface indicates that in the absence of bre^down 
between zones 5 and 6. AuSn is a compensated metal supporting open orbits along (001 ), (1010) and 
( 1 120). These conclusions are in agreement with the high-field, galvanomagnetic properties of AuSn. 


1. INTRODUCTION 

De HAAS-van Alphen (dHvA) oscillations in 
the low temperature, magnetic susceptibility 
provide direct experimental information on 
the extremal cross-sectional areas, cyclotron 
masses and average relaxation times relating 
to the Fermi surface. In recent years, improve- 
ments in experimental techniques and in 
crystal preparation have enabled studies of 
the effect, previously restricted to high purity 
metallic elements, to be extended to a number 
of intermetailic compounds [2-6] and ordered 
alloy phases [7, 8). In particular, the effect has 
been examined in a series of ordered inter- 
metailic compounds [2-6] containing a noble 
metal in combination with group Ilb metals 
(CuZn, AgZn)[7, 8] and group Ilia metals 

*Work supported by the S.R.C. 

^Present address: Department of Physics, Michigan 
State University. Mich. 48823, U.S. A. 

XPresent address: Tohoku University, Sendai, Japan. 


(AuAl.^, AuGa^ and Auln2)[9]. The present 
study of the hexagonal, intermetailic com- 
pound AuSn at the equiatomic composition is 
an extension of this work. 

AuSn crystallizes in the NiAs structure. 
This phase forms an important link between 
compounds which are non-metallic (ionic or 
covalent) and those which are truly metallic. 
Apart from AuSn, all known compounds with 
this structure consist of a transition metal in 
combination with a metalloid or group B 
element. Typically they exhibit wide ranges of 
homogeneity and a variety of bonding, 
ranging from predominantly ionic for c/a near 
to 1 -63 to mainly metallic for low axial ratios 
(the order of 1 -3). 

AuSn has been fairly extensively investi- 
gated. The structural, thermal, electrical and 
magnetic properties have been studied by 
Jan et al.[lQ, 1 1] and the high-field, galvano- 
magnetic properties by Sellmyer and 
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Schroeder[12]. AuSn is known to be a super- 
conductor with a transition temperature of 
1-25®K[13]. To explain the transport proper- 
ties, models for the Fermi surface have been 
proposed [10, 12] and the present study was 
motivated by the existence of strong dHvA 
signals in AuSn, enabling the geometry of 
the Fermi surface to be investigated. A 
preliminary report of this investigation has 
been given elsewhere [14]. 

In Section 2 the essential theory of the 
dFlvA effect is summarized. The experimental 
procedure is described in Section 3, followed 
by a discussion of the nearly-free-electron 
model for AuSn in Section 4. Sections 5 and 6 
discuss the experimental results and their 
interpretation to yield a model for the Fermi 
surface. This model is discussed and compared 
with the results of other workers on AuSn in 
Section 7. 

2. DE HAAS-VAN ALPHEN EFFECT 

It may be shown that for a metal the free 
energy F and the magnetization M = —dF/dH 
are periodic functions in the reciprocal 
magnetic field. The fundamental frequency / 
of these oscillations is related to an extremal, 
cross-sectional area A of the Fermi surface 
(FS) by the Onsager relation 


Here, the usual approximation, 2Trf> 
a (7+ To) > H, has been made. To is the 
Dingle ‘scattering temperature’, A" is the 
curvature of the FS evaluated at the extrem- 
um. 0 is a phase constant which is i for a 
quadratic dispersion law and a — 27r*ckm*/eft. 
The last term in equation (2.2) was derived by 
Lifshitz and Kosevich from considerations of 
the electron spin, with the assumption that the 
spin slitting is much less than the Landau level 
separation. Under conditions where this 
criterion is not valid [1 8], the expression must 
be modified [19], 

In this work, the low frequency modulation 
technique developed by Shoenberg and 
Stiles [20] was used. The dHvA effect is 
observed by surrounding the specimen by a 
small pick-up coil, the e.m.f. (V) induced in 
the coil being given by 


Here, C is a factor depending on the coil 
geometry etc. The specimen is placed in a 
high magnetic field //q on which is super- 
imposed an alternating field /i cos (cut) of 
small magnitude. For small field ranges, we 
may write for M 


A = {Inelch) f. 


Af„sin ( 27 r/'/y) 


Lifshitz and Kosevich [16] have derived an 
expression for the free energy of a system of 
electrons having an arbitrary dispersion rela- 
tion. Incorporating the factor derived by 
Dingle[17] to account for electron scattering 
the expression for the fundamental term in 
the magnetization becomes 


M = T 




( 2 . 1 ) 




X ^(T+T„)IH 



( 2 . 2 ) 


where f and // = //„ + /? cos a>t. We 

thus obtain 

A/ = M,, sin [27r/''//o + 7r/3 coscut] (2.4) 
where /8 = 2f'h. 

Expansion of equation (2.4) leads to a d.c. 
term plus oscillatory terms with frequencies 
of a>. 2ta, , , . nto . . . The coefficients of these 
terms are Bessel functions[21]/„. In this work, 
detection of the second harmonic (2<u) signal 
was employed. From equations (2.3) and 
'(2.4) the amplitude of the dHvA oscillations 
for 2o) detection is given by 
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Xexp[-a(7’+7'„)///] (2.5) 

where 




^CkA 


TT 




Two assumptions have been made in this 
derivation. Firstly, that h is constant over the 
specimen dimensions, and secondly, that oi is 
sufficiently low to ensure complete penetra- 
tion of the specimen by the modulation field. 

From equation (2.5) it is seen that measure- 
ments of Ln(VIT) as a function of T at 
constant field will give the effective masses 
for the various dHvA frequencies while 
measurements of L.ty\V 
as a function of H~' will yield the Dingle 
temperatures T 


3. EXPERIMENTAL PROCEDURE 
The AuSn ingot from which the specimens 
were cut was grown by Beck [22]. The alloy 
was prepared in an evacuated silica tube from 
equiatomic quantities of spectrographically 
pure tin and gold supplied by the Johnson 
Matthey Company. After an initial melt, the 
ingot was subjected to approximately 30 zone 
passes to prepare a single crystal of homo- 
geneous composition. Five crystals (1-V) 
were spark-machined from the ingot, crystals 
III, IV and V on a particularly fine range in 


view of the difficulty encountered in etchii^ 
crystals for orientation by X-ray techniques. 
The specimens we^ cylinders of length 5 mm 
! and diameter 2 mm.i The cylinder was, in 
each case, oriented along a crystal symmetry 
direction to within 1° of that specified in 
Table 1 . 

The residual resistance ratios of the speci- 
mens were measured using the eddy current 
decay technique devised by Bean et o/.[23]. 
To facilitate measurements, we have em- 
ployed a repetitive rather than a pulsed 
method[24, 25]. The resistance ratios were 
reproducible to 3 per cent. 

The orientations and residual resistance 
ratios are given in Table 1. For three of the 
crystals, two sets of resistance ratio measure- 
ments were made within an interval of 
approximately 18 months. The second set 
showed consistently higher values than the 
first, reflecting a slow annealing phenomenon 
at room temperature. 

The dFIvA effect was investigated in a 
100 kG superconducting magnet at tempera- 
tures between 1-14° and 4-2°K. The modula- 
tion frequency was 5 KFlz with phase-sensitive 
detection at 10 KFlz. The residual noise level 
referred to the pick-up coil of approximately 
200 turns linked to the specimen was 4- 10~* V 
r.m.s. for a 2-5 Hz bandwidth. Signal levels of 
this same order were detectable, although 
vibration was troublesome at these low levels. 

It is well known that superconducting 


Table 1. Crystallographic orientations and measured 
residual resistance ratios for specimens of AuSn. 
The two sets of data were obtained with an interval 
of 1 8 months 


Resistance Resistance 

Specimen Orientation ratio 1 ratio 2 


I 

(0001) 


42-4 

II 

<1100) 



III 

(0001) 

34-9 

38-2 

IV 

<1100) 

39-6 

43-3 

V 

<1120) 

35-2 

43-8 
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magnets constructed of niobium-tin exhibit 
pronounced hysteresis effects between the 
magnetic field and the energizing current. In 
this work, the magnetic field was continuously 
monitored with the aid of a copper coil used 
as a magnetoresistance. The device was 
calibrated using N.M.R. and interpolation to 
any magnetic field was achieved by means of 
a curve-fitting programme. The details of this 
technique are described elsewhere [26]. Due 
to a small systematic error in the field calibra- 
tion during the course of this investigation, the 
accuracy of the dHvA measurements is 1 per 
cent. 

4. SINGLE-OPW FERMI SURFACE FOR AuSn 

In many metallic elements, with the notable 
exception of the transition metals, the Fermi 
surface is rather closely related to that derived 
according to the single orthogonalized- 
plane-wave (l-OPW) or ‘empty lattice’ 
approximation. The reasons for this agree- 
ment have been clarified in recent years by 
the work of Phillips and Kleinman[27J, 
Heine f28], Harrison [29] and others. 

it is expected that, as for metallic elements, 
the l-OPW Fermi surface will be a reason- 
ably good approximation to the real Fermi 
surface in the field of metallic compounds and 
ordered intermetallic phases. Recent experi- 
ments have confirmed this [7-9], although the 
presence of a noble metal will somewhat 
weaken the expectation in the case of AuSn. 

AuSn has the hexagonal NiAs (158,) 
structure (Fig. 1) with 5-5230 A. a~ 
4-3218 A and c7fl= 1-278 at room tempera- 
ture [1 1]. The gold atoms reside on a simple 
hexagonal lattice and the tin on hexagonal 
close-packed hep sites. The crystal structure 
belongs to the space group P6.Jmmc (D^J, 
and contains four atoms per primitive cell. 
This corresponds to ten valence electrons, 
which in our model are assumed free. 

The first Briflouin zone for the structure 
(Fig. 2) is a hexagonal prism. For hep lattices, 
however, there is the complication that in the 



Fig. 1. Crystal structure of AuSn (NiAs, flS, structure) 
showing the hexagonal unit cell. 

absence of spin-orbit coupling the energy 
bands are degenerate across the hexagonal 
face of the first Brillouin zone. Spin-orbit 
coupling removes this degeneracy everywhere 
except along the lines R (Fig. 2), the effect 
of the interaction being greatest at H. 

In general, the spin-orbit interaction is 
small enough to allow a reasonable possibility 
of magnetic breakthrough at experimentally 
attainable magnetic fields. In the limiting case 
of high magnetic fields and complete break- 
through. all the electrons move on orbits 
which exi.st continuously over two bands and 
it i.s convenient to introduce the concept of 
the ‘double zone’. Zones 1 and 2 coalesce to 
form a zone of double the volume of each 
separately and similarly for zones 3 and 4 etc. 
The electrons now move on orbits contained 
entirely in a repeated set of double zones. 

In AuSn, the magnitude of the spin-orbit 
coupling is only approximately known. Since 
in the hep metal thallium, with a very similar 
atomic number to that of gold, magnetic 
breakthrough has been observed at fields well 
below 100 kG, the l-OPW Fermi surface for 
AuSn was constructed according to both the 
single and double zone schemes, using the 
method of Harrison [32]. The calculated 
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( 0001 ] 



Fig. 2. First Brillouin zone for the hexagonal close-packed structure, showing points 

and lines of symmetry. 


Fermi radius, corresponding to ten valence 
electrons, is 0-789 a.u.* 

Extremal cross-sectional areas of these 
surfaces have been computedt for the princi- 
pal crystallographic planes {0001}, {1010} 
and {1120}. These results are shown in 
Fig. 3 in which extremal orbits are labelled 
by a letter referring to the symmetry points 
about which the orbit is centred in the reduced 
zone and a subscript indicating the zone 
number. 

The 1-OPW Fermi surface extends into 
eight zones of which the first two are filled. 
A construction of the Fermi surface in the 
remaining partially occupied six zones is 
shown in Figs. 4-6 and is briefly discussed. 


*In these calculations, the room temperature values for 
the lattice parameters have been employed. In conse- 
quence, a small correction to account for lattice dilation 
is relevant. 

tWe are indebted to Dr. R. Taylor of the Division of 
Pure Physics, N.R.C.. Ottawa, Canada, for making 
available to us a computer program developed by him to 
undertake these calculations and those of effective 
mass. 


Zone 3 contains a single, closed hole 
surface which supports an extremal orbit A^. 
The 4th zone hole surface is open along 
{0001 ) with extremal sections and 1% for 
certain field orientations. In zone 5 the hole 
surface is multiply connected, being topo- 
logically equivalent to a set of arms connected 
at r and directed both in the <0001) and 
<1010) directions. Possible extremal orbits 
in this zone are L^, Fs, A/g and A^. The 
electron surface of zone 6 has two main 
features; 'humbugs’ situated at H with the 
general form of trigonal bipyramJds, and 
complex winged electron pockets or ‘butter- 
flie.s’ at M. These latter surfaces are shown 
truncated in Fig. 4(d) to demonstrate their 
form more clearly. The humbugs and butter- 
flies contact each other in the manner depicted 
in Fig. 5. In zone 6 at least two extremal orbits 
{He and Me) exist. There are ‘propellor’- 
shaped featues in zone 7 situated at Mj and 
giving the extremal section Mj, and small 
electron pockets in the ei^t zone corres- 
ponding to Me. 
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Fig. 3. Computed curves showing the angular variation of the dHvA 
frequencies for the Fermi surface of AuSn in the 1-OPW approximation 
with strong spin-orbit coupling (single-zone model). The curves are labelled 
by a letter and a number, the latter giving the reduced zone in which the 
orbit exists and the former indicating the symmetry point in the zone about 
which the orbit is centred. 


In the double zone scheme, a closed hole 
surface is formed in zone 3,4 (the double zone 
formed by the coalescence of zones 3 and 4), 
but in zone 5,6 only three extremal orbits, 
Fs, Ms and Mg remain of those which existed 
for zones 5 and 6 separately. The surfaces 
present in zones 7 and 8 remain unchanged 
and consequently have not been reconstructed 
in the double zone scheme. 

With 10 electrons per primitive cell, AuSn 
is compensated according to the single zone 
scheme. However, this compensation is 
destroyed if complete magnetic breakdown 
occurs between zones 5 and 6. 

S. EXPERIMENTAL RESULTS 
The dHvA effect was investigated as the 
direction oi the magnetic field was varied in 


th^ principal crystallographic planes {0001}, 
{1100} and {1120}. Of the eleven frequeo- 
cies observed, eight could be studied over an 
extended angular range. The results are 
summarized in Fig. 7 and reproduced in detail 
in Figs. 8-13. 

The a oscillations (Fig. 8) were the lowest 
frequencies observed. The branch is centred 
about (0001) and the angular variation of 
frequency is identical, within experimental 
error, in both the { 1 120} and { 1 1 00} planes. 
This indicates that the a oscillations may be 
associated with a FS feature having cylindrical 
symmetry about the (0001) axis. The results 
may in fact be fitted closely to a hyperboloid 
surface defined by 

f .2 _ ^^2 = ^ 



THE FERMI SURFACE OF AuSn 


2533 







Fig. 4. Fermi surface of AuSn in the 1-OPW approximation with strong spin-orbit coupling 
(single zone model). Zones I and 2 are full. The electron pockets (‘butterflies') centred at 
M in zone 6 are shown truncated to exhibit more clearly their form. Note that the zone centre 

has been shifted in zones 3 and 5. 


where z and r are distances, in units of (G)*'*, 
measured along and normal to <0001 ) respec- 
tively. A best fit is achieved with a — 0-756 
and b = 2-26 . 10® G, as shown in Fig. 8. 

The )3 and v oscillations (Fig. 9) have 
closely similar frequencies (1-49.10^ and 
1-54.10^0 respectively along (0001 >) and 


for certain field orientations close to (0001) 
there was some evidence for a third frequency 
of similar magnitude. 

The y oscillations (Fig. 10) form a single 
branch of frequency 6-14. 10^ G at (0001). 
The angular range of observatitm terminates 
abruptly at 5(±i)“ from (1010) and at 
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Fig. 5. Sections of the 5th zone parallel to (0001 ), showing 
the form and connectivity of the Fermi surface about 
symmetry point K. The three sections a, b and c corres- 
pond to those indicated in Fig. 4(d). Dotted lines are 
Brillouin zone bondaries. 

17(±1)‘’ from (1120) in the {1120} and 
{1100} planes respectively, indicating that 
the ingular range of existence of the y branch 
is determined by geometrical features of the 
FS rather than by intrinsic amplitude factors. 

Experimentally, the b oscillations (Fig. 11) 
were visible as a low frequency ripple on the 
e oscillations. At (1010), the 6 oscillations 
were visible up to 1 00 kC^with a frequency of 
1'86.10*G. Along (1120) however, they 
were observed only for magnetic fields below 
a value which varied between 35 kG and 
50fcO in different experiments. At higher 
fields ttp to lOOkG, a new set of oscillations 



ZONt S,B 

Figs. 6(a, b). Fermi surface of AuSn 
in the 1-OPW approximation with 
weak spin-orbit coupling (double 
zone model). Zones 7 and 8 (Figs. 

4(e) and 4(f)) remain unaffected in 
the presence of magnetic breakdown 
and consequently have not been 
reconstructed here. 

(^ ) became visible. These were only observed 
along (1120) and two determinations of their 
frequency made in different experiments, gave 
the values 3-32. 10«G and 2%.I0«G, a 
discrepancy too great to be attributable to 
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Fig. 7. Summary of the dHvA frequency results obtained for 
AuSn in the three principal crystallographic planes. Although 
indicated by continuous lines, the data were in fact taken at 
discrete orientations. 
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Fig. 8. Angular variation of dHvA frequency for the a oscilla- 
tions. The dotted line shows the result of fitting the data to an 
hyperboloid shaped piece of Fermi surface {see Section 5). 


experimental errors. This phenomenon will 
be mentioned in 6. 

The € oscillations (Fig. 12) have frequen- 
cies of J-40. 10" and 1-31 . 10" G at (1120) 
and (1100) respectively. No experimental 


evidence could be found for e and /3 being part 
of the same branch of frequencies. 

As seen in Fig. 13, the { oscillations were 
only visible within 8(±1)'‘ fix>m (1120) in the 
(0001) plane, the frequency at <1120> being 
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scheme (cf. Section 6). 



Fig. 1 1. Angular variation of dHvA frequency for the 
S oscillations. 


5-92 . 10^ G. Observations of the X oscillations 
.too were limited to a small angular range close 
to (0001 ), as shown in Fig. 14. The frequency 
along (0001) is 6%.10^G and increases 
very rapidly as the field inclines away from 
the symmetry direction. 

The jj. oscillations were of low amplitude 
and were only visible along (0001). Similarly, 
the p oscillations were only seen for field 
orientations very close to ( 1 120). 

From the temperature dependence of the 
amplitude of the dHvA oscillations, effective 
mass values were obtained for the a, /3, y, e 
and X frequencies along symmetry dii'ections. 
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3. Angular variation of dHvA frequency for the 
£ oscillations. 


The measurements were made in the tempera- 
ture range 4-2'“-114°K but, as illustrated in 
Fig. 15, which typifies the experimental 
results, a few points at the high temperature 
end were, in each case, consistently above 
the straight line extrapolated from the low 
temperature data. Because no plausible 
explanation for this phenomenon could be 
found, the effective masses were determined 
from the experimental points between M4° 
and 3'5‘’K. This procedure is somewhat 
arbitrary and some doubt is thereby cast on 
the calculated mass values. The cyclotron 
effective masses, frequencies and other 
parameters are collected in Table 2. 



Fig. 14. Angular variation of dHvA frequency for the X oscillations 
showing also part of the y branch. 
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Fig. 15. Data taken along (0001 > showing the variation 
of dHvA amplitude as a function of temperature for the 
y and A oscillations. These results typify the data ob- 
tained for all sets of oscillations. In all cases, a few high 
temperature points lie above the line extrapolated from 
the linear portion of the graph. 


As a preliminary to measuring the Dingle 
temperature To, the validity of the Bessel 
function in equation (2-5) was 

checked. The agreement between the com- 
puted curve for J^, inserting the details of the 
coil geometry, and the experimental curve, 
was surprisingly good in view of the fact that 
the Bessel function in equation 2-5 is strictly 
valid only for a uniform modulation field. The 
theoretical expression in equation (2-5) was 
thus employed to evaluate To, and from this 
analysis of the experimental results, values 
for To of 5 0(±0-2)°K and 5-4®K were ob- 
tained along <0001 ) for the a and y oscillations 
respectively. 

A particularly interesting behaviour has 
been observed with regard to the magnetic 
field dependence of the e oscillations. 

The original amplitude measurements on 
the € oscillations were made along (1010) and 
the results for two temperatures are shown 
in Fig. 16. There is a marked deviation of the 
graphs from linear behaviour. These deviations 
were reproducible in different experiments 
and for three different crystals and hence are 


Table 2. Experimentally measured dHvA frequencies and effective masses, 
together with the associated orbits and frequencies in the 1 -OPW model 



Experimental results 


1- 

■OPW model 

Frequency 


Frequency 

Effective 


Frequency 

branch 

Orientation 

(lO^G) 

mass ratio 

Orbit 

(10" G) 

a 

<0(X)1) 

0-711 

0-108 

K, 

^(fl) 

b 

(0001) 

14-9 

0 340 

Mb 

18-3 

y 

(0001) 

61-4 

0 636 

Hh 

73-6 

s 

(1120) 

2-20 



3-96 

5 

<i 100) 

I 86 


u 

3-41 

€ 

(1120) 

14 0 


Mb 

(«) 

e 

(iTOO) 

13-1 

0-3'-" 

M, 

14-6 

c 

(1120) 

59-4 



73-6 

k 

(0001) 

69-6 

0-604 


73-6 

u 

(0001) 

1-65 


r, 

13-0 

V 

(0001) 

15-4 


Fb 

32-8 


(1120) 

3'32|2-96“' 


M, 

16-7 

p 

(1120) 

4.25 «•> 


M, 

16-7 


*“’No extremal orbit present in the 1 -OPW model. 
<*'Results of two measurements. 

'‘^^Measwed at 4° from (1120). 


'"This figure represents only an approximate estimate of the effective mass ratio. 
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Fig. 16. Data taken along < lOlO) showing the variation of amplitude 
of the edHvA oscillations as a function of reciprocal magnetic 
field at two tem[>eratures. 


not caused by the peculiarities of a particular 
specimen. Further experiments showed that 
the anomalous field dep)endence of amplitude 
of the € oscillations existed for all field 
orientations studied in the basal plane. A 
second example is shown in Fig. 17 for_the 
magnetic field inclined at 9-5° from <1120), 
where two branches of e are visible as a 
beating waveform. 

Several possible explanations of this be- 
haviour have been examined. The graphs of 
Fig. 16 have the wrong general shape, that 
is abruptly increasing slope with increasing 
field at about 30kG, for the effect to be 
explained in terms of magnetic breakdown. 
The same remark is true if the measurement 
frequency were such that incomplete penetra- 


tion of the specimen by the modulation field 
took place. To check this point, however, the 
experiment was repeated at a modulation 
frequency of 429 Hz and the previous results 
were closely reproduced. 

The most probable explanation of the 
phenomenon was eventually found to be in 
terms of two very similar frequencies present 
in the e oscillations, as demonstrated by the 
following analysis. Assume we have two 
frequencies present whose amplitudes are 
defined by 

= aie~"'^"sin (lirflH) 

= a*e"^^"sin (2ir (/+ A/)///). 




2340 


G. J. EDWARDS, M. SPRINGFORD and Y. SAITO 



Fig. 17. Data taken at 9-5° from <1120) in the (0001) 
plane, showing the variation of amplitude with rccipiocal 
magnetic field for the edHvA oscillations at l -Z^K. The 
upper curve pertains to the lower frequency of the two 
comprising the e waveform at this orientation, and vice 
versa. 

Here we have assumed that the two 
frequencies are in phase at the origin of 
reciprocal magnetic field and that A/ is small 
enough such that we can assume /3, — (32 = 
The quantities r/| and CI 2 are constants while 
= ai(7’+ T;,,) and similarly for ipj. The 
resultant signal is (= V. 2 ') defined by 



+ 2— e-<'"'+'"*>'"cos 


Xsin {InflH) 

= 02 Vo sin (InflH ) . (5.1 ) 

The quantities involved in the expression 
for Vo were estimated as follows. The high 
and low field portions (above and below about 


30 kG) of the results in Fig. 16 were fitted 
separately and approximately to a straight 
line. The gradients of these lines gave the 
estimates for^i and^a respectively. The ratio 
aja-z was taken to be the ratio of the ampli- 
tudes obtained by extrapolating the lines to 
the origin of reciprocal field. This procedure 
gave ipi — 3’7 . 10® G, (p 2 ~ 2'4 . 10® G and 
50. Using these values, Vo was com- 
puted as a function of H for various values of 
A /. The results are shown in Fig. 1 8 where it 
is seen that the curves reproduce, in a semi- 
quantitative manner, the experimental results 
of Figs. 16 and 17. In particular the results 
along (lOTO) appear to agree most closely 
with the theory for A///~ 1-5 . 10~-' while the 
lower of the two curves in Fig. 18 agrees 
approximately with the curve having A///~ 
1-2. 10”®. No attempt was made to fit the 



Fig. 18. Computed curves of dHvA amplitude as a 
function of reciprocal magnetic field for a hypothetical 
waveform composed of two very similar frequencies. 
The figures labelling the curves are the values of A/ in 
units of 1 0' G (see equation (5.1) and text). 
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experimental results exactly by equation 
(5.1) as this would involve the adjustment of 
four parameters in each case. However, the 
correspondence between the theoretical and 
experimental curves is strong evidence for the 
oscillations being composed of two very 
similar frequencies. 

Further evidence for this explanation comes 
from a separate experiment in which the 
frequency_of the e oscillations was measured 
along (lOlO) as a function of the magnetic 
field. This was done by comparing the frequen- 
cy of e with the frequency of the neck orbit 
in gold over small identical field intervals, thus 
eliminating any systematic errors, in the 
magnetic field calibration or from other 
causes. The results indicated a small but 
systematic increase in frequency for c with 
decreasing field. The total increase between 
70 and 20 kG is about 0-3 per cent, consistent 
with the frequency differences estimated 
above. This also indicates that the high field 
portion in Fig. 16 comes predominantly from 
the lower of the two frequencies present. 

The origin of these two frequencies cannot 
be associated with a crystal defect such as a 
twinned specimen. The form of the curves 
precludes this explanation while the fact that 
different specimens give identical results is a 
cogent factor against such an association. A 
possible origin for the effect is discussed in 
6 in connection with the model for the FS. 


6. INTERPRETATION OF EXPERIMENTAL 
RESULTS 

It is convenient to investigate firstly 
whether large features of the FS, correspond- 
ing to the high dHvA frequencies, might be 
recognizable distortions of their 1-OPW 
counterparts. We therefore discuss the origin 
of the 7 oscillatipns. 

The 7 frequency branch is single-valued 
and is abruptly terminated, as discussed in 5, 
at particular field orientations, suggesting that 
the relevant surface is not closed. These 
considerations limit possible intfcrpretations 


to At, and to A consideration of 
Fig. 3 shows that an electron orbit around 
the humbugs, bears a close resemblance to 
t^e curves fory , whereas the other two do not. 

In the 1-OPW moddl, contact between the 
humbugs and butterflies limits the angular 
range of to a region within approximately 
45° from <0001) in both symmetry planes. 
Experimentally y is seen over almost the 
whole of the (1 120) plane, indicating a modifi- 
cation of the form of the contact and it was 
assumed as a first approximation that the 
humbugs are closed surfaces. A convenient 
model for this hypothesis was constructed by 
neglecting all the ‘Fermi spheres' in the 
Harrison construction of the FS except for 
those six which define any one of the humbugs. 
The frequency vs. angle curves for the model 
were calculated and these curves, which are 
identical with those for over the angular 
range of existence of the latter in the 1-OPW 
model, are shown, scaled in frequency by a 
factor 0-833, with the results fory in Fig. 10. 
The close agreement shown between the 
theoretical and experimental curves indicates, 
with little doubt, that the y branch is in fact 
derived from the humbug surfaces. 

Such a closed surface, however, would 
predict that the y oscillations would be visible 
for all field orientations. The humbugs must in 
fact be connected in the region of K to other 
surfaces or amongst themselves. Two possible 
models for this connectivity have been 
considered and these are shown by sections 
in the plane of the zone side in Fig. 19. Model 
(a) is topologically equivalent to the 1-OPW 
case, the humbugs being joined to the butter- 
flies. Model (b) is topologically different; the 
humbugs are connected along <0001) by 
small necks, leaving the butterflies as isolated 
surfaces. The essential distinction between 
the two cases is that in (b), orbits about the 
butterflies are possible when the field is along 
<1010) (perpendicular to the plane of the 
construction in Fig. 19), as also are orbits 
about the necks when the field is along 
<0001). In model (a) neither of these orbits is 
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Fig. 19. {1010} sections of the 6th zone, in the plane of 
the zone face. Figure 19(c) shows the form of the Fermi 
surface in the l-OPW. single zone approximation. 
Figures 19(a) and (b) show schematically two possible 
models for the connectivity of the surface in the real 
metal. 

possible, allowing us to distinguish experi- 
mentally between the two alternatives. 

The size of the necks (Ka) in model (b) may 
be estimated from the orientations at which 
the y oscillations cease to become visible. 
In the {1120} plane, planes containing the 
extremal orbits pass through H by symmetry. 
Hence, when such a plane becomes tangential 
to the necks, extremal orbits must cease to 
exist. This consideration, together with the 
fact that y ceases at 5(±i)°^rom (lOTO) 
defines a neck ‘radius’ alojig {1010) of 0-026 ± 

0- 0003 a. u. In the {1010} planes, planes 
containing extremal orbits no longer contain 
H. However, since the main bulk of the 
humbugs still appears to be reasonably 

1- OPW-like, the positions of such planes 
may be assumed to be approximately as in 
the l-OPW model. This approximation 
together with the experimental observation 
that^the y oscillations disappear at 17° from 
(1 120) leads to a neck ‘radius’ along (1 120) 
of0-029(:t0-003) a.u. It is reasonable to expect 
that because of its small size the neck will be 


approximately circular in cross-section and 
hence these two estimates are consistent. 
Model (b) is thus capable of accounting 
quantitatively for the angular range of y. 

From the radii quoted, the neck frequency 
at {0001) is estimated as 7-80 (±1-8) 10® G. 
Reference to Fig. 7 shows that only a falls 
within this range and is probably derived from 
the neck orbit if model (b) is correct. Further 
points consistent with this interpretation are: 
Firstly, the area of the neck cross-section 
should increase faster than that for a cylinder 
in accordance with the observations for a; 
secondly, semi-quantitative estimates indicate 
that the neck orbits are not likely to exist for 
field orientations greater than 55° from 
{0001), which is consistent with the experi- 
mental range fora. 

The above arguments stengthen the valid- 
ity of model (b) as a representation of the 
FS and lead to a consideration of the butter- 
flies Mg. In the l-OPW model, orbits are 
possible only at certain orientations because 
of the presence of the humbugs. In model (b) 
they are possible at all orientations and 
hence a process identical to that for the 
humbugs was performed whereby only the 
spheres defining any one of the butterflies in 
the Harrison construction were used and the 
frequency versus angle curves for the resultant 
figures were constructed. It then appears, 
probable that the orbits give rise to both 
the € and oscillations for the following 
reasons. Firstly, the existence of two e 
branches in the basal plane limits the origin of 
€, for reasons of symmetry, to Mg, M-j, or 
Lj. The first and last possibilities may be 
eliminated as their l-OPW frequencies are 
too low and are expected to be even lower for 
the real FS. also app)ears an unlikely 
interpretation for several reasons. Secondly, 
the l-OPW frequencies of Mg at {lOTO) and 
{0001) are 1-46. 10^ and 1-82. 10^ G respec- 
tivdy compared with the e and values at 
{1010) and {0001) of 1-31. 10^ and 1-49. 10^ G. 
Thirdly, the combined e-fi curves exhibit the 
basic features of the butterflies. The frequency 
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maxima in the (1120) and (iOlO) planes occur 
as the orbits pass over the Svings' of the 
butterflies. Practially, as mentioned in Section 
5, it was not possible to observe oscillations 
at or near this maximum. This may be under- 
stood in terms of the relatively high curvature 
for the FS at this orientation. Also, the 
frequencies of the maximum as extrapolated 
from the /9 and e curves on either side are 
considerably less than in the 1-OPW model, 


an observation which is consistent with the 
expected modifications in the presence of the 
finite lattice potential. 

, The foregoing argufnents favour the connec- 
tivity of the model (b) ifor the FS and lead to 
the construption for the FS in the 6th zone 
depicted in Fig. 20. This model tdso explains 
the existence of the ^ oscillations, in terms of 
orbits about the humbugs. Along 0120) the 
planes containing extremal orbits do not pass 






Fig. 20. Proposed model for the Fermi surface of AuSn, showing the origins of the 
various frequencies found experimentally. 
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through H and such orbits may exist_in our 
mode!. As the fieJd is rotated from ( 1 120) the 
range of { is determined by the angle at which 
the plane becomes tangential to the necks, 
K^. Estimates show that ranges determined in 
this way are in agreement with those observed. 

The observation of 6th zone orbits experi- 
mentally indicates that magnetic breakdown is 
not important between zones 5 and 6 in fields 
up to 100 kG. Further, two branches may be 
associated with 5th zone extremal orbits. 
exists between the (1010) directed arms and 
along (0001) is degenerate in frequency with 
//« in the 1 -OPW model. The natural interpre- 
tation is in terms of the \ oscillations whose 
limited range and rapid frequency increase 
away from (0001) are consistent with this 
model. The 1-OPW frequency for Hr, 
(7-36 . 10^ G) agrees reasonably well with the 
value of 6-96. 10^ G for Oribts around 
the arms give rise to the 8 oscillations, for 
which we can find no other equally plausible 
interpretation. The branching of 8 in the basal 
plane is consistent with the symmetry at L and 
the measured frequency along (1010) 
(1‘86.10®G) is in reasonable agreement 
with the 1-OPW value of 3-41 . 10® G. 

The r oscillations are difficult to interpret 
unambiguously. The fact that they closely 
parallel thefi curves, suggests that v may. like 
p, be derived from the butterflies. This sugges- 
tion is reinforced by a possible interpretation 
of the € amplitude anomaly and is mentioned 
in Section 7. Other possible sources of u are 
At and I s (3-36. 10^ and 3-28. 10^ G respec- 
tively at (0001 )). 

The ( and p oscillations were only visible 
at or very close to (1120). On the basis of 
the 1-OPW model and the interpretations so 
far, only the orbits and My offer 

possiUe interpretations. My has a frequency 
at { 1 120) of 4*78 . 10® G which agrees reason- 
ably well with the experimental data. Further- 
more, the rapid variation of frequency with 
angle near < 1 150) in the 1-OPW model offers 
a possible solution to the two different 
measurements of in terms of small differ- 


ences in orientation between experiments. It 
is thus proposed that both p and ^ originate 
from orbits about the seventh zone surfaces. 

Finally, there is the observation of p along 
(0001). Assuming that zone 8 is empty. My 
andr 4 are both possible sources. 

7. FERMI SURFACE OF AuSn 

The previous section has shown that a 
consistent interpretation of the experimental 
results is possible in terms of a FS based on 
the 1-OPW model. Of the observed frequen- 
cies, seven may be unambiguously associated 
with features of this model, whilst the remain- 
ing four {v,p,p,$) have less certain interpre- 
tations. This arises because of an excess 
rather than a lack of possible explanations. 

The single zone model has been used for 
zones 5 and 6, implying that spin-orbit effects 
in AuSn are large. For y, the magnetic field 
dependence of the dHvA amplitude shows no 
signs of the effects of magnetic breakdown up 
to 95 kG. An estimate of the energy gap 
across the {0001 ) face applicable to y and \ 
may be made from the effective masses of 
these orbits. We have 

(hV27r)dAldE - {hVIirjAAIAE. 

From Table 2 the average of the two similar 
effective mass ratios is 0-62 and from the, 
experimental frequency difference between y 
and X along (0001 ), a value for Af of 0- 16 eV 
is obtained. From the expression of Blount[33] 
relating breakdown field //„ and energy gap 
we obtain Ha = 250 kG. This figure is approxi- 
mate since AE would not be expected to be 
constant around these orbits. It is, however, 
consistent with the lack of breakdown pheno- 
mena in the observations on y. Further, in the 
(1120) plane, y orbits pass through the 
characteristic line 5" at a point P such that 
LP:PH ~ 1 ;4. Since the spin-orbit gaps are 
zero at L and a maximum at H, the implication 
is that the breakdown field at H must be high, 
probably several hundred kilogauss at least. 
Estimates based on the atomic spin-splitting 
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parameters indicate a value for Ho of 2-S . 
10^ G, although it is doubtful whether such 
estimates are reliable for heavy metals such as 
gold and tin. 

The 6 oscillations were visible along <1010) 
up to 100 kG whereas at ( 1120 ) they dis- 
appeared for fields higher than approximately 
40 kG. The assignation of S to L 5 means that 
this phenomenon may be understood in terms 
of magnetic breakdown. Such an explanation 
implies that the breakdown field is varying 
rapidly across that region of the ( 0001 ) face 
which is of interest here. Thus, the observed 
variations in the breakdown field at (H 20 ) 
(35-50 kG) were very possibly caused by 
slight differences of orientation between 
experiments. 

In zones 3 and 4 there is little direct 
evidence of the form of the FS apart from the 
tentative assignment of /a to r 4 . The lack of 
observation of any frequency that could be 
associated with the 3rd zone hole surface is 
somewhat surprising. This surface is fairly 
isotropic in form and is a feature one would 
normally expect to observe. The most probable 
explanation is that breakdown occurs at 
relatively low fields (< 30 kG). The surface is 
centred at A where Ha is theoretically zero 
and the orbits probably encounter energy 
gaps considerably smaller than in the case of 
the y orbits. Based on these observations, it 
is proposed that, for fields greater than 
-- 30 kG the FS in the 3rd and 4th zones is as 
depicted in Fig. 20. 

In the light of the source of the e oscilla- 
tions, it is possible to propose an explanation 
of the anomaly in the e amplitude. This ano- 
maly was analysed in terms of two similar 
frequencies which appeared to remain within 
0-3 per cent of each other over an angular 
region extending to 45" from (1010). The 
higher frequency of the two was found to 
have the lower amplitude at limitingly high 
fields indicating a higher value for the appro- 
priate FS curvature {A" in 2-5). It is possible 
to interpret this phenomenon in terms of two 
extremal orbits about the butterflies. In the 


1-OPW model the centraJ_ orbits Af# are 
minima for fields along ( 1010 ) and ( 0001 ) 
showing that non-central extremal orbits 
w^th a maximal area nlust exist. If this remains 
true for the real FS then it is possible that the 
oscillations composing e are derived from 
these two extrema. This theory is strengthened 
by the fact that the higher frequency experi- 
mentally has the higher value of A ", as mi^t 
be expected. Similarly the /3 and p oscillations 
might be explicable in these terms, the /3 
frequency being derived from the central orbit 
and p from the non-central one. 

In connection with the work pertaining to 
the FS in AuSn, Jan and Pearson [10] have 
observed a pronounced anisotropy in their 
measurements of the thermoelectric power 
of AuSn. Along (1010) there is a maximum in 
the thermopower at 25"K, a feature which is 
almost absent from measurements along 
(0001). It has been noted that a possible 
explanation for this phenomenon, attributed 
to anisotropic phonon-drag, is the existence 
in AuSn of a FS consisting of undulating 
cylinders with their axes along ( 0001 ) [ 10 ]. 
In the { 0001 } plane, these cylinders would be 
close enough to allow Umklapp processes for 
phonons of wave vector greater than a mini- 
mum q. It is interesting to note that such 
features are present in the model proposed 
here for the FS. In zone 6 the interconnected 
humbugs form undulating cylinders along 
(0001 ). Estimates made from the closest 
distance ctf approach of two such cylinders 
along ( 1010 ) show that semi-quantitatively 
these features could produce positive phonon- 
drag peaks in the temperature region measured 
by Jan and Pearson [10]. 

Sellmyer and Schroeder[12] and Sell- 
myer[l] have investigated the meigneto- 
resistance of AuSn in magnetic fields up to 
150 kG. Their work shows AuSn to be a 
compensated metal which supports open 
orbits along the three symmetry directions 
(1120), (1010) and (0001). From the results 
of the present study, since magnetic break- 
down is not important between zones 5 and 6 
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in fields up to lOOkG, the FS also represents 
a compensated metal. Furthermore, primary 
open orbits along the three symmetry direc- 
tions are possible in zone 5. Those along 
<0001 > exist for all field directions in the 
basal plane while <1120) and <1010) orbits 
are possible only for certain field orientations. 
As evident from Fig. 20, zone 6 will also 
support open orbits along <0001 ) for all field 
directions in the basal plane. The proposed 
model for the FS is thus topologically consis- 
tent with the high field galvanomagnetic 
properties of AuSn. 
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Abstract— Calculation of linear and nonlinear optical susceptibilities is considered in the band theory 
formulation. A simple two band model is found to be useful in the discussion of x*'*and x'”’. the first 
and third order susceptibilities respectively and unsuitable for a description of the second order 
susceptibility x*^’. The restrictions placed on the two band and three band models by the general 
results of band theory are discussed and the role of space inversion symmetry is assessed. 

It is shown that Kane’s model for the band structure of small gap IIl-V compounds provides a 
suitable basis for a discussion of x*^’- Proper inclusion of the spin orbit coupling is found to be crucial 
for this purpose, and a direct relationship between the k-linear terms in ^e valence bands and x*" 
is established in this model. The agreement of rough estimates of the magnitudes of the k-linear terms 
based on the observed values of x'” with Dresselhaus’ estimate of these terms seems to support our 
basic assumptions. It is apparent from our results that a refined calculation of the imaginary part of 
X*^ and its comparison with the suggested experiments will yield quantitative determination of para- 
meters depending directly on the inversion asymmetric part of the crystal potential. 


1. INTRODUCTION 

The linear and nonlinear electromagnetic 
response of a solid can, in principle, be 
understood (we ignore many body effects) 
if we know the eigenstates of the one electron 
Hamiltonian ^ of the system. Including spin 
orbit (s.o.) coupling one can write [ 1 ] 

(p‘^l2m) + V(x) 

+ (ft/4/nV*) (tr X W) . p (1.1) 

where l^(x) is the periodic potential, p is the 
electron momentum and the components o-, 
of cr are the Pauli spin matrices. The general 
eigenstates of ^ are expressed in the Bloch 
form as 

(•■ 2 ) 

where N is the number of unit cells in the 
sample, r is the band index and the wave 
vector k lies in the first Brillouin zone, tu is 
the lattice periodic Pauli spinor which is 
separable into its space and spin parts only if 
the s.o. coupling is neglected. The general 
expressions for the linear and nonlinear 


current-densities (or susceptibilities) are 
given by several authors [2]. Usually, it 
suffices to consider only the long wave- 
length limit of the susceptibilities. In Section 
2 of the present paper we briefly mention the 
general properties of Bloch states and write 
the expressions for various susceptibilities 
in a suitable form. Throughout this paper we 
work in the long-wavelength limit and also 
neglect the Umklapp processes. 

As is well known [3] a large fraction of our 
information about Bloch states in various 
solids is obtained by studying the fundamental 
optica] spectra. In principle, it is clear from 
the general expressions for higher order optical 
susceptibilities that a study of these will yield 
important information (not available from the 
linear data) about the electronic eigenstates 
of the solid [4]. In practice, however, because 
of the accompanying increase in the com- 
plexity of the experiments and the theoretical 
analysis involved, nonlinear optical methods 
have rarely been used to infer the band 
structure properties of the solid [S]. The most 
notable exception is the direct study of the 
nonparabolicity of the conduction band of 
many n-type semiconductors by performing 
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third order optical mixing experiments [6, 7]. 
An accurate determination of nonparabolicity 
is made possible by separation of and 
j^f3)6 conduction and bound electron con- 
tributions to the third order susceptibility. 
^(3>n provides the most direct measurement 
of the nonparabolicity of the conduction band 
because it vanishes if the conduction band 
is parabolic. Similarly, the study of the 
second order susceptibility, should provide 
direct information about band structure para- 
meters which vanish for centrosymmetric 
solids, since x'®' vanishes in the long wave- 
length (dipole) limit for centrosymmetric 
solids. A calculation of x'^’ and x‘“*'’ from 
the general expressions [2J is very difficult 
because our knowledge of the Bloch states is 
not adequate for most materials of interest. 
In view of this, two approaches were used in 
the past. 

Simple model band structures [8- 10] have 
been used with some success to calculate 
the optical response. Such models have also 
been used in the study of Bloch electrons in 
d.c. electric and magnetic fieldsfl 1 . 12]. In 
Section 3 of the present paper we study the 
second and third order susceptibilities in 
simple two band and three band models, 
employing the general properties of Bloch 
states and the /-sum rule to relate the various 
parameters involved in a consistent manner. 
The limitations and the uses of such models 
then become evident. 

Because of the difficulties mentioned above 
some recent papers have abandoned [7, 1 3. 
14] the basis provided by the general ex- 
pressions for susceptibilities in terms of 
Bloch states. These theories calculate the 
low frequency limit of x'^’ for IIl-V com- 
pounds in terms of bonding orbitals and bond 
polarizabilities. Although the rough agree- 
ment between theory and experiments js 
generally encouraging, such an approach has 
obvious shortcomings e.g. the neglect of 
dispersion in the higher order susceptibilities 
and difficulties in application to the more 
icmic solids. Further, these calculations do 


not provide any quantitative information 
about the electronic eigenstates of the solid. In 
Section 4 of the present paper we show that 
Kane’s model [15] for the band structure of 
InSb can be used successfully to discuss the 
second order susceptibilities of small band 
gap Ill-V compounds. In these compounds 
with zinc blende structure, we find that x'^^' 
is related to the k-linear terms in the valence 
bands in a direct manner. We find an adequate 
inclusion of the s.o. coupling crucial to our 
discussion since even for non-centrosymmetric 
solids the k-linear terms vanish because of 
lime reversal invariance, when the s.o. coupl- 
ing is neglected [16]. The connection between 
X‘^’ and the k-linear terms is very important 
since no experimental information is yet 
available about the k-linear terms in the 
valence bands of ITl-V compounds. How- 
ever, it is believed [17] that a detection of 
k-linear terms should be feasible in extremely 
accurate magneto-optical experiments. 

It should be remarked that approximations 
in our calculation are related to those in the 
bonding orbital calculations of x'^’- We assume 
that it suffices to consider the 4 band complex 
consisting of a doubly degenerate s-band and 
three doubly degenerate p-bands while the 
bonding orbital calculations consider the s-p 
tetrahedral bonding orbitals. In Section 5 we 
discuss this connection and the possible, 
refinements in our calculation in view of the 
suggested experimental investigations. 

2. BLOCH STATES AND SUSCEPTIBILITY 
TENSORS 

{a) General properties of Bloch states 

For every k in the 1 Brillouin Zone the 
Bloch states occur in pairs t/>hf and with 
and as the corresponding energies. 
We omit the band index here for the sake of 
clarity. Time reversal invariance of the 
Hamiltonian gives 

( 2 . 1 ) 

i 

and 



r 
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= ( 2 . 2 ) 

Thus, in general and tf/ki refer to a pair 
of different bands which are degenerate at 
k= 0. If t^{x) has a center of inversion the 
bands are doubly degenerate throughout the 
Brillouin zone such that 

Ekf = Ei,i = = E-ki (2.3) 

and 

KJAt(x)=</j,i(x) (2.4) 

apart from an unimportant phase factor, where 
/C is the time reversal operator and J denotes 
the space inversion operator. 

Including the s.o. coupling, the kinetic 
momentum operator it is defined by 

7T= p+ (fi/4mc^)a-xVy(x). (2.5) 

Time reversal invariance of ^ gives 

<r„.p, kjirlso.p', k') 

= -(fo, -p, -kttr|.To, -p', -k') * (2.6) 

apart from an unimportant phase factor. Here, 
r,, and Sq denote the pairs of bands and p and 
p' are the spin indices ( | , J, ). We use the 
notation 

(/-...p, k|0|Ao.p', k') 

= J (x) (2.7) 

entire 

crystal 

and 

(ro, p. k|0|.vo, p', k') 

= / <2.8) 

ui)lt 

cell 

where & is any operator. Orthonormality and 
completeness properties of Bloch states and 
of the lattice periodic spinors lead to some 
very important results [18]. Denoting the pair 


(ro, p) of indices by a single band index r we 
havet 


£<rk|7r^|jk) - 6k.w[-(EH.-E,k)(rk|g|r|jik) 

(2.9) 

Allowing only for a certain type of degener- 
acies, one can prove the /-sum rule 


1 ^ 1 „ 

dk^dk'’ m 




r 


T^rsTrUr + complex conjugate (c.c .) 
m^hoirs 


( 2 . 10 ) 


where, 


TTj^, = <rk|7r^|^k) (2.11) 


and 


ho)r» = Erk — E^. ( 2 . 12 ) 

For brevity the k dependence of 7r^,and (!>„ is 
not written explicitly. The prime on the sum- 
mation in equation (2.10) denotes that the 
terms corresponding to = 0 are excluded. 
The type of degeneracies allowed are those for 
which i|irk(x) still form a complete set of ortho- 
normal states and the differentiability of i/»rk 
with respect to k can be assumed. Degener- 
acies due to time reversal invariance and space 
inversion symmetry are thus expected to be 
allowed degeneracies. We close this subsection 
with the remark that when s.o. coupling is 
neglected we can treat the Bloch states ijjruix) 
as one component functions with the firoviso 
that each state (r, k) can be occupied by two 
electrons. 


tThe Greek indices denote cartesian components. The 
diiferentiabitity of i(»^ with respect to k. is assumed, 
which is justified in most cases. See [18] for an elaborate 
discussion of this point. 
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(6) General expressions for susceptibility 
tensors 

In the electric dipole approximation for 
the electromagnetic field the nth order sus- 
ceptibility tensor (<U(, <On) can 

be defined by 

... con) = — /(a>i + aj2 + - -- <»b) 

X W2,...£cJ„) X €„,(cU,)€„j(W2)... 

X€a„(£D„) + terms obtained by taking 
distinct permutations of frequencies 


***1 1 ***2 » ■ 

■ • W|i» 

(2.13) 

where we have followed the convention [7] of 
Jha and Bloembergen to expand the current 
density J(/) and the electric field e(t) as 


J(t) = E e-'"'J(a)) 

OP 

(2.14) 

and 

e(t) = E e”'"'<(w) 

(2.15) 

where 

e(— w) =€*(<o) 

(2.16) 

and 




The separation of into intra- and inter- 
band contributions is straightforward and 
leads to the familiar definition of the optical 
eflective mass. The expressions for the second 
and third order susceptibility tensors can be 
written as 

"" 4imWu)iQ)20ii2 ^ 

x(l+£) S (/(rk)-/Uk)) 

rsfk 

V - ’Prtrrfi'Tifr c.c. _ 

and 

= 6m<a,, a., 

X 2) P(a!ti>i,/8tii2,ya>3) 

P 

X (1+0 5: 

r»tu 

k 

X (/(rk) -/(.sk)) 

7r?,7rg, 

(a>„— to,)(a)rt — tuja) 


J(-aj) =J*(w). (2.17) 

Using time reversal invariance of .5^' one can 
show that the linear susceptibility tensor can 
be written as 


/ ^lu<r 
\ (Ci>r„ — W123) 

( Wuf ^^123) / J 


( 2 . 21 > 








X/(r, k) [s'*- +/;?.? 


o)- 




■ (13 


(2.18) 


where /(r, k) ^ f{E^) is the Fermi occupa- 
tion number at the energy E^, and the oscillator 
Strength tensor,/Jf-(k) defined by 


(2.19) 

is related to the effective mass tensor (1/ft^) 
(d*E^)ldk**dk^) and (im (d^EJdk^^dk"). 


where — W]+W 2' *1*123 — tt)i + a»2 + a»3 etc. 
E(aaj,,/3a>2,yQ>3) ihe permutation opera- 
tors of objects aw,, )3aj2, yw., and the operator 
^ takes the complex conjugate and changes 
all (Of to —cof (/ = 1, 2, 3). We have made use 
of the time reversal invariance of ^ (expressed 
in equations (2.2) and (2.6)) in writing the 
above expressions for and which 
can be easily shown to be equivalent to those 
written by Butcher and Mclean[2]. The above 
form seems more suitable for actual com- 
putation of and xiwar since the presence 
of '(/(rk) — /(sk)) reduces the number of 
values i could take for a given r. 
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It is important to notice here that when we 
include the s.o. coupling in our discussion we 
always have some energy gaps which vanish 
at k — 0 apart from the degeneracy at other 
points of special symmetry. Therefore, it 
becomes necessary to show that the low 
frequency limit is a well defined limit. To do 
this we first put a>i = a >2 = a >3 = to and then 
rewrite and after some simplifica- 

tion, as 


rsk 

../ (yrV(k) Q*y(k) \ 
W?, — to* to^j, — 4to^/ 


^ rtk 

,,/ Q^y(k) cy/;(k) 

\(0?x ~ Wr* “ 4t0^ 

(o^, — 9to*/ 


( 2 . 22 ) 


(2.23) 


where the functions Q„ involve summations 
over intermediate states and are all real, 
frequency independent and odd under the 
interchange of r and jt. The equation (2.22) is 
essentially a generalized form of equation ( 1 ) 
of Chang et «/.[4J for Xi 4 in crystals with 
ZnS structure. One excludes those points in 
the k-summation for which the factors Qr, 
have poles. From equations (2,22) and (2.23) 
it is evident that only those r and s are in- 
cluded in the sum for which (Or» 0 so that 
the low frequency limit is essentially valid 
when (co/cor*) 1. It should also be remarked 
that equation (2.22) shows that the second 
order susceptibility goes to a constant value 
as o) 0. 

In general, the second order susceptibility 
can be separated into two parts: a two band 
part in which the band index t in equation 
(2.20) equals one of the two unequal band 
indices r Mid s, and a three band part in which 
all the indices r, s, t are unequal. Similarly, 


xj^y can be separated into 3 parts, a four band 
part, a three band p^ and a two band part. 

3. GENERAL TWO BAND AND 

' THREE BAND MODELS 

The basic premise of a calculation of optical 
properties based on a model band .structure 
involving a small number of bands is that the 
set of bands considered interact mainly 
amongst themselves. The model band 
structures considered in this section are 
general in the sense that no particular crystal 
symmetry is assumed. We do not assume the 
crystal to possess inversion symmetry since 
X‘*’ vanishes for centrosymmetric solids in 
the dipole approximation. For noncentro- 
symmetric solids the s.o. coupling generally 
removes the double degeneracy due to spin 
at a general k so that the simplest model band 
structure including s.o. coupling has 4 bands 
doubly degenerate in pairs at k = 0. In this 
section we consider the two band and three 
band models and neglect the s.o. coupling 
for reasons stated above. 

As was remarked in Section 2, are now 
considered as one component functions and 
we can choose the phase convention such that 

M^,(X) = M*_fc(x). (3.1) 

Equation (2.6) simplifies to 

(rklp>^|.vk) =-(r-k|/7^|s-k)* (3.2) 

and one can easily show that 

(rkj/y'Irk') = 

+ (1-S,.,)(rk|p^|^k)}. (3.3) 

The matrix elements <rk|p'‘|5k), (r?^ s) are 
still complex in general being purely imaginary 
at k = 0. We define the modulus and 

the phase of the matrix element 

(rklp^lsk) by 

(rklp^lsk) = p^^,(k)exp (i<(k) ). (3.4) 
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One can easily verify the relations 


and 

^.(k) = -<(k) =-v^.(-k) 

+ an odd multiple of 77. (3.6) 

The /-sum rule (2. 10) can now be written as 


1 1 

dk^^dk'’ m 




--y/;7(k) 

ni " 

^ 2 cos Pm 

^ npfiotr. 


(3.7) 


In a model with only two bands denoted by 
indices c and v with Aw,.,, representing the 
band gap, the sum in equation (3.7) involves 
only one term so that the oscillator strength 
tensor is directly related to the inverse 
effective mass tensor ap''. Using equations 
(3.2)-(3,7) in equations (2.2())-(2.2 1 ) we find 


A(oju<02) = 2Aa>,l,w,, I ^ 


X 


f(ck) -fivk) , 

— /.i* 


a>^, — a>]^ 


(Or, 


X (—-tan ((p“ — 

(.w,a 


all ^(Ocr 

dk’^ 


2<oi + Wj 

(Ofr - (O'ii 


tan y?^)a,.'^ 




(3.8) 


and 


}^Safiy(^lt (Oit (O 3 ) 




6A Ct)]OJ2W3Cc)]23 


^ ^(02, 7 ( 03 ) 

p 


XI 


k 


f(ck) -Avk) 


Oi 


2 

cv 


X 


dtOrxi d(i)cf, 


2fa)j -h (ti2 

{o)%- 0 )^ 12 ) <Ol23 


+ 


^(Orv ^(Ocv Ha 


(Wf.,, -I- fa)ifa>i2 -h Wift>i23 + cOyjCOiga) 
(OJ?.,, — wfa) (C0|)'“"<t»123) 


-I- tan(<^“ - c^) tan (<^’' - (p^) - 1 ) 
_ Afa>,.,,(w?,.-f (w, — a)2)wt;j — tri2^) 1 ^ 

( aif-r - W2- ) ( (of... — W?2:i ) J 


where <p^ = and the k-dependence of the 
phase <p'', the inverse mass tensor a,.'^ and 
the energy gap w,.,, is not explicitly written. 
The following results are evident from the 
above expressions in our general two band 
model. 

(a) The second order susceptibility vanishes 
even for noncentrosymmetric solids when 
the inverse effective mass tensor is an iso- 
tropic tensort i.e. 


1 d‘‘^Eck 
dk“dk‘* 



(3.10) 


The above difficulty in the two band model 
is actually due to the fact that a two band 
model with isotropic inverse effective mass 
tensor is not consistent with the /-sum rule. 
It can be shown that it is not possible to find a 
vector p„, such that 

(P>^>c.c.)=!|p,„pS“'" (3.11) 


unless all the components vanish. The sum 
of the tensors over the star of k is, 

however, isotropic for all cubic crystals [19]. 


+A spherical energy band i.e. one for which £(k) = 
£(fk|) implies equation (3.10) as k -» 0 if £(lk|) does 
not contain terms linear in {k{ . 



MODEL BAND STRUCTURES 


2553 


(b) For all beams polarized in the same 
plane, the third order current density is inde- 
pendent of the phase factors v5^{k). This is 
in agreement with the fact that the third order 
optical mixing experiments [6] do not dis- 
tinguish the solids possessing a center of 
inversion from those lacking it. For beams 
polarized differently we expect a small con- 
tribution from the term involving (p'^’s. This 
result is, in general, true for the two band 
contribution to even when we include all 
pairs of bands. 

(c) Equations (2. 1 8) and (3.9) provide some 
justification for the use of an isotropic 
effective mass tensor for calculating the linear 
and third order response of a solid when the 
incident beams are polarized in the same 
plane. The isotropic effective mass can now 
be assumed as an approximation to achieve 
simplification of the integrations involved. 

(d) In a k.p two band model with band 
extrema at k = 0, one can showt that the 
eigenvalues and eigenfunctions are given by 

E, k = WE'lm + Sec (3.12) 

E rk = - i£„ Sec (3.13) 

iljrk(x) = 

X (cos i6»*.Wio — / sin (3.14) 


and 


'f'.k(x) = 


Vn 


‘"‘■’‘(—i sini^kMio 


COSifffcM*,,) 

(3.15) 


where 


tan6»fc = — ^k.p?,. (3.16) 

mtf, 

Mio and « 2 o are the band edge eigenfunctions, 
is the interband momentum matrix 


tThese results are obtained by a simple generalization 
of Jha’s results in [10], 


element at k = 0 which is purely imaginary in 
our phase convention. The band gap at the 
center of the zone is denoted by E„. In this 
mpdel we obtain <i 

<ck|p|i;k> = cos0fc(ip«„) (3.17) 

so that the phases (^'‘(k) are independent of 
the index /u. which implies vanishing of 
a>j). It was pointed out by Kelley {8] 
that the term linear in k in the tensor 
<ck(p“|rk) (yk|p'’|ck) (and hence to that 
order) vanishes if we calculate it in a two 
(parabolic) band model. Our result is thus a 
generalization of Kelley’s result, to all orders 
in k. For the results obtained by using 
energies given in equations (3.12) and (3.13) 
are same as those obtained in Jha’s work [10] 
for a centrosymmetric solid. 

In a three band model, both the two band 
and the three band contributions appear. The 
two band terms can again be written in terms 
of the oscillator strength tensors /^(k) and 
the phases i|£>^,(k) of the matrix elements 
<rk|p^|jfk). Using the /-sum rule, the three 
oscillator strengths involved are then ex- 
pressed in terms of the three inverse effective 
mass tensors and one oscillator strength. 
Each three band term involves a product of 
three different matrix elements which is 
related to the third order derivative of the 
band energies with respect to k. In a k.p 
three band model the parameters involved 
are the two band gaps and the 9 parameters 
determining the 9 matrix elements of p^, Pn, 
p^. The number of parameters can be con- 
siderably reduced by relating these quantities 
to the various derivatives of band energies. 
In fact, it can be shown that a three band 
model with energy extrema at k = 0 cannot 
have strictly parabolic bands near k = 0. We 
do not give the detailed expressions in this 
case since no interesting features appear. 

To summarise, the models considered in 
this section have not made use of the group 
theoretical results for various crystal struc- 
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tures. The inclusion of s.o. coupling doubles 
the number of bands, in general. An increase 
in the number of bands included in the model 
rapidly increases the number of parameters. 
But the symmetry of the crystal demands 
certain inter-relationships, thus reducing the 
number of parameters. This is done, for 
example, in Kane’s k.p procedure. In the 
next section we discuss a calculation based 
on this for Ill-V compounds with small band 
gaps. 

4. x*" IN KANE’S MODEL BAND STRUCTURE 

In this section we focus our attention 
on the second order susceptibility tensor 
0)2) for lII-V compounds. These 
compounds crystalize in the zinc-blende 
structure whose point group symmetry is 
given by the tetrahedral point group. By 
general symmetry considerations [20] one 
knows that for these compounds = 

cji) = "ai = (^1) = 

Xsr«(ccj|, W2) =Xjw(«i'i- £*^ 2) that all other 
components of x^^(w,,aj2) are zero. 

The information obtained on the basis of 
symmetry considerations is an essential 
ingredient of Kane's model for the band 
structure of III-V compounds with small 
band gap at I'. The model treats the con- 
duction and valence band interactions exactly 
in a k.p calculation of the band structure 
near I’. The interactions of these bands with 
other bands can be treated in a perturbation 
theory but we will neglect all other bands in 
our present discussion. Neglecting the k- 
dependent spin orbit coupling one obtains 4 
doubly degenerate spherical bands, one con- 
duction band c and 3 valence bands u,, v-i and 
Va. The lattice periodic parts of the doubly 
degenerate eigenfunctions are given by 

(i, m) = UiliS I )' + bMX- iV) t /V2) ' 

+ Ci\zly 

lt\n)=ai\iSt)' + bi\-{X + iY) ilVl)' 

+ c,lZT)' 


lv„m) = l(X+iV)t)'/V 2 

jvj, n) = UX-iV) i)7V2 (4.1) 

where «(, bi, Cj are real coefficients, the index 
I refers to the bands c, and Va and spin 
indices m and n serve to distinguish the 
two degenerate orthonormal eigenfunctions. 
The primes denote that the eigenfunctions 
for a general k-direction with spherical polar 
angles are rotated according to 

/ I cos e/2 e"^'* sin e/2 V t \ 

\ J, 7 sin e/2 cos e/2/\ j j 

(4.2) 

( X'\ /cos e cos cos e sin IT — sin o\/ X\ 
T' = — sin(p cosy5 0 MV 

Z' / ysinecos(/> sine sin v? cos e A Z / 

(4.3) 

and 

S'=^S (4.4) 

where the functions S and (A', V. Z) transform 
like the atomic S and (Pj., p„, p*) functions 
respectively under the rotations of the tetra- 
hedral point group. In the language of group 
theory 5 and (A". V. Z) transform according 
to r, and 1% irreducible representations of the 
tetrahedral group 7^, t and i are the two 
spin states. 

The matrix elements of p^ \n the eigenstates 
(4. 1 ) are listed below 

(/, m\p^\j, m) = {/, rt|p'"lA n) 

= PiaiCj+CfOyR^^, 

n) = P{b,aj-a,bj) 

x{R^^ + iR,^)lV2, 

{i, n\p^\vt, m) = ii,m\p^\vj,n)* 

= PaiiR^^ -h 

(Vi,m\p>^\vi,m) = {vi,n\p>^\vi,n) 

= ivi,m\p^\vi, n) 

= (ut.«|p^ki,m) 

= (/, w|p^1i!,,/m) 

= ( 1 , «(p'‘(u,,«) = 0 (4.5) 
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where 

P = -i{S\p,\Z) (4.6) 

and are the elements of 3 x 3 matrix in 
equation (4.3). It is evident from these matrix 
elements that the product Im( 71^^77^,71^) 
vanishes for all possible choices of r, s and t 
when we neglect the term in tt. It 

should be remarked that we have to consider 
only those combinations of r, s and t for which 
the bands r and s are neither both filled nor 
both empty. We consider the bands d,, V 2 
and U3 completely full and c completely empty. 
The effect of the conduction band c being 
part ally filled is simply to reduce the range of 
k- integration. At this stage one could make a 
hasty conclusion that the region near T, where 
Kane’s theory is valid, does not contribute 
appreciably to the second order susceptibility. 
This seems highly unlikely from the close re- 
semblence between the dispersion of linear 
and second order susceptibility [4]. We 
believe that the actual cause of the above 
result is the inadequate inclusion of s.o. coupl- 
ing in our discussion. The calculation of the 
matrix elements of tt including the trxVy 
term is very complicated in general but that 
of the matrix elements in k = kz states is 
relatively simple. One finds that the matrix 
elements near T with k along the z axis are 
given by 

(/, m\7r\j, m) = (/, n\7T\j, n) 

— VZGlojhj-TMj)}, 

(/, m\iT\Vi, m) = (/, n\rr\Vi, n) 

— zRcjVl, 

(d,, ml7r|ui,ni) = (u,, njirluj, n) = 0, 
{i,m\7T\j,n) = ix + iy){ibiaj-a,b}) 

X iF+Q)/V2 

+ (a,Ci-Ciaj)Q} 

- {x-iy)R 

X {b,b}+ (Cib} + biCj)l\/2}, 


(/, mlir|r„ n) = (x-h fy)7?c</V2 

-f (f-/y)(P-<2)a,/V2, 

(/,n|iT|t)i,m) =^-{x-iy)RcjV2 

+ {x + iSf)iP-Q)atl2, 

(t)„m|7T|«,,rt) = {Vi,n\iT\vum)* 

= -R{x-iy) (4.7) 

where 



In the appendix we list the values of 
lm(73-^^7r"7rf^) for all relevant r, j and t so 
that we could now write ^ 2 ) in terms 

of band energies, neglecting the k-dependence 
of momentum matrix elements. 

it is important to note that the parameters 
P and Q will be common to zinc-blende and 
diamond structures while R is nonvanishing 
only for the zinc-blende structure, it deter- 
mines the k linear terms in the valence band 
energies when we include the k-dependent 
s.o. interaction in perturbation theory. A 
rough estimate of this parameter by Dressel- 
haus[16] gives R — 2-5 x 10"^^ g cm sec“* for 
InSb. The parameter Q is relatively in- 
significant since it always comes with P and 
its magnitude is expected to be small in view 
of the good fit obtained for the optical absorp- 
tion by Kane using only P. A theoretical 
estimate of Q can be made in terms of P and 
A, the spin orbit splitting if we assume that p 
does not connect the states, X, Y, Z to those 
outside the s-p complex of bands. One obtains 

Q=^-UmMP) (4.10) 

so that for InSb where P = 1-36 x 10“’* g cm 
sec“' and A — 0-9 eV we obtain Q 3 x 10“®’ 
g cm sec“’ which is about 0*02 P. Thus, for 
InSb imd by a similar calculation for InAs 
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one can either neglect Q or use its above 
approximate value. This enables us to cal- 
culate, to a good approximation, the con- 
tribution of the region near F to This, 
however, cannot be directly compared with 
the experimentally observed |x‘*’| since no 
region of k-space is singled out for the real 
part of x‘*’- This difficulty is exactly the same 
as in the calculation of ei{w) the real part of 
linear dielectric constant. In the linear case 
we know that the imaginary part re- 

ceives the major contribution from a very 
small region of k-space which is singled out 
by the frequency &». A comparison of €.,(o)) 
obtained experimentally and calculated theo- 
retically, near the critical points provides 
useful information about the band structure 
of the solid. In the bilinear case also the con- 
tribution to the imaginary part 

of x‘^’(w.6j) comes from a small region of k 
space singled out by the frequency oj. We do 
not discuss the evaluation of xS^'(co.oj) since 
no experimental information is available yet. 
It must be emphasized here that the possibility 
of determining x^'*’ by performing second 
harmonic interference experiments has been 
demonstrated [21] by Chang ef al. and Simon 
and Bloembergen. 

An extrapolation of the available experi- 
mental data gives - 3 x lO^'^e.s.u. in the 
low frequency limit. To obtain a rough 
estimate of R from this data we note that in the 
low frequency limit 

& =" - ( e^/m^h^ ) 2 ( /{ rk ) -/( A-k ) ) 

k.r.i.r 

X (tt)rt + 2(M)ri^rl + 4(Or»COr/ -f ) (4.11) 

where we have neglected the k-dependence 
of the momentum matrix elements. Equation 
(4.11) is obtained from equation (2.20) and 
the expansion 


ei)(; — at atf; oi(/ cof/ 


and using the various symmetries of xl^(0, 0). 
The function Ao, to) is defined in the 

appendix. The summation over k in equation 
(4.11) can be evaluated using the calculated 
band structure. In view of our several approxi- 
mations, however, it seems appropriate to 
replace and otrt by their ‘average’ values 
defined by 

_ 1 /ft>r.,(r) -t-aj„(X) a(„(r) -l-aj„(/.)'\ 

"-"ll 2 “ + ^ 2 ~^ )■ 

For InSb we put fuitcv, = = l-5eV and 

= 3-5 eV. Corresponding to the experi- 
mental value of x‘*’ we then obtain R = 
3xl0“^'g cm sec ' which compares well 
with Dresselhaus’ estimate since both the 
estimates are very rough. It should be 
mentioned that we obtain a lower limit for 
/? — 4x l()“^’^g cm sec~' when we use the 
minimum energy gaps and put ha,.,., ~ ha,.,..^ = 
0-22 eV and ha,.,.., = 1-1 eV. 

5. CONCLUSIONS 

We have considered the nonlinear optical 
response of solids on the basis of the band 
theory. A two band model which provides a 
good qualitative picture for the linear and 
third order response is found unsuitable for 
the description of second order optical 
response. It is shown that the consistency 
with general properties of Bloch states 
imposes important restrictions on such two 
band and three band models. An important 
difference between the calculations of the 
linear and nonlinear response is that the 
inclusion of group theoretical selection rules 
is much more involved in the nonlinear case. 
While constructing model band structures 
to describe nonlinear optical response of a 
solid, the symmetry properties of the bands 
must be specified in the beginning. This is 
done in Kane’s model for the band structure 
of III-V compounds. The assumption about 
the small band gap at F appears to be more 
valid for InSb (Eg = 0-22 eV) and In As (Eg = 
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0-35 eV) than fpr GaAs (Ey= 1*4 eV) and 
GaSb (£y = 0-8eV), 

We have shown that the inclusion of s.o. 
coupling is crucial to the calculation of 
This should in fact be expected ' from our 
knowledge of band theory. The only qualitative 
difference between the band structures of 
III-V and IV-IV semiconductors is that in 
the latter all the bands must always be doubly 
degenerate throughout the Brillouin Zone, 
while in the III-V compounds this de- 
generacy can be lifted by the s.o. coupling 
in the Hamiltonian. Near T, small k-linear 
terms are predicted in the valence band 
energies of III-V compounds [16J. These 
terms originate from the k-dependent s.o. 
interaction in the Schrodinger equation for 
the lattice periodic spinor and they 

vanish for the IV-IV semiconductors because 
of equation (2.3). It should be noted that the 
inclusion of the k-dependent s.o. interaction 
in the Schrodinger equation for «,k(x) and 
that of the (trXVKlterm in tt both give rise 
to terms involving R, but at k = 0 only the 
latter enters into our calculation. As we go 
away from T we expect Im(7r^,7r"7rf^) to vary 
slowly with respect to |kl and the dependence 
on the direction of k can be averaged. The 
averaging over all directions of k may be 
important in an accurate calculation of x‘^'- 
The effect of including the k-linear terms in 
energies is expected to be quite small so that 
their neglect is justified. 

The main difficulties in a complete calcula- 
tion of are similar to those in a complete 
calculation of Our result shows that a 

critical point analysis of will pro- 

vide important information about the band 
structure parameters which distinguish the 
noncentrosymmetric solids from the cor- 
responding symmetric ones. Our results also 
demonstrate an advantage of the k . p approach 
to band structure compared to other cal- 
culations. In the k.p method the wave- 
functions are more reliable than in most other 
methods of band structure calculation. The 
full zone k.p theory [23] of Ctu-dona and 


co-workers can be used to extend our cal- 
culations in two directions. Firstly, the ‘not 
so small’ gap compounds can be treated; 
secondly k values away from the critical points 
can be suitably incorporated. 

The approximation of neglecting all other 
bands in Kane’s model corresponds to the 
neglect of core electrons in the bonding 
orbital theories. The main advantage of our 
approach based on band theory is the ready 
inclusion of dispersion in " 2 ) and the 

possibility of obtaining quantitative informa- 
tion about those aspects of the band structure 
which depend directly on the lack of inversion 
symmetry of the solid. In addition to this the 
tensorial character of the various susceptibility 
tensors is always correctly represented in the 
band theory calculations. Inadequate rep- 
resentation of the tensorial character of 
is ^ important drawback of the pres- 
ently available bonding orbital calculations. 
The major difficulty in the band theory cal- 
culations is our inadequate knowledge of the 
band structure and the corresponding eigen- 
functions throughout the Brillouin Zone. The 
most appropriate way to overcome this, as 
already pointed out. is to consider the 
imaginary part of x*^ separately in small 
frequency ranges near the critical points. 
Assuming Xm^Tr^^TT^/nir) as constant through- 
out the Brillouin Zone and using the cal- 
culated band structures to perform the k-sum 
over the entire zone may be a good approxi- 
mation to start with a calculation of the real 
part of xi^- The validity of the various 
approximations can be checked by first cal- 
culating the linear dielectric constant with the 
same approximations. It is hoped that 
improved band theory calculations and more 
thorough determinations of the imaginary parts 
of xlf^ will provide important information 
about the inversion assymetric part of the 
potential in III-V compounds. 
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APPENDK 

Equations (4.7) show that the only states connected 
by IT., are those with the same spin index while 7r„ 
connect only states with unequal spin indices. Further 
since the energies do not change under the interchange 
of spin indices m, n, it is appropriate to consider 

./(r,„i„, /„) = Im ((r„m|Tr^l.v„n><s„n|7r''|t„m) 

X (f|,m|Tr’|r,/n> 

+ ( /•„/? 1 17-^ 1 .5,,/M > ( .v„m I tt" I r„n )< f „n I TT* I r„/i ) ) . 

(A.l) 

Using Oi, h„ c, given by equation (16) of reference [15] 
we obtain the values of ./(r„. s,„ /„) for all admissible r„, 
. 5 ,, and r„ i.e. such that r„ and are neither both occupied 
nor both empty. The nonvanishing elements s,,. i„) 

are listed below. 

-,/(r. v„ v-i) = Jf(r. r,, v^) = — ./(r,. c, y*) 

= J{v.,, c. t),) =it(P-C2)“«, 

(A.2) 

-2.1^ ic. V,. t>,) = -2,/(f, t);|) = l!;,, V.j) 

~./(Vt, c. t/;,) = -./(Uj, c. V,) 

= i(P-Q)(P+2Q)R. (A.3) 


Note added in proof 

In general the estimate of the matrix element R from 
the low frequency limit of aj)| is more accurate 

than that obtained by approximating all energy denomina- 
tors in (o) \ by a constant energy Sai,, =■ I eV and 

comparing with the experimental value at 6a) = 1 eV (see 
RUSTAGI K. C., Phys. Lett. 29A, 185 (1969)). Very 
recently, however, Van Tran and Patel have reported 
(see. VAN TRAN N. and PATEL C. K. N.. Phvs. Rev. 
Lett. 22. 463 (l%9)) a value of x"’ at ftw » 2 x 10 -'eV 
which is considerably lower than the low frequency limit 
used by us in section 4. This again emphasizes the im- 
portance of dispersion of in the sen.se that the linear 
extrapolation (usually found in the literature) of the data 
in the infrared and visible region does not yield the correct 
low frequency limit. 
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OPTICAL AND ELECTRICAL PROPERTIES OF 
THIN FILMS OF «-LEAD AZIDE 

HARRY D. FAIR, Jr. and ARTHUR C. FORSYTH 
Explosives Laboratory, Feltman Research Laboratories. Picatinny Arsenal. Dover, NJ. 07801 , U.S.A. 

{ Received 2S August 1968; in revised jorm 28 February 1969) 

Abstract— The optical absorption spectrum of a-lead azide was measured in the region 185-700 mu 
at room, liquid nitrogen and liquid helium temperatures, Absorption'coefficients were determined 
from the diffuse reflectance of powders and from transmission measurements on thin Aims. The 
spectral response of photoconductivity of thin films was determined from room temperature down to 
77°K. The thin films of lead azide were prepared by vacuum depositing a thin film of metallic lead on 
either quartz or sapphire substrates followed by exposure of the lead film to gaseous hydrazoic acid. 
The results indicate that the fundamental absorption is at shorter wavelengths than indicated pre- 
viously. Structure not previously reported has been found in the optical absorption and photoconduc- 
tivity data and has been interpreted in terms of fundamental exciton structure. 


1. INTRODUCTION 

Of all THE inorganic azides, lead azide has 
been utilized the most extensively as a com- 
mercial and military initiating explosive and as 
a consequence, its macroscopic physical and 
explosive properties are relatively well 
characterized. Little is actually known, how- 
ever, about its fundamental optical and elec- 
trical properties. This lack of basic information 
is due in part to the experimental difficulties 
encountered in performing measurements on 
explosive materials which are extremely 
sensitive to heat, light and impact, but in 
addition to the non-availability of lead azide 
in the form of large single crystals. 

It is the purpose of this paper: ( I) to report 
the preparation of thin films of pure a-lead 
azide of good optical quality by the reaction 
of metallic lead with gaseous hydrazoic acid, 
(2) to present the experimental results of 
optical absorption measurements performed 
on these films at temperatures down to 1 
and the results of room temperature diffuse 
reflectance measurements performed on pure 
a-lead azide powders, (3) to present experi- 
mental spectra of thin film photoconductivity 
obtained from room temperature down to 
77°K, (4) to present a possible interpretation 
of structure observed in both the absorption 


and photoconductivity spectra in terms of 
fundamental exciton structure. 

2. EXPERIMENTAL METHOD 
t/f) Diffuse reflectance 

Diffuse reflectance measurements were 
performed on powder samples using a Perkin 
Elmer Model 350 spectrophotometer equipped 
with a diffuse reflectance attachment. Pure 
lead azide powder was prepared by reacting 
aqueous solutions of lead nitrite and hydrazoic 
acid and was determined by X-ray analysis 
to be the a-phase of lead azide. The powders 
were screened to obtain uniform particle sizes 
and were spread evenly over the bottom of a 
quartz sample holder constructed in the form 
of a cup with a 2 in. dia. quartz window serving 
as the bottom. The lead azide was held in 
place in the cup by firmly wedging a soft 
rubber stopper against the powder. An 
identical holder was filled with magnesium 
carbonate which served as the reflectance 
standard. The window of the sample holder 
completely covered the exit port of the 
spectrophotometer integrating sphere so that 
reflectance from equal-sized portions of lead 
azide powder and magnesium carbonate 
were compared. The powder samples were 
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greater than 2 mm thick so that even for the 
largest particles used, negligible radiation 
penetrated to the back of the sample holder. 

(B) Thin film optical transmission 

Optical transmission measurements were 
performed on thin films of lead azide using 
a Cary 14-R spectrophotometer. A liquid 
helium dewar was mounted on an adjustable 
platform on a hydraulic equipment jack. A 
sapphire disc containing the lead azide 
film was attached to a copper mask containing 
two identical slots and was positioned so that 
the Iccid azide film completely covered only 
one of the slots. The mask was then bolted 
to the cold finger of a liquid helium dewar 
and the dewar was evacuated to I()"®Torr. 
using a liquid nitrogen trapped oil diffusion 
system. A simple translation of the dewar 
platform permitted either slot to be positioned 
in the optical path of the spectrophotometer. 
In all cases, care was taken to prevent ex- 
posure of the thin films to short wavelength 
visible or u,v, light prior to the optical 
measurement to prevent photolytic decom- 
position. The sample temperature was deter- 
mined by a platinum resistance thermometer 
attached to the sample holder. Sample 
temperatures down to 13°K were obtained by 
this technique. 

(C) Photoconductivity 
Photoconductivity spectra of lead azide 
thin films were measured on a vibrating reed 
electrometer at field strengths ranging up to 
2000 V/cm obtained from a d.c. power supply. 
Monochromatic light from a 150W Xenon 
Arc and high intensity monochromator was 
passed through a sapphire window in the tail 
of a liquid nitrogen dewar and focused on the 
lead azide film which was attached to the cold 
finger of the dewar. The electrometer head 
was mounted directly in one window of the 
nitrogen dewar tail and permitted photo- 
currents to be detected down to the 1 A 
limit of the electrometer. 


3 . experimental results 

(^) Diffuse reflectance 
The room temperature diffuse reflectance 
spectrum of pure a-lead azide power screened 
to an average particle size of 28 p, appears 
in Fig. 1. The purity of the lead azide was 
determined by mass spectrometric analysis 
which indicated that no impurities were 
present in concentrations greater than one 
part per million with the exception of Cl 
and Br which were present as 100 and 40 
ppm respectively. The threshold for optical 
absorption appears to be at 4200 A. 

An analysis [1] using the particle size and 
spectral response of the diffuse reflectance 
gives a minimum estimate of the absorption 
coefficient at 3800 A to be at least lO-"' cm"'. 

[B) Thin film optica! transmission 

It has been impossible at this point to obtain 
single crystals of o-lead azide of sufficient 
size and quality for refined optical transmission 
measurements. Previous measurements [2] 
on a single crystal of o-lead azide indicate 
that the absorption edge is in the region of 
4000 A. 

In general, thin films can be used for these 
measurements; however, film preparation 
using evaporation techniques requires that 
the substance be reasonably soluble and 
unfortunately such a solvent is not known for 
lead azide. Other film techniques such as 
deposition or sublimation cannot be used 
because of the decomposition of the azide. 

Lead azide is very slightly soluble in water; 
however, numerous attempts to obtain thin 
films by slow evaporation from aqueous 
solutions proved to be largely unsuccessful. 
It was found, however, that thin films of 
excellent optical quality were obtained by 
reacting vacuum deposited layers of metallic 
lead with gaseous hydrazoic acid for several 
Jtours[3]. 

Thin films of metallic lead were vacuum 
deposited on quartz or sapphire substrates. 






2562 


H. D. FAIR, Jr. and A. C. FORSYTH 


The substrates were in the form of discs 
0-5 in. dia. and 0 02 in. thick. The films which 
were used in the absorption measurements 
were prepared by shielding half of the disc 
from the lead during the deposition so that 
the resulting lead film was in the form of a 
half moon. The films were then placed in a 
teflon holder inside a light tight desiccator 
which was attached to the output of a hydra- 
zoic acid generatorl4]. The desiccator was 
flushed continuously with hydrazoic acid in a 
nitrogen carrier gas. 

After several hours of exposure to hydra- 
zoic acid, the top surface of the metallic lead 
film became white. The lead surface next to 
the substrate appeared to be grey when ob- 
served through a microscope. Upon further 
exposure, the grey areas disappeared and the 
lead films became either completely white 
or transparent depending upon the thickness 
of the initial lead film. Lead films up to 150- 
200 A thick became transparent after 5-8 hr 
of exposure to hydrazoic acid. Thicker films 
reacted more slowly and tended to become 
white. Figure 2 shows the sequence of reac- 
tion of a 100 A thick metallic lead film with 
hydrazoic acid to become lead azide. A 100 A 
metallic film is just at the threshold of having 
a metallic appearance (Curve J). Continued 
exposure to HN;) (Curve 3) increased the 
optical quality of the film until after 4 hr of 
exposure (Curve 4) the film was transparent 
to visible light. The most dramatic change in 
the visible part of the spectrum occurred 
shortly after the sample was exposed to 
hydrazoic acid. 

The film thickness was determined first 
by measuring the unreacted lead metal thick- 
ness with a multiple beam inteiferometer. The 
azide film thickness was then calculated by 
assuming that the number of lead atoms in the 
metal film was equal to the number of lead 
azide molecules in the reacted film. It was 
also assumed that the area of the metallic 
film does not change appreciably during the 
volume change accompanying the reaction. 
The lead azide film thickness. / azide is then 


_ (mol. Wt)azme ^ densityiead ^ 

(mol. wt),e,d X density,,irfe 

~ 3'4 tiead' 

The room temperature absorption spectrum 
showed a plateau at approximately 3750 A. At 
liquid nitrogen temperature additional small 
peaks arc observed at approximately 3300, 
3000 and 2800 A. and the peak at 3750 A was 
more clearly resolved. At 13°K (Fig. 3) there 
was further resolution of this peak and an 
additional peak was observed at 3700 A. The 
peak at 3750 A was clearly observed in over 
twenty different lead azide films on either 
quartz or sapphire substrates. These films 
varied in thickness from 350-1 500 A. The 
lead azide films were prepared from 6-nine 
purity lead metal and spectroscopically pure 
hydrazoic acid. In addition, the absorption 
edge of the films as determined by diffuse 
reflectance appeared at slightly shorter wave- 
lengths and was sharper than that of the 
spectroscopically pure lead azide powder. 
Thus, we conclude that the structure observed 
in the transmission data is most probably 
not due to impurities in the lead azide films 
but rather the absorption spectra ari.se from 
the fundamental absorption of the pure lead 
azide. 

We cannot be as definite about the stoichio- 
metric composition of the thin films. I.ead 
films between 50 and 100 A thick react in 
HNn to give a flat absorption in the visible. 
However, films of greater thickness often 
exhibit a long wavelength tail which extends 
through the visible. This tail fits a 1/A4 
dependence and could be due to Rayleigh 
scattering of small particles of unreacted lead. 
Further reaction of the films in gaseous hydra- 
zoic acid reduces the amount of scattering or 
absorption in the visible and it was possible 
to obtain thicker films which showed no 
absorption in the visible region of the spec- 
trum, however, it was not possible to deter- 
mine absolutely the stoichiometric composi- 
tion during any phase of the reaction and it is 
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quite possible that the ‘completely’ reacted 
films could contain an excess of lead. 

Since lead azide decomposes appreciably 
above 250°C it was not possible to anneal the 
thin films, however, there is some indication 
that the optical quality of the film increases 
when the films are stored for long periods of 
time in hydrazoic acid. It is in fact rather 
surprising that films of this quality are 
obtained by a gas-solid reaction in which 
the density changes from 1 1 -3 for lead to 
4-71 for lead azide. The intense peak at 
3750 A appears to shift slightly at a given 
temperature from one sample to another. At 
15“K, this peak was observed at wavelengths 
ranging from 3700 to 3790 A. This shift in peak 
position is due in part to a difference in sample 
thickness since there is an accompanying 
difference in intensity of the background 
absorption on which the peak is located. 
However, in several films observed at 15‘’K, 
this peak is further resolved (as indicated in 
Fig. 4) into two peaks at 3760 and 3725 A. 
The ambiguity in the position of this first 
strong absorption peak could be due then to 
differences in intensity of the two rather poorly 
resolved absorption peaks at 3760 and 3725 A. 

Since the additional structure is not as 
clearly resolved, ten lead azide films, of 
slightly different thickness, were observed 
at room, liquid nitrogen and liquid helium 
temperatures. The two peaks described above 
as well as additional poorly resolved absorp- 
tion peaks at shorter wavelengths occur in 
all the thin films. It is surprising that there is 
no marked temperature dependence of any 
of the observed line positions. 

(C) Photoconductivity 

Photoconductivity spectra were obtained 
on thin films of a-lead azide in which the thick- 
ness of the initial metallic lead films was 
between 500 and 1000 A. Several types of 
evaporated metal electrodes were used includ- 
ing gold, silver and aluminum, however, a 
mercury-indium amalgam was found to be 


quite satisfactory and added much in con- 
venience in mounting. Since most of these 
metals were found to be essentially non- 
rqactive in the gaseous HN3 atmosphere, 
the films for these ’measurements were 
prepared by first depositing a lead film on 
one side of a sapphire disc (0-5 in. dia. and 
0'02in. thick) and then shielding a central 
strip approximately 2-3 mm thick, the appro- 
priate electrode material was vacuum de- 
posited on the remainder of the lead film. 
The metal film was then placed in the HN3 
reaction chamber as described above. This 
technique proved to be more satisfactory 
than depositing the metal electrodes on the 
lead azide films after they had been reacted. 

Previous measurements of the photo- 
conductivity of single crystals [5] and pressed 
pellets [6] of lead azide showed photocon- 
ductivity throughout the visible region of the 
spectrum and a peak at approximately 4100 A 
which has been alternately ascribed to inter- 
stitial nitrogen atoms and to the first peak of 
an exciton series. 

The spectral response of photoconductivity 
[7] for a 1000 A thick film of lead azide at 
room temperature is shown in Fig. 5. The 
photocurrent is normalized for a constant 
number of incident photons. No detectable 
photocurrent was obtained in the visible 
portion of the spectrum, however, two peaks 
were observed in the near ultraviolet at 3820 
and 3545 A. The relative intensities of these 
peaks varied slightly from sample to sample. 
At 103®K the photocurrents were reduced in 
intensity by more than an order of magnitude. 
The dependence of the 3820 A peak on 
exciting intensity /, was measured using 
neutral density filters and the photocurrent 
was found to be proportional to the lamp 
intensity. A reliable measurement of the 
intensity dependence of the 3545 A peak 
could not be obtained due to the low magni- 
tude of this peak. 

The observed photocurrents could in 
principle arise from band to band transitions, 
from impurity to band transitions, or they 
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Fig. 4. Optical absorption of a-lead azide thin film at 1 5°K. 
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Fig. 5. Spectral response of the photoconductivity 
of u-lead azide thin film observed at room temperature. 


could arise from excitons by any of several 
mechanisms, for example: 

(1) Dissociation of excitons through phonon 
interaction. 

(2) Dissociation of excitons through inter- 
action with impurities, defects or other 
excitons. 

It is interesting to consider two cases for 
the rate of change of free carriers for a 
thermally assisted process. For a bimolecular 
process at constant temperature, the photo- 
current varies as the square root of the lamp 
intensity. However, if for any reason (for 
example, dissociation of the exciton on which 
one carrier is captured by an impurity and the 
remaining carrier released to valence or 
conduction band, etc.) one of the charge 
carrier concentrations changes very little, 
the process is monomolecular and the 
photocurrent is proportional to the lamp 
intensity. 

As mentioned above, the observed photo- 
current in lead azide at 3820 A was found to 
be approximately proportional to the first 
power of the lamp intensity at constant 
temperature. The temperature dependence 
of the two photoconductivity peaks was 


measured over a limited range from room 
temperature down to 103°K and the activation 
energy of the photocurrent found to be 
approximately E/ = eV. 

4, DISCUSSION 

The structure in the absorption and 
photoconductivity spectra of lead azide may 
reflect the non-uniform density of states in 
band to band transitions, or may be due to 
impurity to band transitions, or may be due 
to any of several kinds of excitons. It is 
interesting to compare the spectral response 
of photoconductivity in Fig. 5 with the 
optical absorption. The minimum in the 
photocurrent occurs at approximately 3750 A 
which is essentially the same wavelength as 
the first strong absorption peak. The photo- 
currents could then arise from band to band 
transitions in which the simultaneous occur- 
rence of a strong absorption peak and photo- 
current minimum may be attributed to a 
competing process occurring for the produc- 
tion of photoelectrons at 3750 A. Such a com- 
peting process could be a transition involving 
either impurities or the creation of excitons. 

It .may be useful at this point to consider 
the types of excitons possible in lead azide 
and to estimate their creation energies. Of 
the localized or Frenkel type exciton in lead 
azide, there is the possibility of extremely 
localized intra anion or intra cation excitons 
which are describable in terms of excited 
atomic states of N.-,” or Pb^^, in addition to 
the localized charge transfer excitons. 

A weak absorption at 2300 A has been ob- 
served [8] in numerous azides (Na, K, Rb, Cs) 
and has been ascribed to “a low lying excited 
state of the azide ion”. This absorption can 
also be interpreted in terms of transitions 
which create excited states of an (Nj") 
intra anion exciton. Because of the extreme 
localization, the transition energy of the intra- 
anion exciton in lead azide should not 
differ greatly from that observed in the 
alkali azides and thus the transitions to these 
intra anion exciton states in lead azide would 
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be expected to occur in the neighborhood 
of 2300 A. 

The lowest excited free ion states of Pb^* 
occur at 7‘49, 7'98, 9-79 and Il-82eV. 
corresponding to transitions from the ’56^* 
configuration to the and 'P states on the 
65 6/7 configuration. The transition energies 
of these excited states in solid lead azide 
will be reduced by the lead azide crystalline 
field. Optical absorption ascribed to has 
been observed in several alkali halides [9] in 
the region 2500 to 2700 A (5-0 to 3-4 eV) 
and recently [10], absorption has been 
observed between the ground state and the 
sublevels of the states of Pb+^ in KCI at 
4’49 and 4-53 eV. 

If the crystalline field of lead azide reduces 
the free ion states of Pb"^* by as much as a 
factor of 2-2 for example, the Pb’^* transitions 
mentioned above would be reduced to 3-30 
eV (3700 A), 3-61 eV (3430 A), 4-43 eV 
(2800 A) and 5-35 eV (23 10 A). Thus 
depending on the strength of the lead azide 
crystal field, the transitions described in 
terms of excited states of intra-cationic 
Pb+* excitons may have transition energies 
which lie in the spectral region of the observed 
optical absorption data for lead azide. 

The transition energy to create a Frenkel 
charge transfer exciton in lead azide is 
calculated by determining the energy required 
to remove an electron from an azide ion and 
place it at a neighboring lead ion. The total 
lattice energy of lead azide has been cal- 
culated [llj from thermo chemical quantities 
using an extended Born-Haber cycle and 
found to be 18>8eV. The first excited state 
of the charge transfer exciton is then estimated 
to be 7-0 eV. This estimate of the transition 
energy has neglected other than coulombic 
contributions to the lattice energy and has 
not included the effects of lattice polarization. 
The total lattice energy contains contributions 
from quadrapole effects, the zero point energy 
and others, however, the Madelung term is 
the dominant contribution and is most 
probably within 1 -2 e V of the total lattice 


energy. Attempts to account for the lattice 
polarization in alkali halides has given values 
ranging from 1 -2 eV for Pb Clz to 2*2 eV for 
Li I and the polarization energy of lead azide 
would be expected to be on this order of mag- 
nitude. 

Including these two corrections, the esti- 
mate of the charge transfer energy is then 
reduced to approximately 4-6 eV. To the 
extent that lead azide is partially covalent, 
this transition energy would be even further 
reduced since the Pb+^ states would be 
pulled closer to the states of Ns". 

Finally, Wannier excitons in lead azide 
are describable in terms of perturbed band 
states in the framework of effective mass 
theory. The valence band is assumed to be 
synthesized from states of the azide ion and 
to be p-like since the free azide ion [1 2] 
has a ground state with the electron 
configuration 

IcrlP lTrU‘‘ iTTg"* 

It is observed that the long wavelength lines 
in PbNfi can, in fact, be represented by three 
hydrogenic series: 

, 1576 

i/^=^ 28172cm ’ ;-cm 00 

2299 

I'B = 29145 cm~' n-cm~^;rt= 1,2, 0 = 

1924 

^’,'= 32227 cm ' — ^cm'';n=I,2, «=. 

The three most intense absorption lines are 
assumed to correspond to the n = 1 transitions 
of the three exciton series. The degeneracy 
of the p-like valence bands should be com- 
pletely lifted in orthorhombic a-lead azide 
due to the non-isotropic crystal field as well 
as the spin-orbit interaction. The three exciton 
series observed in lead azide could then be 
made up of an electron and a hole from each 
one of the valence bands. 
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The exciton series limits, reduced effective 
masses, exciton radii and ionization energies 
were determined for each of the exciton series 
and are shown in Table 1 (the electron and 
hole effective masses are assumed equal and 
low frequency dielectric constant k = 4 
taken to be isotropic). It can be seen from the 
table that the excitons in lead azide are 
relatively small for effective mass excitons 
so that a central cell correction should 
probably be included. 

The line breadth of the strong n—\ line 
of the first series is approximately 70 A, 
which indicates a life time / = 1 -0 x 10“'® sec. 
The line widths can be sensitive to the 
quality of the sample and therefore this value 
is representative of the order of magnitude 
only. It should be emphasized that the struc- 
ture occurring at wavelengths shorter than 
3700 A is masked by a large background 
absorption and the corresponding line posi- 
tions and intensities are somewhat indeter- 
minate. 

In summary, structure has been observed 
in the low temperature optical absorption and 
photoconductivity of a-lead azide thin films. 
A minimum in the photoconductivity is ob- 
served in coincidence with the first strong 
absorption peak which can be interpreted 

Table 1. Energies and effective masses 
for the three Wannier-type exciton series 
in a-lead azide, where p* is reduced effec- 
tive mass and ri" is the exciton radius with 
n = 1 



A 

Exciton series 

B 

C 

v' Gap 

28172 cm-' 
3-49 eV 

29145 cm-' 
3-61 eV 

32227 cm-' 

3 -99 eV 

P* 

0-23 ftio 

0-34 Wo 

0-28 Wq 

m* 

0-46 Wo 

0-68 m„ 

0-56 Wq 

^!) 

9-2 A 

6-2 A 

7-6 A 

^irtnlaatlon 

0-20 eV 

0-29 eV 

0-24 eV 


in terms of competing processes for the 
production of photoelectrons via impurities 
or the creation of excitons. 

, Due to the high pdrit,y of the thin films, we 
attribute the structure in the absorption 
spectra to any of several types of excitons. 
Intra-anion excitons are most probably not 
responsible for the long wavelength structure 
since these transitions have been observed 
at much shorter wavelengths in a variety of 
azides. However, the transition energies of 
either the Frenkel inter-cation excitons, 
(Pb’'^)*, or the localized charge transfer 
excitons may be reduced by the lead azide 
crystal field and by partial covalent effects 
to give optical transition energies in the 
region of the observed optical absorption 
structure. On the other hand, the long wave- 
length optical absorption structure seems to 
fit three separate hydrogen exciton series 
explicable in terms of Wannier exciton 
transitions involving holes from each one of 
three valence bands. 

Unfortunately, it is not possible at this 
point to distinguish the exact type of electronic 
transition responsible for the observed 
structure in the optical absorption and 
photoconductivity of lead azide. Additional 
theoretical and experimental work will be 
required for a more complete understanding 
of the band structure of this very complex 
material. 
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Abstract — The theory of kinetics of short range order for an AB alloy containing vacancies of Kidin 
and Shtremel is criticized and an alternative set of equations of motion for the probabilities of atom- 
atom pairs and atom-vacancy pair.s is proposed. Formulae are derived for the equilibrium probabilities 
which are consistent with the quasi-chemical theory and it is shown that the equilibrium state of 
atom-atom pairs implies the equilibrium state of atom-vacancy pairs. The integration of the equations 
of motion for the case of a quenching experiment in which the degree of short range order increa.ses 
with time shows that the approach to equilibrium cannot be described by a simple exponential, in 
qualitative agreement with experiment. The study of the initial relaxation times gives also results in 
qualitative agreement with experiment. It is proposed that restrictive conditions that relate the 
equilibrium energy parameters to the energy of motion parameters should apply if the system is ever 
going to reach the state of thermodynamic equilibrium. 


I. INTRODUCTION 

In a paper published in 1961 Kidin and 
Shtremel have studied the kinetics of the 
variations of short range order in a f.c.c. 
alloy [1] using a model which is based on 
Vineyard’s model for the kinetics of an alloy. 
In Vineyard's theory [2] only long range order 
is considered but the model takes into account 
all possible configurations around the pair 
formed by the jumping atom and the vacancy. 
However, his treatment is in error because 
he considers that the height of the barrier the 
jumping atom has to go over between initial 
and final positions is a constant. 

In the treatment of Kidin and Shtremel the 
jump rate for a given configuration is controlled 
by the difference in configurational energies 
between initial and final positions as in 
Vineyard’s treatment. An extra term is added, 
however, to account for the order dependence 
of the potential energy barrier seen by the 

*Most of this work was carried out in partial fulfillment 
of the requirements for the Ph D. in Metallurgy and 
Materials Science, University of Pennsylvania. 

tThis work is in part a contribution of the Laboratory 
for Research on the Structure of Matter, University of 
Pennsylvania, sponsored by the Advanced Research 
Projects Agency, Department of Defense. 


jumping atom. But in defining this term the 
authors assume that both the atoms which 
are nearest neighbors at the saddle point and 
the atoms which are nearest neighbors before 
and after the jump contribute equally to this 
term. This seems incorrect to us because it 
assumes that interaction energies between 
nearest neighbors at the saddle point are equal 
to interaction energies for atoms in normal 
equilibrium positions. If we neglect relaxation 
a very simple calculation shows us that in a 
face centered cubic structure the distance of 
nearest approach at the saddle point is 
Vio where 2a is the cube edge length 
while the normal equilibrium distance is 
V2a; i.e. the ratio of distances is V3/2 ~ 
0-86. It is well known that interatomic forces 
increase steeply with distance, so that a 
difference of 14 per cent in distance may imply 
a large increase in the interaction energy. 

We are going to investigate again the 
problem studied by Kidin and Shtremel. We 
will assume that the jump rate in a given 
configuration is determined by the height of 
the barrier and that the configuration of 
nearest neighbors of the saddle point plays the 
most important role in determining the jump 
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rate. We will consider all possible configura- 
tions of atoms around the pair formed by the 
vacancy and the Jumping atom. We will find 
out that a theory developed along these lines 
leads to a quasichemical equilibrium state. 
We will also find out that several other aspects 
of the Kidin and Shtremel treatment are 
probably also in error. 

We will use to some extent the equations 
developed by Kidin and Shtremel which 
relate the temporal development of the 
a posteriori probabilities for atom pairs to 
the probabilities for vacancy-atom 

pairs. In doing so we are going to show that 
some of the Kidin and Shtremel equations 
are wrong and suggest alternative equations. 

Finally we will try to calculate the rates of 
approach to the equilibrium degree of short 
range order in a quenching experiment in 
which both the initial and final temperature 
are above the critical temperature of the alloy. 
Before we start the development of the 
equations of motion we will review briefly the 
experimental fact.s on the kinetics of short 
range ordering in alloys. 


2. SUMMARY OF EXPERIMENTAI. RESULTS 
Although X-ray experiments give the most 
direct information about the state of short 
range order of an alloy it is certainly not the 
most preferred experimental method for 
studying the kinetics of ordering. The kinetics 
may also be inferred from the changes of 
specific heat, magnetic su.sceptibility, electri- 
cal resistivity, or some other physical property. 
The method most widely used for the study 
of the kinetics of ordering is the measurement 
of variations of the electrical resistivity 
caused by changes in the degree of order. 

The appearance of short range order 
without the existence of long range order 
may cause either an increase or a decrease of 
resistivity. 

An increase of resistivity with increasing 
short range order was observed in alloys of 
Cu and Au of several compositions with Cu 


between 14 and 1-5 per cent by Korevaart3]. 
For Cu^Au Damask observed the same 
behaviorl4] and similar results have been 
reported for AuAg alloys [5]. On the other 
hand decreases of resistivity for increasing 
short range order were reported in a-CuAI[6], 
FeCo[7J, CoPt[8] and Ni3Mn[9]. 

All the experimental work that has been 
published on the kinetics of short range order, 
and which we are going to review briefly, 
consists of measurements of the electrical 
resistivity during ordering. In interpreting the 
changes of electrical resistivity it is assumed 
that the change in electrical resistivity during 
isothermal annealing is proportional to the 
change in short range order. 

A justification for this assumption and for 
the fact that the resistivity does either increase 
or decrease for an increase of short range 
order is given in the work of Beall 10]. There 
has been no quantitative investigation, 
however, on the limits of validity of this 
assumption, i.e. over how large of a tempera- 
ture interval would this assumption be valid. 
Neither have other related problems been 
considered in Beal’s work. For instance, it is 
possible that the change in short or long range 
order should cause a change in electrical 
resistivity via a change of the elastic constants 
of the crystal, which are related to the Debye 
temperature. A qualitative discussion of this 
point has been given by the author in another 
publication [1 1 J. 

In comparison with the amount of experi- 
mental work quoted on the kinetics of long 
range order there is a very small amount for 
the kinetics of short range order, all of it very 
recent. There is no work that we know of 
about the kinetics of short range order in 
CusAu. There are three experimental papers 
published, one on the kinetics of a Cu-Al 
(14'9at.%) alloy by Radelaarfb] and one on 
the kinetics of Cu-Al and AuAg by Van den 
Beukel et a/.[12] and one on kinetics in AuAg 
by Iyer and Asimow [5]. 

’Hadelaar measured the resistivity changes 
on .strips of CuAl (85-15) alloy caused by a 
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sudden change in temperature. The tempera- 
ture of the strip was kept constant by a heat 
bath and the change in temperature was 
achieved by changing the values of a d.c. 
current that was circulated through the strips. 
In this way down-quenches of approximately 
10°C and up-quenches of T'C were obtained 
in times smaller than one second. The plot of 
the time dependent resistivity change Ap vs. 
time t could rather accurately be described by 
a simple exponential law. 

|^=exp(-,/r). (I) 

Assuming t to obey an Arrhenius type 
equation 

T= ToCxp (C/AT) (2) 


time tending to infinity as not necessarily equal 
to the change in resistivity for the system to 
reach the equilibnum state Ap^. For AuAg 
the final value of Ap after annealing at one 
tin^erature was measured as a function of the 
quenching temperature Tq. Up to = 800®C 
Ap* increases; for Tq > 800®C it remains 
constant. The isothermal change of resistivity 
Ap/Ap* as a function of time cannot be fitted 
to an equation of the type 


dAp 

“dT 


= /l (Apf- Ap)npe 


rB„lkT 


(where n„ is the number of vacancies) in other 
words it does not fit a single exponential. If an 
attempt is made to fit dilFerent segments of the 
curve to an exponential for each segment, i.e. 
assuming a curve 


values of Q and to were obtained. The value 
of 0 = 1 •70 + 0 05 eV is not far from an 
activation energy for diffusion obtained by 
Childs and Le Claire (13] from internal friction 
experiments. The values of t obtained in the 
up-quench experiments lie on the same 1/T 
curve than the down-quench values of t, 
although it is possible to suspect from the 
scatter of points that a more careful study 
would show that the values of t for the up- 
quench are consistently higher. Because the 
temperature changes are so small the vacancy 
concentration in this experiment is practically 
the equilibrium vacancy concentration. The 
temperature range investigated is rather small 
(between 200° and 325°C). Therefore no 
conclusions on whether Q may or may not 
have an order dependent term can be made. 

Van den Beukel et al. followed the establish- 
ment of short range order in the alloys AuAg 
and CuAl (85, 15) by measuring the electrical 
resistivity of quenched wires. The wires were 
quenched from temperatures in the range 
from 800° to 400°C down to room temperature 
and the isothermal changes of resistivity after 
the quench were measured. Van den Beukel 
defines Ap* as the change of resistivity for 


where t is not constant but a function of time, 
it is found that t increases between two and 
eight times its initial value between the 
beginning and the end of annealing. This form 
of non-simple exponential decay is attributed 
by Van den Beukel et al. to an increase in the 
value of Em with increasing short range order 
(see equation ( 1 )). The total increase of Em is 
estimated as 0-05 eV. The variation of Ap* 
with quenching temperature is attributed to 
a decay in the number of excess vacancies 
present during the quench. If vacancies 
disappear fast enough they will be gone 
before short range order equilibrium is 
established, and the values of p* < p^ tell us 
that the final state is not an equilibrium state. 
Van den Beukel et al. find the value of Em 
for CuAI from a plot of In [l/pp(dAp/d/)]«„o 
vs. 1/T. i.e. the initial values of t at time 
r = 0 for different annealing temperatures. 

The experimental points fall on a straight 
line and the value of Em is in good agreement 
with results of other authors. Unfortunately 
the range of annealing temperatures is rather 
narrow (approximately 300°-370°K). 
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An important piece of work has been 
carried out by Iyer and Asiniow[5]. The 
authors report quenching sanipies of Au,,.., Ago s 
alloy from different quenching temperatures 
for the same annealing temperature. They 
assume an equation 

where the exponential is the vacancy concen- 
tration and /(Ap) contains the information 
about the final state, and plot the resulting 
values of log(ln(Ap,i/Ap)) vs. riogr-t-/l(To)], 
where A{Tu) is a parameter used to take care 
of the shift in the values of log / caused by the 
different vacancy concentrations at different 
quenching temperatures. As can be seen 
(Fig. 1). the data all lie on the same curve, 
irrespective of Tq. This verifies the initial 
assumption that the vacancy concentration 
during the anneal remains essentially constant. 
The curve is not a straight line, thus confirm- 
ing that short range order kinetics is not 
adequately described by f{Ap} ^ Ap. The 
authors conclude that vacancy annealing is 
not a significant factor in the short range order 
kinetics in this alloy for quenches from 
450°C and above, thus disagreeing with Van 
den Beukel et al. In support of this argument 
the authors also mention that in pure gold, 
i.e. for a case of vacancy annealing only, the 
time for the resistivity to reach one half the 
value of the final resistivity increment is of 
the order of hundreds of hours [14], i.e. one 
order of magnitude larger than the largest 
equivalent time in their experiments. Since 
there is no reason to believe that the number 
of jumps made by a vacancy before it anneals 
out is significantly different in the alloy, this 
supports their argument. 

Iyer and Asimow also criticise the method 
of measurement of Van den Beukel et al. The 
latter measures the changes of resistivity from 
the as-quenched value. The as-quenched 
value is thought to be dependent on reordering 
during the quench. Therefore, Iyer and 





log 1 1 - A(Tq) 


Fig. 1. log,,, (logp (Apo/Af>)) vs. log/ in a quenching 
experiment for a short range ordered 0-50Ag0'50Au 
alloy (according to Iyer and Asimow). 

Asimow measure the deviations from the final 
value of the resistivity. 

3. DEFINITION OF PROBABILITIES AND 
INTERCHANGE PROCESSES 

We consider a short range ordered alloy 
without long range order and nearest neighbor 
atom-atom interactions only, and cn are the 
atomic concentrations, c,, is the vacancy 
concentration. Since c,, is assumed to be small 
we can write 

f „ -F Cfi = 1 . 

Paa are a posteriori probabilites that 
when an A atom is at a given position a 
nearest neighbor position is occupied by 
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either a or an ^ atom. For an f.c.c. alloy 
and negelecting vacancy-vacancy pairs of 
nearest neighbors the a posteriori probabilities 
are defined by the equations 

PXY = (4) 

Pxx='i-Qxxn2NcxAX,Y=^A,B). (5) 

N is the total number of lattice sites; Qxy is 
the number of XV pairs of nearest neighbors. 

The a posteriori probabilities satisfy a 
consistency condition that comes about 
through the requirement that the number of 
AB pairs be the same irrespective of whether 
it is counted from A atoms or from B atoms 

CaPha — ChPah- ( 6 ) 

Some other relations involving the a 
posteriori probabilities are given by 

Paa-^Pua = \ (7) 

PHH-^PAh=^. ( 8 ) 

In writing (7) and (8) we neglected p,-., and 
Pyh, which is acceptable, since the vacancy 
concentration c,, is small compared to the 
atom concentrations Ca and c'/|. 

Let us consider a vacancy and an A atom 
that is a n.n. of the vacancy. There are 

iB atoms n.n. of the vacancy only (0 < i ^ 7) 
kB atoms n.n. of the A atom only (0 « A' « 7) 
jB atoms n.n. of both the A atom and the 
vacancy (saddle point neighbors) (0 ^ j ^ 4). 

The probability of a configuration with iB 
atoms around the vacancy is given by 

- C-!’p’'^y{\ -PtivV'* (9) 

where the C^ are binomial coefficients. 

The probability of a configuration with 
kB atoms around the jumping /f atom is given 
by 

( 10 ) 


The probability of a saddle point configura* 
tion withjfi atoms is given by 

CA^iPBAPHv)^{ Paa Pa 

~ C4HPttAPay)^[(i ~pBx){l 

Kidin and Shtremel write instead of 
(l-P/jx)(l-Pfir) a term {I-PbaPbv) which 
we believe to be incorrect. Besides neither the 
above expression nor Kidin and Shtremel’s 
are normalized probabilities. To normalize 
the probabilities of saddle point configurations 
we have to divide over the summation of this 
expression over j, i.e. 

S C4HpBAPHy)^m-PBA)(l-PDy)y~^ 

J=o 

~ [I ~b Pba{2Pbv~ 1 ) ~Pbv]^- 

Then we can define the normalized probability 
as 

CiBiAV)ij^ 

__ C4^{PBAPBv)^^i 1 ~Pba){^ ~PBy)Y~^ 
U+PBAi2pBy-\)-pByy 

The probability that given anAV pair it will 
have a configuration of nearest neighbors 
given by ij and k can be defined as 

Qu’.k ^ <iBvii)QHAik)CiB^AV^{j). ( 12 ) 

The rate of interchange of a given configura- 
tion defined by j and k is written as 

RvaUA) = vexp {-EA^{j,k)lkT) (13) 

where i* is a frequency factor and we define 
the migration energy as 

Ea**U^ k) = -Jv\b - (4 -J) Vaa - [-Jvab 

- (4 -J)vaa - kvAB - (7 - k)vAA)] 
^-^V^a+^^Vaa-JUv^b-Vaa) 


where the Cj*' are binomial coefficients. 


~(VAB-VAA)] + k(VAB~VAA)- (14) 
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We assume that £^"( 7 , k) is always positive. 
Therefore, the implicit as.sumption in (14) is 
that the saddle point energies v\b and v^a are 
negative. Let us remember that in the current 
order-disorder theory the equilibrium inter- 
action energies Vab, Vaa, Vbb- are assumed to 
be positive. The justification for the saddle 
point energies having a negative sign is that 
the interatomic forces increase steeply and 
change sign for distances smaller than the 
equilibrium distance, like the distance between 
the jumping atom and its nearest neighbors 
when the jumping atom is at a saddle point 
position. 

4. DEVELOPMENT OF THE KINETIC EQUATIONS. 

For an /4 F pair with a neighbors configura- 
tion (i,J,k) where iB atom.s are saddle point 
neighbors, kB atoms are nearest neighbors 
of the A atom and iB atoms are nearest 
neighbors of the vacancy only, if A and V 
interchange places the numbers of pairs of the 
crystal is going to change by 

^Qab — ~^Qaa ~ ^Qva — ~^QyB 

= i-k. (15) 

From this Kidin and Shtremel proceed to 
write 



where t is the time variable and the subscripts 
VA and VB mean because of VA interchange 
and because of VB interchange. 

At this point we are in disagreement with 
Kidin and Shtremel. Equations (16) and (17) 
contain implicit assumptions which have not 
been clarified by the authors. 

The implicit assumption is that if a system is 
initially in a non-equilibrium state, equilibrium 
will be attained through many independent 
interchange processes. This means that if, let 


us say, in the equilibrium state there are more 
AB and AV pairs than in the initial state, the 
increase in the number of AB and AV pairs 
will be attained in such a way that the AB and 
AV pairs created in individual interchange 
processes while the system is approaching 
equilibrium are not destroyed in other inter- 
change processes before the system reaches 
the final state. In other words, equations (16) 
and (17) are true for times of the order of the 
average time that elapses between successive 
interchange processes for a single vacancy. 

The assumption that the atom-atom pairs 
of a given kind that are created as the system 
does change towards equilibrium are not 
affected again after the elementary inter- 
change by which they have been created 
seems reasonable. But the equivalent assump- 
tion for atom-vacancy pairs is incorrect. The 
reason is that there are of the order of c,,"’ 
more atom-atom pairs than atom-vacancy 
pairs. Therefore, the same number of elemen- 
tary interchange processes that creates a given 
number of atom-atom pairs, creates a number 
of atom-vacancy pairs roughly c,, times 
smaller. While the system changes towards 
equilibrium a given atom may participate only 
once in an elementary interchange (or not 
participate at all), but each vacancy will 
participate in a large number of elementary 
interchange processes. Vacancy-atom pairs 
will constantly be created and destroyed. 
Therefore, we may expect that fluctuations in 
the atom-vacancy a posteriori probabilities 
are much larger than in the atom-atom 
a posteriori probabilities. 

We therefore propose as an alternative to 
equations ( 1 6) and (17) 

c,^^(dQ^/^/dr)l,v| = (dQ^^/drjvA ( 18 ) 

C,. ^idQyAldt)yB = ~ {dQABldt)yB. (19) 

It should be emphasized that this is an 
approximation that cannot be completely 
accurate. The number of vacancies available 
for VA interchanges is not equal to the number 
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of vacancies available for VB interchanges, 
because in general qavii) ^ qAvii)- More- 
over, there will be vacancies completely 
surrounded by^ atoms that cannot participate 
in VB interchanges and vacancies completely 
surrounded by B atoms that cannot participate 
in VA interchanges. A more accurate formula- 
tion of the theory would replace (18) and (19) 
by a set of equations with two equations for 
each value of /, containing explicitly the 
vacancy concentrations for given environ- 
ments Cr(/). If, on the other hand, the kinetics 
is affected by the trapping of vacancies, as 
we shall see later, the analysis of this process 
would require explicit consideration of the 
time dependence of each c„(/) . 

The change in the a posteriori probability 
ofAB pairs will be given by 

{ ^Qah \ 

^Pha _ \ dr )y 4 \ dr /va ('>0) 

dr 12Nc., 

since there are zJ^CaPha AB pairs radiating 
from/4 atoms {z— 12. coordination number); 
N is the total number of sites, approximately 
equal to the total number of atoms. 

There are zNc^Pai pairs formed by a 
vacancy and a nearest neighbor A atom 
radiating from A^c,. vacancies, so that in a unit 
time the number of interchanges taking place 
is given by 

zNCrPAvX 2 2 QulkRlAikJ)- 

I 3 k 

In each of these interchanges the number of 
AB pairs does change by AQak = i — k. Then 
the rate of variation of Qab due to AV inter- 
changes is given by 

where 

i i {i-k)Q\^jlicRMk). (22) 

j *0 A :=0 <*=0 


Then (20) can be written as 

( I 

The environment of the vacancy will vary at 
the rate 

( ^QyA \ 

^PaV _ \ ^^/VA V dr /VB 
dr l2Nc^ • ^ ’ 

Using (18), (19). (21) and the expression 
similar to (20) for VB interchanges we obtain 

~f=C„PA,V^^-C„PByV‘^\ (25) 

Equations (23) and (25) are two coupled 
differential equations which govern the 
temporal development of the system. 

plays the same role for the migration of 
B atoms as does for the A atoms. For 
2**’ the numbers /, j, and k refer to unlike 
atoms again (i.e. A atoms in this case). 

For the equilibrium state we should have 

dpfl^/dr = 0 (26) 

dpvAl^t = dpv7,/dt = 0. (27) 

Since neither r,,, Ca, Cb, Pav^ Pbv are zero 
this implies that in the equilibrium state 

2‘^»=2'*’ = 0. (28) 

Let us now try to calculate S*'** and 
using the definitions (9) to (14) in (22). We 
have 

i i j:U-k)CMv 

(=0 j-=0 

X( 1 - Par ) CMa ( 1 - PbaV^^Oa'^ 

^^ CA^{pBAPBv)^Ui-pBA)il-PBy)]*'^l>A^ 

[l+PBAi2pBV~1)-PBv]* 


( 29 ) 
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^(A) ~ 7 exp 

s exp f {i5?( ~ v,^)jkT];u^ = exp {—vJkT) 

^ 1 +PB^(2pBr~ J ) “Pflv 

^ X [1 +Pfl^(a^- 1)]® 

x[SA(k)SA{j) ^lCj'p‘^()-P[,yy ' X {[1 +/?B^ (£!/(-])]/>/, r-PBX«^}- (36) 


exp 


kT 



xSAinsAU) i: kc,xp'},A\-PHAy-'^aA. 

(30) 


For the equilibrium state we should l.ave 
2'^’ = 0. Equating the last bracket to zero 
we obtain 


5,(k) S S 

= [H-Pbx(o,, - I )]^ (31) 

SaU) 

2 C'4^iPliAPB\Al( 1 ~PhA)( I "PbI 

^ J^O 

[!+p„.^(2p„i-l)-p/i,]'' 

pxr+p/M(p//i"k-p,ii ) r 

— ClTl 

1 +P„,(2Pbi - I) -P«i ■ 

s 2 C^r'P/d (1 p/(i )' I- (33) 


In order to evaluate the next summations 
we are going to use the formula 


Pm = 


P°IA^A 

1 +P«.! (Ux ~ 1 ) 


(37) 


where the zero refers to the equilibrium value 
ofp,„andp„.4. 

This last equation is identical with the 
result already obtained from a kinetic quasi- 
chemical approach for a crystal with 
vacancies] 15]. 

We can obtain similar results for S'"’ by 
defining a VB pair in which i,J, and k are the 
number of A atoms nearest neighbors of the 
vacancy only, of both vacancy and B atom and 
of B atom only. 2'"” and X'"’ will have the 
same functional form and all derivations for 
will be valid for obtaining X'"’ if we 
replace p„A by Pah< Pii\ by Pa\a Vaa and 
Vaa by v,„i and vji„. 


2 iC„'a‘y" ' = na(u-i- y)'‘ K 
1 = 0 

With this formula we obtain 

2 ~ Pbv)^~‘ — 1 Phv- (34) 

1=0 

2 kCj'‘{paAaAV{^~PiiAV~^ 

fc=0 

^'JPBAaA[\+PBA{aA-\)y. (35) 
Now repfacing (3 1)-(35) into (30) 


5. RESULTS OBTAINED FROM THE STUDY OF 
THE KINETIC EQUATIONS 

From inspection of (23) and (25) for the 
case of a stoichiometric alloy {r^ — ch = h) 
several conclusions can be drawn. 

(a) The values of the parameters that enter 
into the equations cannot he independent 

There are several reasons for this. The first 
is a physical reason. Assume that vacancy 
interactions are negligible and that the 
deviation from the equilibrium state is large 
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enough so that for the system to reach the 
equilibrium state each vacancy must perform 
several jumps, let us say ten. Assume also that 
the contribution of VA interchanges is larger 
than the contribution of VB interchanges 
by one order of magnitude. Then for a vacancy 
that starts with a given value of i = io neighbors 
unlike the jumping atom, if the vacancy 
makes a jump that increases the degree of 
order then {i — k) > 0, therefore /, ^ k, we 
will have /| < and successive VA inter- 
changes will make i„ < i„-i Iq. When 

/„ = 0 the process cannot continue . and the 
vacancy will get trapped in a configuration of 
A atoms as only nearest neighbors. Thus, the 
vacancy would become ineffective for further 
increase in the degree of order. Therefore, 
only the small amount of vacancies that would 
escape trapping through VB interchanges 
would contribute to ordering and the VB 
interchange rate would determine the rate of 
ordering. If we want to avoid this situation 
we have to accept that both terms on the r.h.s. 
of (23) and (25) are of the same order of 
magnitude. This in turn requires that the 
values of the parameters (4if4.4— llr^,). 

( V), — i! , ) be not very different from 

ilVjiri), (ij/— V,/) respectively, so that 
the first term in (23) should be of the same 
order of magnitude of the second term over 
the whole range of temperatures considered. 
It should be noted that the parameters 
- (4i>Vi - and - (4i>)„( - 1 1 v,i„) repre- 

sent the migration energies of an A atom in an 
environment of A atoms only and the migration 
energy of a atom in an environment of B 
atoms only, in a nearest neighbors model. 
Therefore, if our model of first neighbor inter- 
actions only would be valid, and if trapping of 
vacancies does not play a significant part, a 
condition for the equations of motion (23) 
and (25) to be applicable in their present form 
would be that the migration energies of atoms 
in purey4 and pure B be approximately equal. 

A relation between the equilibrium para- 
meters Vji and Vf, and the kinetic parameters 
considered above can also be deduced. 


Suppose that we have 

( f>AA ~ VbB ) > 0. 

lj 

From the definitions of and Vb it follows 
that 

Va < Vb 

and according to the result for the atom- 
vacancy probability (37) and mmg Pbv + Pav = 

I we find that will be a decreasing function 
for decreasing temperature. Let us imagine 
a quenching experiment between an initial 
temperature Ti and a final temperature Tf. At 
time r = 0 we have Pav = p\v.i (where the 
superscript denotes the equilibrium state) 
and for time Pav = P°A\\f- Since Pav 

would be decreasing this requires 

PavV-^^ < (38) 

The most straightforward way to satisfy 
this requirement would be to have 

|4ii,-lli>^^| > |4ti;,-lly„;,| (39) 

- ''.il > 14- t’«l- (40) 

We have assumed v^a > Vbu - The inequality 

(39) is consistent with the possibility that 

v*AA = kvAA ; uU == kVoB 

but this would not be consistent with (40), 
However, since most probably the behavior 
of and X*"’ would be dominated by 

exp {(^v\.s-\\vAA)lkT) and exp ((44;(- 

\\vBB)kT), (38) could be satisfied without 

(40) being satisfied. 

Let us suppose that (38) is not satisfied. 
Then (dp^,-/d/)(=o would be positive and the 
Pav vs. / function would have to be required 
to have a maximum at some intermediate time 
and then decrease towards its final value. 
In other words would be initially 

larger than psiX*"' and after some time the 
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situation would be reversed. This in turn 
would require that (d/>B^/d/?^i')^=^o be positive 
and then change sign at some intermediate 
value of time, i.e. the non-equilibrium curve 
PB/t vs* Pav would have the form shown In 
Fig. 2 where the equilibrium curve is also 
shown. Considering this and the form of the 
equations we think that this is rather difficult 
to accept. If we take smaller temperature 
intervals between the initial and the final 
temperature, i.e. we tend to make the trans- 
formation reversible the non-equilibrium 
curve would have to tend towards the equili- 
brium curve and this would be in contradiction 
with the initial positive slope of vs. t. 

The line of reasoning we have developed 
above makes it necesssary for the system to 
reach the equilibrium state to have the 
inequality (38) and therefore also inequality 
(39) satisfied. However it should be stated that 
the inequality (39) does not tell us that both 



Fig. 2. Equilibrium and non-equilibrium pg^ vs. 
curves; equilibrium curve; PgA.iM< tangent interpola- 
tion scheme; dashed line, VBlikelyp„^ vs. p^y curve. 


terms in (23) and (25) have to be of the same 
order of magnitude. In other words if 
(vaa ~Vbh) > 0 *be migration energies are 
such that VA interchanges occur more 
frequently than VB interchanges the system 
will never reach the state of equilibrium in a 
quenching experiment. But if the migration 
energies are different enough and their 
relative magnitudes are reversed for the 
situation to be reversed in such a way that 
VB interchanges occur much more frequently 
than VA interchanges the system will still 
be able to reach the state of thermodynamic 
equilibrium by a process of vacancy trapping 
in an environment of B atoms and release 
of the trapped vacancies through VA inter- 
changes. With enough vacancies trapped the 
rate of ordering would be governed by the 
rate of escape of trapped vacancies and 
therefore controlled by the migration energies 
of the slowest moving atoms (A atoms). If 
such a situation occurs we should expect that 
equations (23) and (25) would no longer be 
adequate to describe the process, at least not 
in their present form. 

The possibility of trapping needs to be 
explored in detail. It is possible that this would 
require that we include the probabilities of 
vacancies with given specific environments. 
We are not going to attempt such a detailed 
analysis here but we will try to draw a simple 
qualitative picture. For the case of a quench- 
ing experiment in an alloy that has (u^^ — v^b ) 
> 0, if the migration energies make VB 
interchanges much more frequent than VA 
interchanges we could imagine the following 
stages in the process of approaching the 
equilibrium state: (1) a first stage (fast) 
dominated by VB interchanges. (2) An inter- 
mediate stage (slow) in which the kinetics 
would be dominated by the rate of escape of 
vacancies surrounded by a majority of B 
atoms through VA interchanges. (3) A last 
stage in which the vacancies would tend to 
get back to their normal environment. 

"Quite obviously, this picture would only 
apply to large deviations from equilibrium. 
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Quite naturally, a process that involves 
several stages, which are dominated by 
different migration energies, would not be ^ 
described by a simple exponential, thus giving 
a simple qualitative explanation of the 
observed experimental results. 

If we have an alloy in which {vaa — Vbb) <0 
and thus Pav increases for decreasing tempera- 
ture the same arguments could be applied to 
reverse the sign of the inequality (39). There- 
fore our model tells us that from the fact that 
an alloy is formed for a given pair of metals, if 
a pairwise interactions scheme is valid, we 
should be able to derive some restrictive 
conditions on the form of the pairwise inter- 
action potentials of the atoms. Another 
consequence of the theory would be that if we 
could determine the migration energies of the 
atoms from experimental results we could 
from there obtain information on the relative 
values of the equilibrium interaction energy 
parameters. 

ib) The initial relaxation times 

When deviations from the equilibrium state 
become large the function Pha - fit) can no 
longer be represented by a single exponential 
as shown by the experimental results [5, 12]. 
However, we can accept that for small time 
intervals near t = 0 the function tends towards 
an exponential. The relaxation time t„ associ- 
ated with this zero time exponential will be 
given by 

T(, = - ( dp BA /d t ) rJo ■ ^ (41) 

where 

— PbAJ^ PHA,i- 

We tried to obtain the form of the function 
To vs. \ITf that would result from a series of 
experiments in which a number of samples in 
equilibrium at an initial temperature of 
1273°K would be subjected to a sudden 
temperature drop of a given value for each 
sample. The following values were adopted 
for the parameters: y == 4 x 10"® eV; va — 


3xl0-®eV; Vb = 5 x 10"*eV; t)5 = 0-18eV; 
= 0-20 eV; - 1 \vaa = -0'945 eV; 

— = — 0'86eV; n = 10‘®/sec; = 

ip-«. ^ 

The curve obtained is shown in Fig. 3 . 

The log To vs. lITf curve appears to be 
linear over a temperature range of several 
hundred degrees. We also obtained values for 
a series of experiments in which the" para- 
meters v,Va, and were hatf the values given 
before, and the parameters (4t?5^ — 

llw^^), (4yl,B — Uthb) had the same values. 
For this series of experiments we took the 
initial temperature T( = 1073°K and the final 
temperatures varied in steps of 50® down to 
373°K. A plot of the curve logTo vs. 1/7/ still 
appeared to be linear over several hundred 
degrees but a calculation of the slope of 
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log To vs. l/T/ from the first two points of the 
curve gave a value slightly higher than the 
slope obtained from the last two points. The 
ratio of the difference in slopes to the slope at 
the lowest temperature values was of the 
order of 12 per cent. This is such a small 
deviation for a range of temperatures of 
800®K that is is not surprising at all that it has 
not been observed in the experiments of 
Van den Beukel et rt/.[l2]. Moreover, the 
annealing temperatures in the experiments 
of Van den Beukel were in all cases 400°C 
below the quenching temperatures, i.e. the 
range of temperatures investigated is smaller 
than ours, so this would make it even more 
difficult to observe. 

We also investigated how the initial values 
of the relaxation times would change for a 
series of experiments in which in each experi- 
ment the quenching temperature is different 
but the temperature drop is the same, for 
temperature drops of 5°. 50° and 100°C. We 
get straight lines i*' we plot logr,, vs. I /T/. over 
temperature ranges of .several hundred 
degrees. This is in agreement with the 
experimental results of Radelaar[6], 

(c) A comment on the initial slopes of the 
equilibrium and non-equilibrium dpu jdpn 
curves 

The initial slope at t — 0 of (dp/,,i/dp^i ) 
will not. in general, tend to the value of the 
slope of dpl^|dp°^y. even in the case of small 
temperature changes. The reason is that the 
slope of the equilibrium curve is determined 
by the equilibrium parameters v and u.4 only, 
while the slope obtained from the equations 
of motion depends on the relative values of the 
migration energies. We could have two limit- 
ing cases for the kinetic slope: if the two terms 
in the r.h.s. of the equations of motion are of 
the same order of magnitude (assuming 
Va < Vjj) then the initial slope will tend to 
minus infinity; if the second term of the 
r.h.s. is much larger the initial slope will 
tend to— i. 

For values of v and va of 2 x lO'^* eV and 


l-5xl0“*eV a simple calculation using the 
quasichemical equation 



and (37) for p°^y shows that for values of T in 
the range 1(X)0°-400°K the equilibrium slope 
is in the order of —3, i.e. within the range of 
allowed values of the kinetic slope. 

In the integration of the kinetic equations 
we will see that for the values of the para- 
meters we chose the kinetic slope lies below 
the equilibrium slope. This may be interpreted 
as meaning that in a first stage the vacancies 
will tend to come in equilibrium with their 
environment faster than the atoms reach an 
equilibrium with their environment of other 
atoms, and also that this two stage process 
will be operating even for small deviations 
from equilibrium. There is. however, the 
possibility that we would consider values 
of the migration energies that would make 
the slope of \{dp„,Jdp,n )t^n\ > \dp%Aldp°iv\. 
This would imply that the atomic environment 
changes faster than the vacancy environment. 

In the limiting case of (dp/^^/dp^j ),=„ “* 
—5, i.e. the case in which the initial stage is 
dominated by VB interchanges, a natural 
extension of the theory would be to include 
a time dependent number of vacancies avail- 
able for VB interchanges in (19) instead of 
c-,.. This would reduce the second term in the 
r.h.s. of (23) and (25). thus reducing the value 
oi dpnAldpAv^or t > 0. 

{d ) Integration of the kinetic equations 
. The main dilficulty with equations (23) and 
(25) is that in order to integrate (23) and get 
the function PuA=fiO< so that we could 
compare it with experimental results, we have 
to know how p^y changes as a function of 
for the non-equilibrium situation. We 
know the equilibrium curve between initial 
and final values, i.e. the series of successive 
values of p^y that would occur if the trans- 
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formation would take place through a series 
of infinitely small temperature drops. We 
can take the equilibrium curve as a first 
order approximation to the true p^v = fiPsA)- 
Taking a trial function in order to perform the 
integration implies that if we get PAB=fiU) 
from (23) we also knowp^^r= / 2 (t) from (23). 
If we proceed to obtain from there d/ 2 ( 0 /dt 
this function should be expected to be different 
from dpAvIdt given by (25) unless the trial 
function is the correct function. We used 
several types of trial function. Instead of 
working with Pav ~ UPha) we used Pba as a 
function of Pav^ which is an equally valid 
approach; i.e. we divided the interval between 
initial and final values of Pav in 408 equal 
segments and for each value of Pav tried to 
find a correction term to the corresponding 
value of First we tried a term of the form 
c{pAv.>~PAv)^PA\-PAv.f)- A much better 
result was obtained with a correction term of 
the form 

C . sin {2TT{pAV.i-PAv)l{PAV.i-PAVj))- 

Equation (23) was integrated using an IBM 
360 computer for the case of an AB alloy 
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quenched from 1373* down to 673*IC using the 
values of the parameters stated before. 
Pba.i was 0-583 and pgA.f — 0-666. We obtained 
PsA—fiif) by integrajting (23) for a series of 
408 pairs of values of j^ba ^nd Pav ^t equally 
spaced intervals of Pav From the results of 
integrating (23) and the Pav vs. Pba used in the 
integration we obtained Pav— f tit) and 
d/ 2 (t)/d/ for seven values of pav intermediate 
between Pava and Pav,/- The values of 
dpAvIdt from (25) were then compared with 
the values of d/ 2 ( 0 /d/ for the same values of 
Pav- The differences between the two functions 
is shown in Fig. 4 for the best fit obtained. 
The largest difference is in the first and last 
points and it is of the order of 35 per cent, 
for the other points it varies between 20 and 
-0-1 per cent, for a correction term of the 
sine form with c = 4 x 10~®. Since the differ- 
ence between the initial and final values of 
Pba is of the order of 8 x 10“^, the correction 
term is of the order of 5 per cent. 

The results of integrating (23) for both 
c = 0 and c = 4xi0~'' are shown in Fig. 5. 
We can see that the difference between both 
curves is negligible. The log(log((p«x./— 
PBA.i)liPBA.f-pBA))) VS. log/ deviates from 



Fig. 4. Difference between (dp^v/dr) and (d/j/df) (percent) vs. {d^pAvlt^PAv)- 
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linearity in a way qualitatively similar to the 
experimental results of Van den Beukel et 
al\\2\ and Iyer and Asimow[5]. 

Finally we tried another scheme for the 
function = /(pba) which we would call the 
‘extreme points tangent scheme’. We know 
exactly the values of the derivatives (23) and 
(25) at the initial point, i.e, for t — 0, since the 
values of p,,^ and p^v that enter into the 
equations are the equilibrium values. Hence 
we can find the values of 

((dpgA/dt),=o/(dpAy/dt),^„) 

= {dp„^ldp^y),^„. (42) 

Let us assume now that the point of final 
equilibrium, i.e. for t oo, is not a singular 
point. Then, for a value of p^y close to let 
us say PAv,f+A, where A = {pAv.i- P av,/)! 
408, let us find the corresponding value of 
PnA from the equilibrium curve of p^y vs. Pba- 
We then replace these two values of p^y and 


Pha in (23) and (25) and assume that their 
ratio gives us the derivative equivalent to 
(42) for /—»•«>. We then write P/ja(1 ) = Phaj- 
PhaQ) = PhaCI) + ^{dpBAl<iPAv),- Now that 
we have PBAi2) and p,4v'(2) = p. 4 V'(l) + A, we 
can calculate the derivatives (23) and (25) for 
the second point of the Pba vs. Pav curve. 
Forming the ratio of the derivatives at the 
second point we can write PbaO) — Pba(2) + 
^ ' (<iPBAldpAv) 2 - In a similar way we can 
obtain further successive points of the Pba 
vs. Pav curve. Now. if our procedure were 
exact the final point would coincide with the 
final equilibrium values of PBA.f vs. PAv.f- 
Since this is very unlikely to happen, and it 
does not actually happen we can repeat the 
procedure starting with the final equilibrium 
values and go backwards towards the initial 
values. We thus have two branches of an 
approximate Pba vs. Pav curve. The next 
pi^blem is how to join the two branches. We 
first attempted to make the function dis* 
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continuous at a point halfway between the 
initial and final values of pjiy. By using this 
discontinuous Pba vs. p^y function we inte- 
grated equation (23) using the IBM 360 
computer. We obtained Pba =/i(f) and from 
there p^y — fzU). By comparing the function 
/at/) with dpAvIdt as given by equation (25) 
we found that the difference between the two 
was small for a quenching experiment between 
Tf = 1073°K and 7/ = 373°K with values of the 
parameters i; = 2 x 10~* eV, = 1 -5 X 10"^ 
eV, = 2-5 X 10"^ eV and the other para- 
meters having the same values as before. The 
difference was less than T1 per cent over the 
whole range of values of the variables. How- 
ever, the loge (Ap^JAp) where Ap = PHA.f~ 
Pba and Ap„ = PHA.f~ P baa shows an inflection 
point in the region of the discontinuity of the 
function Pba vs. Pav which is probably due to 
the crude nature of the approximation, i.e. 
assuming a discontinuity in the Pba vs. Pav 
curve. 

We therefore tried to improve the approxi- 
mation by carrying out the ‘tangent scheme’ 
from the initial point of Pba vs. Pav up to a 
value of -I- 190 . A and from the final 

value Pavj back to I90.A and used 

a linear interpolation for the central part 
of the curve, so that now the Pba vs. Pav 
approximate function would be a continuous 
function with two discontinuities in the first 
derivative. As a result of this improved 
approximation the inflection point in the 
logp (Ap/Apo) vs. / curve disappeared but the 
difference between the dp^y/d/ given by (25) 
and the equivalent function obtained from 
Pba —f lit) 1 although remaining smaller than 
1 per cent over 90 per cent of the values of 
log(Ap/Apo) climbed to 91 per cent in the 
central region corresponding to the linear 
interpolation. The difference between the 
non-equilibrium values of p^A and the equili- 
brium values, for a given value of Pav~ using 
this interpolation scheme, was nowhere larger 
than 16 per cent of the value of Apo. 

Using this last approximation for the 
function P r^ vs. Pav we have tried to reproduce 


the loge (Ap/Apo) vs. time curves that would 
be obtained in a series of experiments like 
the experiments by Iyer and Asimow [51. We 
put r/=373‘’K and Jhe values of the para- 
irieters u, »s, etc. were the same as a^ve. 
The vacancy concentration was normalized 
to a value = 10~*. We obtained the curves 
log,o (loge (Ap/Apo)) vs. log* / for the follow- 
ing values of the initial temperatures, 7( = 
1073°, 873° and 673°K. The results are shown 
in Fig. 6. In our case we obtain curves that 
are slightly shifted one with respect to the 
other, the curves that represent an experiment 
with lower 7< appearing shifted towards the 
right of those with higher Ti, the shift decreas- 
ing in magnitude for the part of the curves 
which represent the state of approaching 
equilibrium. In the experiments of Iyer and 
Asimow the spread of experimental points is 
such that it appears impossible to draw 
separate curves for the different experiments. 
It is possible, therefore, that the shift of the 
curves towards the right for decreasing values 
of Ti was obscured by experimental errors in 
the work of Iyer and Asimow and that more 
careful experiments would detect such a shift. 



Fig. 6. Simulation of the Iyer and Asimow experiments. 
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The curves also exhibit the non-exponential 
character that was reported by both Van den 
Beukel et al.l\2] and Iyer and A8imow[5]. 
Defining an ‘effective relaxation lime’ as 
T ^ / xlogp (Apo/Ap), which would be the 
constant relaxation time for a single exponen- 
tial process, the ‘effective relaxation time’ for 
the nearly complete reaction (for Ap/Apo ~ 1 
per cent) increases up to three times the value 
of the initial relaxation time for a Tt— 1073° 
and 7/=373°K. For a smaller temperature 
drop, for Instance 7i==473°K, Tf=313°, the 
‘effective relaxation time’ increases only by 
26 per cent, i.e. in the limit of small tempera- 
ture changes, i.e. for small changes of short 
range order the curves tend to become 
exponentials. 

The amount of change in the ‘effective 
relaxation time’ was not reported by Iyer and 
Asimow. However, from the form of the 
curves one might suspect that it should be 
considerably larger than the value we found. 
On the other hand Van den Beukel et al. 
report a change in the value of t for the AuAg 
alloy of the order two to eight times the initial 
value. It would require further work to find 
out whether changing the parameters we have 
been using would yield a higher value of the 
ratio of final to initial relaxation times. 

The curve of log,, (Ap/Ap„) vs. time 
obtained by integrating the kinetic equations 
using the equilibrium values of p/, , vs. p,,i 
shows a very small difference with the curve 
obtained using a sine correction term. This 
comparison was carried out for the case of a 
quenching experiment for 7, = 1373°, Tf = 
673°, u = 4 X l0-^ = 3 X 10'- eV, = 

5 X lO'^eV and all the other parameters with 
the same values as above. The differences in 
dp^yfdt obtained from the values of p„,, vs. 
time and the values obtained by replacing 
directly in (25) vary between 18 and 24 per 
cent for different points of the (Ap/Apu) . 

It should be mentioned that if we plot the 
purves of log To vs. 1/7/ for a series of quench- 
ing experiments with given 7j and variable 
Tf and then we plot the curves of t for a given 


fixed value of (Ap/Apo), such that the change 
in short range order is nearly complete, there 
is an increase in the slope of logr vs. 1/7/ 
relative to logTo vs. 1/7/. Such an increase of 
slope was calculated for T(o.» 37 ) for a tempera- 
ture drop of the order of 800°C and an initial 
temperature of 1073°K. The change in slope is 
of the order of 13 per cent and for a simple 
picture in which t ~ cexp {QlkTf) it can be 
imagined as an increase in an ‘effective 
activation energy’ that results from the 
increase in the degree of short range order, 
thus agreeing with the picture we developed 
for the case of diffusion above the critical 
temperature using the Kirkwood second 
moment approximation [16, 17J. 

In conclusion, the integration of the kinetic 
equations gives good qualitative agreement 
with experiment. The log,, (Ap/Ap,,) vs. time 
curves show a non-exponential character and 
an increa,se in ‘effective relaxation time’ as the 
short range order increases at constant 
annealing temperature, as observed. The 
curves obtained from a simulation of the 
Iyer and Asimow experiments are in reason- 
able agreement with the experimental results. 
The theory predicts a new result, namely the 
shift of the curves for a series of experiments 
with constant 7/ and variable 7,. 

From studying the initial slopes of the 
curves for different cases we get results in 
agreement with the experimental results of 
Radelaar[7] and Van den Beukel et a/.[12]. 
We also predict a small deviation of linearity 
in the curve of log To vs. 1/7 / for a rather large 
range of values of 7/, which is probably too 
small to be detected by experiment. 

6. SUMMARY OF RESULTS AND DISCUSSION. 

Our theory starts in a way parallel to the 
work of Kidin and Shtremel[l] but significant 
modifications are introduced. In the work of 
Kidin and Shtremel like in Vineyard’s [2] the 
jump rate is controlled by the difference in 
configurational energy between initial and 
final positions of the atom but an extra term 
is added for the order dependence of the 
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potential barrier. For this term Kidin and 
Shtremel assume that both the atoms which 
are nearest neighbors at the saddle point and 
the nearest neighbors before and after the 
jump contribute equally to the height of the 
barrier. Instead of this our migration energy 
is defined by the saddle point neighbors and 
the other nearest neighbors before the jump. 

We found the kinetic equations of Kidin 
and Shtremel to be incorrect, because they 
contained an implicit assumption that would 
be verified only in the limit of very small 
deviations from equilibrium or very large 
vacancy concentrations. We proposed an 
alternative set of equations which did not 
require, as Kidin and Shtremel’s equations 
did, that the vacancy environment should 
come into instantaneous equilibrium in a 
quenching experiment. We also found that our 
equations led to expressions for the vacancy- 
atom a posteriori probabilities in agreement 
with the result the author derived previously 
using the quasichemical approach for the short 
range order crystal containing vacancies [15] 
and in disagreement with the results of Kidin 
and Shtremel. 

Our results on the atom-vacancy a posteriori 
probabilities have the implication that Kidin 
and Shtremel’s assumption about the vacancy 
environment reaching instantaneous equil- 
ibrium in a quenching experiment cannot 
be correct, since the equilibrium values 
of the vacancy-atom pair probabilities imply 
the equilibrium values of the atom-atom pair 
probabilities, in other words we cannot have 
the system in a state in which the atom- 
vacancy pairs have attained their equilibrium 
state while the atom-atom pairs have not. On 
the other hand using (42) we have calculated 
the slope of (dpB^/dp 4 v )^=o- As it is shown in 
Fig. 2 the tangent at r = 0 lies below the 
tangent to the equilibrium curve of vs. 
p^y, i.e. in the neighborhood of / = 0 for a 
given decrease in p^y the atom-atom probabil- 
ity will increase less than what it would if the 
system would follow the equilibrium p^A vs. 
Pav curve. In other words, for the values of 


the parameters we used, the vacancy environ- 
ment will change faster than the atom environ- 
ment in the initial stage of a quendiing 
experiment. ,i 

From inspection of the kinetic equations 
it was concluded that the values of the 
parameters that enter into the equations 
cannot be independent. The reason derives 
from the form of the equations and the 
necessity that the probabilities follow the 
equilibrium curves in the limit of small 
deviations from equilibrium. This leads to 
the requirement that if Vaa > Vbb then 

^ KrJjw— IIdsbI 

if the system is ever going to reach the 
equilibrium state. In other words, for a given 
state of short range order to be observed in an 
alloy it is not enough that the pairwise inter- 
action potentials make the ordered state a 
state of lower free energy, but also that the 
equilibrium and saddle point interaction 
energies verify some restrictive conditions. 

The possibility that the kinetics is dominated 
by a process of trapping of vacancies by an 
unfavorable environment and release by 
vacancy-atom interchanges of vacancies and 
slower moving atoms was discussed. If such 
processes are operating the equations of 
motion we developed are probably not 
adequate to describe them. 

The values of the initial relaxation times 
for a series of quenching experiments with a 
given quenching temperature and different 
annealing temperatures followed the behavior 
observed in [12]. The values of logTo vs. 1/7^ 
follow the behavior observed by Radelaar[6] 
for experiments with a constant difference 
between quenching and annealing tempera- 
ture. 

From integration of the kinetic equations it 
was found that log {Ap^lAp) vs. time deviate 
from a simple exponential behavior in the 
same way as observed in the experimental 
results [5, 12]. 

The deviations from a simple exponential 
behavior occurs for quenches of several 
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hundred degrees. The results also lead us to 
believe that the hypothesis of partial equili- 
brium between atom-atom and atom-vacancy 
pairs during the process of approaching the 
equilibrium state, in other words that the 
vs. Pba equilibrium curve is followed by 
the system in its evolution towards equili- 
brium, is a good approximation even for the 
case of large deviations from equilibrium. 

In conclusion we believe that there are 
several areas that deserve to be explored 
further and that the theory we have developed 
contains the elements required for further 
development. One problem is to clarify the 
relation between kinetics and diffusion in a 
short range ordered alloy. We have stated 
before that an increase in the slope of log tq vs. 
1/7/ should be expected for a series of quench- 
ing experiments with different values of 7/. 
It is quite possible to expect that a similar 
behavior could occur for the values of log D 
vs. 1/7 in diffusion experiments. We should 
find out how the values of activation energies 
derived from kinetics compare with those to 
be expected in diffusion experiments. 

We also think that a further development of 
the theory is necessary in order to find out the 
detailed behavior in which the system 
approaches equilibrium, in other words 
what the function vs. p^^ is for that part 
of the curve near the state of final equilibrium. 
This could require linearization of the 
equations (23) and (25) for values of p„^ 
and P 41 . near the values of the final equilibrium 
state. By way of speculation, we suspect that 
for a cyclic process (i.e. for instance first a 
downquench and then an upquench to get 
the system back in its initial state) the pg^ vs. 
Paw non-equilibrium curve would show a 
hysteresis effect. 

Finally, our theory could possibly be 
extended to include diffusion and kinetics in 
a system with long range order. Neither is 


there a fundamental difficulty in extending 
this treatment to body centered cubic struc- 
tures, except that probably the algebra would 
become more involved because of the fact 
that we have both first neighbors and second 
neighbors at the saddle point. 
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Abstract — A new variational method is presented for determining configuration probabilities of three 
or more sites in partially ordered binary lattices from pair correlation data. The method is tested for 
several cases where the exact solution' is known by independent means, and it is shown to yield the 
correct result in each case. It is suggested but not proven that the method is exact for all applications 
where the configurational energy of the lattice remains constant during the variational procedure. 
Comparison is made with the Superposition Approximation of Kirkwood and with Monte Carlo 
studies. In addition, the method is shown to bear an inverse relationship to the Cluster Variation 
Method. It is concluded that this new variational procedure should be quite useful for obtaininga more 
complete microscopic description of a partially ordered lattice than is presently available with the 
pair configurations picture. 


I. INTRODUCTION 

A BINARY lattice is defined here as any regular 
lattice whose sites are occupied in one of two 
ways (e.g. a binary alloy, a lattice gas, or a 
spin I magnetic lattice). A complete descrip- 
tion of the lattice configuration is possible 
only when the lattice is perfectly ordered. At 
finite temperatures the lattice contains some 
degree of disorder and since the state of the 
lattice is now an average over some ensemble 
of configurations only a statistical descrip- 
tion of the lattice arrangement is possible. 
When only short range order (SRO) is present 
the usual description of the lattice is based 
upon the pair correlations (i.e. the Warren 
SRO parameters in alloys, spin-spin correla- 
tions in magnetic systems) which are normally 
all that can be experimentally measured.* 
This however gives a very incomplete picture 
of the state of the lattice because it focuses on 
only two sites of the lattice at a time. It is 

•Recent work by COWLEY J. M. (Acta crystallogr. 
A24, 557 (1968)) on ktnematicul diffraction from solid 
solutions and field ion microscopy studies by GOLD E. 
and MACHLIN E. S. on Au-Pt and Ni-Pt alloys (Phil. 
Mag. 18, 453 (1968)) indicate that it may be possible to 
obtain larger cluster correlations experimentally in .some 
cases. 


clear that a knowledge of the probabilities 
for larger cluster configurations (triplets, 
quadruplets, etc.) would provide a much more 
complete description of the lattice structure at 
the atomic level. 

We shall propose here a general theoretical 
method for inferring these higher order cluster 
probabilities from the pair probability data. To 
give it a name we shall call it the Probability 
Variation Method (PVM). Our scheme is very 
closely allied to the Cluster Variation Method 
(CVM) which has been extensively developed 
by Kikuchi[l] and collaborators. It may be 
described in some ways as an inverse of the 
CVM as we show below. 

This inverse operation appears to be new, 
except for a calculation made by Kikuchi[2] 
for soap-bubble configurations. Although the 
CVM as normally used to calculate the con- 
figuration entropy of a system is known to be 
approximate in most cases[3], the inverse 
application to determine n-site probabilities 
is not similarly limited and in fact may be 
exact in all circumstances where one con- 
dition is satisfied. This condition is that the 
configurational energy of the lattice depend 
only upon the pair correlations that are held 
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constant during the calculation. The exposi- 
tion of the method is given in Section 2 and it 
is shown in Section 3 that in the several cases 
where the exact result for larger cluster prob- 
abilities is known, the PVM produces the 
correct answer. 

Previously the work on obtaining the con- 
figuration probabilities of larger clusters has 
taken two paths. The first is also an analytic 
method first proposed by Kirkwood [4] which 
yields an approximate value for the triplet 
correlations in terms of the pair correlations. 
This technique is known as the Superposition 
Approximation (SA) and although the SA can 
be extended to higher order correlations there 
is some ambiguity in the procedure. We shall 
demonstrate below that at least for the appli- 
cations of interest here the SA gives results 
for the triplet case which are not self-con- 
sistent and are often grossly in error in com- 
parison to the exact number. 

The second approach is more recent and 
has been made possible by the advent of 
high speed digital computers. This is the use 
of the Monte Carlo method (MCM) to gener- 
ate configurations of a large number of sites 
(10^- 10*) by letting the computer shuffle site 
occupations according to either a set of hop- 
ping probabilities [.S] or until the configura- 
tion arrived at by the computer satisfies the 
observed pair correlations of a real system [6]. 
This method has the great advantage of 
demonstrating explicitly the configuration of a 
large number of sites in a partially ordered 
lattice. There is the difficult question, how- 
ever, of establishing whether the single con- 
figuration map presented by the computer is 
truely representative of the majority of the 
millions of other configurations that would 
also satisfy the constraints. More to the point, 
perhaps, is the question of which properties of 
this configuration are typical and which are 
peculiar to it alone (or to a minority set) and 
should thus be ignored. We shall return to 
this problem later when we compare results 
of x>ur calculations to that of the MCM. 

In comparison with the MCM the present 


approach is limited in regards to the size of 
cluster which can be handled. The practical 
computational limit is of the order of ten 
sites. However, it has the advantage of pro- 
viding cluster probabilities which are a sta- 
tistical average over the entire ensemble of 
configurations of the infinite lattice that satis- 
fy the pair correlation data. Also, the calcula- 
tions are simpler to perform than the Monte 
Carlo procedures and if all that is needed are 
these smaller cluster probabilities then the 
present method should be completely satis- 
factory. 

2. THEORY 

(y4 ) The Prohahility Variation Method (PVM) 
We assume that the lattice composition and 
the pair correlations (or SRO parameters) for 
some range of the intersite distance are 
known. The problem is to determine the most 
probable frequency distribution for clusters of 
a given kind that will be consistent with the 
above data. The theory is most easily de- 
scribed by presenting an example and then 
generalizing to other order clusters. Con- 
sider a triplet cluster as shown in Fig. 1 . 



We shall use the notation and some results 
developed in a previous paper [7J that presen- 
ted exact expressions for triplet probabilities in 
the special case of equal composition binary 
lattices. If site i of the lattice is occupied 
by an {A,B) object we assign the occupation 
number cti the value (-1-1, — 1). Thus a specifi- 
cation of the o-j’s (for i= I, N) completely 
describes the configuration of all N sites of the 
lattice. There will be N triplets of the kind 
shown in Fig. 1 obtained by letting site 1 
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successively be each of the N lattice sites 
while sites 2 and 3 maintain their same rela- 
tive position and orientation to site 1 . Periodic 
boundary conditions are assumed. There are 
eight possible configurations for a triplet. 
Each configuration type is identified by an 
index k and they are listed in Table 1 along 
with the values of various a products in each 


2 [o’jCTslfcPfc = (o-iCTt) 
k 

(2e) 

2 [o^2Cr3]fcPfc = (cTzO-j) 
fc ll 

(20 

2 [o- 30 ',]fcPfc= (o-gO-l) 

k 

(2g) 

2 Witr-ip-ilkPk = (cTiO-gO-a) 

(2h) 


Table 1 . Coefficients for triplet sum rules 


Cluster type 

k 

[o')]* 


[ 0 - 3 ]* 

[tTlCTj]* 


[(TaO’jJjt 



1 

1 

-(- 1 

-h 1 

- 1 - 1 

+ 1 

4 1 

41 


2 

+ I 

-t- 1 

-1 

+ I 

- 1 

-1 

-1 


3 

+ 1 

- 1 

+ 1 

- 1 

- 1 

4 1 

-1 

/A 

4 

- 1 

+ 1 

+ 1 

~ 1 

4 1 

- 1 

-1 

.-A 
— © 

5 

+ 1 

- 1 

- 1 

-1 

4 1 

- 1 

4 I 


6 

-1 

+ 1 

-1 

-1 

-1 

4 1 

4 1 


7 

-1 

-1 

+ 1 

+ 1 

- 1 

- ) 

4 ) 

f.T.A 

8 

- 1 

-1 

- 1 

4 1 

4 1 

4 1 

-1 


cluster. Let the fraction of N triplets of type 
k be Pk- Then the lattice average of any occu- 
pation number product is given by the identity: 

j A'-l 

(o' 1(72 . . . cr,|) — -jy ^ <T t+jOr2+j • ■ . O'n+J 

^ J=0 

= 2 [o-jO-s . . . <Tn]kPk (1) 
k 

and for our example we can write the follow- 
ing set of sum rules: 

2 = 1 (2a) 

k 

S [o-i]kPfc = (o-,) = r (2b) 

k 

2 = (o-z) = C (2c) 

k 

2 = (o-g) = c (2d) 

k 


where — and (m,i,m«) are the 

fraction of objects in the lattice. The 

coefficients of the P^’s in equation (2(a-h)) are 
all known by inspection of the cluster types 
and the values are listed in Table I . 

Strictly speaking, the averages on the right 
hand side (r.h.s) of equations (2(b-h)) are for 
a single lattice configuration, but we shall 
use the experimentally determined values of 
these quantities instead, which represent 
thermodynamic averages over a large en- 
semble of lattice configurations. However, 
since it is known from statistical mechanics 
that an overwhelming number of the states 
of the lattice which contribute to the average 
of a macroscopic quantity do not depart 
significantly from the ensemble average (ex- 
cept in the vicinity of critical points) this 
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ensures that we are studying the configura- 
tionai properties of a ‘typical’ lattice state. 
Hence the r,h.s. of equations (2(b-d)) are 
known from the composition, and the r.h.s. 
of equations (2(e-g)) are assumed known 
from diffraction data. in alloys may be 

calculated from the Warren short range 
order parameter ay by the relation: (aicrf} = 
( 1 — c*)oy + c*. Clearly a knowledge of (a-io-jo-a) 
would make the set of equations determinate 
and the could then be obtained. Sym- 
metry considerations make a theoretical 
evaluation of (mio-ao-a) possible for the special 
case of £- = 0[7] but for c 7 ^ 0 such arguments 
are no longer valid. 

It is convenient at times to have the comple- 
mentary set of identities which give a par- 
ticular Pfc in terms of occupation number 
lattice averages. For this purpose we use the 
projection numbers introduced in [7] and 
defined as follows: 

( t / = i(l +cr<) = (1, 0) if (/4, .S) is on site/ 

(3a) 

<T(* s —cT/) = (0, 1 ) if (/4 , fl) is on site /. 

(3b) 

Then the probability that a cluster will be 
occupied in a particular manner is given by the 
lattice average of the corresponding pro- 
jection numbers, e.g. 


also manifested by a narrowing of the allow- 
able range of the individual An example 
of this effect will be seen in Section 3(0 
below. In essence the linear equations for the 
Pfc’s confine the possible values to a small 
volume in P/^ space (a linear manifold in the 
case of triplets). This important fact has pre- 
viously been noted and emphasized by Gehlen 
and Cohen [6] in their Monte Carlo study of 
local order in alloys. The volume of the sub- 
space depends upon the particular values of c 
and the ((r,o-j>’s. It is largest when the (cr<crj)’s 
are that of a completely disordered alloy (i.e. 
(cr/o-j} = c^) and the volume reduces to a 
single point when the (o-fo-j) values are those 
of a fully ordered structure. The P^’s then 
become completely determined. 

Regarding P*. as the probability of finding, 
by random selection, a cluster of type A: in the 
lattice. Information Theory [8] can be used to 
make a ‘best choice’ for the values of the P^'s. 
Since the situation is one of incomplete 
knowledge (the P^'s are only known within 
the limits imposed by the linear equations). 
Information Theory states that the most un- 
biased value for the P/f’s within this range is 
that set which maximizes the ‘ignorance’ 
function / ( P^) given by: 

/(^,)=-IP,lnP,. (5) 

k 






cr„^) 


= ^<(l-l-<T,)(l-cr 2 ) ■ • (l-o-„)> 


(4) 


which can then be multiplied out and reduced 
to a sum of occupation number averages. 
Explicit examples will be given in the next 
section. 

A priori it might be expected that the 
possible range of <o-,o- 2 <r 3 ) is -b 1 to — 1 but the 
reality condition that all Pjt’s are positive 
semi-definite in the linear equations limits 
<<ricr 2 tr 3 > to a much smaller range. This is 


Information Theory shows that any other 
choice would imply that there is more in- 
formation about the P^’s than has been given. 
More information of a very complicated kind 
may, in fact, be present due to overlapping 
cluster conditions that we shall now consider. 

This choice can also be interpreted in more 
familiar terms as a principal of maximum 
entropy. /(P*.) is proportional to the con- 
figurational entropy lk'cvM(/’*) obtained by 
placing NP, clusters of type 1 , NP^ clusters of 
type 2, etc. on a lattice of N sites in all 
possible ways without worrying about in- 
compatible overlaps. This is given by the 
combinatorial factor: 
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(6) 

and is recognizable as the combinatorial fac- 
tor of the Cluster Variation Method (CVM) 
using this particular cluster as a basis. 

Let us assume for the moment that equation 
(6) correctly evaluates the number of lattice 
configurations for a given set of P*.’s, and also 
assume that the configurational energy de- 
pends only on the (o-,crj)’s that are being held 
constant. Then maximizing IViPif) with re- 
spect to the Pk's (and subject to the con- 
straints of equations (2(a-g)) will yield the 
most probable value for the P^s. Further- 
more, as the size of the lattice increases, the 
statistical law [9] of large numbers states that 
the fraction of lattice configurations having 
any value of the P^’s other than this optimum 
set becomes vanishingly small. 

We now examine the two assumptions that 
we have used. It is known from work on the 
CVM that equation (6) considerably over- 
estimates the number of lattice configurations 
of given P* because it includes many con- 
figurations containing incompatible cluster 
placements such as the one shown in Fig. 2, 
Flere we have chosen an equilateral triangle 



Fig. 2. Superposition of triplets in a lattice. 


as the cluster and illustrate only a small re- 
gion of the lattice. Although clusters I and 11 
are in agreement on the occupation of their 
common vertex. I and 111 are incompatible 
and IV is incompatible with both II and 111. 
Thus Wqvm counts not only all the possible 
lattice configurations but a much larger num- 


ber which are impossible on a real lattice. If 
W ( P*) is just the subset of compatible con- 
figurations then obviously W{Pi^ < 

^ However, it is clear that for our purposes 
we do not need to know the magnitude of 
ITtPic). All that is required is a knowledge of 
the P(c values which maximize it ! Thus we can 
reduce our first assumption to a much simpler 
one, namely that if P* is changed such that 
W'cvmIP*) increases (decreases), the subset 
of compatible configurations P*) also 
increases (decreases). At this point we are 
unable to prove the assumption generally 
but only argue its plausibility on the grounds 
that increasing the total number of configura- 
tions should increase the chance of compatible 
configurations occurring. The postulate in 
simplest form is; 

Postulate I: In any given subregion o/Pk 
space the maximum ofWcvMi^k) and W(Pk) 
coincide. 

The second assumption required in order 
that the variational calculation be exact is 
that the configurational energy of the lattice 
depends only upon quantities that are being 
held constant, i.e. the composition and pair 
correlations spanned by the cluster. 

Postulate II: The configurational energy of 
the lattice is constant over the subregion of 
Pfc space defined by the linear constraints. 

We can compare the present procedure 
with the Cluster Variation Method as it is 
normally applied to illustrate the inverse re- 
lationship that they bear to each other. In the 
CVM the pair correlations are not assumed 
known but instead are the quantities to be 
predicted, while the P^’s are used as inter- 
mediary variables to accomplish the calcula- 
tion. A certain size of cluster is chosen, as we 
have done, and the same Linear relationships 
are written between the P*.’s and the pair 
correlations. The entropy of the system for a 
particular set of values of the pair correlations 
is then deduced from equation (6) by maxi- 
mizing WcvM with respect to the P*’s. This 
leaves Wj-vm a function of just the pair corre- 
lations which are to be varied later when Wcvm 
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is inserted in a free energy expression. For 
this process to give the correct result it is 
necessary that the maximum of Wcvm agree 
with the true W( P*) not only in location but in 
magnitude as well (apart from a constant scale 
factor) over the entire space. This is neces- 
sary in order that W (and hence the free en- 
ergy) have the correct functional dependence 
on the pair correlations. This latter require- 
ment is the principal cause of error in the 
Cluster Variation Method and is obviated in 
the present analysis by taking the pair corre- 
lations from measurements, i.e. we stay 
stijctly within a micro-canonical ensemble and 
proceed in the reverse direction to determine 
the Pk's from the pair correlations. 

(B) The S uperposition A pproximation 

Kirkwood’s Superposition Approximation 
[4] and variants of it have been used by many 
writers to obtain rough estimates of higher 
order correlations in analytic form. The 
general formula is: 

PicTlOTz • -O-m) = C n /'((TiCTj) (7) 

I n 

where C is a normalization constant which Is 
adjusted to make the sum of n-site probabili- 
ties add up to unity. /'(cr,o-2 • • a-,,) is the proba- 
bility of occurrence of the configuration o-, for 
site 1, <72 for site 2, • a,, for site n. For trip- 

lets, which is the most frequent application of 
the SA, equation 5 is: 

P((Ti<720-;i) = CPia-^a-i) Pio-io-^) P{(T^^) (8a) 

and for a 4-site cluster, the SA expression is: 

PW^a-jq-^t) = CP(cr,o-2) Picrq^d /’(o'lO-J 

y- Pia-^qs) P{o'q4) (8b) 

It is generally recognized that for weakly 
correlated systems the SA is a good approxi- 
mation (at least for triplets) but for non-dilute 
lattices at temperatures where the pair corre- 
lations are finite the SA is rather poor and, in 
fact, will give results that show serious in- 


consistencies with the input values of the 
pair correlations. 

3. EXACT RESULTS 
(A) Linear chain 

The simplest system in lattice statistics is 
the infinite one-dimensional chain (see Fig. 3) 
with nearest neighbor interactions, generally 

-- 0 - 0 - 0 - 0 - 0 - 0 - 00 - 00 — • 
o j m h 

Fig. 3. The one-dimensionai lattice. 

referred to as the Ising linear chain. In 1925 
IsingflO] exactly calculated a number of 
statistical properties of this lattice including 
the pair correlation functions. The pair corre- 
lation for «th neighbors on the chain is: 

<crifri+„) = r (9) 

where / = tanh (— /3F), /8 = MkT and V is the 
nearest neighbor interaction. The triplet 
correlation function (rriCr,+m(ri+„} is zero 
for symmetry reasons and thus all triplet 
probabilities are completely determined from 
the pair correlations [7]. The quadruplet cor- 
relation function (crqi+qi+„q,+„} (or simply 
{<rqq„q„)) has some value q which we 
shall attempt to determine by our method. 
The sixteen quadruplet probabilities can be 
written in terms of the pair and quadruplet 
correlation functions by use of equation 4 and 
inserting the values of the pair correlations 
from equation 9 gives: 

AAAA = BBBB = (1 -h 

-ft’"4-/"-'-t-t"-l-q)/16 

AABB = BBAA = 0+P- 

-/’"-r-'-/”-|-q)/16 

A BAB = BABA = (1 -/'-r-' 

+ t’" + tn-‘~r + q)ll6 

ABBA = BAAB = ( 1 - 

-/'"-/"-'-b/"-bq)/16 

AAAB = BBBA = (I + t^ + r"' - 1”"'" 

AABA = BBAB = ( 1 + 1' - 1'""' - 1”-"" 

-r+r-‘+r-q)li6 
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ABAA = BABB = ( 1 - - r"' + 

ABBB = BAAA = (l-l'-F I™"' + /"-”* 

-r+i"-'-r-<?)/i6 

( 10 ) 

where AAAA represents etc. Each of 

the 16P*’s is now a linear function of the 
single variable q and maximizing equation 5 
with respect to q yields: 

which gives upon calculation: 


bilities in binary lattices with pairwise 
interactions is known [7], Thus we can test the 
present method on a more realistic three 
dimensional problem! Employing equation (4) 
we may write the eight triplet probabilities 
of an arbitrary cluster as: 

AAA ~ (l + ic+ (a-^cri} (14) 

+ (o-20-3> + (o-ao-,) +t)/8 

BBA = (1 — c + (cTiO-j) 

- (O'ZCT;)) — (cTbO’i) + T )/8 

ABB = (1 — c— (cr,<r 2 ) 

+ (a-go-s) — (cTaO-,) 4- t)/8 

BAB = (1 — c — (cr|<Tg) 

- (o-ao-g) 4- (o-gcr, > 4- t)/8 


{AAAA) {AABB) (ABAB) (ABBA) _ (XyZ + Q)(XyZ + Q)(XyZ + Q)(XyZ-i-Q) . 
(AAAB)(AABA){ABAA)(ABBB) (XyZ-Q)(XyZ-Q){XYZ-Q)(XYZ-Q) ^ ^ 


where A' = 1 4- 1 ', A' = 1 - K = 1 4- 1 ”'"'. Y = 
l-r™-', Z=l + t”-'", Z=l-r"-'", <2== 

Equation (12) has but one real root 
which is Q = 0 or: 

q= <cr„o-,or,„o-„) = (13) 

(cro(T,(T„,(r„} can also be evaluated exactly by 
the complete summation of a diagrammatic 
expansion with the same result. For com- 
parison, the Superposition Approx, gives via 
equation (8(b)) expressions for the quadrup- 
let probabilities which are correct only to 
lowest order in t, e.g. 


BBB = ( 1 — 3c 4- ((TiO-a) 

+ (o’zO’s) + <o- 3 cr,> -t)/8 

AAB = (1 4-c4- (cTiCTa) 

- (cTiCTa) - (cTjcr,) - t)/8 
BAA = {1 4- c— (cr,cr 2 > 

4- (cr^o-g) — (cTaO-,) — t)/8 
ABA == (1 4- c— (o-jCTa) 

— (o-aCTa) 4- (cr;,a,> — t)/8 

where BBA represents Pfii* etc., t is the value 
of the triplet correlation (o-icrzo-a), and we 
note that for an equi-composition alloy (cTi) ^ 
c = m^ — mB = 0. Assuming only pairwise 
interactions in the lattice implies that the con- 


(AAAA)^.^. = C( 1 + F) ( 1 + t”*-') ( 1 + 1"-"*) ( 1 4- /”•) (1 4- 1"-') { 1 4- r")/16 


so that the SA does yield the correct high tem- 
perature weak correlation limit but is increas- 
ingly in error with increasing correlation. 
Paradoxically the SA also gives the correct 
result at the zero temperature perfectly or- 
dered limit so that we conclude that the SA is 
most in error for states of partial order for this 
example. 

(B) Triplets in AB alloys 
The exact formulae for triplet cluster proba- 


figurational energy is dependent only on the 
pair correlations so that varying t subject to 
fixed values of (o-io-a), etc. will ensure that 
Postulate II is satisfied. Varying equation (5) 
with respect to t yields 


dljr) ^ d 
dT Bt 


R 


s 


P,(r)lnP,(r) 


= 0 (15) 


which gives; 
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(.4/tA) (BBA) (ABB) {BAB) __ , 
{BBB){AAB)(BAA)iABA) ‘ ’ 

This equation has but one real solution; t = 0, 
which is also the prediction of the exact 
theory. This result clearly depends on Postu- 
late II being satisfied for if the system con- 
tained three body interactions as well r would 
be expected to have a non-zero value. 

(C) Triplets in Monte Carlo experiments 
The Monte Carlo work that has most rele- 
vance to the present study is that carried out 
by Gehlen and Cohen [ 6 ]. Using Moss’s ex- 
perimental data[l 1 ] for the first, second, and 
third neighbor pair correlations in CujAu at 
450°C they used a computer to shuffle atomic 
configurations on 4000 sites. They used two 
starting configurations: perfectly random, and 
perfectly ordered and allowed the computer to 
change configurations only if the new con- 
figuration was more consistent with the pair 
correlation data.. The process was slopped 
when the computer configuration had values 
for the pair correlations sufficiently close to 
the experimental data. A number of properties 
of the final computer configurations were then 
measured, in particular the various fractions 
of nearest neighbor triplets and quadruplets. 
Although these few computer configurations 
undoubtedly represent but a very small frac- 
tion of the ensemble of 4000 site configurations 
that would have the same pair correlations, it 
is safe to assume that the values for the triplet 
probabilities derived from the computer con- 
figui ations are typical of the ensemble for two 
reasons. First, since there are 32,000 triplets 
of this kind in a single configuration, the sta- 
tistical avera^ng is of a high order. This would 
not be true of some larger feature of the con- 
figuration such as the shape of an antiphase 
boundary involving several hundred atoms. 
Second, the results for the triplet numbers 
varied by insignificant amounts among differ- 
ent final configurations. As a consequence it is 
practically certain that their Monte Carlo 
values for the triplet and quadruplet proba- 


bilities are very close to the exact values for 
the CuaAu lattice at this temperature. There is, 
of course, the implicit assumption in their 
operation that the configurational energy de- 
pends on no more than the three pair correla- 
tions that were used as input. 

Our method is easily applied to the calcula- 
tion of the triplet probabilities by using equa- 
tions (14) and (15) which again yield equation 
(16) but the solution is now different from t = 0 
because c ^ 0. We write equation (16) as 

(D, + X) (D, + X) (Ds + X) (D, + X) 

{D\-X){D^-X){D^-X){D,-X) 

(17) 

with 

^ = T— C 

D, = 1 -f {(TiO-a) 4* (tTzO-s) -f (o-sCTi) 4- 4c 
£)' = 1 4- (o-jO-a) 4- (o-aO-s) 4- — 4c 

Dj = I 4- (cTiOi) - (o-ao-g) - (cTaO-j) 

A< = 1 - (o-io-i) 4- ( 0 - 20 - 3 ) - < 0 - 30 - 1 ) 

D 4 = 1 - <o-,o- 2 ) - ( 0 - 30 - 3 ) 4- ( 0 - 30 - 1 ) 

Equation (17) reduces to a cubic, 

4-aiA' + ao = 0 with 03 = clDj-t-Ds-t-DJ, = 
((D, -h D\) {D,D, + DaA 4- DM 4- 2D.,D3D, ) / 
8 , Ou = cD-iDsD^. This has one real root, which 
can be proven by assuming there is more than 
one and showing that this implies negative 
values for some of the F^’s. The single real 
root is extracted by the standard cubic soluc 
tion method. At this point the solution is 
applicable to any kind of triplet on a lattice of 
arbitrary composition. The £),’s are evaluated 
for CugAu nearest neighbor triplets by setting 
c=iand (o-jo-a) = ( 0 - 20 - 3 ) = (o-go-i) = (1 — c^)a, 
4-c^ where a, is the measured Warren short 
range order parameter for nearest neighbors. 
The three pair correlations are equal because 
the triplet under consideration has each site 
a nearest neighbor of the other two. The 
numerical results are listed in Table 2. 

The allowed range for the triplet proba- 
bilities has been found from equation (14) by 
putting in the known values for c and the 
<d‘jcrj)’s and then determining the range of t 
for which all the probabilities remain positive. 
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Table 2. Nearest neighbor triplet probabilities in CUsAu a/450"C 


Triplet 

type 

Range allowed 
by linear 
equations at 

T = 450” 

Monte Carlo [6] N = 4000 

Thjs 

calculation 

(PVM) 

Superposition 

!q>prox. 

Ordered start 

Random start 

Cu-Cu-Cu 

0-302-0-328 

0-3273 

0-3275 

0-3271 

0-3474* 

Cu-Cu-Au 

0-672-0-594 

0-5962 

0-5956 

0-5964 

0-5676* 

Cu-Au-Au 

0000-0078 

0-0758 

0-0761 

0-0759 

0 0840* 

Au-Au-Au 

0 026-0 000 

0 0007 

0-0007 

0-00067 

0-0011 


•Note that these values are outside the allowed range. 


The result is that t has a lower bound at 
-0-396 and an upper bound at -0-188. The 
first values in the table correspond to the 
lower bound of t and the second values to 
the upper, so that by imposing this reality 
condition alone, the values of the triplet 
probabilities are already known reasonably 
well. The PVM solution is r = -0-1941. 

It is apparent from Table 2 that the agree- 
ment between the Monte Carlo numbers and 
the PVM predictions are very good. It 
suggests that the PVM values are probably the 
exact results for the infinite lattice ensemble. 

Although the SA would appear to give a 
reasonable estimate of the triplet probabilities, 
three of the values are impossible because 
they lie outside the range allowed by equation 
(14). This means that if the SA probabilities 
were used to determine t, each one of the 
linear equations would give a different t and 
the inconsistency could not be resolved. 

Alternatively, if the SA probabilities are 
fed back into equation (2) the values of c and 
a, so determined are in error by 2 and 23 per 
cent respectively, in fact, an arbitrary choice 
of T anywhere within the allowed range of t 
would be better than using the SA, for this at 
least would produce a set of values for the 
triplet probabilities consistent with the known 
alloy data. 

4. SUMMARY AND CONCLUSIONS 

We have introduced a new way to deter- 
mine the statistical probabilities of clusters 
of more than two sites from pair correlation 
data in any binary lattice. This approach has 


been called the Probability Variation Method 
(PVM) to indicate its kinship to an older 
method which has been employed in pair 
correlation determinations, the Cluster Varia- 
tion Method. The PVM was compared with 
the Superposition Approximation and Monte 
Carlo results. It was shown to be more accur- 
ate than the former and more easily applied 
than the latter. A plausibility argument was 
presented that the PVM represents an exact 
calculation of the cluster probabilities for 
lattices where the configurational energy re- 
mains constant as the cluster probabilities are 
varied. The PVM was shown to yield the 
exact result for all the cases that could be 
calculated by alternate means. Thus the PVM 
should become a very useful tool for obtaining 
a more complete microscopic picture of par- 
tially ordered lattices. 

In a subsequent paper we shall give results 
of the PVM applied to larger clusters consist- 
ing of a central site surrounded by all its 
nearest neighbor sites in two and three dimen- 
sional lattices. We shall also indicate various 
calculation short cuts and working techniques 
that can be employed in these more complex 
operations. 
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LE METATITANATE DE MAGNESIUM, NOUVELLE 
MATRICE POUR L’ETUDE DE LA FLUORESCENCE 
DE L’lON Mn"+. PREPARATION ET PROPRIETES 
DE LUMINESCENCE 

G. VILLELA, Y. SAYKALI*, A. LOUAT, J. PARIS et F. GAUME-MAHN 
Laboratoire de Spectroscopic et dc Luminescence, Laboratoire de la chaire de Chimie Min^rale, 
Universite de Lyon-Villcurbanne, France 

(Received 3 1 January 1 969; in revised form 2 May ] 969) 

R6suin6— MgTiOj(Mn‘^) a 6te prepare par decomposition a I’air d’un tartrate mixte de magnesium 
et de titane contenant du tartrate de manganese. Cette mdthode permet d’obtenir, par des recuits 
appropries, une phase pure dans le domaine de stability du manganese t^travalent. MgTiOatMn*^) 
pr^sente une fluorescence rouge a 77°K. Les spectres d'excitation et d'emission de I’ion Mn^’*^ sont 
particulierement nets. Dans I'approximation d'un champ cristallin cubique avee une ddformation 
trigonale, symetrie correspondant au site C, de I'activateur, une interpretation de ces spectres a pu 
etre donn6e, en bon accord avec I'experience. 

Abstract— MgTiOatMn'*'^) was prepared by firing in air a magnesium-titanium complex tartrate 
including manganese tartrate. This method gives, by suitable annealings, a pure phase in the tem- 
perature field in which tetravalent manganese is stable. MgTiOjtMn'’'*^) has a red fluorescence at 
77°K. The excitation and emission spectra of the Mn'*'^ ion are particularly clear. They have been 
interpreted, with a good experimental agreement, in the approximation of a cubic crystal field with 
a trigonal component, corresponding to the activator symmetry site C.,. 


INTRODUCTION 

L’influence du champ cristallin sur les 
niveaux d’energie des ions 3i/‘ a fait Tobjet 
des travaux theoriques de Tanabe et Sugano. 
On sail tout I’interet qui s’attache a I’ion 
Cr’^ dont les transitions optiques, en absorp- 
tion et en emission, ont ete etudiees experi- 
mentalement et interpretees dans de nom- 
breux compo.ses. L’ion isoelectronique 
Mn‘‘+ est moins connu. Certes, plusieurs sels 
oxygenes de magnesium actives par Mn‘‘+ 
(germanate, fluorogermanate, arseniate, 
antimoniate, titanate, niobate, tantalate) 
sont bien connus depuis longtemps en raison 
de leur fluorescence rouge intense utilisee 
dans I’eclairage, notamment pour les lampes 
a vapeur de mercure a couleur corrigee. 
Cependant, la complexite de ces matrices 
d’une part, et la difficulte de stabiliser le 
manganese tetravalent dans des matrices 

*Boursier du Centre national de la Recherche Scien- 
tifique du Liban. 


plus simples d’autre part, ont limite les 
possibiliies d’interpreiation du spectre de 
fluorescence de Tion Mn^"^. 

C’est pourquoi il nous a paru interessant 
d’essayer de stabiliser cet ion dans une phase 
unique de structure assez symetrique, 
d’etudier son spectre de fluorescence et 
d’en donner une interpretation. Des travaux 
preliminaires ont oriente notre choix vers le 
titanate MgTiOg de struture ilmenite. 

PREPARATION DE MgTiO» PUR ET 
ACTIVE PAR Mn** 

(1) Preparation a haute temperature suivie 
d’un recuit 

Un essai d’obtention de MgTiOglMn^^) 
a ete realist tout d’abord selon la methode 
de Kroger [4]: addition de carbonate de mag- 
nesium en proportion calcul^e ^ une solution 
contenant TiCl 4 et MnCU (2.10“*mole de 
MnO par mole de MgTiOs), coprecipitation 
des hydroxydes, sechage, calcination tr^s 
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lentc du produit jusqu'a 1 200°C, puis 
recuit de plusieurs heures a I’air a 550°C. 
Les diagrammes de rayons X montrcnt quc 
la phase MgTiOa se forme bien et qu’elle 
est pure. Cependant, elle ne presente pas 
d’6mission rouge, ni a 293°K, ni a 77®K. 
L'aspect blanc et I'analyse chimique du 
produit indiquent qu'il contient bien du 
manganese, mais uniquement a I’etat bivalent. 

II est apparu alors necessaire de realiser 
une preparation du titanate MgTiOa a une 
temperature relativement basse de maniere 
k pouvoir conserver le manganese au degre 
de valence quatre. 

(2) Preparation d basse temperature 

L’un d’entre nous [2] ayant montre tout le 
profit que I’on pouvait tirer de la pyrolyse 
de complexes organiques mixtes convena- 
blement choisis pour obtenir, a des tem- 
peratures inferieures a 1000°C, un certain 
nombre d’oxydes mixtes et leurs solutions 
solides, nous avons envisage I'application 
d’une telle methode a la preparation du 
titanate MgTiOa pur d’une part et a I’activa- 
tion de cette matrice par du manganese 
tetravalent d’autre part. 

L’oxyde MgTiO,, resulte de la pyrolyse 
d’un complexe tartrique, selon une technique 
precedemment decritet3] a propos de ia 
preparation des metatitanates de structure 
ilmenite correspondant a la formule generale 
MTiOs (M= Mg, Zn, Co, Ni et Mn). Dans 
le present travail, nous avons plus speciale- 
ment etudie la preparation et la thermolyse 
du tartrate mixte de magnesium et de titane. 

Des quantites equimoleculaires d’oxyde 
hydrate de titane IV et de magnesie sont 
dissoutes dans une solution renfermant des 
proportions d’acide tartrique telles que le 
rapport acide tartrique sur titane IV soil 
egal a 2. Par addition d'alcool a la solution 
ainsi obtenue, on aboutit a un solide blanc 
dont la composition, determinee par analyse 
chimique, correspond a la formule: 

MgTiC9H5O|0,7H2O. 


Ce complexe mixte a une stabilite relative- 
ment peu importante car il se decompose 
legerement au cours de la precipitation et 
conduit a un solide renfermant un leger 
exces de titane par rapport au magnesium 
(Ti/Mg = 1 ,03), II est done preferable de 
proceder a une evaporation lente de la 
solution en ajoutant un exces d’acide tar- 
trique qui stabilise le complexe mixte; le 
solide obtenu dans ces conditions est con- 
stitue par du tartrate mixte renfermant des 
proportions rigoureusement equimoleculaires 
de magnesium et de titane et par une petite 
quantite d'acide tartrique. 

La pyrolyse de ce complexe a etc etudiee 
a la thermobalance. Par chauffage pro- 
gressif a I’air, on observe (Fig. 1) une decom- 
position entre 50 et 600°C. Le residu de la 
thermolyse elfectuee a 600°C correspond bien 
a la formule MgTi 03 ; toutefois, I'organisation 
cristalline n’est pas encore sufiisante pour 
provoquer des phenomenes de diffraction par 
les rayons X. C’est seulement sous I’effet 
de recuits, realises dans des conditions 
appropriees, que la taille des cristallites 
augmente progressivement fournissant un 
seul systeme de raies attribuables a la phase 
ilmenite MgTiOs. L’amelioration de I’etat 
cristallin se traduit par un amincissement des 
raies de diffraction des produits traites a 
600°C pendant des durees variables (Fig. 2). 

II importe de remarquer que le produit 



Fig. 1. Thermogramme du tartrate mixte de magnesium 
et de titane. 
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Fig. 2. Spectres de diffraction de rayons X d'echanti lions de litanate MgTiOj; 
(a) port^ 600”C; (b) recuit 4h a 600°C; (c) recuit 20 h a 600'’C: (d) recuit 

6 h a I000°C. 


organique obtenu par precipitation a Talcool 
ou evaporation lente doit etre considere 
comme un complexe mixte et non comme un 
melange de sels organiques. En effet, comme 
nous avons pu le verifier, un melange de 
tartrate de magnesium et de tartrate de titane 
(IV) obtenu par broyage se decompose a 
600°C en oxyde de titane et magn^sie; la 


reaction complete entre ces deux oxydes 
n’intervient qu’a des temperatures sup6ri- 
eures a 1000*C. Au contraire, le complexe 
mixte donne, des 600°C, une veritable 
combinaison dont le reseau s’organise peu 
apeu. 

L’activation du metatitanate MgTiOa 
a et6 realisee en calcinant a I'air le solide 
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provenant de I’evaporation lente d’une solu- 
tion renfermant le tartare mixte de magnesium 
et de titane et du tartrate de manganese 
bivalent. On obtient ainsi, a 600°C, un produit 
de couieur rose violace. 

ETUDE DE L’EMISSION DE FLUORESCENCE 

Apres preparation, k600°C, MgTi 03 (Mn^+) 
pr^sente une faible emission rouge a 77°K, 
mais le rendement de cette fluorescence 
augmente fortement apres recuit. Cette 
Emission a ete testee a I'aide d’un mono- 
chromateur a prisme, d’assez faible dis- 
persion (300 A/mm a 7(X)0A) sous excita- 
tion par la radiation A = 3650 A. On observe 
alors deux bandes a 6990 et 71 15 A (Fig. 3). 

(1) Influence des traitements thermiques 

Les echantillons prepares par la methode 
precedemment exposee ont subi une serie 
de recuits a Pair de duree variable et a des 
temperatures difFerentes. Apres chacun 
des traitements, on a determine le spectre 


de rayons X et I’intensit^ /o du pic principal 
de fluorescence a 6990 A. 

On vient de voir que Petal cristallin du 
produit s’ameliore par recuit (Fig. 2). Par 
contre, Pintensite passe par un maximum 
pour un traitement de 20 h a 600°C ou de 
1 h a 700°C. Le rendement de fluorescence 
baisse ensuite rapidement (Tableau 1). 
Cette variation dans le rendement est a 
rapprocher de celle obtenue par Kroger 
pour Mg 2 Ti 04 [ 4 J. 


Tableau 1 


Recuit 

lo 

T emperature 

Temps 

(unites 

(“O 

(h) 

arbitraires) 

600 

4 

490 

600 

8 

815 

600 

16 

1010 

600 

20 

1030 

700 

1 

1180 

800 

1 

590 

900 

1 

170 



Fig. 3. Spectre d'imission de MgTi 03 (Mn^+) (dispersion 
de 300 A/mm). 


La disparition de Pemission au-dessus de 
700‘’C peut etre attribuee a Pinstabilite de 
Pion Mn'*"^. En effet, le produit rose violace 
obtenu a 600°C se decolore rapidement 
lorsqu’il est porte a des tempertures superi- 
cures a 700°C. Cette constatation est confirmee 
par des dosages de manganese tetravalent qui 
ont ete efFectues selon la methode de Kroger 
[4]. On trouve respectivement 1,2.10“®, 
2,4.10“® et 0 pour des echantillons recuits 
4h a 600°C, 20 h a 600°C et 1 h a 900°C. 

Pour Petude spectrale, on a choisi le produit 
recuit 1 ha700°C. 

(2) Influence de I’ excitation 
(a) Produit active. Le spectre d’excitation 
est obtenu en irradiant Pechantillon entre 
2000 et 5000 A, avec le rayonnement d’un 
tube a hydrogene de puissance 3 kVA dis- 
perse par un monochromateur a optique 
de quartz; Pemission de fluorescence, 
observee par reflexion, est reQue par un 
photomultiplicateur E.M.L 9558, tres 
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sensible dans le rouge. L’echantillon est 
plac6 dans un cryostat dont on pent faire 
varier la temperature de 77° a 600°K. 

Le spectre d’excitation de MgTiOstMn*^) 
comprend deux bandes principales, carac- 
t^ristiques de I’activateur (Fig. 4). On peut 
les attribuer, comme les bandes analogues 
d’autres composes actives par Mn'‘+t5,6], 
aux transitions ‘‘/ta — > '‘T'l et *A 2 -**T 2 
d’un ion IcP dans 1’ approximation d’un champ 
cristallin de symetrie cubique. Cependant, on 
voit sur la Fig. 5 que la bande 
comprend deux maximums secondaires. 
La symetrie du site de I’activateur dans 
MgTiOg etant C3, on peut les attribuer. 



Pig. 4. Spectre d'excitalion de MgTiO;,(Mn'''^). 



Fig. 5. Spectre d’emission de MgTiOj non activ6 (dis- 
persion de 200 A/mm). 


comme on le verra plus loin, a une deforma- 
tion trigonale du champ cubique. 

Quelle que soit I’excitation, en *Ty, ou en 
remission reste incHangee. 

(b) Produit pur. Excite par 2537 A, MgTiOs 
ne contenant pas d'activateur possede une 
large bande d'emission bleue a 77°K (Fig. 5). 
Cette bande presente une analogic avec celle 
de Mg2Ti04. 11 semble, d’aprfes Kroger, 
qu’on puisse attribuer cette fluorescence 
a des ions titane tetravalents, car on Tobserve 
dans un grand nombre de composes du 
titane [4J. 

SPECTRE D'EMISSION EN GRANDE DISPERSION 
La structure fine de remission de Mn^^ 
a ete etudiee, a 77°K, a I’aide d’un mono- 
chromateur a reseau (Monospek 1000 
Hilger) dont la dispersion est 8 A/mm. Le 
spectre est represente Fig. 6. On y distingue 
plusieurs elements: 

(I) Deux raies fine.s et intenses (14322 et 
14291 cm"*) correspondant a la bande prin- 
cipale des essais precedents. Ces raies 
peuvent etre attribuees a la transition —*■ 
*Az. Dans un champ parfaitement cubique, 
cette transition ne devrait faire apparaitre 
qu’une raie. En realite, I'environnement cub- 
ique n’est qu’une approximation et, dans toutes 
les matrices activees par Mn^'* deja etudiees 
[6-8], le champ cristallin possede une com- 
posante de symetrie plus basse, ce qui a 
pour elfet, compte tenu du couplage spin- 
orbite, de lever la degenerescence du niveau 
et de faire apparaitre deux raies. Cette 
attribution se justifie par les arguments 
suivants; (a) Les raies sont fines, en accord 
avec la faible variation d’energie du niveau 
*£ en fonction de I’intensite du champ 
cristallin [9]. (b) Le rapport des intensit^s 
V/i de ces deux raies indique un equilibre 
de Boltzmann comme on doit I’attendre de 
deux raies provenant de la scission d’un 
meme niveau. En effet, leur 6cart experi- 
mental a 77°K est 31 cm"*, valeur egale a 
celle calculee par la formule IJh = exp. 
{AElkT). 
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De plus, la deformation trigonale en- 
visagee pour expliquer la scission du niveau 
*£■ et compatible avec un site de symet- 
rie C 3 agit aussi sur Je niveau excite *T,. 
On a vu au paragraphe precedent qu’en 
effet la bande d’excitation — > ■‘7, possfede 
deux maximums; si K represente I’intensite 
de la deformation trigonale, ils sont distants 
de \KI2 cm~‘. Le parametre K doit alors etre 
relie ^ recart AE entre les raies /?, et par 
la relation: 


K fV2B-iV2T, 
AE 4( 


( 10 ) 


ou C est la constante de couplage spin-orbite 
et la difference d’energie des niv- 

eaux et Or, ^ et W^ 2 js,- restent du 
meme ordre de grandeur pour les ions 3J’' 
[7,9]. 11 doit done en etre de meme pour 
leur rapport, done pour KIAE. C’est bien 
ce que montre I’examen du Tableau 2. 11 
semble done qu’on puisse envisager valable- 
ment la presence d’une composante trigonale 
du champ. 

(2) Une bande large, de faible intensite, 
•s’etendant de 14200 k 13500cm“*- H est 
possible qu’elle corresponde a la transition 
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*Tz — > *A 2 , ainsi que le sugg^rent les r6sultats 
de Kemeny et Haake sur le fluorogermanate 
de magn6sium[l 1] et ceux de Dittmann sur 
les titanates spinelles[l2], bien que les 
matrices employees ne soient pas les memes 
et que ces auteurs attribuent la totalite de 
remission a -* II existerait alors 
un fort decalage de Stokes entre i'excitation 
et cette emission mais il pourrait s'expliquer 
par la variation importante de I’energie du 
niveau ‘Tj avec I’intensite du champ cristallin. 

(3) Plusieurs raies dans la bande large. 
Deux d’entre elles, A'a et /V,, a 14190 et 
14160 cm''\ dont le comportement thermique 
semble analogue a celui des raies Ri et R.^, 
pourraient correspondre a la transition IE 
*A 2 de I'ion Mn*+ sur un autre site de symetrie 
voisine. 

Les raies a, b et c peuvent etre attribuees 
a des satellites vibroniques des deux groupes 
de raies N et R, car leurs ecarts energetiques 
avec ces raies fines correspondent a des 
frequences caracteristiques de phonons. 

(4) Deux raies foibles. Mi et M2, proches 

des raies R mais situees vers les courtes 
longueurs d’onde {14468 et 14429 cm“‘). 
11 ne semble pas qu’elles soient de nature 
vibronique car elles sont tres proches des 
raies R. Par contre, selon la suggestion 
d’lbuki, Awazu et Hata dans le cas de AS2O5- 
6MgO(Mn*^)[131, il serait possible de les 
attribuer a la transition — » *A.i, L’action 

simultanee du champ trigonal et du couplage 
spin-orbite scinde le niveau en trois 
composantes; on devrait done observer trois 
raies. 

Tableau 2 


Compose 

AljO,,(Cr*+) 

AljOjlMn'^) MgTiOjlMn-*^) 

Riference 

[10] 

[71 


- A(cm->) 

330 

700 

700 

A£(cm’) 

29 

82 

31 

-RISE 

11 

9 

21 


Il est possible, cependant, que Tune d’entre 
elles soit trop faible ou masqude par le reste 
de remission pour etre observable. 

n 

I 

CtWSCLUSION 

Les resultats precedents soulignent Tin* 
tdret d’une bonne definition de la matrice et 
des conditions de stabilite de I’activateur 
pour I’etude du spectre d’emission de I’ion 
Mn"+. 

La methode de decomposition k Fair d’un 
tartrate mixte de magnesium et de titane 
a permis de realiser une matrice de metatit- 
anate de magnesium dans laquelle la fluores- 
cence de I'ion Mn*+ a ete mise en Evidence. 
Cette emission a pu etre interprdtde, en bon 
accord avec I’experience, dans I’approxima- 
tion d’une symetrie cubique et d’une ddforma- 
tion trigonale du champ cristallin. 
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ELECTROMIGRATION AND THERMOMIGRATION 
IN GAMMA-UftANIUMt 

J. F. D*AMICOi:§ and H. B. HUNTINGTON 
Department of Physics, Rensselaer Polytechnic Institute, Troy, N.Y. 12181, U.S.A. 

{Received 1 January 1969; in revised form 28 April 1969) 

Atistract- Atom transport produced by large direct currents (electromigration) and thermal gradients 
(thermomigration) was measured in gamma-uranium by observation of local dilatations induced in 
high purity rods which were heated with a.c. or d.c. in a vacuum of 10"®Torr. or better. Both radial 
and longitudinal dimensional changes, the latter obtained from displacements of surface markers, 
were measured in order to determine the atom flux. Rates of dimensional change were observed 
constant during the 8- 1 2 days duration of the experiments. In the d.c. experiments, where the electro- 
migration effect dominated, mass transport was observed toward the anode with Z*// equal to — 1■6± 
01; here / is the tracer diflUsion correlation factor. The small negative value for Z*, the effective 
charge, indicates a dominance of the electron "wind’ force over the combined forces of the hole ‘wind’ 
and the electrostatic field. In the a.c. experiments mass transport was observed toward the cooler 
regions with Q *lf equal to -t-4‘7 ±;0-5 kcal/mole. If one adopts the Wirtz model for a vacancy mechan- 
ism, the thermomigration results imply a relatively large migration enthalpy and a correspondingly 
small formation enthalpy; the latter leads to a vacancy fraction at melting of about 2-7 per cent. 
Semi-log plots of DZ*// and DQ*//vs. l/T were found linear with ‘activation energies' of 27-2±0-6 
and 23 0± I 6 kcal/mole, respectively. The former agrees with the activation energy obtained from 
tracer experiments while the latter is slightly less. A possible explanation is that Q* has some tempera- 
ture dependence, whichyvnot too surprising in view of the large absolute thermoelectric power of 
gamma-uranium. 


1. INTRODUCTION 

Electromigration and thermomigration 
refer to processes in which matter transport 
is induced by application of electrical and 
thermal potential gradients, respectively. We 
have studied these processes in high-purity 
gamma-uranium by observing macroscopic 
dimensional changes produced in our speci- 
mens as a result of the induced atom motions. 
In the method employed here, cylindrical 
specimens were resistively heated for pro- 
longed periods by a.c. or d.c. in high vacuum. 

Our selection of gamma-uranium for these 
experiments was prompted by the ‘anomalous’ 
diffusion behavior of this metal, a characteriza- 
tion that has also been applied to )8-Zr, )8-Ti 


tSupporled by U.S. Atomic Eneigy Commission. 
tPresent address: Western Electric Engineering 
Research Center, Princeton, New Jersey, U.S.A. 

$This paper is based on a thesis submitted to the 
Department of Physics and Astronomy at Rensselaer 
Polytechnic Institute in partial fulfillment of the require- 
ments for the degree of Doctor of Philosophy. 


and y-Hf. These polymorphic b.c.c. transition 
metals deviate from the pattern of diffusion 
behavior observed in many other metals of 
various structure. Briefly, the ‘anomalous’ 
metals differ in that their Arrhenius plots for 
self and impurity diffusion show a definite 
curvature [ 1 ] and their self-diffusion activation 
energies are found to have a value about 
one-half that predicted by several widely- 
applicable empirical correlations, for example, 
the ‘melting point rule’[l]. In addition, the 
measured values for the diffusion constant 
pre-exponential factor Do in the anomalous 
metals are significantly less than those of 
other metals. In terms of the Wert-Zener 
model [2], such values imply appreciably nega- 
tive values for the total defect activation 
entropy, a situation which is difficult to under- 
stand in terms of our present knowledge of 
diffusion theory. This problem has already been 
discussed at length in the literature [1, 3-9] 
where several explanations have been 
offered. These fall into categories which 
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attribute the anomaly to either: (i) extrinsic 
factors, e.g. temperature-independent vacancy 
concentrations resulting from a strong 
vacancy-impurity interaction [3], or dense 
dislocation networks stable at high tempera- 
ture, or (ii) to a true bulk diffusion having 
temperature dependent parameters, e.g. 
temperature dependent Q and Do, or the 
simultaneous operation of two different 
intrinsic mechanisms. On reviewing this 
problem in the literature, one will probably 
conclude that no single, clear-cut explanation 
has yet been offered to explain all aspects of 
this anomaly. 

It was with the idea of extending our 
knowledge of diffusion in these ‘anomalous’ 
metals that quantitative electro- and thermo- 
migration experiments on them were begun, 
first on /3-Zr by CampbelltS, 9], followed by 
those described here on y-U. (The earlier 
experiments of Feller and Wever[10) were 
essentially qualitative. More recently, electro- 
and thermomigration experiments in /3-Ti and 
^-Zr have also been reported by DUbler and 
Weverl.ll]') The study of diffusion in the 
presence of external forces supplements the 
information obtained from tracer experiments 
and presents some additional features which 
could aid in determining the diffusion mechan- 
ism. An advantage of our technique is that 
effects due to long-term annealing or gaseous 
impurity pickup are readily detectable so that 
the contribution of such effects to the 
‘anomalous’ behavior can be observed. An 
added incentive for the selection of -y-U was 
that the electro- and thermomigration para- 
meters, Z* and Q* respectively, were still 
completely undetermined. The extremely low 
vapor pressure of y-U near its melting point, 
thus negligible metal evaporation, offered 
reasonable assurance that precise measure- 
ments of dimensional changes could be made 
in this metal in spite of operation at high 
temperature in high vacuum. 

2. BASIS FOR ANALYSIS 
In electro- and thermomigration experi- 


ments in solids in which diffusion occurs by a 
vacancy mechanism, the presence of an 
electric field and/or a temperature gradient 
biases the normally random distribution of 
atom jumps into vacant lattice sites, thereby 
inducing a matter flux which can be determined 
by measuring the local dilatation rate In the 
s|)ecimen under study. In such a system, the 
atom drift velocity Va is related to the mean 
applied force per atom F by the Nernst- 
Einstein equation 


V.,= 


DaF 

kT 


( 1 ) 


where k is the Boltzmann constant, T the 
absolute temperature, and D^ the diffusivity 
appropriate to the mechanism of the atom 
drift. 

(A) Electromif^i'alion 

The mean force per atom Fp; due to an 
applied electric field E can be written as 


F, = Z*\e\E (2) 


where e is the magnitude of the electronic 
charge, and the dimensionless parameter Z* 
indicates the strength of the electromigration 
force. Fk is the resultant of the forces due to 
(i) the electric field acting directly on Ihe 
valence charge of the lattice ions, and (ii) the 
momentum exchange forces produced by 
ion-charge carrier interactions [1 2, 1 3]. Sub- 
stituting equation (2) into equation (1) and 
writing E = J'p{T) where J is the current 
density and p{T) the resistivity gives 


DaZ* 


V^kT 

Jp{T)\ey 


(3) 


In equation (3), refers to the uncorrelated 
atom diffusivity since the atom (or vacancy) 
current determined from dilatation measure- 
ments is that due to the total atom (or vacancy) 
flux through the given volume element. 
Although Da cannot be independently deter- 
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mined in the type of experiment described 
here, it can be evaluated from tracer diffusion 
studies in the same system, since then = 
D//, where D is the tracer diffusivity and /the 
correlation factor for the tracer diffusion. 
Thus 


VAT 4 

/ Jpm\e\' 

In the experiments described here, T and 
J were measured, while p ( 7 ) was obtained 
from the literature [14]. In an experiment 
where both electro- and thermbmigration 
occur due to the simultaneous presence of 
both electrical and thermal driving forces, as 
is the case in our d.c. experiments, Va in 
equation (4) refers to the symmetric portion 
of the total atom velocity vs. position graph, 
the antisymmetric part being the result of 
thermomigration. We can also write 


D = Doe-«"”' (5) 

where Q is the self diffusion activation energy 
and R the molar gas constant. From equations 
(4) and (5), then 


In (DZ*//) = In - Q/fi'r 




to maintain unit molar flow. (The Q* used 
here equals Q^ — Hf, where Hf is the molar 
enthalpy of vacancy formation, and Q* is the 
‘reduced heat flow’ per unit atom current [1 5].) 
'When the mass flovv i,s by a vacancy mechan- 
ism, a counter flow of vacancies is implicit, 
and their enthalpy of formation appears as 
a negative term in the evaluation of Q*. The 
physical significance of Q has been discussed 
at length in the literature [16-21]. For a 
vacancy mechanism, it has generally been 
concluded that Q * in large part is given by 

( 8 ) 

where and Hf are the vacancy molar 
enthalpies of migration and formation and is 
a dimensionless factor with a value some- 
where near but less than 1. The complete 
evaluation of Q* requires an analysis of all 
the factors inducing thermomigration, e.g. 
the phonon and charge carrier fluxes, Thom- 
son heat, and the thermoelectric power. A 
unified treatment of the respective roles of 
these factors has been attempted else- 
where [2 1 ] by one of us (HBH). 

By substituting equation (7) into equation 
( I ) and rearranging, we obtain 

DQ*lf=-VART^IVT. (9) 

Repeating the steps in Section 2(A) 


If Z* and /are temperature independent, a 
semi-log plot of DZ*lf \s. 1/7 will be linear 
with slope — Q/R. 


= In (-K^/?7*/V7). (10) 


(B) Thermomigration 

The thermomigration force Ft used here 
will be written as 


Ft = 


/Q*\VT 

UJ 7 


(7) 


where Na is Avogadro’s number and Q*, the 
heat of transport, is defined as the heat flow 
per mole that must be supplied in steady state 


For temperature independent Q* and /, we 
again anticipate that a semi-log plot of 
DQ*lf vs. 1/7 will be linear with slope 
-QIR. 


(C) Determination of atom drift velocity 
By measuring local volume changes which 
occur in the specimens wherever the diver- 
gence of the vacancy flux is non-zero, the 
flow of matrix atoms (or the counterflow of 
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vacancies) can be calculated, provided there 
is no appreciable void formation or gaseous 
contamination. For the cylindrical specimens 
used in this work, the determination of 
required measurement of both radial and 
longitudinal dimensional changes as a function 
of position and time. For any given volume 
element, we can equate the local dilatation 
rate to the net matter influx (or efflux) and thus 
obtain the atom drift velocity (relative to 
the local lattice) as a function of position x 
along the specimen axis: 

J* 

yAx)=-j^ [€^,(x’)+2€rrU')]dx'. (JJ) 

The term in brackets represents the volume 
dilatation rate A. We shall refer to Cj-j- as the 
longitudinal ‘strain’ rate, where = dy^/dx 
and is the velocity of a surface marker. 
Likewise e,.,. will be referred to as the radial 
‘strain’ rate, where = (l//?)d/?/d/, with R 
the specimen radius and t the time. The 
symbol ato denotes the position of the refer- 
ence marker where all strains are zero. The 
physical interpretation of equation ( 1 1) is that 
the mass flow through a cross section of the 
specimen will be observed as a dilation 
elsewhere in the specimen. Now since 

J* 

j i.Ax')dx' = y„,{x), (12) 

equation (11) can be re-wrtten: 

Va{x)=~VM + 2 f drr(x')dx'. (13) 

In earlier work[22,23], the ratio of the 
longitudinal strain to the total dilatation was 
defined as the isotropy factor a, 

2err) — a, which was found to be very nearly 
constant over the length of a specimen. For 
such a situation 

VA{x)=-VAx)la (13) 

so that once a was determined, the total atom 


flux could be completely determined from the 
surface marker velocities. In the elastic- 
plastic theory developed by Penney [22], 
i < a ^ 1, the lower limit denoting the case 
of completely isotropic deformations. In 
y-U, however, and to some extent in fi- 
Zr[8,91, we have observed a pronounced 
position dependence in a, requiring measure- 
ment of both radial and longitudinal strains at 
every point in order to evaluate Va{x). 
Furthermore, we have noted that in a majority 
of our runs, the mean a has been decidedly 
less than indicating that radial strains are 
preferred in y-U. A somewhat similar result 
has been observed in electromigration experi- 
ments in single crystals of zinc [24]. (A more 
detailed discussion of this point may be found 
inl25].) 

3. EXPERIMENTAL PROCEDURE 

{A) Material characterization and specimen 
preparation 

The uranium rods used in our experiments 
were furnished by the Metallurgy Division of 
the Argonne National Laboratory and were 
drawn from ingots prepared and purified by a 
technique developed by Blumenthal and 
Noland [26]. The spectrochemical impurity 
analysis of the two ingots from which the 
sp>ecimens were taken was supplied by 
Argonne as stated in Table 1. Following a 
I -2 hr electrolysis [27] to remove surface 


Table I . Impurity content of uranium specimens 


Element 

Analysis (ppm by wt.) 

(average of top and bottom of ingot) 

Ingot 

HPX-43 

Ingot 

HPX-136 

Al 

5 

I 

Fe 

5 

1 

C 

5 

28 

N 

II 

15 

O 

33 

33 

Mg 

2 

3 

Si 

10 

10 

H 

1-2 

(not analyzed) 


(all other elements below spectrochemical detection) 
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oxide, markers (razor scratches) were scribed 
along the specimen axis. Then specimens 
were re-electrolyzed to remove freshly 
formed oxide and immediately mounted in 
the vacuum chamber which was sealed and 
pumped down as quickly as possible. The 
color of the specimen after pumpdown 
indicated that no appreciable oxidation had 
occurred after the final electrolysis. However, 
subsequent to bake out in moderate vacuum 
(about 10~^Torr.) the specimen color invari- 
ably turned to a uniform golden brown 
indicating the re-formation of an oxide layer. 

{B) Apparatus 

All experiments were carried out in a 
glass-stainless steel vacuum chamber which 
was designed and built by Campbell for 
similar experiments on /3-Zr[8, 9]. Specimens 
were mounted horizontally in the chamber 
between two water-cooled copper clamps, 
one being fixed while the other was floated in 
liquid metal to facilitate free movement while 
maintaining electrical and thermal contact. 
On application of either d.c. or a.c. (for 
electro- or thermomigration experiments 
respectively) a nearly parabolic temperature 
distribution with the temperature maximum at 
the specimen center was induced. Experi- 
ments were performed in high vacuum to 
minimize specimen contamination, y-U being 
a well-known ‘getter’ of gaseous constituents 
at high temperatures. 

Specimen dimensional changes, both longi- 
tudinal and radial, were measured with a 
Gaertner travelling microscope of 1 fi resolu- 
tion. This instrument was installed so that it 
could view the specimen through a horizontal 
quartz window. With this arrangement 
continuous measurement of marker positions 
to within ±2 p. was obtained. Radial measure- 
ments were measured with similar precision 
by use of a filar micrometer mounted in the 
microscope. A CdS photoresistor (CL 605 L, 
Clairex Corp., New York. N.Y.) mounted 
in the microscope in place of the eyepiece was 


used to measure the temperature distribution 
in the specimen. Details related to this 
technique of teipperature measurement are 
given by Hehenkamp[28}. 

/ '' 

(C) Measurements 

1. Initia,tion of experimental runs. After 
preparation and mounting of a specimen, the 
vacuum chamber was pumped down, then 
baked out for 12-14 hr to outgas the System. 
On cooling, the pressure was generally in the 
range 0-7-1 -4 x 10“® Tort. Except for some 
pressure pulses of several minutes duration 
during the initial specimen heatup, the 
pressure was unaltered by the heating of the 
specimen. 

The initial heating of the specimens was 
done at the rate of about 600®C/hr up to the 
a-/} transition at 660®C, at which point the 
rate was reduced to about I00®C/hr to mini- 
mize strains which may have been induced by 
rapid motion of the phase boundaries. After 
obtaining the desired temperature, a 12-24 hr 
annealing was performed before making 
measurements. 

2. Temperature measurement, (a) Calibra- 
tion of photorsistor. Temperature calibration 
was accomplished by simultaneously measur- 
ing photoresistance vs. thermocouple output 
with both devices reading at the same position 
but on opposite sides of the specimen. All 
calibration measurements were made at the 
specimen center, the position of zero tempera- 
ture gradient. The thermocouple was tungsten- 
rhenium (3 percent) vs. tungsten-rhenium (25 
per cent) made from 0-005 in. dia. wires 
supplied and calibrated by Engelhard Co., 
Newark, J.J. 

Separate calibrations were made for each 
diameter specimen. In addition, melting point 
checks were run on each calibration as a test 
of the absolute accuracy of the temperature 
measurements. In the calibrations used for the 
i, and tV in. dia. specimens, the thermo- 
couple reading at the onset of melting gave 
temperature values of 1129®, 1116° and 
1127°C, respectively. (The melting point of 
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uranium is given as 1129"C[29].) In several 
attempts to run the experiments with a 
thermocouple on the specimen, melting 
occurred at temperatures as low as 1080°C 
after 2-3 days operation, apparently due to an 
appreciable alloying of the thermocouple and 
the specimen. This, we think, is the cause of 
the slightly reduced value for the melting 
point check of the iin. dia. calibration, which 
was run over a longer time interval than the 
others. 

We ahso observed a shift in specimen 
emissivity, and thus in the temperature 
calibration, after the initial heating of the 
specimen to high temperature. By performing 
several experiments with off-center thermo- 
couples, we observed that once the tempera- 
ture (at the hottest point) was above 1(K)0“C 
for several hours, this emissivity change 
occurred over the entire gamma-phase of the 
specimen, irrespective of the actual tempera- 
ture at any individual position. Thus a time- 
and temperature-independent calibration was 
obtained by heating the specimen to 1050°C 
(at the center) for several hours before 
establishing the temperature calibration, {b) 
Determination of T and VT. T and V7 
were determined in all computations from a 
computer least squares fit of mean tempera- 
ture vs. position data to a polynomial of 2nd 
degree. Temperature vs. position readings at 
i or 1 mm intervals along the specimen axis 
were taken at the beginning and end of each 
run, and several times in between, 

3. Measurement of dilatations. With a few 
exceptions, all dilatation measurements were 
made with the specimen in place and at 
temperature in the vacuum chamber. Marker 
positions were measured daily to determine 
the rate of longitudinal strain. Markers on the 
colder side in the a-phase at the fixed clamp 
were used as a reference for the laboratory 
coordinates. 

Measurements of radial strain rate were 
made with the filar micrometer by periodically 
recording specimen diameter at the exact 
position of each marker. This procedure 


insured that successive measurements were 
made at exactly the same position on the 
specimen, thus reducing errors due to local 
or systematic variations in diameter. In the 
d.c. runs where the dimensional changes were 
relatively large, the radial measurements 
were generally made daily, whereas in the 
a.c. runs, they were made on alternate days. 

4. RESULTS 

(/4) Electromigration 

The electromigration results were obtained 
from four d.c. runs, two on specimens of 
^in. and two on specimens of iin. dia. In 
Fig. I, we have plotted marker velocity Vm 
and rate of diameter change AD vs. position 
X for Run 9A, which was performed on a 
^ in. dia. specimen at a current density of 
2680 A/cm^. The V,„ were determined from 
linear fits to marker displacement vs. position 
plots, the AD by difference between final and 
Initial radial measurements. The asymmetry 
in F„ and AD vs. x is due to the simultaneous 
presence of both electro- and thermomigration 

Morker velocity 



Fig. I . Marker velocity and rate of change in diameter vs. 
position for d.c. Run 9A. 
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in d.c. runs. The positive values of AD and 
slope of vs, X on the anode side show that 
mass flow is from cathode to anode, i.e, Z* is 
negative. The dashed lines indicate the loca- 
tions of the /3-y phase boundaries where we 
observe a discontinuity in the atom flux. This 
effect is due to the greatly reduced diffusivity 
of the atoms in the colder phases [30]. The 
convention used here to denote the sign of 
the marker velocity is as follows: motion 
toward the fixed end {the cathode here) is 
positive. In Run 9A, the specimen expanded 
at the rate of about 4-5 /i/day as indicated by 
the negative marker velocity at the free 
(anode) end. 

In Fig. 2 we have plotted the total dilatation 
rate A vs. x. Graphical integration of A(x:) vs. 
X (see equation (11)), gives Va(x) which is 
plotted in the lower half of Fig. 2. Here 
Va(x) represents the net atom drift due to 
both electro- and thermomigration. Separation 
into symmetric and antisymmetric compo- 
nents gives the electro- and thermomigration 
velocities respectively. These are also shown 
in Fig. 2. 

Values of DZ*lf, computed using equation 


(4) are plotted semi-logarithmic^ly vs. 1/T in 
Fig. 3 for each of the d.c. runs. The lines 
drawn are linear least-squares fits for each 


Tola) dilatation rata A 



I 

« o 


‘ ■ ■ - I 


50 

Position, cm 


"to 


X 


Fig. 2. Total dilatation rate and atom drift velocity vs. 
position for d.c. Run 9 A. 



Fig. 3. —DZ*lfvH. IIT (alld.c. runs). 
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run. Their slopes, which should be equal to the 
self-diffusion activation energy for tempera- 
ture independent Z*lf, are also stated in the 
figure. For comparison, a least-squares fit of 
the tracer data of Bochvar, Kuznetsova and 
Sergeyev [31], Adda and Kirianenko[32], and 
Rothman, Lloyd and Harkness[33] is also 
shown. 

A summary of the electromigration results 
is presented in Table 2. The deviations in 
activation energy for each run are the standard 
deviations in the fitted slopes, whereas the 
deviation of the average activation energy is 
the mean deviation of the single run values 
from the mean of all runs. Values of Z*lfin 
Table 2 were computed using D values from 
the least-squares fit of the tracer data cited 
above. 


Table 2. Summary of electromigration 
results 


Run 

Activation energy (2 
(kcal/mole) 

Z*Ui 

8A 

27-.5±0'7 

-1-7 

9A 

27-8±0-4 

-1-6 

17 

26-3 ±0-2 

-1-4 

24 

23-5±0’3 

-1-0 

Average 

26-3 ± 1-4 

-1-4 ±0-2 

Average 



(excluding 



Run 24) 

27-2+0-6 

-1-6 + 01 


if — tracer diffu.sion correlation factor. 


(B) Thermomigration 

The thermomigration results were obtained 
frorr four a.c. runs, three on specimens of 
i[in. and one on a specimen of i^in. dia. In 
Fig. 4, we have plotted and A£) vs. x for 
Run 1 6. The negative slope of vs. x and 
negative values of A /) at the specimen center 
indicate mass transport down the temperature 
gradient, i.e. positive Q*. In Run 16 the 
specimen expanded continuously at the rate 
of about 20-4/i/day as seen on the left side of 
the marker velocity plot. Phase boundary 
discontinuities in Vm and AD ^e observed as 
in Fig. 1. In Fig. 5, we show A vs. x for Run 



Fig. 4. Marker velocity and rate of change in diameter 
vs. position for a.c. Run 16. 



Fig. 5. Total dilatation rate and atom drift velocity vs. 
position for a.c. Run 16. 

1 6, ^ well as the total atom velocity obtained 
by integration of the dilatation rate. In Fig. 6 
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Fig. 6. DQ*lf\&. 1/7 (all a.c. runs). 

values of DQ*lf calculated from equation (9) 
are plotted semilogarithmically vs. I IT. 
Linear least-squares fits to the data for each 
run are shown here, and thermomigration 
results are presented in Table 3. All deviations 
in Table 3 have the same meaning as those in 
Table 2. Values of Q* If were computed using 
the same D values used to compute Z*lf. 


Table 3. Summary of thermomigration 
results (a.c. runs only) 


Run 

Activation energy Q 
(kcal/mole) 

Q*lft 

(kcal/mole) 

14 

23-8±0-2 

-h4-7 

15 

20-3 ±0-6 

-I-4-6 

16 

22-6 ±0-3 

+3-7 

23 

25-3i'0-5 

+5-6 

Average 

23-0 ± 1-6 

-1-4 -7 + 0-5 


t/= tracer diffusion correlation factor. 


Values for DQ* If from the d.c. runs were 
found to agree within experimental error with 
those from the a.c. runs. However, the d.c. 
thermomigration data are less precise than the 
a.c. data primarily because of the anti- 
symmetrization required to separate the 
thermomigration velocity component { L^)asyin. 
from the total atom velocity (where = 
(»^^)a.,yni.)- Under the conditions in 
our d.c. runs, =“ (F^)sym, so that the 
fractional error in (F^)agym. is rather large 
whereas that in is about equal to that 


in Va. The d.c. results therefore were not 
included in the final determination of Q *lf. 

(C) Search for angeling effects, impurity 
fickup and void formation 
The effect on diffusivity caused by pro- 
longed annealing of defects should be observed 
in our experiments as a change In the dilata- 
tion rate, for example, by observation of 
curvature in the marker dis^dacement vs. time 
plots. In the first several hours of a run, 
however, rate changes due to annealing cannot 
be separated from those due to (1) relaxation 
of the specimen in the apparatus or (2) 
temperature fluctuations which the annealing 
induces. Our comments in regard to annealing, 
therefore, refer only to effects which occur 
after the initial 12-24 hr period. In Fig. 7, 
marker displacement vs. time is plotted for 
markers near the center of the specimens of 
Runs 9 A and 16. The displacements in Run 
9A are seen to be slightly non-linear in the 



Fig. 7. Typical marker displacement vs. time plots. 
Runs 9 A and 16. 
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first day of the run* probably due to a slow 
settling of the specimen in the apparatus. In 
this run there was some difficulty due to a 
bend in the specimen which occurred during 
the initial heating. If this initial effect is 
excluded, we observed that the displacements 
in both runs are quite linear. In general, no 
curvature after annealing was observed in any 
of the other runs. 

In order to determine the extent of specimen 
contamination by gaseous impurities during 
our runs, several specimens were weighed on 
an analytical balance of ±30^tg precision 
before and after running. The results of these 
weighings, given in Table 4, show that the loss 
of weight due to outgassing exceeds weight 
increase due to gaseous pickup. A rough 
estimate of weight increase due to pickup 
gives about 80 /ig per week for oxygen, on 
the assumption that all molecules that collide 
with the surface are absorbed. 


Table 4. Measured weight change of 
specimens 


Run 

Wt. before 
(g) 

Wt. after 
(g) 

Wt. change 
t/ag) 

3 

9 48793 

9-48748 

- 450 

8A 

10-24358 

10-24522 

-360 

9A 

1 J 06559 

I J 06560 

- 10 


To observe void formation, specimens 
from both a.c. and d.c. runs were mounted in 
epoxy resin and hand-polished with alumina 
of particle size down to 0-1 p, followed by a 
2-hr electropolish [27]. When examined under 
a lOOX microscope, the specimen showed no 
evidence of void formation. The appearance 
of the heated regions was identical to that of 
the material that was under the water-cooled 
clamps during the run. Some small voids were 
observed delineating the position of the fi-y 
phase boundary during the run, but these 
were not extensive and are estimated to 
represent very small volume changes, probably 
less than J(„jfew per cent of the total volume 


change in the phase boundary region. The 
conclusion that void formation is negligible 
is further supported by the correlation of the 
observed marker velocity discontinuities at 
the phase boundaries (at which point Vm — Va) 
with values of k',, determined from the dilata- 
tion measurements. 

5. DISCUSSION 
(A ) Electromigration 

1. Experimental data. The simultaneous 
presence of both electro- and thermomigration 
in d.c. runs is evident from the asymmetry of 
V„, vs. X in Fig. 1 . The discontinuity in vs. 
X at the anode side phase boundary is due to 
the difference in diffusivity between the high 
and low temperature phases of uranium 
mentioned earlier. At the anode phase 
boundary, the observed discontinuity is the 
result of contributions from both electro- and 
thermomigration to the total mass flux. On 
the cathode side, the induced fluxes are 
opposed, and apparently cancel in this 
particular run. The rate of diameter change 
in Fig. 1 also show a discontinuity at the phase 
boundary, with no radial changes observed in 
the colder phases. This result was found valid 
without exception, indicating that the atom 
current at the phase boundary was entirely 
longitudinal, i.e. a=l. Since the atom 
velocity is effectively zero in the colder., 
phases, the magnitude of the velocity discon- 
tinuity at the phase boundary equals the total 
atom velocity at this point. This con- 
clusion, made originally by Campbell [8, 9] 
for /3-Zr, also appears valid in /3-Ti [34]. 

In examining the plots of DZ*lf vs. l/T in 
Fig. 3 one should note that the plotted points 
do not represent raw data but are obtained 
by computing the dilatation rate integral at 
arbitrarily selected positions along the speci- 
men axis. However, the linear density of 
points plotted in Fig. 3 is very nearly equal to 
the density of measurements made on the 
specimen, so that fitting the line to the plotted 
p6Ihts is still meaningful. The scatter in these 
points, however, has been markedly reduced 
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over that in the raw data by the integration. 
On the other hand, systematic errors in the 
data could introduce some curvature into 
these plots. The lack of precision in these 
measurements prevents a physical interpreta* 
tion of the slight curvature observed in some 
of the plots in Fig. 3. 

2. Estimates of experimental error. The 
random error in DZ*lf may be obtained by 
differentiation of equation (4). From estimates 
for random error in velocity, temperature and 
current density of 5, i and 2 per cent respec- 
tively, the r.m.s. error in DZ*// is approxi- 
mately 5i per cent. The mean error in 
activation energy (Table 2) is about H per 
cent, indicating that the overall effect of the 
random errors is not very significant here. 
On the other hand, the intercept shifts in the 
lines in Fig. 3 must be due to systematic 
errors, most probably due to run-to-run shifts 
in the pyrometer temperature scale. From an 
analysis of temperature calibration runs, we 
would anticipate a maximum run-to-run shift 
in the temperature scale of about ±8®K. This 
would explain the difference between Runs 
8A, 9A and 17, but could not explain the 
results of Run 24 which appear to be appreci- 
ably affected by an additional systematic 
error of unknown origin. It is also possible 
that the run-to-run shifts in intercept are due 
to small differences in material since Runs 8A 
and 9A (the 2 upper lines) were done on 
specimens of slightly different impurity 
content and mechanical preparation than 
those used in Runs 17 and 24 (the 2 lower 
curves). However, the thermomigration 
results obtained from specimens of identical 
material show the same intercept shifts. The 
most consistent explanation is that this effect 
is due to temperature error in both d.c. and 
a.c. experiments. 

In determining the r.m.s. error in Z*//, we 
have included, in addition to the random 
errors already mentioned, errors in resistivity 
p and in dilfusivity D. The resistivity error, 
estimated at 7 per cent is introduced because 
results were calculated using literature values 


of p [14] in the absence of any measurements on 
the Argonne uranium. The error value used 
reflects the scatter in the published resistivity 
values. The r.m.s. ej^or in D is estimated to 
be 13jr per cent. In computing this value, we 
used the Rothman estimate [33] of 7 per cent 
for the tracer experiment error and a value of 
1 1 per cent for the error produced by our 
1 per cent overall temperature uncertainty. 
The r.m.s. error in Z*lf is approximately 
21 per cent. 

3. Temperature dependence ofZ*. Exclud- 
ing Run 24, the mean electromigration 
activation energy of 27-2 ± 0-6 kcal/mole is 
not significantly different from the value of 
26-7 ±0-9 kcal/mole obtained from fits to the 
available tracer data for self-diffusion. Thus 
within the limits of error, the temperature 
dependence of DZ*lf appears entirely due to 
that of D so that Z* may correctly be con- 
sidered constant. However, we should point 
out that although the deviation from linearity 
is quite small, the precision of the measure- 
ments and the smallness of the temperature 
range do not positively rule out the possibility 
that Z* may have a weak temperature depend- 
ence, e.g. Z*( T) = Zo ( 1 +aT'^) where laT^I 
< 1. Such a dependence would not produce 
an observable curvature but would slightly 
alter the slope of the fitted line. In Fig. 3 we 
also observe a slight upward curvature in 
points near the specimen center. This cannot 
be a real temperature effect since the curva- 
ture occurs at the specimen center regardless 
of the temperature at this point. This effect 
must be due to a systematic error in the 
measurement of atom velocity or perhaps 
temperature. 

4. Significance of Z*. For a single band 
metal, Z* can be used to calculate specific 
defect resistivity, pd/(Vrf[ 12]; 


Z* = Z 


ES 



m* 

| ot *| 


(14) 


where Zbs >s the effective atom charge during 
the jump, z the number of charge carriers per 
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atom, and p the respective defect and 
matrix atom resistivities, and N the respec- 
tive defect and atom densities, and the 
effective mass of the charge carriers. However 
for a multi-band metal such as uranium f35], 
an additional term analogous to the 2nd term 
on the right but of opposite sign must be 
included in equation ( 1 4) to account for defect 
interactions with the other type of carriers. 
Thus Z* in the multiband case is a measure 
of the difference in effectiveness of the 
electron ‘wind’ force and that due to the sum 
of the direct field and the hole ‘wind’ forces. 
The small negative value of Z*/f measured 
in y-V indicates that these two opposing 
forces are very nearly equal, with the electron 
‘wind' dominating slightly. 

(B) Thermomigration 

1 . Experimental data. The phase boundary 
discontinuity mentioned in the discussion of 
electromigration results is also readily 
observable in the thermomigration data in 
Fig. 4. Here, however, the two discontinuities 
should be equal since the mass flow is sym- 
metric about the temperature maximum at 
the specimen center. In Fig. 4 we observe 
that the slopes of vs. x are quite small 
relative to the magnitude of the radial changes 
indicating that in Run 16 the dilatation was 
mostly radial. (The mean a for Run 16 was 
0*14. In general the a values in this work were 
surprisingly low. In terms of our present 
concepts, values much below A cannot be 
convincingly explained.) In Fig. 4 we also 
observe run-to-run shifts in the intercepts of 
the fitted lines as well as some curvature in 
the fits of the data to the lines. The comments 
made in the electromigration discussion of 
these effects are also relevant here. 

2. Estimates of experimental uncertainty. 
By procedures similar to those referred to in 
Section 5(A)2, the r.m.s. error in DQ*lf is 
estimated at 9 per cent. Here we have used 
values of 9, i and 1 per cent for the respective 
random errors in velocity, temperature, and 
temperature gradient. From the previously 


cited value for the error in £), the r.m.s. error 
in Q* If i& estimated to be about 17 per cent. 
Mean error in the activation energy (Table 3) 
is 1 -7 per cent again indicating the unimport- 
ance of the random errors. The intercept shifts 
in Fig. 6 can be accounted for by a run-to-run 
error in the temperature scale as previously 
mentioned. 

3. Temperature dependence of Q*. From 
equation ( 1 0) we expect that for temperature- 
independent Q* the slope of In {DQ*lf) vs. 
IIT should equal —QIR. The mean value of 
Q obtained in the a.c. runs is 23*0 ± l-6kcal/ 
mole whereas the self-diffusion value is 
26-7 ± 0-9 kcal/mole. These values thus differ 
slightly, the difference being just beyond the 
e.stimated limits of error, suggesting that Q*- 
may be somewhat temperature dependent. 
This is not completely surprising since it has 
been shown [21] that the Thomson field and 
the action of the electrons and holes as heat 
carriers can give rise to additional terms in 
(2* varying as T*. Such terms would be 
significant in metals having a large absolute 
thermoelectric power as is the case for 
■y-U(36]. We can write the temperature 
dependence of 0 * as 

e*(T) = C,ni-yT^] (15) 

where Qt equals /8//„, —Hf and Q*{T) is 
the measured heat of transport. The para- 
meter y is approximately temperature 
independent in the model being used here, 
and has a positive sign by virtue of the 
positive absolute thermoelectric power in 
uranium. Although a first principles evaluation 
of y in this metal is not possible here, an 
estimate of the term yQoT^ can be made by 
assuming that the activation energy of our 
thermomigration results differs from the 
self-diffusion value solely due to the tempera- 
ture dependence of the heat of transport. In 
the temperature range involved, a value of 
y = 0-2 X 10”'®(‘’/C)“* was found to adequately 
describe the temperature dependence of 
Q*{T). For the cited y value, (1— yT*) in 
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the center of the temperature range has a value 
of about 0*7, indicating that the temperature 
independent part of the heat of transport, 
Q* = exceeds the measured value 

Q*{T) by about 30 per cent. Under the 
assumptions made here, Q*lf ~ A-AjQ-l — 
6*7 kcal/mole. 

4. Defect migration and formation enthal- 
pies. Although the diffusion mechanism in 
y-U is not positively known, the experiments 
of Peterson and Rothman [37] show a defect 
mechanism to be operative, most probably, 
in their opinion, the single vacancy. For 
diffusion by a vacancy mechanism, Q = //„,+ 
///and using equation (8) 

(0* + G)/(l+i3) (16) 

(17) 

The value of /3 is not known for y-U but 
should be near unity. For /3 = 0*9, Q = 26*7 
kcal/mole, and / = 0*73 for b.c.c. structures, 
our value of 0*//= 6-7 kcal/mole gives 
vacancy enthalpies: //,„ = 16*6 kcal/mole and 
Hf — 10* 1 kcal/mole. There are no reported 
values for these enthalpies to which these 
results may be compared. 

We use Hf to estimate the vacancy fraction 
nr at the melting point: 

«,-(T„,) == exp [-HfIRT,,,] 

where we have set the entropy term equal to 1 
as a lower limit, assuming a positive entropy 
of formation. On evaluation we obtain 
tiviTtn) — 2*7 X 10~*, a value a few orders of 
magnitude larger than that observed in several 
other b.c.c. metals, for example, 1*1 x 10"* in 
tungsten[38] or 7-5 x 10“'‘ in sodium[39]. In 
the f.c.c. noble metals [40], is found 

to be 1-2 X lO'l 

(C) Effects due to annealing or contamination 

The observed constant dilatation rates indi- 
cate that the diffusion parameters measured 


in these experiments are representative 
y-U that is well annealed and has a time 
independent defect concentration. If the 
anomalous behavior of uranium is due to a 
large density of phasic l^ransformation'induced 
dislocations, then such dislocations are 
evidently very stable and cannot be removed 
by annealing even at very high temperatures 
for extremely long times. This conclusion is in 
agreement with that of Peterson and Roth- 
rfian[37] who observed no change in the 
diffusivity of cobalt tracer in y-U after 
pre-annealing their uranium specimens for 
19*5 hr at a temperature 30°C from the melting 
point. The effective annealing times in our 
experiments, however, are on the order of 
10-15 days. Our results also exclude the 
possibility that specimen contamination by 
gaseous impurities from the ambient has any 
measurable effect on the difFiisivity. 

6. CONCLUSIONS 

Within experimental error, the measured 
temperature dependence of DZ*lf and 
DQ*lf were found to be identical to the 
temperature dependence of D from self- 
diffusion measurements, from which we 
conclude that the same mechanism is opera- 
tive in both types of experiments. The 
diffusion mechanism in y-U has been 
discussed at length by Peterson and Roth- 
man [37] who, on considering all the avedlable 
diffusion data, concluded the most likely 
mechanism in y-U to be the single vacancy. 
This conclusion was based on their analysis 
of the self and impurity diffusion data, 
Kirkendall experiments in dilute uranium 
alloys, and experiments in which the effect 
of high temperature pre-annealing of the 
uranium specimens was observed. The 
Peterson-Rothman conclusion, while not 
completely convincing, appears to us to be the 
most probable. The transport experiments 
which we have reported here do not, in the 
flnal analysis, add much in the way of new 
insights into the uranium diffusion mechanism. 
However, they appear to be in basic s^ee- 
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ment with the earlier diffusion work in y-V. 
In addition to the agreement in activation 
energies, our results support the conclusion 
that diffusion along transformation-induced 
dislocations was not responsible for the 
anomalous behavior in y-U. Peterson and 
Rothman’s pre-anneal of their uranium 
specimens for 20 hr at a very high temperature 
showed no change in Co tracer diffusivity so 
that the high dislocation density required in 
the dislocation model was assumed not to be 
possible. Our experiments in essence confirm 
this result but extend the annealing time to 
10 to 15 days with still no alteration of 
diffusivity observed. A similar comment 
pertains to effects caused by the pickup of 
gaseous impurities. If indeed very numerous 
dislocations exist in y-U, they must have 
rather negligible mobility in this metal. We 
also have obtained reasonable values for Hf 
and H,„ when interpreting the thermomigra- 
tion results in terms of the vacancy mechan- 
ism. The overall behavior of y-U which we 
have observed indicates that relative to 
electro- and thermomigration parameters it is 
rather different from /8-Zr and /3-Ti, both of 
which evinced substantial thermomigration 
toward the high temperature end and had 
small positive Z*s. 

The small values of a noted in many runs 
indicated deformations in the radial directions 
proportionally larger than in the longitudinal. 
There seems to be no ready explanation for 
this effect at this time, particularly since the 
specimen radius was presumably many times 
the vacancy life path. The vacancy formation 
enthalpy Hf obtained from the thermomigra- 
tion results gives an estimate of vacancy 
fraction at melting of about 2-7 per cent, a 
value rather large compared to that previously 
measured in several other b.c.c. metals, 
e.g. W, Mo, Na, or in many f.c.c. metals. 
The thermomigration results also indicate 
that Q* has some temperature dependence, 
which is not surprising in view of the relatively 
large absolute thermoelectric power in y- U. 

The 


small 



of Z* If, —1-6, indicates a 


slight dominance of the ‘wind’ force due to 
atom-electron interactions over the sum of 
the direct field force and that due to atom-hole 
interactions. 
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Abstract — Two shoulder bands of the U band are theoretically investigated by computing absorption 
energies for optical transitions from the ground state of the U center to its high excited singlet states. 

The calculation is done by using the polaron model developed in a recent paper. The comparison of 
theoretical results with experimental results of the two shoulder bands shows that (a) one of the two 
shoulder bands (the f/„ band) arises from the optical transition to the IsBp-like singlet excited state 
and (b) the other (the Ui, band) arises from the optical transitions to the Unp-like singlet excited states 
with n ^ 4 modified by the crystal field. 

1. INTRODUCTION tion. Wood and 6pik[6] have applied the 

The WORK of Timusk and Martienssen[l] has extended ion method of Wood to the U 
shown that the U band in an alkali halide centers in KCl, KBr and KI. 
containing a small amount of hydrogen has, To our knowledge, there exists only one 
under certain conditions, a shoulder on its theoretical study, by Spector et aL[l], on the 
high energy side. This shoulder band, accord- higher excited states of the U center. Their 
ing to the work of Goto et al.[2] consists of calculations, based on the point-ion approxi- 
two absorption bands, which they designated mation, show the energy difference between 
as Ua and l/j, from the low energy side. We the ]s3p state and ls2p state in the singlet 
shall adhere to this terminology in this paper, state group of the U center to be much 
These authors suggested that the shoulder of greater than the observed energy difference 
the U band is due to optical transitions to between the {/„ and U bands in an alkali 
higher excited states of the U center, which halide (e.g. for KBr, 1 *52 eV versus the 
consists of a substitutional H~ ion located ob.served value of 0-50 eV). Thus, the optical 
at a negative ion vacancy. Rockstad[3] has absorption processes giving rise to the Ua 
also observed t/„ and (y*-like bands on the and Uh bands are not yet well understood 
high energy side of the U band in KBr con- theoretically. To find the origin of the Ua and 
taining a small amount of KH. t/t bands, we have applied the polaron model 

The absorption maximum of the U band [8], developed in a recent paper for a color 
was first calculated by Gourary[4] using the center having two trapped electfbns, to csd- 
point-ion approximation and the model that culate the ground state and singlet excited 
the U band is due to the transition from the states of the U center. The calculation and 
ground state of the substitutional H~ ion to theoretical results are given in Section 2. The 
its lj2p-like state. Rampacher[5] has cal- comparison of theoretical results with the 
culated both the width and peak position of experimental results of the Ua and l/j, bands 
the U band for NaCl, KCl an RbBr using eui in KCl, NaCl and KBr is given in the last 
approach based on the point-ion approxima- section. This comparison shows that the Ua 

band is due to the optical transition from the 
singlet ground state of the U center to its 

•Supported by the National Research Council of Is3p-Hke singlet State modified by the crystal 
Canada. field and that the Uf, band may be due to 

262 .t 
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optical transitions to l^/tp-like singlet states 
of the U center, where n ^ 4. 

2 . CALCULATION 
(A) Effective Hamiltonian 

In the polaron model developed in reference 
[8], the Hamiltonian including the electronic 
polarization of the crystal for the U center can 
be written as 


where //( takes the form 


and 






2 m,, 




( 2 ) 



2' k’(r,-R,o)-f' 


+ Ird > R,. 


(3) 


where R^ is the radius of a spherical region 
drawn about the trapping center within 
which the /th trapped electron does not 
polarize the core electrons of the ions making 
up the crystal. The second term in ( 1 ) is the 
interaction between the two trapped electrons 
of the U center. is the kinetic energy 

of the fth trapped electron. T(rj — R„o) is the 
interaction of the /th trapped electron with the 
ath ion, when all the nuclei are at their 
equilibrium positions (which corresponds to 
the ground state of the crystal). The sum is 
over all ions except the trapping center q 
consisting of a proton located at a negative 
ion vacancy, as is indicated by the prime on 
the sum. — (eVri) is the interaction between 
the ith trapped electron and the proton. 

Vg-v and Vef-v are the same as those in 
references [8] and [9] and represent the 
Hamiltonian of virtual excitons, the interac- 
tion of the virtual excitons with the trapping 
cenDftr q, and the interaction of the virtual 
exaMM with the /th trapped electron, res- 


pectively. Since the present system is equiva- 
lent to a perfect alkali halide plus a unit 
positive charge and a proton at the position q, 
the effective charge z of the trapping center is 
nearly two. 

Making a simple canonical transformation 
as in reference [8] for and k'c-i- 

which are written in terms of creation and 
annihilation operators for longitudinal 
excitons of wave vector w in the polaron 
model, we then obtain the effective 
Hamiltonian 


ffeff — X 

i=i 


er,.. 


(4) 


where of the form 


eff.t “ 




2 m,. d r, ’ 

p;^ Me^ e- 
2m,, d r, 


Iril < Pe 


— (1--^) 
r, €» 


(5) 


Off.) 


+ R,< |r, 


p;^ 2c^ 

2m n 


2e* 1 

(1 ) 

r, €x 


< Rm ( 6 ) 


+ <F,!//e,.,|F,), |r,| > R„,. (7) 


In obtaining (4) from ( 1 ), the static field of the 
crystal, i.e. the second term in (2) is replaced 
by the Madelung energy — Me^ld\ and that in* 
(3) is replaced by the Madelung energy for 
/?,, <|ri| < R„, and is taken into account by 
the effective mass approximation (i.e. 
P‘/2/r!,. + 2' F(r,-Rrti) = p- 12m- F(ri — R^o), 
where — K(r/ — R,,n) is the interaction of the 
/th trapped electron with the effective charge 
of the negative ion vacancy) for Ir^l > 
Here, R,„ is defined as the radius of another 
spherical region drawn about the trapping 
center and should be determined such that the 
effective mass approximation holds for 
|r,l > Rm- As in the semi-continuum and 
polaron model calculations of the F center, 
Rnrcun be set numerically equal to the Mott- 
Littleton radius (e.g. for KCl 0-85 times the 
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lattice constant) for typical alkali halides. We 
shall adopt this approximation in the follow- 
ing calculation. The e in the last term of (4), 
as described in reference [9], is introduced to 
account for the exchange effect of the excitons 
surrounding the two trapped electrons. The 
is the usual high-frequency dielectric 
constant of the crystal, //e*,; has the same 
form as (38) of reference [9] and is the 
Hamiltonian of virtual excitons surrounding 
the /th trapped electron plus the electron- 
exciton interaction. Thus is 

interpreted as the self-energy of the /th trapped 
electron due to its own exciton cloud in the 
state F, (see section 3 of reference [9]). Note 
that a constant energy resulting from the 
canonical transformation mentioned above is 
omitted in (4). 

In this work we expect that the ground 
state of the system in question is so deep that 
the trapped electrons move very quickly and 
that they do not polarize the lattice be- 
cause the ions making up the lattice cannot 
follow the electronic motion. In contrast, the 
trapping center may polarize the lattice be- 
cause the trapping center moves slowly about 
its site and its motion can be followed by the 
ions. Consequently, there is an interaction 
between the trapping center and the virtual 
phonons. As in the case of the electronic 
polarization, this interaction can be trans- 
formed to a constant energy in the Hamil- 
tonian. This constant energy (self energy of 
the trapping center) remains virtually un- 
changed during the optical absorption process, 
because the phonon state remains nearly 
unchanged during that process (Franck- 
Condon principle). Hence we shall omit 
the effect of ionic polarization in this work. 
This omission may not affect the theoretical 
results of absorption energies very much. 

Since constant energies resulting from 
canonical transformations for virtual excitons 
and virtual phonons are omitted in (4), the 
eigenenergy of ^eff.o i e- the one-electron 
energy involved in this calculation is measured 
from the bottom of the conduction band 


which includes polarizatons, while the cor- 
responding one-electron energy in the usual 
point-ion model calculation is measured from 
the bottom of the bare conduction band (see, 
e/g.[4]). , 

(B) Determination of Re 
We shall now use the electron paramagnetic 
resonance (EPR) data of the C/3 center, i.e. 
the hydrogen atom located at a negative ion 
vacancy, and the Is hydrogenic wave function 
as the trial wave function for the C/3 electron 
to determine the Re involved in the present 
problem. According to the formalism given 
in Section 2(a), the ground state energy of the 
C/3 center is given by E^a, Re) = ^ 

where a is the variational parameter in the 
trial wave function </>!*= and 

has the same form as ^etu in Section 2(a). 
Thus, if being the value of a corresponding 
to the minimum of Eg, is known, then 
Re can be determined in a similar way as in 
Section 3 of reference [8] from the equation 
{dEglda)a^„ = 0. a„ may be determined as 
follows. The Fermi interaction of the electron 
and the proton may be written as = 
(— 16-77 p,ftp,o|c/),*(0)|2)/3/o (cf, equation (2) of 
reference f 1 0]) where is the Bohr magneton, 

I„ is the nuclear spin of the proton, fio is the 
magnetic moment of the proton and |(#>i, (0)P 
is the electronic density at the proton. Uo may 
be determined from the separation of lines,/!, 
in the EPR spectrum of the t/3 center. From 
the observed EPR data of Hayes and Hodby 
111] for A (in units of frequency) for the C/3 
centers in KC! and NaCl, we determine Oa 
from the relation «„ = lirhA. The values of 
ag determined in this way for KCI and NaCl 
are 1-866 and 1-862 A"‘, respectively. Using 
these values for <x„ and a method given in 
Section 3 of reference [8], we find Re to be 
0-430 A for KCI and 0-429 A for NaCl. Since 
these are nearly the same and since no EPR 
data are available for the C/3 center in KBr, 
we shall use Re = 0-4295 A for KBr. Note 
that Re determined in this way also includes 
a host of small corrections, such as the elec- 
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tron correlation energy and the effective mass 
approximation for the trapped electron etc., 
and is nearly the same as Re involved in the 
U center. 

In addition, we have also calculated the 
ground state energy of the centers. The 
calculated results, measured from the thermal 
bottom of the lowest conduction band, are 
given in Table 1. The theoretical value for 
KCl is obviously greater than the band gap 
between the lowest conduction band and the 
valence band in KCl (approximately 7-5 eV) 
and thus, the ground state of the center in 
the crystal considered lies below its valence 
band. In view of this and a discussion given 

Table 1. Values of in A 
R,, in A and Eg in eV 
(measured with respect to 
the thermal bottom of the 
conduction hand) for the U-, 
centers in KCl, NaCl and 
KBr* 



OLg 

Re 


KCl 

1-866 

0-430 

-^-41 

NaCl 

1-862 

0-429 

-9-74 

KBr 


0-4295 

-8-01 


•Since no EPR data were avail- 
able for KBr, a, was not determined 
(see Section 2(b)). 


in the last section of reference [8] for the 
excited state of the t/a center, the first excited 
state to which the U-j transition can be made 
from the ground state of the Ua center is not 


a hydrogen-like 2p state modified by the 
crystal field. 

(C) Ground and optically excited states 
From the form of the effective Hamiltonian 
given by equation (4), the U center may be 
regarded as an ^~-Iike ion modified by the 
crystal field. Thus we take 

(/<„(r„r2) = A/[<f>„(r,) d»,j(r2) +d>„(r2) 

(8) 

which was first proposed by Chandrasekhar 
[12] for the free ion, as the trial electronic 
wave function for the ground state. Here N is 
the normalization factor and <l>a and are 
the hydrogen Ir wave functions, but represent 
different h orbitals. We have followed the 
method used in Section 4 of reference [8] 
and calculated E„ = {^u 

\^/fvi\^u) for the U centers in KCl, NaCl and 
KBr. The calculated and the corres- 
ponding variational parameters a and /? are 
summarized in Table 2. The difference be- 
tween the present ground state energy cal- 
culation and that by the point-ion model is 
discussed in detail in the last section. 

In the consideration of the excited states 
of the U center, we shall only consider the 
Lsnp-like singlet excited states, because the 
optical transitions from the ground state (a 
singlet state) to any of these excited states 
occur with a large probability. Therefore, we~ 
take 

'/'r« (r„r2) [0„(r,) «^»„„(r2) 

-l-«/>,„(r2) </>„p(r,)] (9) 


Table 2. Theoretical energies for the ground and optically excited states of the U 
centers in KCl, NaCl and KBr in eV and the corresponding variational parameters 

in/f-> 



KCt 

Minimum energy 

a 

/8 

NaCl 

Minimum energy 

a 

b 

KBr 

Minimum energy 

a 

b 

K(h\s) 

-13-25 

2-0 

0-70 

-14 17 

2-0 

0-80 

-11-40 

2-0 

0-70 

Es,{l4'2p) 

- 7-72 

1-3 

0-48 

- 8-14 

1-2 

0-56 

- 6-42 

0-9 

0-48 

E3f(ls3p) 

- 7-23 

1-3 

0-27 

- 7-57 

1-2 

0-30 

- 5-% 

0-9 

0-27 


- 7-06 

1-3 

0-19 

- » 

1-2 

0-20 

- 5-81 

0-9 

0-19 

E,(a) 

- 6-87 

1-3 

0(X) 

- 7-2J 

J-2 

0-00 

- 5-62 

0-9 

OiOO 
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as trial electronic wave functions for excited Table 3. Theoretical absorption 


states of interest, where is the hydrogen b 
wave function and (ftnp represents the hydrogen 
np wave function. The if>„p functions used 
here are as follows 

/ai\m 

= (— 1 r e"^'' cos 6 (10) 

«/>3p('') = (2 — i3r)re~®''cos0 (II) 

(t>4p{f‘) = ()3V — 5/3r + 5) re~‘‘’^cosd. 

( 12 ) 

We have adopted an approach used in 
Section 5(b) of reference [8] and calculated 

Erie {^nr(r i .r2) 1 ^eff .T^)) “h £''* /fl( 1 I l€ao} 

for the optically excited states of the U 
center, where the last term is added such that 
Eg and in the present calculation are 
measured from the same reference point 
(see reference [9] for detail). The calculated 
Eju- and the corresponding values of the 
variational parameter a in the Is wave function 
and in the np wave function are also 
summarized in Table 2. 

The functional form of the energy of any 
optically excited state can be written as the 
sum of E{a), E{fi) and £(a,;8). The function 
£(j8) vanishes as /3 approaches zero. Thus 
the energy of the optically ionized state (i.e. 
the optically excited state for /3 = 0) is given 
by E,{a) = E{a) + E{a, 0). These values are 
c^culated for KCl, NaCi and KBr and are 
also given in Table 2. 

From the theoretical energies of the ground 
state and the excited states given in Table 2, 
the theoretical absorption energies for the 
optical transitions of interest are given in 
Table 3. The observed band maxima in KCl, 
NaCl and KBr are summarized in Table 4 for 
comparison. 

3. DISCUSSION AND CONCLUSION 

The U band has been believed to be due to 
the optical transition from the bb-like state 


energies of the U centers in 
KCl, NaCl and KBr in eV 



KCl 

NaCl 

KBr 

E^-Eg 

5-52 

603 

4-98 

Em-^i 

602 

6-60 

3-44 

^4e 

6- 19 

6-76 

5-59 

E.-E, 

6-38 

6-% 

5-78 


Table 4. Experimental band maxima 
(expressed as transition energies in 
eV) of the L), Ua and Ub absorption 
bands in KCl, NaCl and KBr 



KCl 

NaCl 

KBr 

U 

5-19* 

6-46* 

5-43* 


6-43t 

6-89-7-6It 

5-93t 


6-.S3-7-30t 

6-89-7-61i 

5-97-6-36S 


* Reference [14]. 
tReference[3]. 

^Reference [2]. 

§Reference[151. 

of the U center to its b2p-like excited state. 
By comparing the present theoretical absorp- 
tion energy for the transition bb-b2/? with 
the observed band maximum of the U band, 
we find that the present calculation underesti- 
mates the absorption energy of the U transi- 
tion by 5 per cent for KCl, 6 per cent for 
NaCl, and 8 per cent for KBr. Here, we ex- 
pect that the possible errors involved in the 
calculation of absorption energies for optical 
transitions to higher excited singlet states are 
of the same order as those given above, be- 
cause the calculation is done by using the 
same method and wave functions of the same 
character. Obviously, the error just mentioned 
arises from (a) the method employed and (b) 
the approximate wave function used. 

Let us now compare the calculated absorp- 
tion energies for transitions to higher states 
with the observed band maxima of the Ua and 
Uf, bands. As can be seen from Tables 3 and 
4, the agreement between the calculated 
absorption energies of — Eg and the 
observed band maxima of the Ua bands in the 
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crystals considered is as good as the agree- 
ment of the calculated absorption energies 
with the observed band maxima for the U 
bands in these crystals. Furthermore, the 
energy differences between the ls3p and l .y2p 
singlet states compare very well with the 
experimental differences of the band maxima 
of the V„ and U bands for the crystals con- 
sidered (cf. Table 5). Thus, we conclude that 
the Va band is due to the optical transition 
from the ground state of the U center to its 
ly3p-like singlet state modified by the 
crystal. 

Table 5. Theoretical enerf>y dif- 
ference between the and E^e 
states, and the experimental 
difference between the hand 
maxima of the U and Ua bands 
in eV 




KCl 

NaCI 

KBr 

f 3^ 

E.„ 

049 

057 

046 

Ua- 

U 

064 

O'43-li; 

5 0-50 


We expect that the calculation for the 
optical transition to the l.v4p-like singlet state 
underestimates the corresponding absorption 
energy by ~ 5 per cent for KCl, ~ 6 per cent 
for NaCI, and ~ 8 per cent for KBr (see a 
discussion given previously for the possible 
errors involved in the calculation). Therefore, 
the true absorption energy foi the optical 
transition to the l.v4p-like singlet state is about 
6-50 eV for KCl. 717eV for NaCl, and 
6-07 eV for KBr. These values are in fairly 
good agreement with lower limits of observed 
band maxima of the bands summarized in 
Table 4. In view of this and the comparison 
of the theoretical results with the experimental 
results, given in Table 6, we may conclude 
that the Uf, band could be due to the optical 
transitions from the ground state of the IJ 
center to its \snp-like, singlet states modified 
by the crystal field, where n > 4. Hence, the 
Uf, band has the same character as the K band, 
which is believed to be due to the optical 


Table 6. Theoretical energy difference 
between E 4 e and Eje and that between E, 
and Eje, and the experimental difference 
between the band maxima of the U and Ub 
bands in eV 



KCl 

NaCI 

KBr 

^4f> f'Sr 

0-66 

0-73 

0-61 

E, — Ejr 

0-85 

0-93 

0-80 

v„-u 

0-74-1-51 

0-43-1-15 

0-54-0-93 


transitions from the ground state of the F 
center to its /ip-like states, where « ^ 3[131. 

It is instructive to make a rough estimate of 
the influence of electronic polarization on the 
ground state energy of the U center. If the 
electronic polarization is omitted, then 
equation ( I ) may be reduced to 

2 

= (13) 

f-l a 

where h has the same form as the Hamiltonian 
of the free H“ ion and F(rf — R„o) is the 
interaction of the /th trapped electron with 
the static field of the crystal in question and is 
replaced by the Madelung energy — {Me^\d), 
for Ir,! < R,„ in the above calculation. Here, 
we expect from the calculated values listed 
in Table 2 for the two variational parameters 
in the ground state wave function i/ig that the 
two trapped electrons spend most of their 
time inside the spherical region of radius /?„• 
Thus, the ground-state energy of the U center, 
based on Ho given by (13), is approximately 
given by 

Me^ 

Eo= (t/>„(r,,r2)l/j|i/»„(ri,r2)) -2-^ (14) 

where the first term in ( 14) may be regarded as 
the ground-state energy of the free H“ ion, 
which is of the order of —14-4 eV [16] and the 
second term is about — 16eV for KCl. Hence 
Eo ~ — 30*4 eV. This estimate compares well 
with- that of the usual point-ion model cal- 
culation in which polarization effects are 
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omitted. This is because the potential of a 
trapped electron due to the crystal field in the 
point'ion model is nearly the same as that 
used here, i.e. — {Me^\d), in the spherical re- 
gion of radius within which the ground 

state wave function is most predominant. On 
the other hand, using (4) for the effective 
Hamiltonian which includes electronic polari- 
zation caused by both the trapping center and 
the trapped electrons, and the wave function 
given by (8), the ground state energy of the U 
center in KCl is found to be —13-2 eV. This is 
about 17*2eV above the £o» which does not 
include the contribution from electronic 
polarization. This difference comes mainly 
from twice (for two trapped electrons) the sum 
of the contributions of last two terms in (6) to 
the total energy. The fourth term in (6) 
results from the canonical transformation for 
the interaction of a trapped electron with the 
electronic polarization field caused by both 
the trapping center and the trapped electron. 
This term may be interpreted as the repulsive 
Coulomb interaction resulting from the ex- 
change of virtual excitons between a trapped 
electron and the trapping center. The last 
term in (6) is the interaction of the /th trappied 
electron with its own exciton cloud (i.e. self 
energy) and takes the form — e“/r, ( 1 — 1/e*) -I- 
(1 — 1/e*) yj(r,) (see, for detail, (42) in 
[8]) where the second term contributes a 
relatively small positive energy to the total 
energy. As a result, the sum of the last 
two terms in (6) becomes eVr, (1 — l/e*)-»- 
e^/r, (1 — 1/e*) f(r,), whose contribution to 
the total energy in the calculation of the 
ground state is positive, and large because the 
average value of r, is very small. 

The above analysis leads us to conclude 
that the repulsive Coulomb interaction due to 
the exchange of virtual excitons between 
the trapping center and the trapped electrons 
is more dominant than the contribution from 
the self energy of the two trapped electrons 
(this is not the case in the F center problem) 
in the present problem and hence the inter- 


action of the electronic polarization field with 
the trapping center and the trapped electrons 
contributes a positive energy as large as the 
order of 20 e V. This is somewhat reduced by 
the attractive Coulomb energy arising from 
the exchange of virtual excitons surrounding 
the two trapped electrons. 

From the above discussion, we can make a 
remark about the binding energy of a substitu- 
tional H~ ion in a typical alkali halide crystal, 
say KCl. The net effect of the electronic 
polarization is to reduce its binding energy 
by about 1 7 eV and, on the other hand, the 
interaction of the two trapped electrons with 
the static crystal field (Madelung energy) 
increases the binding energy by about 16eV. 
Accordingly, the binding energy of the 
substitutional H~ ion is less than that of the 
free H" ion by a small amount. 

Acknowledgement — are very grateful to Dr. H. K. 
Rockstad for sending us some unpublished information 
which was very helpful to this work. 
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Abstract — A first order quasi-chemical treatment of binary interstitial solid solutions has been given. 
The enumeration of the nearest neighbor pairs is simplified by only considering those pairs whose 
number depends on the atomic configuration of the solution. Simple expressions have been derived for 
the partial Gibbs free energy and thermodynamic activity of an interstitial solute atom in terms of the 
pairwise interaction energy between two nearest neighbor solute atoms. It is shown that the equations 
yield the appropriate results in the limits when the binding energy between solute pairs becomes zero 
or infinite. Finally the equations are shown to be compatible with the known activity of carbon in 
austenite and a computer fitting technique has been used to derive the value of the solute-solute binding 
energy concomitant with the closest fit of the experimental data fo the theoretical activity equation. 


INTRODUCTION 

With the exception of many hydrogen-metal 
solid solutions, the majority of interstitial 
solid solutions for which thermodynamic data 
are available exhibit regular mixing statistics. 
Their configurational entropy is ideal. The 
notable exception is f.c.c. iron containing 
carbon (austenite). This solution shows large 
departures from Henrian behavior even at low 
solute concentrations and many models have 
been proposed to explain this departure. 

Speiser and Spretnak[l] proposed a model 
in which the repulsive interaction between 
C-atoms in austenite is manifested by each 
C-atom excluding an integral number of 
nearest neighbor interstitial sites from 
occupancy by further C-atoms. This simple 
model is in reasonably good agreement with 
the thermodynamic data. The blocking model 
has been applied by Kaufman, Radcliffe and 
Cohen [2] to a study of the austenite-ferrite 
transformation, and McLellan, Garrard, 
Horowitz and Sprague [3] have considered the 
overlapping of sites excluded by more than 
one solute atom. Furthermore, the large 
increase in the difFusivity of C in austenite 


with increasing C-concentration has been 
explained in terms of the site exclusion model 
[4]. 

However, despite the successes of the ex- 
clusion model, the concept of a C -atom nearest 
neighbor pair having an infinite repulsive 
interaction for certain orientations and 
essentially a zero potential energy for other 
equivalent orientations is not realistic. The 
exclusion model should be considered as 
involving an enseml^le average non-integral 
number of excluded sites due to a finite 
repulsive interaction. 

Darken and Smith [5] set up a model in 
which a C-atom located in its octahedral site 
has either one or no neighboring C-atoms and 
a C-atom does not interact with another 
solute atom located at a greater distance than 
the first shell of interstitial sites. 

Recently Aaronson, Domian and Pound [6] 
(ADP) have compared the models discussed 
above as well as an equation derived by Fow- 
ler and Guggenheim[7] and by Lacher[8] 
which is based on a quasi -chemical treatment 
of surface adsorbtion. ADP show that all of 
these models are in reasonable agreement with 
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the data but they point out that the complex 
equation for the carbon activity deduced from 
the Lacher-Fowler-Guggenheim (LFG) 
treatment does not give the correct expression 
in the limit when the pairwise interaction 
energy wy between C-atoms becomes infinite. 
Furthermore, they showed that the LFG 
model fits the known activity data only if tay is 
strongly dependent on temperature. 

In this papter a quasi-chemical treatment of 
interstitial solid solutions is given. An equa- 
tion for the free energy of the solute is derived 
which yields the appropriate expressions in 
the limits when the pairwise interaction energy 
tends both to zero (ideal mixing) and infinity 
(complete blocking). The model is shown to be 
consistent with the activity data for carbon in 
austenite within certain limitations governed 
by the adequacy of the known data. 

THEORETICAL MODEL 

The calculation is based on the quasi- 
chemical or first order formalism given by 
Guggenheim [9] in which the total energy of 
the solution is given in terms of pairwise 
interaction energies between nearest 
neighbors. 

The solid solution is represented schemati- 
cally in Fig. 1 ; the squares represent the 
octahedral sites (£) in the f.c.c. solvent lattice 
and the black circles are solute atoms iu- 
atoms). The solvent (v) atoms are repre.sented 
by the white circles. Since the number of v~v 
and u-v pairs remains constant for a given 
composition for all configurations, we can 
describe the thermodynamics of the solution 
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Fig. I . Schematic representation of interstitial solution. 


by just considering the lattice gas of w-atoms 
on the lattice of octahedral sites. The coordina- 
tion number Z is the same for E-sites and 
solute atoms. The number of solute atoms is 
N„, the number of solvent atoms is /V,,, and the 
number of octahedral sites is then Nr^. In the 
f.c.c. lattice /3 = 1 for the octahedral sites and 
/3 = 2 for the tetrahedral sites. In this treat- 
ment we assume that the solute atoms occupy 
only the octahedral sites. Let the number of 
E-u (and u-E) nearest-neighbor pairs in some 
configuration be Zk: the numbers of the other 
relevant pairs and their assigned energies 
given in Table 1 in terms of A. (The energy 
zero is that of atoms at rest in a vacuum so that 
all the above energies are numerically 
negative.) 

The configurational partition function for 
the lattice gas subassembly is 


Table 1 


Kind of pair 

No. of such pairs 

Energy per pair 

Total energy 

E-E 

iZ(N„^-N.-A.) 

0 

0 

E~ u \ 




u-e\ 

Z\ 


ZXCa 

u — u 

iZ(Ar„-X) 


4z(N„-\)£„„ 

Total No. of ail 

iZN.fi 

— z 

.r, . 1 

pairs 



L “ 2 “"J 
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i^UJC — 2 ^v) 

K 

exp {-z[xe„ + ~ ^K u]lkT'^ (D 

where g{\,N.u,N„) is the number of dis- 
tinguishable configurations. Assuming that the 
various pairs do not interact leads to a value of 
gik,Nu,N„) given by 

{iZA.,/3} ! 

{iZ(A„)8-/V„-X)}!UZ(N„-\)}![{UZ}!]" 

where the squared term arises from the dis- 
tinguishabiHty of u-E and E-u pairs. Summing 
this expression over all A. does not give the 
correct total number of pairs. This problem 
can be eradicated, following Guggenheim [9], 
by inserting a normalizing factor /i(N„,N,,) 
which can be determined from the restriction 
that the summation of g(X,Nu,jV,,) overall X 
must equal the total number of possible con- 
figurations of the atoms in the crystal. 


place the summation in equation (1) by its 
largest term (that for which X = X). Differen- 
tiating with respect to X shows that^ is deter- 
mined by 


t 




— g-Ae/fcT 


(2) 


where At = 2e„ — e„u, the binding energy of a 
ii — u nearest neighbor pair. This is the equa- 
tion of quasi-chemical equilibrium. 

Since we wish to assume that the interac- 
tions between the «-atoms are repulsive, Ae 
must be numerically negative. Since the con- 
centration of solute atoms 6 = NJN^ is much 
less than unity, the discriminant of the 
quadratic equation (2) is positive and less 
than unity. The appropriate solution is 




where 


cr = I — 


V h{N,, yV.,)UZiV,j3}! {N,m\ 

4 aZ(A„/3-N„-X)}!aZ(N„-X)}![{iXZ}!]'^ {A„/3- A/J Wj’ 


The summation in the preceding expression 
can be replaced with sufficient accuracy by its 
largest term [9]. Differentiating this expression 
with respect to X, we find that X*, the value of 
X giving the largest term, is determined by 


X* = N„ 




This is exactly the value X would have in a 
completely random solution. Thus, g(X, N„, 
yVi,) is given by 


Taking the limit when Ae 0 (o-— >0), and 
using the expansion of (I — x)*'* for x I , it is 
easy to show that we get the random solution 
value for X. 


LtX = X* = 
0 




If the repulsive interaction is infinite, cr —* I, 
and it is easily shown that 

U X ^ 


g{\, 


( ! UZ(N„/8-N„- X-^)} !BZ(jV„- X^)} mZk*} !]^ 

{iV„/3-N„}!N„! {iZ(N,i8-N„-X)}!UZ{N„-X)}![{iZX}!]* 


This value can then be placed in equation (1) This is the expected result since the number 
for the partition function. Again we can re- of u — E and E—u pairs should then be ZiV„. 
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The expression for the configurational re-writing gives for the chemical potential of 
partition function becomes a solute atom in solution 


X exp|-z(x6,+ (3) 


Consequently, the configurational free energy 
and chemical potential are given by 


M 


Zeu-TS,-+kT\r\ 


m 


F u:f — kT In Cl /,(,(' 



(4) 


From equations (3) and (4) we get 


t^mc — 




It is easy to show that as Ac —*■ 0, this formula 
gives the correct expression for /x*, the chemi- 
cal potential of an infinitely dilute interstitial 
solution 

= Zc„ - 7’5,/ + AT Iny:^- 


2 

This can be re-written in the form 


Thus we see that Ze„ = C„, the partial energy 
of the solute atoms in the infinitely dilute 
solution. Thus we can finally write 


~ AT In 


/ g//3 Y^-Y l-g//3-<j. \^‘ 
VI -W \ ) 


+ Zc„ 


ZAc 

2 


(5) 


eip 


/i. = £„ - T5„'' + AT In -j _ 


ZAT 

2 


In 


Olfi 

i~eii3 




where 


1 - { 1 - 4 (1 - 91^(1- 610 ) } 

2(1 


Note that all the partial energy and configura- 
tional entropy terms are contained in equation 
(5). Assuming the partial excess entropy 5„'’ 
is constant and does not depend on composi- 
tion, we have 


M = fJt-wc-TSu^. 

Inserting the term — TA/ in equation (5) and 


The deviation from Henrian behavior is all 
contained in the last term so that 




ZkT 


In 



l-g/j3-d>\ 

/ 


MkT 


Now if we put Ac — w, the limiting value of 
/X can be shown to be 


fx. £„ TSu' + ATln ^ l)/j8' 

This is the correct expression for an interstitial 
solution in which all nearest neighbors of a 
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given solute atom are excluded from occu- 
pancy by other solute atoms [10]. 

Finally from the definition of the activity of 
the activity of the solute, o„, 

fi — £■„“ — kT In 
and equation (6), we can write 

1-6113 ® 

In terms of the activity of the infinitely 
dilute solution 


( Vi 


li-w 

1 }\ 





CARBON CONCENTRATION ( 9 ) 


In these equations and 5,/' are the energy 
and entropy per atom of the pure solute in its 
standard state and 

AC, = r(S/-5,«) 

= A£,~rAS/ 

where A£„ and A5„'' are the relative partial 
energy and non-configurational entropy of a 
solute atom in solution with respect to the 
pure solute. 

In the next section equation (7) is compared 
with the measured a-data for C in austenite 
and a computer fitting technique is used to 
find the best value of Ae concomitant with the 
closest fit of the experimental data to equation 
(7). 

COMPARISON WITH EXPERIMENTAL DATA 

For carbon in austenite the most extensive 
activity data have been measured at 1000®C. 
The data of six authors[l 1-16] is given in 
Fig. 2 in the form of a plot of the C-activity a 
with respect to graphite against the atom ratio 


Fig. 2. Activity of carbon in austenite at 1000“C. 


6. It can be seen that the several sets of data 
are generally in good agreement and the data 
points are extensive in the region of low con- 
centration where the departure from Henrian 
behavior is too small to be detected experi- 
mentally. 

The activity data can be expressed in 
functional form, 

a== (8) 

Note that the constant term, bo, does not 
appear since 0 = 0, a = 0 is a valid data point. 
A least squares computer program, using 
Cramer’s Rule [17], was written to determine 
the coefficients at 1000°C. Comparison with 
the error sum of squares of higher order ex- 
pressions showed that a third order expres- 
sion, with coefficients given in Table 2 was 
suitable. Two data points were omitted due to 
their obvious inconsistency with the remaining 
87. 
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Table 2. Coefficients for 
activity data at 1000'’C 


6j = 9l056 
= 22-138 
6s « 640-94 


The only unknown quantity appearing in 
equation (7) is Ac. The coordination number 
Z is 12, /3 = 1, and A<5„ was obtained from a 
least-squares fit of the activity data of Fig. 2 
in the low concentration regular solution range 
(up to 0-02) using the coefficients of Table 
2. There are nine data points in this range. The 
value of AGu found was 5626-0 cal/mole. 
Using this value of AG„, the square of the 
difference between the a„-values in the whole 
concentration range given by equation (8) and 
those given by equation (7) were determined 
for many different Ae-values stepped in inter- 
vals of 10-0 cal. The best value of Ac was 
determined from the distinct minimum in the 
error sum of squares. This value was found to 
be Ac = — 1-05 kcal/mole. The degree of agree- 
ment between the experimental activity data 
(represented by equation (8) and equation (7) 
with Ac = — 1-05 Real is shown in Fig. 3. The 
solid line represents equation (8) and the 
points were taken from equation (7). The 
lower curve represents the activity of the 
Henrian solution having the same AG„ as the 
austenite. 

The activity of C in austenite has also been 
determined at 800°C by several authors [12, 
13, 15, 16J and at 925° and 1050°C by Ellis, 
Davidson and Bodsworth[I8]. All of these 
data show large departures from Henrian 
behavior. Those for 800°C are shown in Fig. 
4. Unfortunately, the data fitting technique 
used for the 10()0°C cannot be applied to 
these sets of data with much confidence since 
the corresponding AGu-values are not 
accurately determinable. At 800°C, excluding 
the two obviously inconsistent points, these 
are only four data points in the low concen- 
tratioj^ange. A similar situation pertains for 
the Mata of Ellis, Davidson, and Bodsworth 



Fig. 3. Comparison of measured C'-activity in austenite 
and that calculated from equation (7) with A£ = — 1-05 
kcal/mole. The continuous curve is the curve-fit repre- 
sentation of the data. 

and in addition, there is a large degree of 
scatter in the data for 925°C. However, 
graphical means were used to estimate the 
slope of the a-B plots for thes^sets of data in 
the low ^-range and the AG„-values thus 
estimated were used in the computer fitting 
program to estimate Ac from the measured 
data and equation (7). Values of -1-4, -2-2, 
and -3-5 Real were obtained for the 800°, 925° 
and 1050°C data respectively. However, little 
significance can be placed in diese numbers 
since the values of AC„ did not show a reason- 
able variation with temperature. 

CONCLUSIONS 

A first order model for interstitial solid 
solutions based on the quasi-chemical metho- 
dology of Guggenheim[9] has been set up. 
The resulting equation for the partial free 
enai^y of the solute atoms contains one un- 
known parameter Ac the solute-solute pair 


/ 
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CARBON CONCENTRATION (fl) 

Fig. 4. Activity of carbon in austenite at 800®C. 


binding energy. The relative partial free energy 
of the infinitely dilute solution. can be 
regarded as an experimentally determined 
quantity. It is shown that in the two limiting 
cases where Ac —*■ 0. the model becomes 
equivalent to the case of regular mixing and in 
the limit where Ae — » — o®, the model becomes 
equivalent to the well-known approximation 
where all the interstitial sites nearest neighbor 
to a given solute atom are excluded from 
occupancy by further solute atoms. 

A data fitting technique has shown that this 
model is compatible with the known activity 
of carbon in austenite at 1 000“C and the value 
of the C-C pair binding energy determined 
from this fit is — 1 -05 kcal/mole. 

It must be remembered, however, that in 
reality the approximation made that the partial 
excess non-configurational entropy is constant 
may not be justified and there may be a small 
difference between the vibrational entropies 
of two isolated solute atoms and two nearest 


neighbor solute atones. Thus, Ac should really 
be a free energy and may be temperature- 
dependent due to the T AS term. This may be a 
reason why activity data for carbon in aus- 
tenite measured at vatrit^us temperatures could 
not be fitted to the theoretical equation for a 
with a single constant value of Ac. However, 
at this time it is believed that only at 1000“C is 
the data really adequate to determine AG^ 
with sufficient accuracy. 
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Abstract— The electrical conductivity of single crystal lithium niobate (LiNbOj) was determined as 
a function of temperature for various oxygen partial pressures. The electrical conductivity is pro- 
portional to which can be explained by a defect equilibrium involving singly ionized oxygen 

vacancies and electrons. 

Measurements of electrical transport numbers at 1000°K show the electrical conductivity of LiNbOa 
to be ionic at one atmosphere of oxygen and electronic at low oxygen partial pressures. 

Thermoelectric measurements indicate that LiNbO, at low oxygen partial pressures is n-type and 
that the concentration of electrons at 1000°K and in an atmosphere of 50% CO/50% C02 is 4x 
lO’Vcm-'* with a mobility of I -7 cm'/V sec. 

The diffusion of oxygen in LiNbO, was determined as a function of temperature at an oxygen 
partial pressure of 70Torr. by measuring 0'*/0’* isotope exchange with the gas phase as a function 
of time. The diffusion data may be represented by D = 3-03 x 10*® exp(— 29*4 kcal mole*VRT)cmVsec. 
Consideration of the Nernst- Einstein relation for oxygen and the variation in conductivity with LijO 
activity indicate that the ionic conduction is caused by transport of lithium ions. 


1. INTRODUCTION 

Lithium niobate (LiNbOa), rhombohedral 
R3c, has important potential applications in 
laser modulation and laser frequency doubling 
because of its nonlinear optical coeflicients 
[1-3]. The major obstacle to the use of 
LiNbOg crystals in laser applications is the 
generation of light scattering inhomogeneities 
during service. These inhomogeneities are 
referred to as radiation damage [4] and the 
extent of the damage increases with the inten- 
sity and duration of the light exposure. The 
nature of the damage mechanism is not well 
understood, but it may result from the forma- 
tion of traps at oxygen vacancies. This 
investigation was designed to study the defect 
structure of LiNbOg by obtaining data on the 
electrical conductivity as a function of tem- 
perature and oxygen pressure, and by in- 
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vestigating thermoelectric power and oxygen 
diffusion as functions of temperature at 
selected oxygen partial pressures. The elec- 
tronic and ionic transport numbers were also 
determined as a function of oxygen partial 
pressure at 1000°K. Bergmann[5] has recently 
measured the electrical conductivity of 
LiNbOg and found that the conductivity is 
proportional to which indicates the 

formation of singly ionized oxygen vacancies. 

2. EXPERIMENTAL 

All measurements in this investigation were 
made on Czochralski grown single crystals 
(Supplied by Crystal Technology, Inc., 
Mountain View, Calif.) free of gaseous 
inclusions and prominent low-angle grain 
boundaries. The starting materials for crystal 
growth were 99-999% pure LijCOg and 
99-999% pure Nb20s. Crystals were aligned 
by X-ray diffraction and cut in specific low- 
index orientations. Both i>oled and unpoled 
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crystals were used. In order to minimize any 
small random variations, the specimens used 
in this study were cut from a minimum number 
of large LiNbOg boules. 

A . Electrical conductivity 

A four-point probe method was used to 
measure electrical conductivity in rectangular 
bars, typically 3x3x15 mm, with dimensions 
uniform within ±0 01 mm. The two current 
leads were 0-020 in. platinum wires inserted 
in holes located within 1 mm of each end of 
the specimen. Each current lead was wrapped 
around the crystal at the end, and the two 
current leads suspended the crystal free of 
any other support. Two Pt-Pt, 10% Rh 
thermocouples (0-010 in. dia.) inserted in 
holes located 2-5 mm from each end served 
to measure both temperature and electrical 
potential. All holes in the specimens were 
drilled ultrasonically, which resulted in a slight 
taper. The thermocouple beads were tightly 
wedged into the tapered holes by pulling the 
lead wires through the smaller opening of 
the hole, which had been drilled through the 
crystal. The test crystal was mounted from the 
end of an alumina fixture inserted in a silicon 
carbide-heated tube furnace. A proportional 
temperature controller was used. 

The electrical conductivity was determined 
by measurement of the potential drop between 
the two thermocouple/potential leads for 
known electrical currents passed through the 
crystal. The current was determined from the 
voltage drop measured across a lOOOfl 
precision resistor connected in series with 
the crystal sample. A variable frequency a.c. 
generator was used as the current source to 
prevent possible electrochemical dissociation 
of the crystal, and the frequencies were kept 
low, approximately 50 Hz, to minimize 
capacitance contribution to the impedance. 

Both the current measuring voltage and 
the voltage drop across the crystal were 
fed into the dual trace amplifier circuit of a 
1 Mftji^T Tektronix Type 561 oscilloscope. 
This provided a differential reading of the 


potential drop across the crystal without any 
reference to ground or other potential sources. 
The dual voltage display in effect permitted 
determination of crystal resistance and 
allowed ready evaluation of capacitance con- 
tributions to the impedance. Corrections were 
made for the internal impedance of the 
oscilloscope at high crystal impedances 
and the oscilloscope was periodically cali- 
brated against precision resistors to ensure 
accurate measurements. Electrical noise was 
minimized by using shielded cables outside 
the furnace and a grounded nickel sheath 
surrounding the furnace tube in which the 
crystal was located. 

A dynamic gas atmosphere was used to 
control the oxygen partial pressure above the 
LiNbO, crystal. The oxygen partial pressure 
was varied from 1 atm to 10~2’'atm by using 
oxygen, argon, and mixtures of CO and CO., 
or Hj and H-^O. The CO/CO 2 gases were 
purchased as pre-mixed gases while the 
H 2 /H 2 O mixture was obtained by saturating 
H 2 with H 2 O at a specified temperature. The 
oxygen pressure of these gases was checked 
at 8(X)°C using an oxygen sensor containing a 
Pt; Zr02(CaO); Ni/NiO Pt cell. The attain- 
ment of equilibrium between the LiNbO;, 
and the surrounding atmosphere was assured 
by heating the crystal in a given atmosphere 
for 24 hr at 1 000°- 1 1 00‘’C. 

A series of measurements was then made 
at different temperatures. After each tempera- 
ture change, sufficient time was allowed for 
equilibrium to occur before a conductivity 
reading was taken. Data taken after the 
temperature was raised were compared for 
convergence with data taken after the tem- 
perature was lowered to the measurement 
temperature. 

B. T hermoelectric power measurements 

Thermoelectric power data were obtained 
by placing the crystal in a temperature 
gradient of approximately 10°C/cm and then 
jneasuring the potential and the temperature 
difference developed between the thermo- 
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couple/potential leads. The potential was 
determined by means of a Keithley 600 B 
high impedance electrometer. 

Thermoelectric data were taken as a func- 
tion of temperature between 700°C and 
1 150“C using a 50% CO/50% CO 2 atmosphere. 


where M„ is the number of moles of oxygen 
in the gas phase and tq and r are the ratios 
of '”0 to ’®0 at time zero and at time t, 
respectively. The ,^*0 to ^®0 ratio, r, is related 
to the to ratio, R, by the relation- 
ship /•= RI2 + R,and is given by 


C. Oxygen diffusion 

Measurements of oxygen diffusion rates in 
LiNbOg were made by monitoring the ratio 
of “"*02 to as a function of time in a 
limited volume of well mixed gas surrounding 
the specimen. 

Oxygen that analyzed 99-6 atom% '®0 was 
purchased from the Bio- Rad Laboratories, 
Richmond, California and was diluted with 
normal oxygen to yield an '®0 to '®0 ratio of 
between 5 and 10 per cent. Samples of the 
gas phase were taken periodically during the 
diffusion experiments and analyzed with a 
Consolidated Electrodynamic Corporation 
mass spectrometer, Type 2 1 - 1 03C. 

A plane sheet geometry was used for the 
LiNbOn single crystal samples. The solution 
of the one-dimensional nonsteady state diffu- 
sion equation for this type of system is [6] 


^ 2a(]-Ha) 



( 1 ) 


where is the total amount of diffusing '®0 
that enters the sheet in time /, and is the 
quantity of that enters in infinite time, 
a is the ratio of the total number of moles 
of oxygen in the gas phase to the number 
of moles of oxygen in the solid. D is the diffu- 
sion coefficient, 21 equals the thickness of 
the sheet, and the q,'s are the nonzero 
positive roots of 


Vax\qn^—aq„ ( 2 ) 

M, was calculated from the oxygen isotope 
ratios using the following equation: 


(4) 

where M, is the number of moles of oxygen 
in the solid phase. Equation (4) includes a 
term to account for the 0-2% content of 
the oxygen in the specimen. The diffusion 
coefficient can be calculated by comparing 
the experimentally observed MjM^ with 
curves of vs. {DtlFy'^ calculated 

from equation ( 1 ). 

Lithium niobate sheets were cut from a 
single crystal boule so that the diffusion 
direction was along the c axis of the crystal. 
The sheets were then lapped to obtain parallel 
faces and polished using \-fi diamond grit. 
Several sheets of constant thickness were 
used in each run, so that final fractional uptake 
of ‘"O was always greater than 50 per cent. 
Annealing of the LiNbO,, in natural oxygen 
prior to the diffusion experiments did not 
alter the calculated oxygen diffusion coeffi- 
cients within experimental error. 

The experimental apparatus used for the 
diffusion anneals consisted of a fused silica 
heating chamber and a Pyrex glass vacuum 
system with a total working volume of 345-2 
cm®. A pump was used to circulate the gas 
continuously during the experiment to ensure 
that isotopic concentration gradients did not 
occur in the gas phase. Preliminary isotope 
exchange experiments were conducted to 
determine the extent of oxygen exchange 
with the walls of the diffusion apparatus. A 
temperature of 1 000°C was selected since this 
was the highest diffusion temperature used in 
this study. The amount of oxygen exchange 
which occurred for times in excess of those 
used in the diffusion runs was negligible com- 
pared to the amount of exchange when LiNbOa 
samples were placed in the system. 
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Fig. 1 . A schematic representation of the Oj Pt; LiNbOj; Pt, Oj cell used 
in the measurement of electrical transport numbers. 


D. Transport numbers 

An emf method of measuring the electrical 
transport number was used in this study. 
Wagner [7] has shown that the total ionic 
contribution to the electrical conductivity 
is given by the ratio of measured and thermo- 
dynamic voltages, i.e. 


where 





nF 


i5) 

( 6 ) 


and where V is the voltage measured across a 
crystal due to the difference in oxygen partial 
pressure, tj is the ionic transport number, 
P'ot and F'oi represent the oxygen partial 
pressures on opposite sides of the crystal. 
F is Faraday’s constant, n is the number of 
equivalents involved in the ionic transport 
process, R is the gas constant and T is the 
absolute termperature. Figure 1 is a schematic 
representation of the apparatus used to meas- 
ure the transport numbers in LiNbOa- The 
output from the cell was monitored with a 
Hewlett-Packard digital voltmeter, Model 
Number 343 OA, 


3 . RESULTS 

The results of the electrical conductivity 
measurements are shown in Fig. 2 for LiNbOs 
in the as-grown condition. These data were 
obtained on LiNbOa hars cut perpendicular 
to the c direction of the equivalent hexagonal 


lattice. Electrical conductivity data were also 
measured on LiNbOg crystals cut perpendicu- 
lar to the a (prismatic) direction; however, the 
differences in conductivity between the two 
crystallographic directions were within ex- 
perimental error. 

Schmalzried [8] has pointed out that, in 
ternary ionic crystals, two independent vari- 
ables in addition to pressure and temperature 
must be taken into account in order to un- 
ambiguously define the thermodynamic state 
of the system. For each datum point presented 
in Fig. 2 only three variables were fixed, i.e. 
pressure, temperature, and the chemical ac- 



lO^/T * 


Fig. 2. Electrical conductivity of LiNbOs a function of 
reciprocal temperature for various gaseous atmospheres 
(a, ^CO/ICO*; b, 90CO/10CO,; c, 4-28H,/lHjO; 
d, 50CO/50CO,; e. 10CO/90CO,: f, 1CO/99CO,; g, 
argon, h, oxygen). 
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tivity of oxygen. In order to establish the 
chemical activity of another component in 
this system, we placed LigO in a platinum boat 
just beneath the LiNbOg crystal, and the level 
of the LizO was adjusted so that a distance of 
3 mm existed between the LijO and the 
LiNbOg. The LizO extended upstream and the 
gas flow was reduced to a minimum in order 
to allow equilibration by vapour exchange 
between LiNbOs and LizO. 

The addition of LijO to the system and equi- 
librating at temperatures between 1000° and 
1300°K had no measurable effect on the con- 
ductivity at oxygen pressures less than 10“® 
atm but produced large changes in the electri- 
cal conductivity values measured in oxygen 
at one atm as shown in Fig. 3. The upper curve 
shows the equilibrium electrical conductivity 
values obtained in the presence of LigO, and 
has an apparent activation energy of 43 7 kcal/ 
mole. The lower group of parallel solid lines 
shown in Fig. 3 represent conductivity meas- 
urements without LijO being present. They 
illustrate the variation in electrical conduc- 
tivity obtained by using LiNbO., samples cut 
from three different crystal boules, each 
having a slightly different lithium content. The 
sensitivity of electrical conductivity to LizO 



Fig. 3. Variation in the electrical conductivity of lithium 
niobate in 1 atm of Oxygen (a) equilibrated in LizO and 
(b) as grown crystals. 


activity at oxygen pressures of 1 atm is con- 
sistent with a cationic conduction model that 
will be discussed later in the paper. The in^ 
sensitivity of electrical conductivity to LigO 
activity at low oxygen pressures is caused by 
the dominance of electronic conduction aris- 
ing from a defect equilibrium that is to a first 
approximation independent of the LijO 
activity. 

The oxygen partial pressures below 10“® atm 
resulting from CO/COg mixtures and Hg/HgO 
mixtures depend on gas phase equilibria. Equi- 
librium constants for these equilibria were ob- 
tained from JAN AF [5] tables, and the oxygen 
partial pressures were calibrated for various 
temperatures in order to obtain a plot of 
electrical conductivity vs. oxygen partial 
pressures, which is shown in Fig. 4. The 
electrical conductivity in LiNbOs depends on 



-30 -20 -10 0 


LOG (atm)] 

Fig. 4. isothermal plot of the electrical conductivity of 
LiNbOs as a function of the partial pressure of oxygen. 

for oxygen pressures less than approxi- 
mately 10“® atm. This oxygen pressure de- 
pendence fits a defect model wherein singly 
ionized oxygen vacancies and free electrons 
are generated within the crystal lattice. Oxy- 
gen in the atmosphere is in equilibrium with 
these defects according to the f^ol lowing reac- 
tion, using Kroger-Vink notation: 

Ool^V^ + e '-inoAg) 


( 7 ) 
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and the equilibrium constant is • 

The oxygen pressure dependence of the 
electrical conductivity is derived from the de- 
fect equilibria by assuming for reasons of 
electrical charge balance that the concentra- 
tion of free electrons («) is equal to the con- 
centration of singly charged oxygen vacancies, 
(F'j). Hence, 

n = Kl''^P3r (8) 

and, since the electronic conductivity is pro- 
portional to the free electron concentration, 
it is also proportional to The data 

represented by the solid lines in Fig. 4 were 
force-fitted to a — { slope, while the dashed 
lines merely serve to connect these data to the 
data obtained in 1 atm of oxygen and equi- 
librated above Li^O. The change in slope in 
Fig. 4 indicates a possible change in the mech- 
anism of electrical conductivity. We therefore 
investigated the electrical transport numbers 
in order to justify the defect model given in 
equation (7) and the change in slope in Fig. 4. 
These data are presented in Table 1. The last 
data entry in Table 1 was taken before equi- 
librium had been completely established, thus 
resulting in a value that is considered to be 
high. However, these data indicate that 
LiNbOs at 1000°K and 1 atm of oxygen ex- 
hibits only ionic conduction; whereas lower- 
ing the oxygen pressure causes the conduction 
to become completely electronic. 

As the oxygen pressure in equilibrium with 
LiNbOg increases, the vacancy and free 


electron concentrations decrease according to 
the defect equilibrium of equation (7). At 
sufficiently high pressures ionic conduction 
becomes appreciable and eventually dominant. 
This causes the log cr vs. log Pq, curves to 
deviate from a slope of — toward higher 
conductivity values than those predicted by 
the singly ionized oxygen vacancy model, and 
it is expected that the ionic conductivity 
should be independent of oxygen pressure. 

Electronic conductivity is a function of the 
current carriers, n, and their mobility, fi, as 
expressed in the conductivity equation, 

cr = nefjL (9) 

We are therefore interested in determining the 
number of current carriers and have used 
thermoelectric power measurements to obtain 
the desired information. The results of the 
thermoelectric power measurements on 
LiNbOa are presented in Fig. 5. The values 



Fig. 5. Thermoelectric power of lithium niobate as a 
function of temperature. 


Table 1. EMF Transport number measure- 
ments in LiNbOs at 1000°K 


P'o. 

p» 

“ o» 

V 

(mV) 

(mV) 

Ti 

Air 

Air 

0-2 

0-0 


Air 

1 atm (oxygen) 

-33-3 

-33-7 

0-99 

Air 

10"’“ (argon) 

12-7 

145 

0-087 

Air 

io-pf»<co/co,) 

00 

785 

0 0 

Air 

10-»*(CO/CO2) 

8-2 

982 

0-008 

Air 

10-«« (CO/CO,) 

27-2 

1182 

0-02 


measured were always negative indicating 
conduction by electrons in support of the 
proposed electron donor defect model. The 
mobilities of these electrons and the numbers 
of current carriers were calculated for various 
temperatures using the following equation [9]: 



In n -I - 2 In T -I- In 


2{2TTm*km'\ 

I. 


( 10 ) 
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where Q is the thermoelectric power in mV/“C, 
k is Boltzmann’s constant, n is the number of 
current carriers, m* is the effective mass of the 
electrons, and h is Planck’s constant. Assum- 
ing that the effective mass of an electron is 
equal to the mass of a free electron, we obtain 
a value for n at 1000‘'K of 4 x 10*^ carriers/cm* 
and a calculated conductivity mobility of 
1-7 cm®/V sec. 

The concentration of current carriers is 
exceedingly sensitive to the measurement of 
thermoelectric power, Q, and therefore the 
temperature dependence of the mobility 
calculated by means of equations (9) and (10) 
exhibits considerable experimental scatter. 
When mobilities were calculated using the Q 
values determined by the line drawn through 
the experimental points in Fig. 5, a tempera- 
ture dependence of fitted the data. This 
result indicates that lattice scattering deter- 
mines the electron mobility (9, 10] within the 
temperature range studied and that the use of 
equation (10) to compute carrier concentra- 
tions from the thermoelectric power measure- 
ments was justified. 

The conductivity includes both the tempera- 
ture dependence of the electron mobility and a 
term for the enthalpy of formation, A//,„ of 
the singly ionized oxygen vacancies. Sub- 
stituting equation (8) and the expression = 
into equation (9), we obtain 

(7^'“ - koeT~^‘-^ exp (11) 

where A is the entropy of formation of the 
singly ionized oxygen vacancies. Neglect- 
ing the pre-exponential temperature depend- 
ence of equation (11) over the rather limited 
temperature range investigated, we can obtain 
a value for A//,, by plotting the IncrPoj^'* 
vs. 1/7. This plot is shown in Fig. 6 and the 
enthalpy of formation of singly charged oxy- 
gen vacancies, AHy, is 97 -7 Real/ mole. The 
slope of Fig. 6 yields an apparent activation 
energy of 48-8 kcal/mole, which compares 
favorably with the value of 49‘5 kcal/mole ob- 
tained by Bergmann [ 1 ]. 



Fig. 6. Product of the electrical conductivity of LiNbOj 
and the i power of the oxygen partial pressure vs. recipro- 
cal temperature. 

Oxygen diffusion data obtained by monitor- 
ing the depletion of in a limited gas volume 
require the exchange process to be limited 
only by homogeneous diffusion, i.e. the rate of 
isQ to ‘*0 exchange at the surface of the solid 
should not be rate-limiting. In order to test the 
validity of this assumption, values of (Dr//®)*'* 
were determined from the measurement of 
MtlMoc, as described above. The values of 
{DtIF) should be proportional to time oi% 
for isothermal conditions and the data should 
pass through the origin of a plot of DtIP vs. 
time. These types of plots were determined 
for each diffusion run, and a typical plot is 
shown in Fig. 7, indicating that surface ex- 
change is not rate-limiting. All of the data re- 
ported in this paper exhibited a linear relation- 
ship between DtIP and t. 

The quasi-average penetration depths of 
diffusing into the LiNbOg as determined 
by the expression X^yg = v'ADt ranged be- 
tween 17 and 100/i, for the various diffusion 
runs. These penetration depths are sufficient 
to further show that a very slow surface ex- 
change limiting the rate of diffusion is not 
likely. 

Data obtained during the diffusion experi- 
ment, which exhibited contamination due to 
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TIME - •« K 10-^ 

Fig. 7. 4D//F vs. time for LiNbO, at 850“C. 

air leakage during the sampling procedures, 
were eliminated. Three diffusion runs during 
the study exhibited positive curvature on 
Dt//* vs. / plots. These runs occurred at the 
high and low temperatures investigated and no 
apparent reason could be given for the devia- 
tions from linearity. Since these data were a 
minor part of all of the data collected and be- 
cause these runs could not be reproduced, 
they were not included in the results. 

The results of the diffusion runs are pre- 
sented in Fig. 8, and the data is given to 95 
per cent confidence limits by 



Fig. 8. Oxygen diffusion coefficients in LiNbOj as a func- 
tion of reciprocal temperature. 


transport measurements is completely ionic. 
The method used to measure the transport 
numbers allows us to determine the amount of 
electronic and ionic conductivity, but does 
not provide a differentiation between con- 
duction by lithium ions, niobium ions, or 
oxygen ions. The possibility of oxygen ion 
transport was eliminated through the use of 
the Nernst-Einstein equation. 


TjO-RT 


D = 3 03 X 10-« 


+ 7-09 X 10-5 
-1-29X 10-^ 


exp (— 29*4 ±6'9 Real mole V/?T)cm^/sec 

( 12 ) 


These oxygen diffusion data were obtained 
for diffusion parallel to the c axis in LiNbOg. 
Several runs were also made for diffusion in a 
direction par^lel to an a axis. The values 
obtained were the same within experimental 
error as those oMained in the c direction. 

DISCUSSION 

The electrical conductivity of LiNbOa at 
1 atm of oxygen according to the electrical 


where Di is the diffusion coefficient of the ion, 
/If is the number of ions/cm^, and Zf is the 
valence of the ion. By using the measured 
diffusion coefficient, equation (12), and assum- 
ing that the oxygen diffusion coefficieht is 
independent of oxygen pressure between 
TOTorr. and 760Torr., we calculated a value 
for the oxygen transport number of 0-001 at 
1000“K using the Nernst-Einstein equation. 
This calculation assumed that all oxygen ions 
in the LiNbOs were available for conduction, 
which would give the highest possible value 
to the result. Since the measured ionic trans- 
port number for these conditions is TO, we 
conclude that the conductivity at 1 atm of 
oxygen is cationic. From a consideration of 
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ionic size we would expect lithium ions to 
carry the current rather than niobium ions. 
This conclusion is substantiated by the in- 
crease in electrical conductivity with in- 
creased Li 20 activity. 

At low oxygen pressures, the electrical 
conductivity of LiNbOs is electronic and the 
number of electrons is controlled by the defect 
reaction given in equation (7). Changes in the 
LigO activity in the system at low oxygen 
partial pressures result in changes in the 
electrical conductivity which are insignificant 
compared with the larger electronic con- 
ductivity. 

Electrical conductivity measurements were 
made using H 2 /H 2 O atm in addition to CO/CO 2 
atm to provide information regarding the prob- 
lem of actually achieving the oxygen partial 
pressure calculated from the CO/CO 2 equi- 
libria. The electrical conductivities obtained 
in H 2 /H 2 O atm shown in Fig. 4 are consistent 
with the values obtained in CO/CO 2 atm. It 
was therefore assumed that the oxygen partial 
pressures calculated from these gas equi- 
libria are correct. 

The extent of the effect of lithium defi- 
ciencies on oxygen diffusion has not been 
determined in this paper. The diffusion meas- 
urements were made on samples that were not 
equilibrated in Li 20 and this could exert a 
second-order influence on the oxygen ion 
diffusion coefficients depending on the manner 
in which electrical neutrality is maintained in 
LiNbO;,. It is known from the investigation of 
Smith et a/. [11] that a deficiency of lithium 
in LiNbO;j is at least partially compensated 
by substituting hydrogen ions. The possibility 
remains that charge balance in LiNbOa due 
to the deficiency in lithium could also be partly 
maintained by oxygen vacancies, which would 
influence the oxygen diffusion rate. 

5. CONCLUSIONS 

The following conclusions regarding the 
transport properties of LiNbOg can be drawn 
from this study: 

1. The differences in electrical conductivity 


and oxygen diffusion for the a mid c crys- 
tallographic directions in LiNbOg were 
within the experimental error of the tech- 
niques used for measuring these properties. 

2. Both ionic and electronic conductivity are 
exhibited. The electrical conductivity is 
completely ionic, at } atm of oxygen and 
1000°K, while for low oxygen partial 
pressures the electrical conductivity at 
1000“K becomes completely electronic. 

3. The electronic conductivity is proportional 

to this is attributed to a defect 

equilibria involving singly charged oxygen 
vacancies and free electrons. The enthalpy 
of formation of these singly charged oxy- 
gen vacancies is 97-7 kcal/mole, and the 
electronic conductivity is given by the 
equation o-p = 3-83 x 10^ Po»^‘* exp (—48-8 
kcal mole~V/?T). 

4. Thermoelectric power measurements 
show that LiNbOg is «-type. The electron 
mobility exhibits a temperature de- 
pendence indicating control by lattice 
scattering. The number of current carriers 
or electrons in LiNbOg at 1000‘’K and a 
50% CO/50% COzatm is equal to 4X 
lO’Vcm* and the mobility calculated from 
thermoelectric power and electrical con- 
ductivity measurements is 1 -7 cm* V sec., 

5. The electrical conductivity is dependent 
on the LigO activity in the system at 1 atm 
of oxygen (ionic conduction region), but is 
independent of the LigO activity for low 
oxygen partial pressures (electronic con- 
duction region). The ionic conductivity 
is cationic and most probably due to trans- 
port by lithium ions. The ionic conductivity 
for a crystal equilibrated in LigO is given 
by the equation o-( = 2-27 x 10* exp (-43-7 
kcal mole”'/-R7'). 

6. The diffusion of oxygen in LiNbOg at an 
oxygen partial pressure of 70 Torr. is given 
by the equation D = 3 03 x 10'® exp (—29-4 
kcal mo\c~^jRT). Surface exchange of oxy- 
gen on LiNbOg is sufficiently rapid that it 
does not have any apparent effect on the 
rate of oxygen diffusion in LiNbOg. 



2648 


P. J. JORGENSEN and R. W. BARTLETT 


j4cknoH'ledgements—Thc authors wish to acknowledge 
the contributions of D. Clark, G. Craig, and F. Knemeyer 
for the experimental measurements. They are also in- 
debted to A. Rosengreen and F. A. Halden for many help- 
ful discussions. 

REFERENCES 

1. BOYD G. D., MILLER R. C., NAUSAU K., 

BOND W. L. and SAVAGE W. L., /tppl. Pfiys. 

Letters 5, 234 (1964). 

2. MILLER R. C., BOYD G. D. and SAVAGE A.. 

App/. Phys. Letters 6, 77 (1965). 

3. GIORDMAINE J, A. and MILLER R. C.. Phvs. 

Rev. Letters 14.912 (1965). 

4. ASHKIN A.. BOYD C. D., DZIEDZIC J. M.. 

SMITH R. G., BALLMAN A. A., LEVINSTEIN 


H. J. and NASSAU K., Appl. Phys. Letters 9, 72 
(1966). 

5. BERGMANN B., Solid State Commun. 6,71 (196$). 

6. CRANK J., In The Mathematics of Diffusion, p. 52. 
Oxford University Press, London (1 956). 

7. WAGNER C., Z. Phys. Chem.Aht. B21. 25 (1933). 

8. SCHMALZRIED H., Progress in Solid State 
Chemistry (Edited by H. Reiss), Vol. 2. p. 265. 
Pergamon Press, Oxford ( 1 965). 

9. JOHNSON V. A., Progress in Semiconductors, Vol. 

I, p. 68. Heywood. London (1956). 

10. CUSACK N.. The Electrical and Magnetic Prop- 
erties of Solids, p. 216. Longmans, Green, London 
(1958). 

It. SMITH R. G.. FRASER D. B.. DENTON R. T. 
and RICH T. C.,J. appl. Phys. 39. 4600(1968). 



J. Phys. Chem. Solids Pcrgamon Press 1969. Vol. 30, pp. 2649-2656. Printed in Great Britain. 


PULSED NUCLEAR MAGNETIC RESONANCE OF 
GAMMA-IRRADIATED LITHIUM HYDRIDE* 

P. C. SOUERS, T. S. BLAKE, R. M. PENPRAZE and C. CLINE 
Lawrence Radiation Laboratory, University of California, Livermore, Calif. 94550, U.S.A. 

(Received 29 January 1968; in revised form 9 June 1969) 

Abstract — Some of the effects of ““Co gamma irradiation on lithium hydride are described. Volume 
increase and nuclear magnetic resonance data are given for samples irradiated from 40 to 395°C. 
Maximum swelling occurs between 160 and 200“C; negligible swelling occurs above 300°C. Motion- 
ally narrowed proton and 'Li nuclear magnetic resonance signals appear on irradiation and increase 
with increasing swelling. These decomposition products, which are trapped inside the LiH, can 
amount to more than one-tenth the total sample at doses of ~ 50 Grad. At this point, ~ 25 volume 
per cent swelling has occurred and the growth rate has subsided. The hydrogen nuclear magnetic 
resonance signal has been shown to come from molecules by observation of the ortho-para con- 
version on cooling. Hydrogen densities derived independently from the longitudinal relaxation 
time and the swelling data are in reasonable agreement. The corresponding gas pressures range 
from 750 to 5000 atm. The Hj is thought to be in bubbles which cause the volume growth, and recent 
electron microscopy results support this view. The 'Li signal has a Knight shift, and the lithium 
is present as metal particles. Above 200“C. the Hj and Li back-react rapidly. Above 300“C this reac- 
tion takes place as fast as the decomposition, which was caused by the irradiation. 


INTRODUCTION 

Pretzel[1,2] irradiated lithium hydride 
by putting ions into the crystal lattice. 

His data indicated that at temperatures 
below 0°C, LiH expanded at a low rate. 
Above room temperature, the LiH expanded 
quickly to 20 volume per cent (defined as 
region I), and then grew another 15 per cent 
more slowly (defined as region II). The 
fastest swelling was seen for 125-200° 
samples. At 300°C, the swelling was much 
slower. 

Pretzel also examined the irradiated LiH 
with broad line nuclear magnetic resonance 
(NMR) and saw motionally narrowed 
'^Li and ®H signals [2]. He suggested that 
these lines represented metal and gas, res- 
pectively. In a previous paper [3] we reported 
pulsed NMR measurements on samples 
containing ®H stored between 23 and 250°C. 
The percent of motionally narrowed ^H, 
as determined by NMR, increased with the 


‘The work was performed under the auspices of the 
U.S. Atomic Energy Commission. 


swelling. We suggested that the LiH decom- 
posed under radiation and that formation 
of hydrogen gas caused the region 1 swelling. 

2. THEORETICAL CONSIDERATIONS 

Pulsed NMR can be used for quantitative 
analysis of nuclei. Such spin counts are ob- 
tained from the initial height of the free 
induction decay (FID) following a 90° 
pulse [4]. The FID is the Fourier transform 
of the steady-state line [5] and at time zero 
is the sum of the frequencies of all the 
resonating nuclei within the line. Spin 
counting, therefore, involves comparing 
the FID heights from the LiH with a standard 
at time zero. The count is iiylependent of 
the nuclear relaxation times, provided that 
the interval between pulses is many times 
the longitudinal relaxation time (Ty) and that 
the 90° pulse length is much less than the 
transverse relaxation time (Tz). 

In a gas in which the molecular collision fre- 
quency is much greater than the NMR 
frequency, dipole-dipole relaxation causes 
Ty and Tj to be almost equal [6]. Lipsicas 
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and Bloom found that — 0-8 7, for gaseous 
hydrogen up to a density of 400amagats* at 
78°K[7] and decided that they were equal 
within experimental error [8]. Above 400 
amagats, other mechanisms besides the dipole- 
dipole may come into play so that T 2 < T\. 
For a gas of infinite extent, diffusion can affect 
a 90-180® measurement of T^- The Carr- 
Purcell sequence [4] will eliminate such 
effects, and the measured T^m will equal 
the true T^. But an ‘infinite’ system means 
that the nucleus moves only a small distance 
compared to the container size during the 
diffusion measurement [9]. During this time 
(Tim) a nucleus moves a distance 
where D is the diffusion constant. For hydro- 
gen gas at 1000 atm, this distance is about 
20 /x. In a small bubble, a molecule will 
bounce back and forth many thousand 
times during Tim emd will end up in almost 
the same magnetic field in which it started. 
Thus, the apparent diffusion constant (D') 
will be less than D. Such effects have been 
seen in experiments on methane [10]. If 
we use the equation ( 1 0) 

D' = — 

^ \0D{T2„r 

for a bubble size a = 1000 A, D' is l0~‘‘‘cmV 
sec, a very small value. This D' is too small 
to cause diffusion effects and the 90-180® 
sequence will give T 2 ,„. Wail relaxation may 
also be present in a gas of small volume [10], 
further lowering T^m- Such relaxation could 
also affect and a different quantity will 
be measured, 7,m. The time constant of the 
FID (Tig) will include all the above effects 
plus those due to any d.c. magnetic gradients 
that might be present at a bubble site. A 
measured must be less than the decay 
time caused by the magnet inhomogeneity. 

3. EXPERIMENTAL 

The LiH was synthesized from lithium 

■"One Eunagat of hydrogen equals 2-685 x lO'" mole- 
cules per cm^. 


metal and hydrogen gas [11]. Spectroscopic 
analysis of the resulting blue-violet LiH 
showed 60-150 parts per million (ppm) 
by weight Na; 3-90 ppm Al, Ca and Cu; 
and a few ppm Fe. Oxygen, determined 
by (y,n) activation [12] and Karl Fischer 
analysis[13], was 1000-5000 ppm. Carbon 
determined by (y,n) activation analysis, 
was 250 ppm. 

The LiH was irradiated at the Brookhaven 
National Laboratory in a cylindrical '*'’Co 
source of l5Mrad./hr intensity. Before 
irradiation, the LiH crystals were welded 
under a helium atmosphere into small cans. 
Five such cans were inserted into a cylinder 
wrapped with an electrical resistance tape 
heater. The temperature of the middle can 
was maintained by a proportional voltage 
controller. Use of nonuniform heater windings 
and variation in insulation allowed a range 
of temperatures to be reached for the other 
four cans. The temperature of each was con- 
tinuously monitored. The gamma ray dose 
was measured with cobalt glass[14, 15] 
and ceric-cerous sulfate dosimeters [16]. The 
dosimeter doses were converted to LiH doses 
by using the ratio of absorption coefficients 
which were calculated from the elemental 
Compton absorption coefficients [17, 18]. 

After irradiation, the LiH swelling was 
measured. Micrometer measurements were 
usually not possible because the sample 
fragmented under irradiation. A Beckman 
930 gas comparison pycnometer compared 
the volume displacement of the LiH against 
standard balls. The accuracy was ±0-03 cm'*. 

The NMR magnet had stability and homo- 
geneity of one part in 10'\ A homemade 15- 
MHz pulsed NMR spectrometer of conven- 
tional crossed-coil, phase-coherent design 
was used. The Hj field was 5 G, and only 
motionally narrowed signals could be seen. 
For signal-to-noise improvement, a 1-MHz 
voltage-to-frequency converter followed by 
a 400-channel analyzer operated in the multi- 
scalejnode was used. The maximum analyzer 
speed was 32 /isec per data point. 
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Spin-counting standards for hydrogen 
were naphthalene or various halogenated 
biphenyls dissolved in carbon disulfide 
or carbon tetrachloride. The standards for 
^Li were the acetate, benzoate, formate, 
sulfate, and tartrate salts dissolved in water 
with a pinch of cupric sulfate to speed up the 
relaxation process [6]. The standards were 
diluted to the same volume as the LiH: 
2-15 cm“. Six to twelve runs with three stan- 
dards were made on each LiH sample. 
Despite RC filtering on the FID's sharp 
edge and phase shift variations, the spin 
counts are thought to be accurate tort 10 
per cent for a sample containing 10-’ protons 
or more. Most data were taken at room tem- 
perature, but some measurements were made 
at liquid nitrogen temperature. 

All Ti’s were measured by the 180-90° 
sequence. The short FJD's of ^Li were un- 
affected by magnet inhomogeneities and 
a 90° pulse sufficed to give The hydrogen 
Taw’s were measured with the 90-180° 
spin echo sequence [4]. Although many of 
our nuclear decays appear to be true ex- 
ponentials, many others showed a repro- 
ducible tail beyond one or two time constants. 
Our tails probably come from having a dis- 
tribution of hydrogen relaxation times in 
these samples. To check for any errors due 
to our large sample volume, the relaxation 
times were run for protons in a HaO-DgO 
solution doped with FeCla to mask any diffu- 
sion effects. True exponential decays, with T, 
equal to Tg, were obtained with even the 
largest sample volumes. 

Diffusion effects were looked for, first 
using the steady-state [4] and then the 
pulsed-gradient techniques [19, 20]. Since 
the diffusion-controlled decay increases as 
the (time)^, echoes out to 2 T 2 m were observed. 
Steady-state gradients could be determined 
by observing the Bessel function FID[4]. 
For the pulsed gradient, diffusion effects 
were observed in water with a known diffusion 
constant of 2-5 x 10“^ cm^/sec[4]. Pulsed 
gradients of 100 G/cm were achieved. 


4. RESULTS AND DISCUSaON 
The spin count results for ““Co-irradiated 
LiH are shown in Figs. 1-3. All three graphs 
are plotted as a function of the irradiation 
temperature. Figure '■ 1 shows the percent 



IrradiaOon temperature — “C 

Fig. I. Percent volumetric swelling of irradiated LiFI 
as a function of irradiation temperature. Numbers are 
doses in Grad. The lowest temperature point in each 
set is 2.^ per cent lower in dose than the value given. 

of volumetric swelling; Fig. 2, the atomic 
percent of the total number of hydrogen 
nuclei as counted by NMR in the motionally 
narrowed state; and Fig. 3, the same for 
^Li. The symbols in Fig. 3 with downward 
arrows represent lower limits of sensitivity 
for which no signals were seen. The uncer- 
tainty of file data is caused by the + 10 per 
cent spin count error, a +4 per cent tem- 
perature variation during irradiation, and the 
room temperature annealing that took place 
before the measurements could be taken. 
Measurements taken several months later 
show evidence of this annealing. Several 
samples showed 10-20 per cent less hydrogen 
and two showed more lithium. We take this 
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IrradiaHon I'emperature — °C 

Fig. 2. Atomic percent of motionally narrowed hydrogen 
counted by NMR as a function of irradiation temperature. 

Numbers are doses in Grad. 

to indicate partial recombination and precipi- 
tation of the metal. It is concluded from 
Figs. 1-3 that the sv/elling is proportional 
to the amounts of motionally narrowed 
H and ^Li present. A second important 
point is that in three graphs the maxima 
is between 160 and 200°C, and zero appears 
to be approached at about 300°C. Above 
260®C, the hydrogen and lithium presumably 
back-react faster than they can form during 
irradiation. 

The Knight shift of the motionally narrowed 
’’Li is a good demonstration that metallic 
lithium is present [21, 22]. For ^Li in normal 
metal, the Knight shift is 2-61 x lO’"' with 
Respect to aqueous LiNOa solution [23]. We 
checked nine samples to ± 10 per cent, 
showing sfei||, in the proper direction of 
2*69-2*85 X 10^^. It has been reported that 
LiF neutron-irradiated at 77“K has a motion- 
ally fi^owed lithium signal without a Knight 



0 100 200 300 400 500 

Irradiation temperature — °C 


Fig. 3. Atomic percent of motionally narrowed 'Li 
counted by NMR as a function of irradiation temperature. 

Numbers are doses in Grad. 

shift [24]. This signal (observed at room 
temperature) was attributed to metal plate- 
lets containing only a few hundred atoms. 
We have seen no such species in our work. 

The motionally narrowed proton signals 
are from molecular hydrogen. Only ortho- 
hydrogen with parallel nuclear spins gives 
an NMR signal; para-hydrogen does not, 
because the opposite fields of the nuclei 
cancel each other. The percent of ortho- 
hydrogen is 74-93 at 300°K[25], and the 
hydrogen spin counts of Fig. 2 must be 
multiplied by 1 -34 to give true values for the 
amount of present. The percent of ortho- 
hydrogen is 50-2 at 77-3°K[25, 26]. The 
ortho-para conversion is slow compared 
to the time needed to cool the sample to 
liquid nitrogen temperature. At 77°K, one- 
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third of the NMR signal will gradually 
disappear as ortho-para conversion proceeds. 
Figure 4 shows the decay of the FID from 
a relative height of l-OO down to 0*67 for 
several samples. The ortho-para transition 
is known to be second order for solid and 
liquid hydrogen. The rate constant for solid 
hydrogen at 1 atm and 4®K is 3-6 x 10“® 
(%/min)~‘[27, 28]; in the liquid state, the 
transition is known to be faster[27]. In- 
creasing density speeds up the transition |^29], 
since the nuclear magnetic forces are more 
effective at closer range. The transition 
can be catalyzed by a variety of agents 
including diamagnetic liquids, paramagnetic 



Fig. 4, The approach to hydrogen ortho-para equilib- 
rium at 77°K. Data points = five samples: Relative 
FID height is plotted as a function of time. Dashed 
lines: upper = start of decay; lower = limit of decay. 

gases and salts, metals, and electric dis- 
charges. Paramagnetic salts, which probably 
have effects closest to those of color centers 
in LiH, can convert ortho-hydrogen to the 
para form in minutes; this conversion often 
is a first-order reaction [30]. The data of 
Fig. 4 are too scattered to show unequi- 
vocally whether our reaction rate is second- 
order; however, we have estimated a second- 
order rate constant from these data. Our 
rate constants vary between 1-1 and 12 x 10“* 
(%/min)“‘. The corresponding hydrogen 
densities (which will be derived below) 


in the samples showing these rates are 320- 
1100 amagats, respectively. Rates for solid 
hydrogen at 4®K under pressure range from 
6 to 27 X 10“® (%/min)“^ for densities of 
1000-1800 amagats rlespectively [29], 

The resonance transition of solid hydrogen 
is still motionally narrowed several degrees 
below the melting point [31]. Both the 
motional narrowing temperature [32] and the 
melting pointr33] increase with pressure. 
Extrapolation of melting point and motional 
narrowing will possibly show intersection 
at 77°K and 5000 atm — if indeed they intersect 
at all. Since solid hydrogen can be motionally 
narrowed, we must use the pressures to be 
derived below to decide on the state of the 
hydrogen. Our results suggest pressures 
too low for a solid, yet far enough above the 
critical pressure of 12-8 atm [34] that a liquid 
must be absent. We probably have a dense 
gas. 

The hydrogen relaxation times as a func- 
tion of irradiation temperature are shown in 
Fig. 5. The Fzm ® are real since we observed 
no diffusion effects in any of eight samples. 
With T-im's of 8-57 msecs, D' < 1-4 x 10“® 
cm^/sec. Our Tam’s equal T, only in the three 
samples irradiated at 265°C. 

The T, for normal hydrogen gas is found to 
be a function of density only [7] and not of 
pressure, as might be expected from gas kin- 
etic theory. T, rises linearly with density 
to about 600 amagats, whereupon it begins 
to rise more quickly. The Tj increases only 
5 per cent in cooling from room temperature 
to 77®K, at a fixed density. We have used 
T, here as a density calibration scale. We 
also assume our T^’s to be independent of 
NMR frequency. We then use the 77-5®K Tj- 
density curve at 30 MHz of Lipsicas and 
Hartland[35], which we have extrapolated 
from their top point of 880 amagats. Most 
of our data were taken at room temperature; 
for comparison, therefore, we ran an assort- 
ment of samples at 77°K. Each sample ir- 
radiated at 3 '5 Grad, and above showed no 
change in T^ (within a few percent) upon 
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Fig. 5, Nuclear relaxation times, 7, and for motion- 
ally narrowed hydrogen as a function of irradiation 
temperature. Numbers arc doses in Grad, Open symbols = 
7,: closed symbols = 

cooling from room temperature to 77°K. 
Low-temperature samples irradiated at or 
below I -3 Grad, showed room-temperature 
r/s of 300-400 msecs compared to r/s 
at 77“K of 135-205 msecs. The lowest 
temperature sample of the 0-5 Grad, series 
gave the respective values of 185 and 75 
msecs for room-temperature and nitrogen 
IVYL It is evident that (now 7,^) either 
becomes a function of density at very high 
densities or it is modified by wall effects in 
very small bubbles. The latter is evidently 
the case in the 0-35 Grad, sample where the 
r,’s are faiil^ low. We had to decide which 
if either, more accurately measures 
the density of bubbles in low-dose LiH. 
We have selected the T],„ at 77°K as the 


‘true’ value for two reasons: (1) Lipsicas 
and Hartland[35] show the 7, -density 
curve at 87-5“K starting to rise faster above 
700 amagats than the 77‘’K curve; (2) the 
densities derived from the 7i obtained at 
77‘’K agree better with the values obtained 
from swelling, as described below. For 
example, the 0*35 Grad, sample would have 
a density of 970 amagats from the room- 
temperature 7, and 580 from the 7, at 77‘’K. 
The density is 320 amagats as calculated 
from the swelling. Densities derived from 
data are shown as the open symbols in Fig. 
6 as a function of irradiation temperature. 
They decrease with increasing temperature. 

One way to check the T^-derived densities 
is to use the measured amounts of hydrogen 
and lithium and the swelling volume. We first 



Fig. 6. Hydrogen density as a function of irradiation 
temperature. Curves are drawn through 7i derived 
densities. Numbers are doses in Grad. Open symbols = 
7, derived densities; closed symbols = swelling derived 
densities. 
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have to make assumptions about what has 
caused the volume change in the LiH. In 
Figs. 2 and 3 it is shown that the lithium 
metal precipitates more slowly than the 
hydrogen is produced. At most, the measured 
amounts of and ^Li are the same. If we 
multiply the percent of hydrogen by the 
ortho-para factor of 1-34, we find an average 
lithium-to-hydrogen ratio of 0-76 for the 
ten samples with the highest Li/Hj ratio— 
not a ratio of one as expected from stoichio- 
metry. However, since 1 cm’ of LiH can 
produce L27cm’ of lithium metal, only 78 
per cent of the precipitated metal can fit 
within the original volume of LiH. Therefore, 
lithium cannot contribute to the volume 
expansion unless the excess lithium precipi- 
tates. We have observed this precipitation 
in one sample, which grew another 0-8 
per cent after a year’s storage. In general, 
we will assume that the lithium causes no 
swelling and that the hydrogen must be the 
cause. The swelling derived hydrogen 
densities are plotted as the closed symbols 
in Fig. 6. Comparing the independently 
derived densities, we find agreement on all 
low-dose and high-temperature runs, confirm- 
ing the 7, -density procedure. There is dis- 
agreement, however, for the high-dose 
samples irradiated at temperatures below 
200°C in which the swelling-derived densities 
are lower than those derived from T,. The 
latter are the true densities, and thus in these 
samples, the hydrogen occupies less than the 
swelling volume. These are region II samples 
and some of the hydrogen may have back- 
reacted and left voids behind. Some of this 
hydrogen loss may be caused by room- 
temperature annealing that started after the 
samples were removed from the ®“Co source. 
The hydrogen gas pressures [36, 37] corres- 
ponding to the above densities range from 
750 to 5000 atm at the temperatures of irradia- 
tion. 

Recent electron micrographs of the 1-3 
Grad, series show square voids [38], which 
are probably hydrogen bubbles. These voids 


are larger for higher irradiation temperatures 
and cover an average size range of rouj^ly 
100-1 500 A. 

The Tig results for T.i in LiH are shown in 
Fig. 7 where they alre, seen to rise with in- 
creasing irradiation temperature. T^g is 
probably a qualitative measure of the particle 
size. The size increases until d.c, gradients 
and wall relaxation affect only a few surface 
nuclei. Our longest Tig is identical with the 
Tig that we measured for chunks of the 
bulk metal. Wall relaxation has indeed been 



hig. 7. Nuclear relaxation time, T^g, for motionally 
narrowed Ti as a function of irradiation temperature. 
Numbers are doses in Grad. 


seen in micron-sized ^Li and “Na particles 
at room temperature [39]. We observed no 
phase shifting due to skin effects [40, 41], 
but lithium globules would have to have a 
40-fjb dia. before this would happen. We also 
ran ^Li 7i’s on eight samples. The 7i’s were 
107-142 msecs, the same as those for bulk 
lithium [42] and with no apparent dependence 
on sample history. 
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5. CONCLUSIONS 

LiH decomposes on irradiation and the 
products are trapped internaHy. The quantity 
of product hydrogen correlates closely with 
the region I swelling. Precipitation of lithium 
lags the production of hydrogen but hastens 
with increasing dose and temperature. The 
lithium -to-hydrogen ratio, which almost 
never exceeds 0-78, suggests that the lithium 
causes little or no swelling. This leaves 
hydrogen bubbles as being responsible for 
volume increases. Indirect evidence for this 
conclusion is furnished by the two indepen- 
dent derivations of density and the slow 
ortho-para conversion rates. 
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Abstract — The polarization behavior of zirconia-yttria solid electrolyte specimens with platinum 
electrodes has been studied over a temperature range of 400“ to 800“C and a wide range of oxygen 
partial pressures. The complex admittance of these specimens was determined over a frequency 
range from d.c. to 100 kHz. An analysis of these data in the complex admittance plane indicated 
the presence of three polarizations; (I) an electrode polarization characterized by a double layer 
capacity and an effective resistance for the overall electrode reaction. i 02 (gas) + 2d platinum) 
(electrolyte): (2) a capacitive-resistive electrolyte polarization, probably corresponding to a ptutial 
blocking of oxygen ions at the electrolyte grain boundaries by an impurity phase there; and (3) a pure 
ohmic electrolyte polarization. 


INTRODUCTION 

The large oxygen ion conductivity occurring 
in zirconia-yttria and similar solid electrolytes 
at elevated temperatures is well known and 
has been the subject of numerous experimental 
studies. In these essentially pure ionic con- 
ductors, there have been surprisingly few 
experimental studies of basic polarization 
processe.s at the electrodes and within the 
electrolyte[l , 2J. 

One difficulty has been the lack of an estab- 
lished technique for studying polarization 
cells of these materials. We require a method 
in which the current through the cell is kept 
very low to avoid irreversible electrode 
changes and heating effects, and which is 
capable of resolving several polarizations 
occurring in the same specimen. An obvious 
solution to these difficulties is to study the 
impedance (or admittance) of the cell as a 
function of frequency with low amplitude a.c., 
but there still remains the awkward problem 
of analyzing data involving several polariza- 
tions which may partially overlap in the 
frequency domain. 

The method we have employed eliminates 
these difficulties and appears not to have 
been applied previously to solid electrolyte 


systems, it is based on measurements of the 
cell admittance which are taken over a wide 
range of frequencies and then analyzed in 
the complex admittance plane. Although 
analogs of this method have been used in other 
fields for many years [3-5], its application 
to electrochemistry is fairly recent. In parti- 
cular, Sluyters et al.\6] have used it exten- 
sively in their studies of aqueous cell 
polarization phenomena. 

There are two purposes to this paper: To 
suggest on the basis of our experiments which 
basic polarization processes predominate 
in cells of zirconia-yttria, and to demonstrate 
the usefulness of the complex admittance 
approach in solid electrolyte studies. 

EXPERIMENTAL PROCEDURE 
The specimen material was (ZrOgjo-g 
(Y._j 03 )o.i. obtained from three different 
sources; (1) commercial material from 
Zircoa; (2) material prepared at these Labora- 
tories by standard ceramic procedures; and 
(3) high purity material sintered under con- 
tamination-free conditions in an arc image 
furnace. Specimens were generally either 
wafers, approximately 1x3x4 mm, or 
bars, approximately 1 x 1 x 12 mm. This 
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allowed us to vary the area/length factor, 
AIL, by approximately 100, and the length 
factor by about 10. 

All the electrodes were of platinum. Two 
types of preparation were employed; (1) 
platinum paste, fired at 1400°C for 1 hr, with 
weights ranging from 2-5 to 4-5mgycm^; 
and (2) platinum sputtered on by d.c. plasma 
to weights of 0-4 to 2-8 mg/cm*, i.e. 2000- 
13,000 A. 

The porosity of the electrodes (as will be 
seen later) was a very important variable. 
Platinum paste electrodes fired at 1400“C 
were quite non-porous; however, they could 
be made very porous by passing a heavy 
current ( 1 A/cm*) through them for several 
minutes at 800°C. Presumably, this treatment 
produced pores by means of the very high 
oxygen pressures which would be generated 
at the interface. Sputtered platinum electrodes 
were reasonably porous as formed and needed 
no special treatment. The presence of porosity 
was readily detectable by applying a small 
drop of liquid to the electrode and observing 
its disappearance (or lack of it) by capillary 
action. 

Specimens were suspended between baffles 
in the hot zone of a tube furnace (pure alumina 
tube) with a Pt-Pl 10% Rh thermocouple 
adjacent to the specimen. Various oxygen 
partial atmospheres were achieved by flowing 
calibrated mixtures of oxygen-argon or 
oxygen- nitrogen through the apparatus. These 
ranged from t-5x lO"** to 1 atm of oxygen. 
The flow rates employed were between 200 
and 800 cm®/min for a system having a volume 
of about 900 cm®. 

The admittance bridge which we employed 
in our polarization studies was simple but 
quite sensitive. A rough schematic is shown 
in Fig. 1. Some characteristics of this bridge 
were the following; Voltage across specimen, 
13 mV r.m.s.; frequency range, d.c. to 100 
kHz; detectable unbalance, 0*1 per cent; 
balance unaffected by a.c. pickup; non- 
linearity in specimen easily detectable by 
presence c|!j|||rmonics on scope. The high 


Admlttanc* 


Speclffien 

Fig. 1 . Admittance bridge schematic. 

sensitivity was achieved by synchronizing 
the null detecting scope to the a.c. line fre- 
quency. "When the bridge was balanced, one 
observed a sharp steady trace of the residual 
a.c. pickup in the system; for a very small 
unbalance, a ‘rippling’ motion could be seen 
in the trace,* due to the different frequency of 
the bridge oscillator. 

Tests were made to determine the effects 
of residual capacitance and inductance on 
the bridge accuracy and sensitivity. Correc- 
tions for such effects were small and occurred 
only at the highest frequencies. 

COMPLEX ADMITTANCE PLOTS 
Complex admittance plots are useful for 
determining an appropriate equivalent circuit 
for a system and for estimating the values of 
the circuit parameters. The complex admit- 
tance of a system at an applied angular 

frequency a> may be written as the sum of a 
conductance G (w) and a susceptance B(w) : 

Y(w) ^ G(oj)+jB(oj). (1)' 

If one plots the imaginary part of the admit- 
tance vs. the real part, i.e. vs. G(&)), the 
resulting locus shows distinctive features for 
certain combinations of circuit elements. The 
method is perhaps best illustrated by specific 
examples of such plots (Figs. 2 and 3) for some 
simple circuits.t Very roughly, one can say 
that each rem/-circular arc corresponds to a 
‘lumped’ R~C combination; each quarter-cxr- 
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too; 

o: 


o 


•Tests showed that an unbalance emf of 0-1 mm ampli- 
tube could be detected in a trace whose width was 0-5 mm. 

tWe have excluded inductances from our circuits; in 
g ener al, the equivalent circuits for electrochemical pro- 
cesses do not require their use. 
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Fig. 2. Admittance plots 

cular arc corresponds to a combination of a 
lumped R and a distributed R-C element, such 
as the Warburg impedance. (The latter element 
is the analog for a diffusive process.) It is seen 
in Figs. 2 and 3 that the resistance values are 
derivable from the circular-arc intercepts on 




some simple R-C circuits. 


the G-axis; the capacitance values can be 
derived from expressions involving the fre- 
quencies at the peaks of the circular arcs. 

The exact equations for these loci can be 
derived using simple a.c. circuit theory [6, 7]; 
the process is straightforward but tedious and 
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A "MMrburg Imptdance" Is Peslgnated By The Symbol 

— w— 

It li Approximately Equivalent To The Infinite R-C Line 


C'i- 


|: ContirmeO - 


Its Admittance Is Given By Y = Au^ + jAu^ 


Where A 


=/ 2 : 






Fig. 3. Admittance plots for some circuits containing a 
Warburg (diffusional) impedance. 

will not be given here. A theoretical dis- 
cussion of the relationship of these plots to 
relaxation processes in general has been given 
by SchramafS]. 


CHOOSING THE EQUIVALENT CIRCUIT 

In general, for a given admittance plot 
there exists more than one possible equivalent 
circuit (see, for example. Fig. 2(h) and Fig. 7.). 
One chooses between these on the basis of 
(1) simplicity, and (2) con.sistency with what 
is known about the physical processes of the 
system. For example, two parallel networks 
would obviously not be appropriate as analogs 
for two physical processes that were known to 
occur in sequence or series [9]. 

Examples of typicjd admittance behavior 
for our zirconia-yttria specimens are shown 
in Figs. 4-6. To a good approximation, the 
behavior is that of a lumped parameter system. 
(Ideally, the angles in the figures would be 
0“ for lumped j|g|pmeters or 45“ for distributed 
parameten 



The equivalent circuit which we shall 
choose (somewhat arbitrarily at this point) 
as a representation for our specimens is 
shown in Fig. 7. It is seen that it satisfies the 
minimum requirement of yielding the same 
type of admittance behavior as our specimens. 
The justification for choosing this particular 
circuit will become clearer in the sections to 
follow. 


ELECTRODE VS. ELECTROLYTE IN THE 
EQUIVALENT CIRCUIT 

One of the first questions to be settled 
experimentally was the following: What por- 
tion of the equivalent circuit in Fig. 7 cor- 
responds to the electrode region and what 
portion corresponds to the bulk of the 
specimen, i.e. the electrolyte? 

Two different approaches were tried which 
led to the same conclusion. The first approach 
was based on the fact that electrode equi- 
valent circuit parameters should vary with the 
electrode area /I but not the specimen length 
L, while electrolyte equivalent circuit para- 
meters should vary with the factor A/L. 
In one test A was increased by a factor of 3 
while A/L was increased by a factor of 200. 
In another test, A was decreased by a factor 
of 7 while A/L was increased by a factor of 2. 
It was found that l//?j and Cj were proper-^ 
tional to A, while URz, C>, and l/R^ were 
proportional to A/L. 

A second approach to testing the electrode- 
electrolyte question was based on the 
four-terminal d.c. conductance of a speci- 
men. This type of measurement excludes 
electrode effects; only the d.c. electrolyte 
resistance is measured. Such a measurement 
was carried out on a bar-geometry specimen, 
and subsequently admittance measurements 
were made for the same gauge length. The 
experimental results are shown in Fig. 8. 
It is seen that the four-terminal conductance 
coincides with Gz on the admittance plot, 
which is just the d.c. conductance of the 
equivalent circuit with /?, excluded. 
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These tests showed unambiguously that 
Rt and C, correspond to electrode polariza- 
tion processes: R2, C2 and R3 correspond to 
polarization processes in the bulk of the speci- 
men. In terms of admittance plots, the lower 
frequency dispersion corresponds to the 


electrode and the higher frequency dispersion 
corresponds to the electrolyte. 

Further evidence for the correctness of the 
above interpretation will be found in the sec- 
tions on the effects of various atmospheres 
and the effects of electrode porosity. 
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Fig. 5. Admittance behavior for a specimen with naturally porous electrodes 

(sputtered Pt). 


ELECTRODE POLARIZATION BEHAVIOR 

The electrode behavior of our specimens* 

’The electrode arrangement on our specimens was 
symmetrical; hence, the parameters R, and C| represent 
the resultant behavior of two nearly identical electrodes, 
the parameters for one of these being JR, and 2r,. 
This procedure is legitimate provided that ( I ) we employ 
only small signal a.c. in the measurements, and (2) we do 
not employ a bias voltage. If the two electrodes 
should differ cimkderably in their properties, one would 
obtain a distorted non-circular arc on the admittance plot. 


is described in terms of the resistance Ri and 
the capacitance C|, in parallel. Our present 
hypothesis is that Cj represents the double- 
layer capacity of the electrode, and Ri 
represents an effective resistance for the 
overall electrode reaction 

i02(gas) + 2e(platinum) O^~(electrolyte) 

^ ( 2 ) 
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Fig. 6. Admittance behavior for a specimen with artificially porous electrodes 
( Pt paste + heavy current treatment; see text). 


which is known to take place under these 
conditions [10]. 

Electrode capacitance Ci 

Most of the experimental values for C, fell 
in the range of 30-80 /xf/cm*, i.e. 60-1 60 /xf/ 
cm^ at each electrode.* Included in this range 
were the following: non-porous Pt paste elec- 
trodes; sputtered Pt electrodes of 2000 

* Based on the apparent electrode area. The true micro- 
scopic area could have been either larger or smaller than 
this. 


and 13,000 A thickness; temperatures from 
400 to SOO^C; and oxygen partial pressures 
from 15x10“® to 1 atm. Dependence on 
these variables was considered too weak to 
be significant. 

A calculation of the double-layer capacity 
for {Zr 02 )o. 9 (Y 203 )o.i using conventional 
electrostatic theory [11] gives a value of 190 
/xf/cm^ however, this must be considered as 
only a rough upper limit to the true double- 
layer capacity since it neglects the effect of 
the compact double layer [12]. 
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CQuIviltnt Circuit 



Fig. 7, Equivalent circuit for the specimens. Equations 
for obtaining equivalent circuit parameters from ad- 
mittance plot parameters. 


Anomalously high experimental values for 
Cl (550^tf/cm* in some cases) were obtained 
with platinum paste electrodes which had 
been treated with high currents to make them 
porous. The origin of these high capacitances 
is not understood at this time. 


Electrode resistance R, 

Unlike the electrode capacitance, the elec- 
trode resistance R, was found to be very 
sensitive to such ptu-ameters as electrode pre- 
paration, temperature, and oxygen partial 
pressure. One may consider the reciprocal 
of Ri to be a measure of the speed of the 
overall reaction (2). We postulate that this 
reaction involves the following steps: 

(1) Flow of oxygen into the pores of the 
platinum electrode. 

(2) Adsorption of molecular oxygen on the 
pore walls in the electrode. The work of 
various investigators [1 3, 14] strongly 
suggests that a platinum surface at these 
temperatures and pressures would be 
completely covered with a tightly bound 
monolayer of oxygen atoms. We are 
postulating a relatively weak chemisorp- 
tion of oxygen molecules on this 
monolayer. 

(3) Surface diffusion of oxygen molecules 
to electrode-electrolyte interface. 

(4) Dissociation of oxygen molecules. 
(This step might occur before step 3.) 

(5) Electron transfer reaction at interface 

(0-l-2e 0^~, for example). 

Let us now consider the experimentally 
observed behavior of /?i. First, we found that 



(arrow) marked on the G-axis. The dispersion to the left of this value arises from 
electrode polarization; the dispersion to'The right arises from electrolyte 


polarization. 
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/?j was reasonably low only when the elec- 
trodes were porous. Qualitatively this 
behavior may be seen in the admittance plots 
of Figs. 4-6. This indicates that electrode 
porosity was essential for the occurrence of 
reaction (2). Such a result is not too surprising 
since solid platinum is essentially impermeable 
to oxygen, even at 1425°C[15J. We do not 
believe, however, that the pores function 
only as simple flow channels for gaseous 
oxygen. 

Second, we studied the dependence of 
on the oxygen partial pressure (Fig. 11). 
At 400°C, no effect was observed. At 600° 
and 800°C, one can see a strong effect on 
the electrode dispersion and the complete 
absence of an effect on the electrolyte dis- 
persion. From plots of this type we obtained 
data for the dependence of the electrode 
resistance on the oxygen partial pressure 
F. These data, as shown in Fig. 12, can be fit 
with either of the empirical expressions 



where the /I’s, B’s and a’s are constants 
(a, a' = 0-64). The form of these expressions 
is that of typical adsorption isotherms [16]. 
This leads us to hypothesize that at a fixed 
temperature, the speed of the electrode 
reaction (measured by 1/B,) is a direct 
function of the concentration of molecular 
oxygen adsorbed on the platinum pore 
walls. If this is true, one can deduce that the 
adsorption process is near its equilibrium 
(for this temperature), because is ohmic 
over a wide range of currents and depends 
reversibly on the oxygen partial pressure. 

Third, we found that the temperature 
dependence of Ri corresponded to a thermally 
activated process with a rather high activation 
energy, approximately 2-2-5 eV (see Figs. 9 


T. ‘C 



Fig. 9. Temperature dependence of the equivalent circuit 
resistances. Electrodes were naturally porous (sputtered 
Pt). Spec. No. I: 13,000 A thick. Spec, No, 10; 2000 A 
thick. Electrolyte was zirconia-yttria of moderate purity, 
prepared at this Lab, 

and 10). This cannot correspond to the 
adsorption step (which is near equUibrium) 
because the temperature dependence is in 
the wrong direction\\(i\. The surface diffusion 
step also may be ruled out; one would expect 
to find a relatively small activation energy 
for this process [17]. Thus, we are left with 
either the molecular dissociation step or the 
electron transfer step as the probable source 
of the strong temperature dependence 
ofB,. 

To summarize, our results suggest that the 
electrode resistance /?, depends on the oxygen 
partial pressure via an adsorption-desorption 
equilibrium of oxygen molecules on the porous 
platinum surface, and it depends on tempera- 
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800 600 400 



Fig. 10. Temperature dependence of the equivalent 
circuit resistances. Electrodes were artificially porous 
(Pt pastc + heavy current treatment). Spec. No. 13: 
Moderate purity zirconia-yttria prepared at this Lab. 
Spec. No. 14; Moderate purity commercial zirconia-yttria. 

ture via a thermally activated process, most 
likely either the dissociation of oxygen mole- 
cules (on platinum) or an electron- transfer 
reaction at the electrode interface. 

ELECTROLYTE POLARIZATION BEHAVIOR 
The behavior of the electrolyte proper is 
described by the equivalent circuit para- 
meters Rz, Cz and R 3 . As discussed earlier, 
the values of tihese parameters are derivable 
from the second region of dispersion on the 
admittance plots. We shall first describe the 
general behavior of these parameters and then 
consider the possible physical interpretation 
of them. 


Electrolyte specimens of moderate purity 

These specimens include both commercially 
obtained zirconia-yttria and material produced 
at this Laboratory by standard ceramic 
techniques. As one might expect, the elec- 
trolyte parameters Rz, Cz and R 3 were insen- 
sitive to changes in the oxygen partial pres- 
sure. This can be seen quite clearly in Fig. 1 1 
(600»C). 

The quantities Rz and Rz + R 3 show a strong 
similarity in their temperature dependence 
(Figs. 9 and 10). This suggests that the resis- 
tances Rz and R 3 may arise from the same type 
of physical process, a point which will be 
mentioned again later. From the standpoint 
of our equivalent circuit, the quantity R 2 + R 3 
should correspond to the d.c. resistance of 
the electrolyte. The activation energy of 
Rz + R 3 varies slowly from about 1 - 1 e V at 
400®C to about 0-9 eV at 800°C. This latter 
value agrees well with the literature values 
[18, 19], which are based on conductivity 
data in the range 600°-1300°C. 

The capacitance Cz was found to be 
independent of temperature and quite re- 
producible for electrolyte material from a 
given source. For the normalized capacitance, 
{LI A ) Cz, which is numerically independent of 
the specimen geometry, we obtained values of 
0-028 /Lif/cm for zirconia-yttria prepared by 
standard procedures at these Laboratories and- 
0-015 fiflcm for the commercially prepared 
zirconia-yttria. 

High purity zirconia-yttria 

A specimen of high purity material was 
sintered under contamination-free conditions 
in an arc image furnace. An example of the 
admittance behavior obtained with this 
material is seen in Fig. 13. Note that the 
second dispersion region which we associate 
with the electrolyte proper, was in this case 
very small or absent. The location of the 
4-terminal d.c. conductance on this plot 
also suggests that the second dispersion was 
not*^ present. Qualitatively similar results 
were obtained at other temperatures and for 
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Fig. 1 1. Admittance behavior for various partial pressures of oxygen. Po,= 
xlO-“atm (•); = lO'^atm <x); Po. = 0-2atm (O). Spec. No. 10: 400°, SOO^C; 

Spec. No. 13: eOG^C. 

two different specimen geometries. In short. Interpretation of electrolyte polarization 
the behavior of the high purity electrolyte Probably the most plausible explanation of 
appezu'ed to be that of a simple resistance, the electrolyte polarization behavior is that 
The d.c. resistivity of this material has been the normal oxygen ion conduction of the 
discussed in detail elsewhere [20]. electrolyte is partially blocked at the grain 
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Fig. 12. Electrode resistance vs. oxygen partial pressure at SOO^C. Electrodes 
were naturally porous, (sputtered Pi, .1 specimens) Equation (3). — — — . Equa- 
tion (4). . 



Fig. 13. Admittance behavior for a high purity zirconia-yttria specimen. The location 
of the 4-terminal d.c. conductance (arrow) on the C-axis suggests that no electrolyte 
dispersion occurs in this material (compare with Fig. 8). 


Fig. 14. If one compares this with the elec- 
trolyte equivalent circuit, then Rg would 
correspond to the resistance within the grains, 
R 2 would correspond to a ‘constriction resis- 
tance’ at the contacts between grains, and Cg 
would correspond to the capacity across the 
impority phase region. 

There are some interesting consequences to 


boundaries by an impurity phase there. 
Electron microprobe analysis of our less 
pure material indicated the presence of a 
second phase in the grain boundaries com- 
posed chiefly of calcia and silica. This 
phenome|i^Kias been observed also by 
SthckleifiBnd Button [22]. One may picture 
the effei^ M^ch a second phase as shown in 
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Fig. 14. Sketch showing how a second phase in the grain 
boundaries of an electrolyte might give rise to the 
ob.served electrolyte dispersion phenomena (a) actual 
situation (b) idealized situation. 

this hypothesis. First, it explains the experi- 
mentally observed similarity in the tempera- 
ture dependence of and R^. Second, we 
can obtain an experimental estimate of the 
capacity per unit area of the grain boundary 
region. Using our values of (L/zlICj and grain 
size, one obtains a capacitance/area of 5 
/Ltf/cm^. This is a rather large capacity. If one 
attempted to explain it in terms of a uniform 
insulating layer of silica, then thi,s layer 
would have to be 7 A or less in thickness. A 
more likely possibility is that the impurity 
layer is blocking to oxygen ion flow, but is a 
conductor for some other species (electrons 
or calcium ions, for example). This could 
give rise to a weak double layer capacity of 
the magnitude observed. 

Finally, we should like to comment on the 
temperature variation of the activation 
energy for the electrolyte conductivity. This 
eflFect was mentioned speciflcally for our 
moderate purity material, but it occurs also 
with high purity material, as discussed in 
another paper (20]. In that paper, we sug- 
gested two possible explanations for the effect, 
the first involving vacancy trapping, and the 
second involving a phase of different con- 


ductivity at the grain boundaries. This second 
explanation now appears unlikely since our 
present work gave no indication of a ^^n 
boundary polarization in high purity material. 
It is possible, then, that the apparent variation 
in the activation energy of the electrolyte 
(ZrOalo.pfYaOslo., is an intrinsic property of 
this material which can be understood in terms 
of the vacancy trapping mechanism. One 
might hope to detect such trapped vacancies 
by their dipole relaxation behavior; however, 
a calculation shows that the capacitive effect 
would be small (—20 pf for our specimens) 
and hence difficult to observe unless other 
polarizations were completely absent. 
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Abstract— The electroreflectancc spectra of p-type GaAs in photon energies from 1-3 to 3-5 eV have 
been investigated at temperatures from 300° down to 2S°K. Measurements of electroreflectance have 
been performed by the method using the interface potential of GaAs-SnO, heterojunction. Both 
signals of an exciton and the fundamental edge have been separated in the low temperature spectra, 
and an additional structure which may be associated with a localized state has been also observed 
below the fundamental edge. The similar structures with weak intensity appear near the spin-orbit 
split off edge. The line shapes of electroreflectance spectra which are related to A*— A, transition and 
its spin-orbit split off edges are explained by the mixed electro-optical spectra of Mi(l) and M^dl) 
type critical points including the effect of thermal broadening. A method of estimating the therm^ 
broadening factor from the temperature dependences of the electroreflectance spectra associated with 
Aj — A] transition edge is also presented. 


1. INTRODUCTION 

In the last few years the electro-optical effect 
has been extensively studied in both aspects 
of the theory and the experiment. The theo- 
retical treatments of the electro-optical effect 
have been made for various types of critical 
points [1-5], and also the effect of a static 
electric field on an exciton has been treated 
by several workers [6-9]. According to a re- 
cent progress in the field of the electro-optical 
effect, it has become possible to make a quan- 
titative comparison between the electro-opti- 
cal theory and the experimental data. On the 
other hand, in the experimental works various 
kinds of techniques have been recently de- 
veloped and successfully applied to many 
materials. These techniques include the meth- 
ods utilizing high electric field in the space 
charge region of semiconductor in the con- 
figurations of P-N junctionflO, 1 1], field 
effect type [1 2, 13], electrolyte-semiconduc- 
tor [14- 16] and Sn02-semiconductor hetero- 
junction [17, 18], and the method of transverse 
electro-optical effect to high resistivity 
materials [19, 20]. 

The electroreflectance studies of GaAs 
was first done by Seraphint21] and the sig- 
nals from the fundamental edge and Ag — A| 


transition edge and these spin-orbit split off 
edges were obtained. Moreover, an additional 
structure below the fundamental edge has 
been also observed, which was attributed to 
the transitions related to an Impurity state 
because the modulation voltage dependence 
was different from those of other structures. 
By using the electrolyte-semiconductor 
method Cardona et a/. [14, 22] have extended 
the measurement to more high photon energy 
region and studied for samples covering a large 
range of doping density and type of impurity. 
Recently Williams and Rehn[23] have meas- 
ured the electroreflectance using two tech- 
niques of field 'effect type and electrolyte- 
semiconductor method, mentioned above, 
All of them have obtained the similar struc- 
tures around Tib — Pi and Ag — A^ transition 
edges and also observed the structure attrib- 
uted to the transitions including an impurity 
state. However, they have not still obtained 
an obvious evidence that the structure below 
the fundamental edge is associated with the 
transitions from an impurity state. These 
measurements were mainly carried out in the 
room temperature region, except that Seraphin 
extended the measurement down to 77*K. 

This paper presents the result of the elec- 
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troreflectance measurement of p-type GaAs 
at temperatures from 300° to 25°K. The ob- 
served structures near the fundamental edge 
are interpreted in terms of an exciton, !'s — 1 '« 
transition edge and the transitions associated 
with a localized state. The similar type struc- 
tures are also observed around 1 % — I’b trans- 
ition edge, the spin-orbit split off edge. The 
temperature dependences of the electroreflect- 
ance spectra from A 3 — A, transition edges are 
presented and these line shapes are explained 
by the broadened electroreflectance signals 
with M, critical point having both parallel and 
transverse types. Moreover, by comparing 
with the electro-optical theory including the 
thermal broadening effect of Lorentzian type, 
the broadening factor is estimated on the basis 
of the temperature dependence of the line 
shape and the amplitude of the structure from 
As — A) transition edge. 

2. EXPERIMENTAL 

GaAs single crystal used in this experi- 
ment is a zinc doped p-type one and the carrier 
density at room temperature is I -7 xilO'^ cm"-*. 
All the samples were cut into a reictangular 
form of 8X5 mm* area with a thickness of 
about 0-5 mm, and mechanically polished and 
lightly etched with an equal mixture of HCI 
and HNO3. On the reflecting surface having 
( 111 ) crystal face tin is evaporated and subse- 
quently oxidized in a furnace. Electric field 
is built in the interface barrier of GaAs-SnOz 
heterojunction. Electronics and optical sys- 
tems employed here are similar to those used 
in the work of germanium [17J, except that a 
1200 lines/mm grating and an RCA 7200 
photomultiplier with S-I9 response were used 
in a higher energy region. 

3. RESULTS AND DISCUSSION 
(a) r ,8 — Fi transition 

Figure 1 shows the eicctroreflectance spec- 
tra in the photon energy region l-3-2 0eV 
measured at three different temperatures. The 
measurements are carried out by the same bias 
voltage modulated from the flat band position. 



Fig. 1 Electroreflectance spectra in the energy region 
l-.t-2 0cV at three difTerent temperatures with the 
same bias voltage. Ki,r = —10 V and A y„u = 2-0 V, 

In these electroreflectance spectra the elec- 
tric fields in the surface space charge region 
are not so much different with each other. It 
is confirmed from the detection of the flat band- 
position that the Fermi level at the surface of 
GaAs is almost independent of temperatures. 
A large temperature dependence of the ampli- 
tudes of the electroreflectance signals can be 
seen in the figure. This indicates that a ther- 
mal broadening effect is quite large, so that the 
room temperature spectrum is much broad- 
ened by the thermal broadening effect. 

The peak indicated by E, appears far below 
the fundamental edge obtained by absorption 
measurements [24]. The similar peak to Ej is 
also observed just below the spin-orbit split 
band edge which is 0-35 eV apart from the 
fundamental edge. This structure E, does 
change its intensity with samples cut from the 
same single crystal, though a change of the 
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location of E, could not be seen within an 
experimental error. Hence this structure 
seems to be very sensitive to the surface con- 
dition of the sample. Cardona et a/. [14] also 
found the E, structure in their room tempera- 
ture electroreflectance spectra for p-type 
GaAs containing almost the same amount of 
zinc impurity as our samples used here. 
Furthermore, the same type structure was 
observed in the electroreflectance spectra 
for n-type GaAs and attributed to an im- 
purity-associated transition by several authors 
[14,21,23]. Supposing the E, structure ob- 
tained here is associated with an impurity, the 
impurity ionization energy is estimated to be 
0'038 ± 0-003 eV in the whole temperature 
region measured. The value obtained by 
Cardona et a/. [14] is 0-03 ± 0-005 eV and a 
little smaller than ours. Both of these values 
are not in agreement with the value 0-026 eV 
considered as the ionization energy of zinc 
acceptor in GaAs[25,26]. It would be con- 
sidered that the E, structure observed has no 
correlation with the transitions from a zinc 
acceptor level to the conduction band. From 
the facts that the E, structure is fairly de- 
pendent of the surface treatment and also 
appears always just below the spin-orbit split 
off edge, having the similar behaviors to those 
of the El structure with modulation voltages 
and temperatures, it is suggested that the Ei 
structure is associated with a donor type de- 
fect state at the surface of GaAs. This pre- 
diction may be supported by the fact that 
the impurity ionization energy obtained here 
is very close to the activation energy 0-039 eV 
of the defect which Williams [27] has demon- 
strated from the photoluminescence of an 
epitaxially grown n-type GaAs. According to 
Williams the origin of the defect might be 
either an arsenic vacancy-complex or a gallium 
interstitial. It is quite possible in our case that 
the similar defect state exists at the surface 
of the sample and this is the origin of the £/ 
signal. 

Figure 2 shows the electroreflectance spec- 
tra measured at 25°K for three different modu- 



Fig. 2. Line spectra of elecirorefleciance in the energy 
region ! ■ 3-2-0 eV at 25‘'K with three different ntodulation 
voltages. 


lation voltages, and Fig. 3 the modulation 
voltage dependence of the positions of all the 
peaks. As can be clearly seen in the case of 
^Vpp—5V. the weak structure indicated by 
E„ appears in large modulation voltages. This 
£„ structure is observed only in low tempera- 
tures and in large modulation voltages. But 
we cannot resolve a signal corresponding to 
the £o structure near the spin-orbit split off 
edge, I't — I'fi transition edge. On the basis of 
the modulation voltage dependences of the 
peak positions shown in Fig. 3, we conclude 
that the £ex and £„ structures are attributed 
to an exciton and the fundamental edge, Fg — 
Fg transition edge, respectively. The energy 
of the Eex peak associated with an exciton is 
l-516± 0-004eV at 25®K. This value is con- 
sistent with the other experimental data[24], 
though the fluctuation 0-004 eV from sample 
to sample is slightly large. Although an over- 
lapping effect of the £ex and the weak Eo sig- 
nals prevents us from estimating the band 
edge, the energy of the fundamental edge is 
determined to be approximately l-52eV by 
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Fig. Modulation voltage dependence of the peak pos- 
itions in the electroreficclance spectra in the energy 
region )•3-2•0eV at 25°K. 

analyzing the structures. Decreasing of the 
amplitude and shifting of the peak position in 
the E, structure with increasing of the modula- 
tion voltage are mainly come from the over- 
lapping of the Ej structure and the satellite 
structure of the E'tSX signal which lies in the 
low energy side; that is, the satellite structure 
of the £ex signal does accidentally appear at 
the location of the £, structure in an opposite 
polarity. Therefore, we determined the ener- 
gies of the El peak from the low modulation 
voltage spectra. The similar behavior is also 
obtained in the electrorefiectance spectra for 
the spin-orbit split off edge, as can be seen 
in Fig. 2. 

The energy of the spin-orbit splitting Ao is 
0‘350± 0-004 eV in the whole temperature 
region from 300° to 25°K, and agrees well with 
the other experimental results [21, 24]. The 
temperature dependences of the peak energies 
of El, Ef,x and Fex + Ao are shown in Fig. 4. 
Considering the fact that the exciton binding 
energy in GaAs is small, the values of and 
£^ex + Ao at high temperatures should be at- 
tributed to the fundamental edge, Pg — Tg edge, 



Fig. 4. Temperature dependence of the peak po.sitions 
indicated by E„ and £■,, Ao in the electroreflectance 
spectra in the energy region I ■3-2-0 eV. 


and its spin-orbit split off edge, rr — rg edge, 
respectively. The temperature coefficients of 
£ex and £ex + Aq at a high temperature range 
is consistent with those obtained by Seraphin 
[21], but that of E/ i.s almost the same as those 
of and Ao in contrast with Seraphin’s 
result. 

(b) A;,— Al transition 

Figure 5 shows the electroreflectance spec- 
tra near A,., — A, transition edges for three 
different temperatures. While the thermal 
broadening effect on the line shape can be 
seen, as near I'ls — F, transition edges, the 
line shape itself changes slightly from room 
temperature to 25°K. This situation is a little 
different from that in germanium [17] where a 
large variation of the line shape has been ob- 
served near the A, — A, transition edges in the 
same temperature range. However, the line 
shape at low temperatures resemble those 
expected from Mi(l) type critical point in 
the theory of electro-optical effect [1], just 
as germanium. The £,(1) peak in Fig. 5 is 
determined as a structure related to A3 — Aj 
transition edge on the basis that the peak 
energy is independent of the modulation volt- 
age and also the peak has the same polarity as 
that of the fundamental edge. At room temp- 
erature the locations of £i(l) and its spin- 
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Fig. 5. Electroreflectance spectra in the energy region 
2-7-3-5 eV at three different temperatures with the same 
bias voltage, Foe =~I 0 V andAFpp = 2-0 V. 


orbit split off edge £j(l) + A, are 2'89and3'12 
eV, and Ai is 0’23eV. These values agree 
well with those obtained by the already re- 
ported electroreflectance measurements [1 4, 
23]. The energies of £^i(]), £i(l)-t- A, and A, 
determined at 25°K are 3 010 + 0 002, 3-244 ± 
0-004 eV and 0-234 ± 0-004 eV, respectively. 

In order to analyze these line shapes in 
Fig. 5, we have compared them with a line 
shape expected from electro-optical theory 
including the thermal broadening effect. The 
electro-optical functions F(r}) and Gir})* with 
various factors I'r of Lorentzian type broaden- 
ing have been calculated and then also an 
equally mixed spectrum of Aci and Aeg, since 
an expected electroreflectance signal around 
3 eV in GaAs is a nearly equal mixture of Ati 
and Ae2[2]; that is, Af?//? 4= a(cu)[A€, + Acz]. 
Moreover, a mixed spectrum of the electro- 
reflectance signal ^RlR at a Mi type critical 


*The definitions of the electro-optical functions F(-rj) 
and G( 7 )) are given in Ref. [1], and the real and imaginary 
part of the change of dielectric constant with electric 
field, Ae, and Act, are expressed by a combination of these 
two functions depending upon the type of critical points. 


point is calculated for the several cases with 
different mixture ratio D (the fraction between 
both contributions of Mjil) and M](||) type 
critical point), by considering the aniso- 
tropy of the reduced effective mass at A criti- 
cal point. If one neglects this anisotropy and 
assumes that the transverse and the longi- 
tudinal reduced effective masses are the same 
at a Ml critical point, it can be easily under- 
stood that the ratio D is roughly three to one 
from the numbers of A critical point of Af,(±) 
and A/, (11) type when the electric field is in the 
[111] direction. Here we have tried an estima- 
tion of the thermal broadening factor IV from 
the temperature dependences of the ampli- 
tudes of £i(l) and £,(2) peaks which corres- 
pond to Aj — A| transition edge and the next 
higher energy side oscillation peak, respec- 
tively. 

In Fig. 6 we show the IV dependences of the 
amplitudes of £)(1) and £i(2) peaks in a calcu- 
lated electrorefiectance signal for Mi type 
critical point. As can be seen in the figure, a 



Pt (llpiiit) 


Fig. 6. Thermal broadening factor versus the amplitudes 
of E,( 1 ) and £i(2) which correspond to an M, type critical 
point edge and the next higher energy side oscillation 
peak in calculated electroreflectance spectra with the 
mixture ratio D = 20. The definition of Mr is the same as 
that given in Ref. [1]. 
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cross point occurs at IV ^ 0-15 Mp; that is, at 
Vt ^ O lSAffp the Ej(l) amplitude is larger 
than Ei(2), but at fV^0-15ft^/- EiID is 
smaller than Et(2). The cross point does 
appear in the narrow range of IV froni O-I Mp 
to 0-3h(ip for mixture ratio D between 3 and 
25. As shown in Fig. 5 the experimental data 
indicate that £,{2) is always larger than £i(I) 
in the temperature region from 300° to 25°K. 
If it could be assumed that IV is proportional 
to kT, one could obtain the similar curves be- 
tween the IV dependence of the £ 1 ( 1 ) and 
£i(2) amplitudes of the calculated spectrum 
and the temperature dependence of those 
experimentally obtained. However, the fitness 
between the calculated and experimental 
curves is not so good because of the following 
three reasons. The first is that a slight differ- 
ence in electric fields remains between spec- 
tra of different temperatures because we 
could not estimate the electric fields precisely. 
The second reason is the uncertainty of the 
mixture ratio D by the anisotropy of the re- 
duced effective mass at A critical point in 
GaAs. The third is that an expected electro- 
reflectance spectrum near 3 eV at A;,— A, 
transition edge can not be precisely an equally 
mixed spectrum of Aci and Ac^; that is. a(a>) 
and are slightly dependent of photon 

energy. Although we could not obtain a pre- 
cise value of IV, from the results of the com- 
parison we obtained that IV is roughly 0-5 
hBp at 25°K. This value of IV can be compared 
with the value IV = 0-9 AOp at 77°K obtained 
from the electric field dependence of trans- 
verse electroreflectance at the fundamental 
edge of GaAs [28]. The value of I V obtained 
here at 25°K would not therefore be an un- 
reasonable one. 

Figure 7 shows the calculated electrore- 
fiectance spectra for M, critical point with the 
broadening factor IV = 0-5 AOp for three differ- 
ent mixture ratios. For a small mixture ratio, 
oscillations remain in the lower energy side 
below the critical point edge Ei(l), while 
there is no such oscillations in the experiment- 
al data. The line shape for D = 20 resembles 



Ei~Ib 

Fig. 7. l.ine shapes of calculated electroreflectance sig- 
nals with the thermal broadening factor JV = 0-5 hftp for 
three values of the mixture ratio of M,(X) and 
type critical point. 

well those experimentally observed. This fact 
implies that the anisotropy of the reduced 
effective mass at An — A, transition edge in 
GaAs is quite large. And this is qualitat- 
ively reasonable according to the theoretical 
expectation that the reduced transverse masses 
are much larger than the longitudinal mass of 
negative sign [29], 

In Fig. 8 we show a comparison between a 
calculated spectrum with IV = 0-5 AOp and 
the experimental one at 25°K. In the figure the 
calculated spectrum is normalized by the 
approach that the peak position and the ampli- 
tude of £■,(!) signal and also the width of the 
£,(2) structure are put together to the experi- 
mental data. Since the agreement between the 
calculated and experimental line shapes is 
good, as can be seen in the figure, the elec- 
troreftectance spectra in the photon energy 
region 2-7-3-5 eV would be explained by the 
contribution from critical points including 
both types of A/,(l) and M,(l|). Quite recently 
Shaklee, Rowe and Cardona [30] have pointed 
out the existence of a hyperbolic exciton at 
the Aj — A, transition edge from their wave- 
length-modulation experiments. Although it 
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Fig. 8. A comparison between the electroreflcctance sig- 
nal at 25°K and the calculated spectrum in the case of 
]V=O5A0;.and/.) = 2O. 


is very hard to identify the hyperbolic exciton 
effect from our electroreflectance spectra 
near A,, — Ai transition edge of GaAs, it should 
be mentioned that it is also possible to explain 
the line shape at A 3 — A, transition edge only 
in terms of the thermally broadened electro- 
reflectance associated with M, critical points 
having both A/i(X) and Mi(||) types. 

Figure 9 shows the temperature dependence 



TIY 

Fig. 9. Temperature dependence of the peak positions 
related to the edges of A3 — A, transition and its spin-orbit 
split off band. 


of the peak positions expressed by Ei and 
Ei -f Aj which correspond to A 3 — A, transition 
edge and its spin-orbit split off edge. In the 
temperature region frpm 300® to 25®K the 
spin-orbit splitting Aj is nearly constant and 
0*234 ± 0*004 eV. The temperature coeffi- 
cients at high temperatures are a little larger 
than those at the fundamental edge. The 
similar result has been already obtained by 
Seraphin[21]. 
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INTERPRETATION DE LA SUSCEPTIBILITY 
MAGNETIQUE DE L’OXYSULFURE DE SAMARIUM 
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(Received 1 3 May 1 969) 

R^siim^— La susceptibilite paramagn6tique d'un echantillon polycristaJlin d’oxysulfure de samarium 
a 6t6 mesur6e entre 3° et 300°K. Elle est interpr6tde avec une approximation du potentiel cristallin 
de la forme 


K = + /3^F,'*0/ + 

et corrig^e d'un terme du a I’echange. On a calcul6 les niveaux d’6nergie et les param^tres de champ 
cristallin. L'etude de la fluorescence de GdiOjS; Sm®+ et Y,OsS: Sm’^ a confirm^ ces r^sultats. 

Abstract— The paramagnetic susceptibility of polycrystailine samarium oxysuUide has been measured 
between 3° and 300°K. The data are interpreted with an approximation to the crystal potential of the 
form 


F, = a, /8, F,»o;-+ /3, yw 

and correction taking into account exchange is made. The energy levels and crystal fields parameters 
have been calculated. Fluorescence studies of GdjOjS: and YjO,S: Sm’*+ have confirmed these 

results. 


INTRODUCTION 

L’etude par diffraction neutronique des oxy- 
sulfures de terres rates T 202 S[ 1 ] a montre 
1 ’existence de plusieurs types d’ordre mag- 
netique au-dessous de la temperature de Neel 
(7' = Tb, Dy, Ho). On a etudie I’oxysulfure 
de samarium dans le but de preciser le role du 
champ cristallin dans ce type de composes; 
on sail en effet que la variation des parametres 
de champ cristallin est faible lorsqu’on passe 
d’une terre rare a I’autre. 

La structure cristalline des oxysulfures de 
terres rares peut etre decrite dans le groupe 
d’espace P5m avec 

2Ten±(iiu) avec « — 0,3 
20 en ± (i S v) avec v ~ 0,6 
15 en (0 0 0) 


•Facultd des Sciences, 69-Vilieurbanne. 


Les parametres hexagonaux de I'oxysulfure 
de samarium sont a — 3,892 A et f = 6,7 14 A. 
Les ions de terres rares sont dans des sites 
equivalents de symetrie ponctuelle Cj,,. 

Pour cette symetrie il suffit de connaitre 
trois parametres pour determiner complete- 
ment le champ cristallin agissant sur I’ion 
Sm^'^ (®H 5 ,. 2 ). L’etude de la susceptibilite para- 
magnetique a ete faite en tenant compte de 
I’echange. L’existence d’une partie lindaire 
sur la toourbe de susceptibility magndtique a 
permis de preciser I’amplitude de la dycom- 
position des niveaux et de determiner un 
domaine d’existence des paramytres de champ 
cristallin. 

Une ytude de la fluorescence de I’ion Sm®^ 
a conflrme ces rysultats. On a ygalement 
interpryty le spectre d’ymission de I’ion Eu®+, 
celui-ci etant plus intense et plus simple. On a 
choisi des matrices de GdjOjS et YgOsS pour 
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obtcnir la variation des paramdtres dc champ 
cristallin en fonction de I’environnement de 
I’ion activateur. 

EXPRESSION THEORIQUE DE LA SUSCEPTIBILITE 
MAGNETIQUE 

Dans cette symetrie, les Elements de mat- 
rice non nuls de I’hamiltonien de champ cris- 
tallin, pour une configuration 4/" de I’ion 
terre rare, sont obtenus a partir des termes du 
potentiel cristallin exprimes en fonction des 
harmoniques spheriques Y^", Y^", Y/ et 
des combinaisons YgS Y«~®— Ye"*, 

Yb*-!- Y e“®[2]. Dans le cadre d’un calcul de 
perturbations au premier ordre, le technique 
des op^rateurs equivalents de Stevens per- 
met d’6crire I’hamiltonien sous la forme plus 
utilisable 

V, = aj + (3j + /3, vw 

+ yjyw + y./ yjyeW. 

/3ji yj sont les facteurs multiplicatifs de 
champ cristallin et ont ete tabules par Stevens 
et Judd[3, 4]; ils figurent dans le Tableau I 
pour les ions Sm'*'’ et Eu'^ 


Tableau 1 





Sm’" 


T, 

’F, 

"H.v, 

aj 

-1/3 

-n/315 

13/315 


0 

-2/189 

26/10395 

Yj 

0 

0 

0 


Pour I’ion Sm^"^ Thamiltonien de champ cris- 
talKn relatif au niveau fondamentai 
B*6crit alors: 

= a5/2 W4" + Pm y,^0^. 

Si r^, Ts, Tfl sont les representation irreduc- 
tibles du groupe double C3,., on a 

(‘r5 + T6)-h2TJ5]. 

Le niveau J — 512 est done decompose par 


le champ cristallin en trois doublets de 
Kramers dont les etats propres sont au premier 
ordre du calcul des perturbations: 

\A> — cosd|5/2>-l-sin0l — 1/2> 

\B> = — sin 0|5/2 > -fcos^l — 1/2 > 
jo = |3/2>. 

L’expression generale de la susceptibilite par 
molecule-gramme est la suivante: 



'T ^ -(EJkT) 

avec Z = 2 ^ e 

A 

= 2/7 

M,„„ = 2|| <A\J,\B > |2-f I <A\J,\B > 

+ 4||<^|^|B> \^+\<A\J^\B>\^ 

Les etats \A> et \B > etant les etats ren- 
verses dans le temps de \A > et jfi >. a' 
traduit la contribution a la susceptibility 
independante de la temperature qui a pour 
origine le faible ecart entre le niveau fonda- 
mentai y = 5/2 et le premier excity /=7/2_ 
(environ 1500'’K). A I’aide de I’expression 
donnee par Van V leek [6] on a calcule ce 
terme: a ' = 1 4,3 . 1 0“^ uem/mole. 

On resume les interactions d’echange, dans 
I’approximation du champ moleculaire (Hex, = 
—KM), en ecrivant la susceptibilite totale 
Xr sous la forme: 


ou X est la susceptibilite paramagnetique sans 
echange. Dans les domaines de temperature 
ou kT est faible devant Pycart entre niveaux 
de champ cristallin xT suit une loi de la forme 
xr= C-l-aT alors 
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XtT = Ct-\-atT = 


C + aT 

ij- 

1 +aX. 4--^ 


XtT = (C +a7’)^l —ak—^Y^ pour T > 0p. 

dp etant la temperature de Curie paramag- 
netique {dp — —kC) 

C< = C(1 ~2ak) 
et 

/kC = C,-C = 2ctdp. 

Pour un compose antiferromagnetique T- 
atfaiblissement de la constante de Curie du 
a I’echange est d’autant plus fort que le para- 
magnetisme constant est plus important. 


Le niveau (C > = (3/2 > ne peut done pas 
etre le fondamental. II est loisibie de prendre 
pour niveau fondamental 

|B> = — sin© |5/2> + cose |~l/2> 

dans ce cas, on doit avoir cos* 6 = 0,88. 

On pose 

< 5/2|t^,|5/2 > = fl = + 

< - 1/2| V,\ - 1/2 > = = -8a, 

+ 120/8,^4“ 

< 5/2| y,\ - 1/2 > = c = 3VW/3j y,^ 
<3/2|I/^|3/2> =-(a + />). 

Alors 




MESIJRES MAGNETIQUES ET INTERPRETATION 

La mesure de la susceptibilite paramag- 
netique de I’oxysulfure de samarium a ete 
efFectuee entre 2° et 300°K par une methode 
de translation. Entre 10° et 50°K, la courbe 
experimentale xtT(T) est lineaire avec une 
pente a, = 25. 10“"* uem/mole et une constante 
de Curie C( = 4.I0'* uem/mole. 

Dans ce domaine de temperature seul le 
niveau fondamental est peuple alors: 


E,t = 


a + b . 
2 

a + b 
2 


Sachant que 

colg 6 = 


a — b 
2 c 



3k 2 


on deduit une relation entre les trois para- 
metres de champ cristallin 


On peut alors estimer la valeur de C, done de 
Mff, connaissant la constante de Curie ex- 
perimenlale C,. le paramagnetisme constant 
a, et la valeur de A, (valeur de lixt pour 7' = 0). 
On trouve A = 100 uem/mole 


M„=7. 


Or 


_16cg5^ — tl!=9(i_cos’e)' 




^cc — 4,5. 


L4'’=I2,5 y^”-3,sy,». 

D’autre part 

L’examen de la courbe de la susceptibility [7] 
montre que T amplitude totale de la decom- 
position du niveau J == 5/2 doit etre infyrieure 
ksOOcm'L 
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D’ou 

0 < Ec—Eg < 300 cm*' 

0< E^- Eg < 300 cm-’. 

On en d^duit: 

0< 0,35 F2"-0,82 300 

0< 12,5 ^'2«-3,8^'4"< 4000. 

Dans le plan ^ 2 ”, V 4 ' on a delimite le domaine 
d’existence possible des differents parametres 
(Fig. 1). 

Pour r^soudre le probldme de la determina- 
tion de ces parametres h I’interieur de ce 
domaine on a realise un programme de calcul 
de la susceptibilite magnetique. A partir d'un 
jeu de parametres donne a priori et par une 
methode iterative celui-ci s’efforce de faire 
coincider la courbe experimentale et la courbe 
calcul6e. Les jeux de parametres ont ete 
choisis de fatpon a quadriller ce domaine. 
L’accord a ete realise pour les valeurs 
suivantes 


Ka" = 70 cm-> 

^ 4 ® = - 220 cm-’ 

= 1700 cm-^ 

La disposition des niveaux est alors la suiv- 
ante (Fig. 2). 

Sur la Fig. 3 sont representees: la suscep- 
tibilite magnetique experimentale; la sus- 
ceptibilite calculee avec les parametres 
precedents; la susceptibilite de I'ion libre 
calculee a partir de la formule de Van Vleck 
[6]; la susceptibilite calculee avec les para- 
metres precedents mais sans tenir compte 
du phenomene d'echange. 

ETUDE DU SPECTRE DE FLUORESCENCE 
Les oxysulfures GdjOaS et YgOzS actives 
par les ions trivalents Eu®+ et Sm®"^ presentent 
une fluorescence rouge orangee assez intense. 
Le spectre d’emission de ces composes est 
constitue de raies caracteristiques de I’ion 
terre rare introduit. La longueur d’onde 



Fig. I. Domaine d’existence des parametres et K,® sachant que 
^4* - t2, 5 F,®-3,8 F/, 
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T 


210 cm*' 


ii^sO.04|a/^ 4-0>l|-V^ 


125ei»i"' 


■ ‘ ie>=-o.34 19/^ *0.04 H/a> 

Fig. 2. Niveaux d'energie et fonctions d'onde de I’ion Sm^'^ dans SmiOiS. 



Fig. 3. Susceptibilite de I’ion dans Sm^jS. 

# 


excitatrice est 2537 A. L’etude est faite k la 
temperature d6 17°K a I’aide d’un mono- 
chromateur Hilger Monospek (dispersion 
8 A/mm). 

En ce qui concerne Teuropium trivalent, la 
terme fondamental est le multiplet Tj(y=0, 


1 .... 6). L’emission de fluorescence de cet 
ion est due aux transitions entre les 6tats 
excites et les difFerents niveaux T j. Les 
raies principales observees sont celJes qui 
correspondent aux transitions entre le niveau 
excite ®Do et les niveaux To, T, et Ta de- 
composes par Taction du champ cristallin. 

Dans le cas de Gd202S on observe a A.= 
5833 A (i' = 17139 cm~') une raie que Ton 
peut attribuer a la transition *Do — *■ To, ce 
qui nous permet de fixer la position du niveau 
*Do a 1 7 1 39 cm"^ au-dessus de To pris comme 
origine (Rappelons que cette transition J = 
0-»-y = 0 est interdite sauf lorsque lasym6trie 
du site est du type C,, C„ ou C„„; on doit done 
bien Tobserver dans ces compioses de symetrie 
C3,,[8]). Les autres raies principales s’inter- 
pretent bien en admettant que les etats in- 
ferieurs des transitions sont les differents 
sous-niveaux T, et Tj de Tion libre decom- 
poses par le champ cristallin. Dans le Tableau 
2 sont indiques les longueurs d'onde, les 
nombres d’onde et les identifications des 
differentes raies de Gdj02S. 

On constate que le nombre de raies est en 
accord avec une symetrie trigonale. 

On a precede de la meme maniere pour 
Y2O2S: Eu®"^ et on peut etablir le Tableau 3. 
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Tableau 2. GdzOjS: Eu»+ 


X. 

(Aj 

(cm ') 

Niveau emetteur 
(cm”') 

Niveau terminal 
(cm') 

Transition 

5833 

I7I39 

17139 

0 

*D„ - 'F„ 

5952 

16796 

17139 

343 

"Do — 'F, 

5963 

16755 

17139 

374 

"Do 'F, 

6168 

16208 

17139 

931 

"Do ^ "F, 

6262 

15965 

17139 

1174 

"D„ - T, 

6298 

15873 

17139 

1266 

"Do ^ ^F, 




Tableau 3. 

Y2O.2S: Eu'*+ 


A 

If 

Niveau emetteur 

Niveau terminal 


(A) 

(cm-') 

(cm') 


(cm"') 

T ransition 

5832 

17141 

17141 


0 

"Do - 'F„ 

5951 

16799 

I7I4I 


342 

"Do 'F, 

5964 

16762 

I7I4I 


379 

"Do - 'F, 

6170 

16203 

17141 


938 

"Do ^ 'F, 

6265 

15957 

17141 


1184 

"Do 'F, 

6305 

15856 

17141 


1285 

"Do - 'F, 


Si Ton compare les Tableaux 2 et 3, on con- 
state que r^cart entre les composantes ex- 
tremes des niveaux ^F,, et est plus grand 
pour YaOaS (respectivement 37 et 347 cm“') 
quc pour GdjOaS (31 et 335 cm"')- La per- 
turbation due au remplacement d’un ion par 
un autre est d’autant plus importante que les 
rayons de ces ions son' plus difFerents. II est 
done logique que I'amplitude de la decomposi- 
tion des niveaux par le champ cristallin soil 
plus faible pour GdaOjS que pour Y 2 O 2 S. 

Les resultats obtenus pour I’ion Eu^^ per- 
mettent d’interpreter plus facilement le spectre 
d’emission de I'ion Sm'’+. Pour ce dernier, le 


niveau fondamental est Le premier 

niveau emetteur possede un nombre quan- 
tique y = 5/2 (la valeur de L n’est pas encore 
connue avec certitude). Les raies d'emission 
qui permettent d’atteindre les trois compos- 
antes du niveau “Hs/a sont consignees dans 
le Tableau 4. 

On obtient un tableau analogue pour YjOaS: 
Sm'‘+ 

Si on compare comme plus haul, les ecarts 
entre niveaux extremes, on trouve 174 cm~*" 
pour GdjOaS et 204 cm"' pour Y^OaS, la 
difference est encore plus marquee que dans 
le cas de Eu*+. 


Tableau 4. Gd-aO-^S: Sm^^ 


A Niveau emmeUeur Niveau terminal 

(A) (cin"‘) (cm"') (cm"') 


5637 

17735 

17735 

0 


5641 

17722 

17722 

0 


5646 

17706 

17706 

0 


5666 

17644 

17735 

911 

1 moy 89 

5669 

17635 

17722 

87] 

5693 

17560 

17735 

175] 


5697 

17548 

17722 

174 

moy 174 

5702 

17532 

17706 

174 


I' 
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Tableau 5 . Y2O2S: 


V 


Niveau emetteur 

Niveau terminal 

(A) 

(cm“^) 

(cnr’l 

(cm“’) 

5620 

17788 

17788 

0 


5636 

17738 

17738 

0 


5639 

17728 

17728 

0 


5665 

17647 

17788 

141 1 

1 moy 144 

5686 

17582 

17728 

146J 

5701 

17535 

17738 

2031 

1 moy 204 

5705 

17523 

17728 

205 J 


Les spectres optiques permettent de de- 
terminer les parametres de champ cristaHin. 
Pour les ions Eu®+ et Sm®+ le meilleur accord 
entre le calcul et I’experience est obtenu pour 
les valeurs des parametres indiquees dcins le 
Tableau 6. 11 s varient peu d'un compose a 
I’autre sauf pour la valeur T4* du samarium. 

Ces valeurs permettent de calculer la decom- 
position des niveaux T, et de Eu^"^ et 


Tableau 6 


Compost 

Activateur 

K,® 

(CTn->) 

(cm-') 

P,* 

(cm"*) 

Gd202S 

Eu»+ 

. +50 

-205 

1100 


Sm»+ 

+ 60 

-200 

800 

YjOaS 

Eu*+ 

+ 60 

-220 

1150 


Sm’+ 

+ 60 

-205 

2250 


®H5/2 de on peut 6tablir les Tableaux 

7 et 8. 

Dans le premiere colonne sont consignees 
les valeurs experimentales, dans la seconde 
les valeurs calcul^es, dans la troisieme ces 
memes valeurs, mais a une translation pr^s, de 
manifere a obtenir le meilleur accord entre 
le calcul et rexp6rience, enhn dans laderni^re 
colonne les ecarts entre le calcul et I’experi- 
ence. On remarque que ces 6carts sont tr^s 
faibles. 

L’approximation du champ cristallin semble 


Tableau 7 . Gd202S 




Experience 

Calcul. 

A£(cm"') 

Activateur 

Niveau 

(1) 

(2) 

(3) 

(4) 


T, 

343 

- 10 

344 

1 



374 

+ 20 

374 

0 


T2 

931 

- 166 

932 

1 



1174 

+ 76 

1174 

0 



1266 

+ 178 

1266 

0 

Sm’-* 


0 

-88 

0 

0 



89 

+ 4 

92 

3 



174 

+ 85 

173 

1 




Tableau 8. 

Y2O2S 





Experience Calcul. 

A£ 

Activateur 

Niveau 

(1) 

(2) 

(3) 

(cm-') 



342 

- 12 

342 

0 



379 

+ 24 

378 

1 

Eu3+ 


938 

- 168 

938 

0 



1184 

+ 78 

1184 

0 



1285 

+ 180 

1286 

1 




0 -114 2 2 

144 + 26 142 2 

204 + 87 203 1 


Sin=’+ 
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done assez bonne pour interpreter remission 
de ces activateurs, tout au moins en ce qui 
concerae les niveaux ’'Fj et Tj de I'europium 
et le niveau samarium. 

CONCXUSION 

Dans cette etude on a mesure la suscepti- 
bilite magnetique d'un echantillon polycristallin 
d’oxysulfure de samarium et on I’a interprete 
par un module de champ cristallin adapte 
k la symetrie Cs^. On a constate que la con- 
tribution de rechange est importante surtout 
k basse temperature. Get effet est fonction 
du terme de paramagn6tisme constant a; la 
decroissante de xtT' pout les tres basses tem- 
peratures est due au terme djT avec dp = 
— 5®K. L’integrale d’echange moyenne a ete 
calcuiee egale a; 

k 2Z\gj-\) U 2 
j - OJ-’K. 

Z etant le nombre de voisins ~ 6. 

De 10° a 50°K seule niveau fondamental 
> est peuple. Des 50°K le premier niveau 
excite \A > commence a influencer la sus- 
ceptibilite; on peut estimer qu’a 250°K ce 
niveau est completement peuple, A partir de 
cette temperature la contribution du multi- 
plet / = 7/2 masque le role du dernier niveau 
excite du multi plet 7 = 5/2. 

Ce calcul comporte certaines approxima- 


tions; d'une part on a assimiie le paramagne- 
tisme constant dfi au multiplet 7=7/2 k celui 
de I'ion libre; d’autre part on a neglige Pelfet 
du second ordre dans le calcul des vecteurs 
propres du multiplet 7 = 5/2. 

Malgre ces approximations on a determine 
les parametres de champ cristallin. L’etude 
de la fluorescence de I’ion Sm®+ dans deux 
matrices differentes, completee par celle de 
I’ion Eu®"*^ dans les memes matrices, fournit 
de fa^on directe des parametres de champ 
cristallin tres voisins de ceux obtenus pre- 
cedemment. 


Note: Dans une publication recenlet9] Severs et 
Yoshioka ont determine les parametres de champ cris- 
tallin de rion a partir du spectre de fluorescence de 
YoOjS: Eu'". Ixs resultats obtenus sont cn disaccord 
avec les notres pour la valeur des parametres 
Cette divergence est due k la difference d'indexation des 
raies d'emission 'Du— ‘^Fj: on n’a pas observe experi- 
mentalement la raie '‘D„ — ► 'Fj ( I ) indiqu6e par Severs et 
Y oshioka. 
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Abstract— Pulse measurements of 7, for^'Fe nuclei in very pure, single crystals of YIG are reported. 
The temperature was varied from 2° to 292'‘K, and the externally applied field ranged from 0 to 6000 Oe. 
The temperature variation of T, is quite strong, being three orders of magnitude in the range 2®-40°K.. 
At constant temperature. 7, changed approximately one order of magnitude between saturation field 
and 6000 Oe. The data are compared with the results of a calculation by Beeman and Pincus, in which 
a second-order Kaman process and the three-magnon process are assumed to predominate below 50°K.. 
Agreement is only qualitative, the experimental values of 7, being larger than predicted. At 4-2“K 
in zero field, it is found that a polycrystalline sample containing particles of I0~*cm dia. has 
a value of 1/7, which is some two orders of magnitude larger than for a macroscopic crystal. The 
presence of a relaxation mechanism associated with surface effects is suggested. 


1. INTRODUCTION 

Measurements of 7, for ®^Fe nuclei in YIG 
were first reported by Robert and Winter! 1], 
However, in order to explain their data, 
these authors found it necessary to conclude 
that the predominant relaxation mechanism 
was associated with rare earth impurities. 
Only more recently have the methods of 
preparation advanced to the stage where very 
pure samples of YIG can be obtained. 

The purpose of the present experiment 
was to measure the nuclear relaxation rate 
in samples of YIG which were sufficiently 
pure that the measurements were likely to 
be representative of YIG and not of im- 
purities. In particular, a recent calculation 
of Ti in YIG by Beeman and Pincus[2,3] 
was to be checked experimentally. 

2. THEORY 

In their extensive treatmentfS] of relaxa- 

* Research supported by a contract from the U.S. Office 
of Naval Research, Washington, D.C., and a grant from 
the U.S. Army Research Office, Durham, N.C. 


tion in magnetic insulators, Beeman and 
Pincus calculate 7, explicitly for YIG 
in the temperature range 0"-50®K. The direct 
process, in which a nuclear spin flip is accom- 
panied by the emission of a single spin wave, 
is forbidden by the law of energy conserva- 
tion. In the absence of dipolar fields, relaxa- 
tion by the scattering of a thermal magnon, 
the Raman process, is precluded on the 
basis of conservation of angular momentum. 
However, these authors point out that the 
electronic dipole-dipole interaction destroys 
the symmetry which requires conservation 
of angular momentum, permitting a second- 
order Raman process. Thus, a nuclear spin 
flips, creating a virtual spin wave via the 
hyperfine interaction. This virtual magnon is 
then scattered by a thermal magnon, through 
the electronic dipole-dipole interaction. 
Above approximately 30°K, the three-magnon 
process, in which the nuclear spin flip is 
accompanied by the annihilation of one spin 
wave and the creation of two others, becomes 
important. 
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The relation given in [3] for the second- 
order Raman process is 


T, 


/ k„T \ 

X hat ex / 




where A is the hyperfine coupling constant, 
flu the Bohn magneton, M the magnetization 
of the ferrimagnet, and H the effective 
field acting on the electronic spins. lOex 
the spin wave dispersion constant, and is 
defined by the dispersion equation [4] 

^(k) = -f gfjuniHn + H,i — H „) 

+ 2'iTggL[iM sin^dt ( 2 ) 

where hu is the energy of a magnon having 
wave-vector k, a the lattice constant, //« 
the applied field, the effective anisotropy 
field, H„ the demagnetizing field, and Bi, 
the angle between k and M (a minus sign has 
been inserted before Hi, so that all the 
variables will be positive). However, equation 
(1) was derived using a simplified form of 
equation (2) [3]: 


fi<o(k) = + gtt-nH ■ 


(3) 


The third term on the right hand side in 
equation (2), which is due to dipolar inter- 
actions, was omitted to simplify the cal- 
culation. 

The function F is a linear combination of 
two integrals which must be evaluated by 
numerical methods. However, for the tem- 
peratures and fields of this experiment, 
FikgTIgfiBH) is nearly proportional to 
{TtHY. Using this approximation and taking 
^ = 1-72 X 10-'»ergs and = 5-65 x 10+''' 
sec“‘ from NMR work[5] M — l%Oe from 
total magnetization measurements [6], and 
g = 2, one obtains [7] 


a— (^J 


sec 


(4) 


for the Z>-sublattice, where H is expressed in 
Oe. 


The contribution of the three-magnon 
process is given by 




where S is the electronic spin of the ions. 
For the Fe"^' ion S = 5/2, and equation (5) 
reduces to 


for the D-sublattice resonance. Then the 
nuclear relaxation rate is given by 

y={t) +(f) 

since the two relaxation processes are 
considered to be mutually independent. 


3. SAMPt,ES AND EXPERIMENTAL PROCEDURE 

Measurements were made on three single 
crystal spheres of YIG, which will be refer- 
red to as samples #1. #2. and #3, respec- 
tively. Sample #1 had a diameter of 0-080 in., 
which varied less than 0-001 in. over the 
sphere. Its surface was highly polished. 
Samples #2 and #3 were less accurately 
spherical, having a diameter of approxi- 
mately 0-135 in. which varied over a range of 
0-020 in. as a function of direction. Crys- 
tals #2 and #3 also had small surface ir- 
regularities. 

It should be pointed out that, while a 
slightly non-spherical shape is known to be 
disastrous for FMR measurements, its effect 
is not expected to be important for NMR 
work. This is true because, in the former 
case, the quantity being measured is the 
spectral width of the magnetic field for 
resonance, and the field within the sample 
must therefore be extremely homogeneous. 
In contrast, the nuclear relaxation rate is 
determined by the magnitude of the internal 
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field instead of its spectral width, so that the 
homogeneity requirement is much less 
stringent. 

The three samples were prepared with less 
than I ppm rare earth impurities and less than 
10 ppm Ca and Si impurities. Crystals 
#2 and #3 were prepared from the same 
batch of materials, while crystal #1 was 
from a different one. 

The samples were placed in a perforated 
Teflon container, which in turn was enclosed 
in the radio frequency coil. The cavity was 
sufficiently large to allow the sample to rotate 
freely, so that when an external magnetic 
field was applied, the crystal would orient 
with a [1 1 1] axis, which is the easy direction, 
along the field. That the sample did orient 
properly is shown by the fact that the three 
NMR resonances of YIG did not shift in 
frequency as the applied field varied from 
zero to saturation field. Also, 7, measure- 
ments made on Yb-doped Y IG [8] have given 
consistent results whether orientation was 
achieved by free rotation or by X-ray diff- 
raction. This is a sensitive check because 
7, is very anisotropic in Yb-YIG. 

The sample cavity was located in an electro- 
lytic copper can, which contained approxim- 
ately 500^ of '‘He exchange gas to provide 
thermal contact with the sample. An outer can 
surrounded the copper can, providing 
an isolation space which was pumped to a 
high vacuum. The top flanges of the two 
cans were mounted approximately 6 in. 
apart on the stainless steel tubing of the 
cryostat, in order to provide thermal isolation. 
The entire assembly was immersed in a liquid 
“He bath, with the sample area between the 
poles of an electromagnet. 

Temperatures above 4-2‘'K were achieved 
by means of a resistance wire heater attached 
to the sample can. A Cryo-Cal germanium 
resistance thermometer, connected in a four- 
lead configuration to a Leeds and Northrup 
K-3 potentiometer, was used to measure 
temperatures below 40“K. Above this 
temperature, a Leeds and Northrup Model 


8164 platinum wire resistor was used. These 
thermometers were calibrated in another 
cryostat [5] using a constant-volume gas 
thermometer. The g^s thermometer was in 
turii calibrated using the vapor pressures of 
“He, neon, and nitrogen, and the ice point. The 
estimated uncertainty in calibration ranges 
from ±10mdeg at 5°K to ±30mdeg at 4(fK 
and±0-2“at20(7K. 

A carbon resistor was also installed in the 
cryostat, to be used as a sensor for the tem- 
perature regulation system. This resistor 
was connected to an a.c. bridge, whose 
imbalance signal was fed into a phase-sen- 
sitive detector. The output of the lock-in 
powered the cryostat heater, thus regulating 
the sample temperature. By this method the 
temperature could be held fixed to within 
± 10 mdeg for an indefinite period. The carbon 
resistor, in which the magnetoresistive 
effect was negligible, was also used to correct 
for this effect in the germanium thermometer. 

The range of fields and temperatures 
over which data could be taken was limited 
by two factors: signal-to-noise and the 
high values of 7,. The signal-to-noise ratio 
is inversely proportional to applied field 
because of the corresponding decrease 
in enhancement, and inversely proportional 
to temperature by Curie’s law. Thus work was 
restricted primarily to low fields and to 
temperatures below 40®K. However, in the 
range 120°-190'’K at saturation field, the 
signal-to-noise ratio was sufficiently large 
and 7i sufficiently small to permit the use of 
a boxcar integrator to average the signal. 

The longitudinal relaxation rate .was 
measured by the standard technique of 
applying a 90-deg pulse, waiting for a variable 
time, and observing the height of the echo 
produced by a 90-180 pulse sequence. 
The spectrometer has been described else- 
where[5]. R.F. pulses of approximately 
1 00 V peak-to-peak were applied to the 
sample coil, with widths ranging up to 20/L(sec. 
Exponential recoveries were observed in all 
the single-crystal samples, but not in two 
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samples containing microscopic crystals. 
The latter case is discussed in Section 4. 

4 . RESULTS AND DISCUSSION 

The data to be discussed in the following 
paragraphs were all taken on the O-sublattice 
resonance. The signal-to-noise ratio for the 
two A-sublattice resonances is much smaller, 
but some data were taken on these resonances 
at temperatures below 4‘2°K. The field and 
temperature dependences were the same, 
within scatter, as for the D-sites, but T, 
was systematically shorter by 10± 10 per cent. 
According to equations (1) and (2), 7", is 
inversely proportional to the square of the 
hyperfine coupling constant /t. Assuming this, 
Ti for the y4 -sites should be shorter than for 
D-sites by a factor of approximately 0-75. 
It should be pointed out, however, that the 
/<* term occurs in the expressions for a 
number of relaxation mechanisms [9]. Hence 
this agreement between theory and experi- 
ment does not bear on the applicability of 
equations ( 1 ) and (2) in particular. 

Data were taken as a function of applied 
magnetic field at 4-2‘’K and at 1()°K, and the 
results are shown in Fig. 1. The field depen- 
dence is the same at both temperatures up 
to approximately 2000 Oe.. beyond which 
there appears to be a slight systematic 
deviation. 

There is a degree of ambiguity in comparing 
the data with the Beeman-Pincus theory, 
because the anisotropic term in the magnon 
energy gap was neglected in deriving equation 
(I). As pointed out in [3], equation (3) is a 
good approximation in the limit of high fields 
where Ho > 2vM. Unfortunately, InM = 
1200Oe, which is comparable with the fields 
of this experiment. As explained in Section 3, 
data could not be taken at very high fields 
because the signal-to>noise ratio was too 
small at these fields. Pincus[10] has suggested 
that two of the terms in equation (2), namely 
Ho — SlOOe and 27rAf(sin* 0*) = 0 to 1320 Oe. 
may partially cancel, and that, since Hj, 
is only of the order of 170 Oef 1 1], a reason- 
able first approximation might take H — Ho- 



Fig. I. The field dependence of for D-sites in YIO, 
from samples #1 and #3. Circle.s; T = 4-22“K. Triangles: 
T= 10-0°K. Dashed line: calculated relaxation rate for 
the second-order Kaman process only. Solid line: 
three-magnon process included. 

This assumption has been made in calculating 
the theoretical curves of Fig. I. Agreement 
with the data is only qualitative. 

The observed temperature dependence 
of r, at 820 Oe. which is the saturation 
field, and at 1500Oe is shown in Fig. 2. 
The data plotted were taken on samples 
#1 and #3. which gave identical results to 
within the experimental uncertainty. How- 
ever, the values of Ti obtained for sample #2 
at saturation field were approximately 
30 per cent smaller, although the temperature 
dependence between 3° and 30°K was the 
same to within the uncertainty. The origin 
of this shift is not known. It is possible that 
crystal imperfections within the sample 
caused field inhomogeneities. 

The point at 78°K was taken in zero field, 
in a liquid nitrogen bath. Approximately 
eight irregularly-shaped single crystals were 
packed into an r.f. coil, to form a sample 
volume of about 0-13 in®. These crystals came 
from the same batch as samples #2 and #3. 
This arrangement produced a signal-to-noise 
ratio sufficient to allow measurement of Ti. 
As a check, Ti was measured with the same 
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Fig. 2. The temperature dependence of Ti for D-sites 
in YIG, from samples #1 and #3. Circles; f/«= 820 Oe 
(saturation field). Triangles: W„=1500 0e. Crosses; 
//„ = 0, sample containing several crystals (see text). 
Dashed line: calculated relaxation rate for the second- 
order Raman process only. Solid lines; three-magnon 
process included. 

setup, at 4-2°K. The value of T, was ap- 
proximately 10 per cent smaller than that 
obtained with a single sphere at saturation 
field. Also, as will be seen below, zero field 
and saturation field results agree at higher 
temperatures. Hence it was felt that the 78°K 
point could be used as an approximate 
extension of the saturation field data. 

The predictions of equations (4), (6) 
and (7) are shown in Fig. 2. There seems to 
be a definite discrepancy between theory and 
experiment, the experimental values of Tj 
being larger than predicted. 

It seems probable, although not certain, 
that the spin-lattice relaxation rate observed in 
this experiment was due to a mechanism of 
pure, single-crystal, mono-domain YIG. 
The fact that the observed relaxation rate is 
slower than predicted favors this view. A 
domain-wall mechanism is ruled out because 
the data were taken in fields above saturation. 
The only appreciable impurities with spin 
were rare earths, whose concentration was 
known to be less than 1 ppm. From measure- 
ments on Yb-doped YIG [8] it can be estim- 


ated that at least 5 ppm rare earth impurities 
would be required to jM-oduce the relaxation 
rate observed at 4-2°K. Also, the field and 
temperature dependc^ices would be qu£di- 
tatively different. Finally, consistent results 
were obtained with samples from different 
batches. 

Smooth curves were drawn through the 
data, and values of 7] read off at convenient 
temperatures and fields. These values are 
presented in Tables 1 and 2, along with data 
taken at 120“, 151“ and 188“K using the boxcar 
integrator. Also presented are points taken at 
78“, 188“ and 292“K in zero field, on the 
sample consisting of several crystals which 
was described above. Note that the zero 
field and saturation field results at 188°K 
are consistent to within the experimental 
uncertainty. 

The nuclear relaxation rate was also meas- 
ured in two polycrystalline samples, in which 
the typical crystal size was 5Xl0“'*cm. 


Table 1. Smoothed Tj data for D- 
sites in YIG, from samples # 1 and 
^ 'i, as a function of temperature 


TCK) 

Applied field 

820 (Oe) 1500 

2 

1550 sec ±5% 


2-5 

930 


3 

600 


3-5 

372 

1050 sec±10% 

4 

229 ±3% 

600 

5 

105 

263 

6 

56 

141 

7 

33-9 

85 

8 

229 

56 

10 

12-9 ±5% 

30-2 

12 

8-9 

20-4 

14 

6-8 

15-5 ±20% 

16 

5-5 


20 

3 -98 ±10% 


30 

2-45 


40 

1-82 ±20% 


78 

0-95 ±20%* 


120 

0-20± 10% 


151 

0 086 ±10% 


188 

0-038 ±10% 


188 

0-034 ±20%* 


292 

0 0093 ±20%* 



*Data taken on several crystals in zero 
field (see text). 
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Table 2. Smoothed T, data for D- 
sites in YIG, from samples # I and 
4^ 3, as a function of applied field 


Applied field 

TC 

’K) 

(Oc) 

422 

10-0 

820 

195 sec ±3% 

12-9 sec ±5% 

1000 

235 

17-6 

1200 

340 

23-6 

1600 

500 

37-0 

2000 

640 ±10% 

52 ±20% 

2500 

790 

72 

3000 

920 

93 ±30% 

4000 

1170 


5000 

1400 


6000 

1600 ±20% 



These samples were of purity comparable to 
those described above. The measurements 
were made at 4-2°K in zero field, and the 
results were in marked contrast to the data 
reported above. First, the return of the nuclear 
magnetization to equilibrium was quite 
non-exponential. However, in the measure- 
ment described above on a sample consisting 
of several irregular crystals packed together 
with random orientation, which was also 
done in zero field at 4‘2°K, the return to equil- 
ibrium was exponential to within scatter. 
Second, the two small-crystal samples gave 
Ti = 0'4sec and = 0-9 sec, respectively, 
while the larger crystals yielded T, = J 70 sec. 

Henderson et a/. [12] have measured 
the specific heats of the two polycrystalline 
samples mentioned above, in the temperature 
range below 4-2°K. They found an anomalous 
contribution which varied approximately 
linearly with temperature. These authors 
have tentatively suggested that both the 
specific heat anomally and the high nuclear 
relaxation rate may be associated with surface 
effects. This explanation is not inconsistent 
with the NMR results discussed above, 
since a relaxation mechanism associated with 
surface effects would be more effective 
for smaller crystals. Also, the relaxation rate 
might be expected to vary with distance from 
the crystal surface, thus accounting for the 


observed non-exponential decay in the small 
crystals. 

5. CONCLUSIONS 

Agreement between the data presented in 
this paper and the predictions of current 
theory is only qualitative. We find Ti (ex- 
perimental) > Tj (theoretical) over the entire 
range of fields and temperatures covered, 
the difference ranging as high as a factor of 
- 10. It is hoped that further theoretical 
work will be stimulated by these measure- 
ments. 

It .seems possible that a relaxation mechan- 
ism associated with surface effects has been 
observed in the samples having ~ 5 x 10“^ cm 
crystals. If so, then NMR should provide a 
useful probe with which to study surface 
properties in YIG, as well as in other mag- 
netic systems. 
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Abstract — Measurements of Tj in the hep phase of Hi over the temperature range 2°-12“K and the 
ortho concentration range between 0-5 and 0-97 are presented. At temperatures below 10°K, the 
thermally activated self-diffusion is negligible and the mechanism for nuclear relaxation is that attri- 
buted by Moryia and Motizuki and by Harris to intramolecular dipolar interaction, modulated by 
intermolecular electric quadrupole-quadrupolc (EQQ) interaction. The gaussian approximation for the 
correlation function was used by these authors to predict T,. From the comparison between experiment 
and theory, we determine the EQQ parameter I'lkg to be 0-67°K. Above I0°K the effect of difI\jsion 
influences Ti, and the experimental results for an 88 per cent ortho Hi sample up to the melting point 
suggest that the relaxation mechanisms resulting from EQQ interaction and diffusion are not inde- 
pendent of one another. 


1. INTRODUCTION 

Moryia and Motizuki [1] pointed out that the 
principal mechanism for nuclear relaxation in 
hep orthohydrogen is the intramolecular, 
nuclear dipole-dipole interaction modulated 
by either self-diffusion or the intermolecular 
electric quadrupole-quadrupole (EQQ) inter- 
action. In this paper we report measurements 
of the longitudinal nuclear relaxation time 
at high ortho concentrations, in the tempera- 
ture range where the modulation due to the 
EQQ interaction is the dominant one. 

Nakamura[2] first discussed the EQQ inter- 
action energy, which is proportional to the 
quadrupole coupling constant 

r = 6e^QV25R^ ( 1 ) 

where eQ is the quadrupole moment of an 
ortho molecule and R is the distance separa- 
ting the molecules. The relaxation time due to 
EQQ interaction was calculated by Moryia 

*The research carried out at Duke University was sup- 
ported by grants from the Army Research Office (Durham) 
and the National Science Foundation. 


and Motizuki [1] in the high temperature 
approximation. They considered only nearest- 
neighbor interaction between ortho molecules, 
and used a gaussian approximation for the 
spectral density correlation, which limits their 
calculation to ortho concentrations above 
about C = 0-4. Their calculation for the case 
of a single hep crystal with applied magnetic 
field parallel to the c axis yields 

T,.e = 0-552 C^'^rikp) (sec) (2) 

where C denotes ortho concentration and the 
explicit dependence on T is factored out. 
More recently, Harris [3] used similar assump- 
tions to derive an expression containing the 
first temperature-dependent term. He obtained 
for a powder of H* crystals [4] 

= 0-543 [l 

1757 rcp'* , ,,, 
1792/tj,rJ 

In a single crystal of H 2 the anisotropy of the 
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relaxation time Tt was calculated [3] to be 
about I per cent. 

At temperatures below the freezing point 
and at N MR frequencies allir > 1 0 MHz, the 
diffusion correlation timer is much larger than 
a<~' so that the relaxation time due to self- 
dilfusion is, to a good approximation [1], 

r,j; = (3log2H7'iT^ (4) 

where corresponds to the line width for 
a rigid lattice and is taken to be proportional to 
C*'*. In discussing our data, we will use values 
of T'^ and r estimated by Moryia and Motizuki 
[1] from Bloom’s data[5, 6]. 

If we assume that the two relaxation mech- 
anisms are mutually independent, the observed 
relaxation time Tt will be given by 

TT^ = TrUTr,l. (5) 

Near the melting point the self-diffusion term 
is dominant, while below 10°K its contribution 
is negligible. 

Several experimenters have recently meas- 
ured Tt at ortho concentrations C « 0’75. 
These include Hass et a/.[7] at temperatures 
above 12°K, Hardy and Gaines f8] at 4-2'’K 
and Harris and Hunt [9] between 4-2° and 
1-5®K. Relaxation measurements for H^-Di 
mixtures have also been reported by Metzger 
and Gaines [ 1 0] at 4'2'’ and 1 •2°K. 

In this paper we present a systematic study 
of Tt in hep hydrogen that extends the con- 
centration range to C = 0’97 and covers the 
complete temperature range from 1 -5° to 1 2°K. 
These data are easily extrapolated to give T, 
for pure ortho H^. After a brief description of 
the experimental methods in Section 2, the 
results are presented in Section 3 and com- 
pared with previous data[5,7-9] and with 
theory [1, 3, 9]. Because of our systematic 
measurements in a previously unexplored 
temperature and concentration region, and 
because of the recent extension in the 
theory{3], this comparison is an improvement 
over the earlier ones [1,9]. 


2. EXPERIMENTAL 

The relaxation times were measured using a 
phase-coherent pulse system described else- 
wherelll]. The detection system required 
about 20 /isec to recover following a pulse. An 
electronic counter was used to monitor the 
oscillator, whose frequency of 38 MHz was 
kept within 200 Hz of the center of the NMR 
absorption line. The magnetic field was held 
constant during the experiments and was 
monitored by a separate spectrometer opera- 
ting at a different frequency. A 90-deg pulse 
required approximately 1 1 /asec, and had a 
Fourier spectrum wide enough to saturate the 
entire line shape. 

Measurements of Tj were carried out by 
first saturating the spin system using two 90- 
deg pulses separated by a time much longer 
than Ti, yet much shorter than Tj. After a time 
t, another 90-deg pulse was applied and the 
amplitude of the free induction decay M(t) 
was measured 35 sec after the leading edge of 
this pulse. Semilogarithmic plots of [M(t = ») 
— M(ri] vs. t were linear within the scatter and 
Tt could be determined to ±2-5 per cent from 
the plots, except at the lowest temperatures. 
At 1 the scatter in the plots due to the 
short Ti increased the uncertainty in an 
individual measurement to ± 5 per cent. 

Samples were frozen rapidly using a tech- 
nique that we believe produces powder sam- 
ples, based on observation of c.w. lineshapes 
in previous experiments [12]. The experiments 
at high concentration started with hydrogen of 
C = 0'97 which was prepared [13] by prefer- 
ential absorption on cold alumina. The enrich- 
ment process reduces the gas impurities, 
which were originally < 20 ppm. The meas- 
urements at C « 0-75 were made starting with 
normal gas certified by the Matheson Com- 
pany to contain <6-5 ppm of impurities, 
mainly oxygen. 

Once a sample was solidified, measurements 
were taken at a given set of temperatures and 
the corresponding laboratory time was noted. 
The ortho concentration was determined both 
before and after the experiments by measuring 
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the thermal conductivity. Ortho-para self- 
conversion in the solid state proceeds at a rate 
that is temperature independent in this region 
and is given by 


The ortho concentration at a given time could 
be found by interpolation using equation (6). 

3. RESULTS AND DISCUSSION 
Approximately 170 determinations of T, 
were made, and a representative set of data at 
7-25° an 4-27°K is shown in Fig. 1 . The results 
from graphs such as Fig. 1 were smoothed 
and are presented at standard temperatures 
and ortho concentrations in Table 1. There is 
agreement within the combined experimental 
error with the data of Hardy and Gaines [8] 
taken at 30 MHz and those of Harris and 
Hunt [9] taken at 35 MHz. 



Fig. 1 . The experimental Ti results at two representative 
temperatures. Open and closed circles, present data; X, 
Hardy and Gaines at 4-22°K. 


Hass et al. [7] measured relaxation times at 
30 MHz and in a temperature range where 
diffusion effects become noticeable. Since 
the relaxation time due to self-diffusion r,,p 
depends on the NMR frequency, our data can 
be compared with theirs only through 


Table 1. Tabulation of smoothed values o/Tj in msec at standard ortho 
concentrations and temperatures. The numbers in parantheses are the T,q 
values, after correction for diffusion relaxation 

T(”K) 


c 

1-5 

20 

2-5 

30 

10 




237 

0-95 




235 

0-90 




233 

0-85 




232 

0 80 



215 

230 

0-75 


190 

212 

229 

0-70 


190 

212 

228 

0-65 


195 

213 

227 

0-60 

160 

190 

210 

225 

0 55 

165 

190 

207 

220 

0-50 

165 

188 

205 

215 


40 

50 

6-0 

7-0 

8-0 

270 

294 

310 

322 

329 

266 

289 

303 

313 

320 

263 

284 

296 

306 

315 

261 

280 

292 

302 

311 

258 

274 

• 

287 

297 

305 

254 

270 

281 

291 

299 

250 

264 

276 

284 

290 

245 

258 

267 

274 

279 

240 

251 

259 

265 

269 

235 

245 

251 

255 

257 

230 

240 

244 

245 

245 


90 

100 

11-0 

12-0 

333 

334 

329 

319 



(334) 

(340) 

325 

327 

324 

315 



(329) 

(334) 

321 

324 

319 

309 



(323) 

(327) 

317 

319 

313 

303 



(317) 

(318) 

312 

314 

311 

295 



(315) 

(309) 

307 

310 

305 

290 



(308) 

(303) 

294 

296 

295 

288 



(298) 

(300) 

283 

285 

286 

284 



(288) 

(294) 

270 

272 

273 

274 



(275) 

(283) 

258 

259 

259 

259 



(261) 

(266) 

245 

245 

245 




(246) 

(251) 
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which should be frequency independent. We 
computed 7,j, from equation (4) and then 
calculated 7|,o from equation (5) for all sets 
of data. Our results for Ti,Q are presented in 
Table 1 and are given by the number in 
parentheses. The Hass et a/. [7] values at 
12'’K for r,.o are 0-265, 0-252 and 0-215 
sec for ortho concentrations of 0-75, 0-68 
and 0-52, respectively. Their relaxation 
times, as well as those at C ~ 0-66 by Bloom 
15], are systematically lower by 10-20 per 
cent than those presented in Table 1 . We can 
explain neither the difference in 7|,y nor the 
observation that the maximum of 7, of Hass 
ei a/.[7] lies at 12-5°K rather than at 10°K 
as in our experiments. 

There is good numerical agreement between 
theory [1,3] and our data for the relaxation 
time due to the EQQ interaction. In Table 2 
we present the ratio 7i,o(theory)/7,.g(exp.) at 
even temperatures and concentrations, using 

Table 2. Ratio T,,q(r/ie’orv)/T,,Q(ejcpr.) for 
standard ortho concentrations and 
temperatures. Ti,Q{theory) is calculated 
from the theory of A. B. Harris, equation 
(3), using r/ko = 0-69'A: 






T(°K) 





6 

7 

8 

9 

10 

II 

12 

1-0 

1-09 

1-06 

1 05 

105 

1-05 

106 

105 

0-9 

109 

106 

1-05 

104 

1 04 

104 

104 

0 8 

1 06 

104 

1 03 

101 

1 01 

1 02 

104 

0-7 

1-04 

1-03 

1-02 

101 

1-01 

1-00 

100 

0-6 

1-04 

1-02 

102 

1 02 

102 

FOl 

0 99 

0-5 

101 

1-02 

1-03 

103 

104 

104 

102 


the improved theory [3] that takes into account 
the temperature variation of 7,,g. In calcula- 
ting 7 i,q from equation (3), we have used 
the value rMB = 0-69°K, obtained from an 
improved analysis [14] of the Raman spectrum 
of cubic ortho H2[15]. The approximate 
constancy of the ratio in Table 2 shows that 
the temperature-dependent term in equation 
(3) is in reasonable agreement with experiment 
over the range where this equation is valid. 


Conversely, using equation (3), we can deter- 
mine r from the experimental data. We then 
find r/Afl = 0-67±0-03‘’K to give a best fit 
to the data. We emphasize that this value is 
dependent on the assumption of the gaussian 
approximation in equation (3) and will be 
modified as better approximations become 
available. We also point out that this value for 
r is representative for the hep phase and 
0-5 ^ C 1-0. 

At temperatures above 12°K, diffusion 
becomes important. Relaxation measurements 
on a sample with C = 0-88 gave 7i values of 
0-287, 0-283, 0-274 and 0-255 sec at respective 
temperatures of 13-2, 13-5, 13-9 and 14-2°K, 
the last value corresponding to the liquid. This 
smooth decrease of 7, with increasing 7 is 
compatible with a diffusion mechanism and 
is in qualitative agreement with the findings of 
Hass et al\l\ at their highest ortho concen- 
tration. Using our experimental data together 
with equations (4) and (5), we find that 7i,g be- 
comes sharply temperature dependent at 
increased temperatures. This behavior cannot 
be compensated for by a different choice of 
and is contrary to theory. We conclude that 
equation (5) is not valid above 12®K where 
possibly interaction between the two relax- 
ation mechanisms sets in through a modula- 
tion of the EQQ interaction by diffusive 
motion. 
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Abstract — A theoretical investigation of the luminescence processes associated with F-centers has 
been made. It assumes that the marked Stokes’s shift arises from the electrostatic interaction between 
the F-electron and the neighboring ions. A semi-continuum model was employed. First, an examination 
of most of the previous F-center calculations in NaCI and KCl was made. These were classified into 
four categories; (I) the semi-continuum model; (2) the semi-continuum polaron model; (3) the point- 
ion model (a) without polarization and (b) with polarization; and (4) the Hartree-Pock model where 
' the internal structure of the ions which surround the vacancy is taken into account. Some models were 
omitted. In all calculations, the differences in the eigenv^ues associated with the lowest and the 
first excited state give approximately the measured values of the peak absorption and the peak 
emission bands. The actual eigenvalues show a large scatter, indicating no reliability in the present 
calculating techniques. Next, a new self-consistent approach is made. The following results were 
derived for NaCI and KCl; (1) self-consistent potentials for the absorption and emission; (2) energy 
level diagrams (relative to the bottom of the conduction band) and wavefunctions for both processes; 
(3) self-consistent values for the displacements of the first nearest neighbors: and (4) the lifetime of the 
first excited state (which agrees approximately with the measured result). The loose binding approxi- 
mation is manifested during emission, whereas tight binding occurs during absorption. These cal- 
culations indicate that a self-consistent use of the semi-continuum model can describe the simplest 
optical properties of the F-center. 


1. INTRODUCTION 

About a decade ago the optical emission 
band of the F-center [1,2] was discovered [3]. 
The large shift of this band [which peaks at 
Fm(e)] relative to the absorption band [at 
Fm(fl)] and the unusually long lifetime of 
the excited state indicate [2,4] that the 
absorption and emission processes are not 
closely related. 

The object of our study is to show that 
this difference is expected from the very 
simplest model of the F-center and must be 
inherent in many point imperfections in 
polar solids. To understand the problem 
qualitatively, it is not necessary to utilize 
a complex modef or make refined calculations 

*Submitted by R. L. Gilbert in partial fulfillment of 
the requirements for the Ph.D. Degree to the Phy.sics 
Department. Illinois Institute of Technology. 

f Present address: Northeastern Illinois State College, 
Chicago, Illinois. 


on wave functions. We simply have to apply 
the basic model of Tibbs [5] in a self-con- 
sistent manner. The method of doing this 
was suggested by Mott and Gurney [6] and 
carried through by Simpson [7], by Krumhansl 
and Schwartz [8] and others. The more recent 
improvements (see below) are valuable, but 
are not basic for an understanding of the 
problem. 

Our calculation indicates that some 
extremely important features of the F-center 
can be obtained from a simplified theory. The 
absorption process resembles the “particle- 
in-a-box” problem, while emission is similar 
to the “hydrogen-atom-in-a-dielectric” prob- 
lem. These models are consistent with the 
change in the equilibrium polarizations when 
the F-electron goes from the ground to the 
first excited state. Further, an examination 
of past calculations (Section 2) indicates 
that many reasonable models will give an 
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approximate value of Em(a) and E^(e) pro- 
vided the "particle-in-a-box” and the “hy- 
drogen-atom-in-a-dielectric” is used, implicitly. 
Past calculations of Ef„ia) basically evaluate 
the difference between the two lowest bound 
states in a well of uniform potential depth, 
whose size is determined by the nearest 
neighbor distance. This difference is not 
sensitive to the depth of the well, provided 
it is not too shallow and different depths have 
given reasonable values of £„,(«). Certain 
features cannot be obtained in this simple 
manner. For example, a calculation of the 
ENDOR signal associated with a shell of 
ions requires an exact wave function at 
moderate distances from the vacancy. 

Three important calculations have been 
published recently. One is by Wood and 
Joy [9], and it attempts to obtain an ‘exact' 
wave function. The radically different nature 
of the emission and the absorption problem 
is not evident to us from these calculations. 
Another, by FowierflO], is similar to ours, 
it is not self-consistent, however, since the 
actual displacements of the ions near the 
vacancy are assumed. During the writing of 
this paper the calculation of Bennett fl 1) has 
appeared. His approach is not equivalent to 
ours and will be discussed below. Wood and 
6pik[12] have extended and modified the 
‘Wood’ approach after this paper was written. 
Their study will not be considered here. The 
same holds for the study of Bartram, Stoneham 
and Gash [12]. 

We believe that the conclusions arrived 
at in this paper regard the F-center, not the 
model employed. Further calculations will 
modify the actual eigenvalues, but we do 
not believe that they will change our basic 
conclusions. 

2. COMPARISON OF VARIOUS F-CENTER 
CALCULATIONS 

To compare our results with values ob- 
tained previously and to evaluate the present 
status of the calculations of wave functions 
at imperfections in polar solids, we examined 


as many F -center calculations as seemed 
practical. To present the results, let X sym- 
bolically represent the configuration of the 
surrounding ions. Further, we denote the 
total eigenvalues of the system, F-electron 
and lattice, by (ground) and by (upper- 
first excited state). Correspondingly, there 
are two equilibrium positions of the surround- 
ing ions, X„ and X„. Now we define the four 
quantities: Ey(\g), F„(X„), £„(X„), and £g(X„). 
For example Fu(Xj,) denotes the total eigen- 
value of the first excited state when the 
positions of the ions are determined by the 
ground state wave function. We know that: 

E,„{a) = EA^„) — Eg(X„) = €„{Xu)-€i,(Xf,) 

(la) 

and 

Eje) = £,(X„ ) - £„(X„ ) = €„(X„ ) - e„(X„ ) 

(lb) 

(for details see Section 6). Usually €, the 
electronic eigenvalue, is calculated in place 
of £. This energy is obtained by assuming that 
the lattice is fixed at X„ or X„ and by calculat- 
ing only terms which involve the electron 
directly. 

Table I gives various calculated values of 
the e's for NaCl and KCl. The table is not 
complete. The studies of Pekar[25], Stumpf 
[26] and Wagner [27] are omitted. Pekar and 
Wagner adopt a completely different point 
of view, where £,„(«) is treated as a given 
parameter from which other quantities are 
obtained. Some values may have been omitted 
due to oversight. Ldffler uses Stumpf s theory. 

We have classified various calculations in 
terms of ‘models’. Every author uses his 
own technique in carrying through the details. 
(All the calculations are based on de Boer’s 
original ideas). We note that there is some 
similarity in the approaches from Tibbs 
through Bennett. 

The first section of the table considers the 
scmi-continuum model. It stems from the 
work of Tibbs and utilizes the calculations 
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of Mott and Littleton [28]. The basic concept 
is that the ion-vacancy can be described by 
a spherical cavity in a continuum dielectric. 
The electron interacts with the environment 
surrounding the vacancy by an approach 
described first by Mott and Gurney [6], and 
used by Simpson [7]. This model assumes 
two media, the vacuum and the surrounding 
dielectric with an effective mass, and stresses 
the local environment. 


The next set of calculations is the semi- 
continuum polaron model. It stresses ideal 
macroscopic properties by assuming that the 
electron-lattice intera(;;tions arise via the 
lon^tudinal optical vibrational modes. 
Actually the infinite wavelength approxi- 
mation is used-i.e. the scaler potential arises 
from pure optical modes of a single frequency. 
Although this concept is justified in the case 
of the ‘free electron’ in insulators (see [2, 


Table lA. Calculated eigenvalues for NaCl (past and present). The 
eigenvalues are not necessarily referred tc f^e same zero level. Due to 
this, variations of the order of half an electron volt may be expected. 
Unmarked rows correspond to absorption 


Authors 

Upper cV (First 
Ground (eV) excited state) 

E„(cV) 

Semi-continuum microscopic model 


Tibbs [5] (second method) 

-3-5 ~I0 

2-5 

Simpson (a) [7] 

-3-2 -10 

2-2 

Pincherlell3] 

-3 25 -1 13 

212 

Krumhansl and Schwartz [8] —3 -85 —1-23 

2-62 

Fowler [10] 

Ab-387 -107 

2-80 


Em -I 36 -012 

1-24 

Gilbert (after Simpson [24]) —3-29 — 1-01 

2-28 

Present (Fa) 

Ab-3-70 -1-26 

2-44 


Em -1-30 -014 

116 


Semi-continuum polaron model 


Wang[14] 

(a)-2-6 -0-35 

2-25 


(b)-2-58 -fO-32 

2-90 

Bennet[l 1] Model No, 1 

Ab-310 -0-14 

2-96 


Em— 1-50 — O-ll 

1-39 

Model No. 2 

Ab-2-83 -Oil 

2-72 


Em— 1-25 — Oil 

1-14 


Point-ion model 


Gourary and Adrian [15] 

-6-48 ^08 

2-40 without polarization 

Simpson (b)[ 16] 

-3-35 -1-58 

1 -77 with polarization 


Point-ion pseudopotential model 


Kiiblerand Friauf[17] 

^•94 -2-26 

2-68 


Hartree-Fock model 


Wood and Joy [9] 

Ab-5-92 -3-20 

2-72 


Em -3-56 -1-91 

1-65 


Other calculations 



Total energy 


L6ffler[18] 

-418 


Evseev and T ol pygo [ 1 9] 

-51 



Thermal activation energy 


Simpson (b)f 16] 

1-85 


Evseev and Tolpygo( 19] 

1-9 



Experimental values 



£»,(a)l20] 

2-77 at low temperature 2°K 


E,n{e)[2l] 

I’Ol av. of 5 values 


«( 

1-94 


€, = thermal dissociation energy for the F- center 
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Table IB. Calculated eigenvalues for KCl (past and present) 


Upper eV (First 

Authors Ground (eV) excited state) £w(eV) 


Semi-continuum microscopic model 


Ptncherle|131 

-2-69 

-0-91 

1-78 

Krumbansl and Schwartz |S] —3-18 

-0-82 

2-36 

Oilbert[24] (after Simpson (a)) — 2-80 

-0-85 

1-95 

Present (V,) 

Ab-3-33 

-1-37 

1-96 


Em-i-46 -0-28 

Semi-continuum polaron model 

1-18 

Wang|14] 

Ab-2-83 

-0-39 

1-92 


Em-1 36 

4-0-10 

2-36 

Bennett [1 1] 

-2-83 

-0-04 

2-79 


-1-36 

Point-ion model 

-0-15 

1-21 

Gourary and AdrainllS] 

-5-96 -3-97 

Point-ion pseudopotential model 

1-99 

Kiibler and Friauf f 1 7] 

^■09 

Hartree-Fock model 

-213 

1-96 

Wood and Joy (9] 

Em ^-98 

-2-58 

2-40 

L6fflcr|I8] 

Ab-2-52 

Other calculations 
Total energy 
-3-98 

-1-37 

M5 


Experimental values 
E„(u)t231 2'3lat4°K 

£»(<’) [21] I -22 average of 4 values 


chap. 3]), it has serious shortcomings when 
bound electrons are considered. It does not 
give the ‘effective’ phonon frequency which 
the F-center ‘sees’ [2, chap. 10], nor does 
it explain the resolved absorption bands 
associated with the /? 2 -center. More detailed 
lattice dynamic considerations are required 
to explain the above phenomena [29]. Bennett, 
when using this approach, adds some micro- 
scopic properties to the lattice. The present 
polaron models oversimplify the problem. 

The point-ion model, as calculated by 
Gourary and Adrian, ignores the lattice 
distortion (to first approximation), since 
this term is considered to be small. The 
calculation of Kiibler and Friauf replaces the 
point-ions by a pseudo-potential but does 
not include the lattice distortions. An extreme- 
ly important calculation on the point-ion 
model has been made by Simpson [1 6]. It 
indicates that the point-ion model may give 
the same result as the semi-continuum 


model, if the polarizations are included in 
a similar manner. The distinction between 
the semi-continuum and the point-ion models 
seems to arise from the neglect of polarization 
in the zero-order calculation of the point-ion 
model. 

Wood and Joy attempt to include details of 
the potential within the ions themselves. This 
is necessary if we are to calculate the F-center 
wave function at a surrounding nucleus. 

Loffler calculates only the depth of the 
ground state but includes effects of lattice 
distortion — i.e. he obtains E not e; so do 
Evseev and Tolpygo. 

Table 1 shows that modifications in the 
calculation techniques are of minor im- 
portance, but that various models give 
radically different eigenvalues. We believe 
that polarization is the important factor and, 
when included ‘properly’, the point-ion model 
gives results similar to the semt-continuum 
model. 
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It is hard to know what reliance can be 
placed on the present Hartree-Fock cal- 
culations. They give ‘satisfactory’ results 
for some quantities. Perhaps some msyor 
term is omitted in ail the other calculations. 
There have been several dilFerent types of 
‘Hartree-Fock’ calculations, if LiF and LiCl 
are included. LiF has been calculated by 
Kojima[30] and by Wood and Joy, while LiCI 
has been studied by Wood and Joy, and by 
Wood and Korringa[30]. The eigenvalues 
show considerable variations. While it is 
certain that the calculations of Wood and 
co-workers are of a very fundamental nature, 
we do not feel that their reliability, at present, 
is sufficient to eliminate the consideration of 
the semi-continuum approach. The same is 
true of the simplified polaron model. 

The problem posed by the table would be 
resolved if the «’s had been measured experi- 
mentally. At present we can only estimate 
a lower limit of €g{Xu) in Rbl using the photo- 


electric emission data of Apker and Taft [31], 
The arguments run as follows: In the experi- 
ments, a 5 eV photon pjects an electron from 
the ground state of the F-center into the 
vacuum outside the crystal. The average 
kinetic energy of the ejected electron is 
1*7 eV. Figure 1 presents systematically 
what seems to occur. Here various E's arc 
plotted as a function of X, which describes 
symbolically the distortions of the lattice. 
£c is the bottom of the conduction band, £« 
is the lowest v^uum level, and £' is the level 
1 -7 e V above E^. The minima of £«, E„ and 
£' are assumed to occur at the same value of 
X since free Bloch electrons do not affect the 
equilibrium position of the ions [32]. The 
difference between £„ and £c is the 
electronic affinity. 

We assume that the Franck-Condon prin- 
ciple applies to the ejection process. One is 
justified in using the Bom-Oppenheimer 
approximation for electrons in the conduction 



X 


Fig. 1. Total energy vs. lattice configttration curves used in our interpretation of the 
experiments of Apker and Taft. We assume Bloch electrons in the conduction band. 
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band, since Bloch electrons do not produce a 
force on the lattice,* the ionic’ part of the 
matrix element is similar in form, whether 
one considers an optical dipole transition 
from >4 — ► B or a transition from ^4 —» F in- 
duced by an exciton. An exciton arises be- 
cause the 5 eV photon produces an exciton 
at the surface of the crystal which travels 
until it interacts with an F-center. Since 
D —* F equals 1 -7 eV, the maximum depth of 
A below the conduction band is 3-3 eV 
(x = 0). We may thus equate the energy for 
the transition between /4 — ► C to €„{X„) and 
write: 

€h(Xb) max for Rbl = 3-3 eV. 

Since x — 0-5 eV, ^^(XJ — 3 eV, this places 
the upper levels of the L-bands near the 
bottom of the conduction band, which is 
reasonable. 

We know of no calculation on Rbl. Simp- 
son’s method (a) has been extended as far as Kl 
[24], and there is no contradiction with our esti- 
mated e/Xg), provided x = 0, Wood and Joy’s 
calculations do not extend to the heavier 
alkali halides. They obtain e^tX^) = — 4-9 eV 
for KBr, which we believe is another indica- 
tion that the method used by Wood and Joy 
places the energy levels at too low a value. 
At present, the semi-continuum model seems 
to give more reliable results. 

A more detailed examination of the calcula- 
tions indicates that some of the values in 
Table 1 are relative to the vacuum, while 
others are relative to the bottom of the con- 
duction band. This can only account for a 
small fraction of the differences, since 
X = 0-5eV. 


•More explicitly in a dipole transition, the Pranck- 
Condon principle arises from the overlap matrix as- 
sociated with the vibrational modes. See [2, equations 
(31.1) and (31.3)]. We believe that similar matrices 
occurs for the case when the exciton ejects the electron 
since the exciton is primarily electronic in nature. In any 
case, thereMih way the average energy given to the elec- 
tron can b^^r than 5 eV. 


In view of the above arguments, we shall 
employ the semi-continuum model. 

3. THE LIFETIME 

Several years ago, the great puzzle associa- 
ted with the F-center was the long lifetime of 
the first excited state [4]. Now we have 
several non-equivalent explanations. Various 
possibilities have been reviewed by Bogan 
[33]. In view of the complexities of the 
calculations, it is impossible to use the life- 
time. alone, as a measure of the success of the 
theory. Additional experimental facts must be 
employed, such as the Stark effect, or the 
broadening of the optical bands. 

For a better understanding of the problem 
consider the symmetry of the F-electron wave 
functions. The four eigenfunctions of interest 
are: X„), 'Flu, X^), 'Flu, X„) and 'F'(g, X„). 

If the lattice distortion is neglected, the point- 
group symmetry of the vacancy is O/,. Group 
theory suggests that the ground state belongs 
to the I'l'' representation (.v-like), while 
'Ftw, X„) belongs to 1 V ( /?-like). For X^) it 
is a consistent assumption, since the electron 
distribution is spherically symmetric. The 
charge distribution due to 'Flw, X„) (if it also 
is r 4 “) is not spherically symmetric, and this 
would lower the point-group symmetry to be 
associated with the vacancy. A detailed study 
of this question has to be made before -any 
reliance can be placed on matrices involving 
X„. Bogan’s study suggests that state 'I^(«, X„) 
is .v-like, hence, no change in the point-group. 
This assumption may lead to problems, 
however. 

The first lifetime calculation is due to 
Pekar and Perlinf34]. The replacement of 
X„ by X„ was not explicitly taken into account, 
however. Further, in Pekar's theory the 
phonon-electron interaction is assumed to 
occur through the long wavelength longitudinal 
optical modes. 

Fowler was the first to use the semi-con- 
tinuum model to explain the lifetime of the 
excited state. He made an extremely impor- 
tant contribution in showing how one can 
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‘by-pass’ the ‘local field’ correction with the 
use of expierimental data [35]. Further cal- 
culations have appeared which support 
Fowler’s approach [36]. The basic idea of this 
explanation is that the 'FCm, X„) is extremely 
diffused. 

Recently Tomura. Kitada and Honda[37] 
have suggested that X„) is a function 
and that the ionic vibrations induce some 
I' 4 ~ characters, so that the downward tran- 
sition becomes partly allowed. They use the 
small temperature dependence of the life- 
time measured by Swank and Brown at low 
temperatures to determine the effective- 
phonon frequency. Their value is 3-3 X 10'^ 
sec”' for KCl. It bears no relation to the fre- 
quency of the phonons[ 21 ] which affect the 
optical emission (4-25 X 10'^ sec'’) or absorp- 
tion (2-96 X 10”* sec"’ ). 

The general behavior (shape and tempera- 
ture dependence) of the absorption and 
emission bands is known both theoretically 
and experimentally. These properties can be 
satisfactorily explained if the ground state 
is a Fi'’' function and the excited state is a F^". 
The calculation of the Huang-Rhys factors 
by Lemos[38] (who used only local modes) 
indicates that if 'Flu, X,;) were .v-like one would 
expect a narrow emission band and perhaps 
resolved fine structure.* On the other hand, 
if the electron interacts with only perfect lat- 
tice phonons, the geometry of 'F(«,X„) does 
not affect the Huang-Rhys factor[39]. 

It seems to us that several general argu- 
ments can be made regarding the symmetry 
of wave functions using group theoretical 
techniques. These might resolve some of the 
problems discussed above. Unfortunately, 
the possibility that 'F(«, Xu) might be a F,* 
state was not realized until after the calcula- 
tions were made. 

If 'Flw, Xu) is indeed a Fj* state, the F^" 
state has to have almost the same energy since 
this state is required to explain dipole emis- 


*This conclusion might have to be modified if X*) 
were made of .s-like and p-ltke functions. 


sion. Actually, in this case, the equilibrium 
upper state is a mixture of both types and a 
knowledge of both is required. Hence, a 
knowledge of the properties of the r 4 " 
equilibrium state is necessary [40]. As far as 
Bogan’s results, we must assume that the 2s 
and 2p levels have the same energy, since no 
a priori calculation can be expected to deter- 
mine differences as small as 0 02 eV. 

It is for the above reasons that we shall 
assume here that both XJ and 'F(«, X„) 
belong to F 4 " of the O* group. Likewise 
'Ffg, X„) and 'Ffg, X„) are assumed to belong 
to the 1 ',*. 

4. POTENTIALS USED IN THE SEMI- 
CONTINUUM MODEL 

The study of the total potential energy F 
can be facilitated by considering the rigid 
lattice contribution, (Madelung or point- 
ion); the polarization part, F^; the electron 
affinity, x- and the conduction band correction, 
(See [2. Section 28]. When an electron is 
taken from a vacuum and placed in the con- 
duction band of a polar crystal, two types of 
energies arise. The first is — x, due to the un- 
distorted crystal, in which a non-localized 
electron finds itself. The second type, Ecb 
occurs when an electron in the conduction 
band is localized, it polarizes the surrounding 
ion cores, and a further lowering of the elec- 
tron's energy occurs. Since the electron moves 
in and out of the vacancy, one should con- 
sider both. Efh may be included in the experi- 
mental measured x- (The zero levels are 
measured in such a manner that x > 0 

Ef. < 0 .) 

V'^ in the vacuum (vacancy) is obtained from 
a Madelung calculation, and any spatial 
variation is ignored. In the dielectric, the 
vacancy produces an effective coulombic 
field (at moderate distances). The effect of 
crossing the boundary between the vacuum 
and the dielectric is taken into account by 
subtracting -~X + Ecb from the vacancy’s 
Thus we obtain the net non-polarizable 
part of the potential, F^: 
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f^m = -oimeVa - i—x + Ecb) ; r < R (2a) 

= -e®/r; r>R (2b) 

e is the absolute charge of an electron, a„ is 
the Madelung constant and a is the dis- 
tance between nearest neighbors. Ecb has 
always been omitted, while x has only been 
included at times. (See however [2, Section 
28].) Several values of R, the radius of the 
vacuum, may be used. 

A fundamental difficulty exists in the cal- 
culation of Vp, since three response times are 
involved (for phonons, for core and valence 
electrons, and for the F-electron). The times 
suggest that the lattice responds to the average 
position of the F-electron, while the core 
electrons follow the F-electron’s motion 
adiabatically. (This is only approximately 
true). It is, therefore, useful to divide Fp into 
Va (optical) and (ionic displacement). 

Tibbs solved the absorption problem by 
ignoring Va. This can be justified, since the 
F-electron is almost entirely within the 


vacuum 

in the ground 

state. Tibbs 

thus 

writes: 

II 

for r < R 

(3a) 


1 

II 

forr > R 

(3b) 


Vmi is the Mott-Littleton potential depth for 
a rigid lattice [28] of polarizable ions, and k„ is 
the high frequency dielectric constant. 

Various modifications of Tibbs procedures 
have been used. Simpson added Va outside 
the vacuum, Va for r > R is defined as follows: 

r) = e ®(-^ — [ ■~[l-p(x)Jdjc 

*<0 ^ Jr 

for r > J? (4) 

where 

p('‘^ ^ Jo 

K is the low frequency dielectric constant, and 
ill is the ’"t^ctron's envelope eigenfunction 


[2, Section 27]. To simplify the problem only 
the spherically symmetric parts of will be 
considered in all cases. Equation (4) is self- 
consistent, since the displacements are in- 
duced by the net charge at r due to the electron 
and the vacancy. Krumhansl and Schwartz 
assumed that the core electrons follow the 
F-electron adiabatically and introduced a ^ 
factor into V'^ (in the vacuum only). The 
various potential terms used in the semi- 
continuum model are summarized in Table 2. 

Fowler for emission uses an effective dielec- 
tric constant, which he justified, by the polaron 
calculation of Haken and Schottky [41]. One 
can no longer distinguish between Fq and 
Va, and, hence, the Franck-Condon principle 
cannot be applied. Further, Fowler adds to 
the vacuum’s Vm the potential energy caused 
by a 10 per cent outward displacement of 
the six nearest neighbors ions. Thus the 
displacement polarization of the nearest 
neighbors may be counted twice by Fowler, 
since it has already been included in the 
polaron term. 

The common feature in the potentials of 
Table 2 is that they describe a spherical 
‘square well’. The difference between the two 
lowest eigenvalues is insensitive to the well 
depth. This is exactly what one would expect, 
provided the well is not loo shallow [42]. 
Fowler’s calculations, as well as ours, indicate 
that Em{a) is determined by F for r < R, 
while Ernie) is determined by Ffor r > R. 

The Table 2 shows that many variations of 
the problem are possible and that the differ- 
ences indicated in Table 1 are to be expected. 

We now derive the potentials which were 
used in our calculation. 


5. THE POLARIZATION POTENTIALS 
From our viewpoint, the most important 
part of the Hamiltonian is the polarization 
potentials. Let us now calculate them with 
care, assuming here that the electron’s wave 
function iji is spherically symmetric (See also 
[16]). 
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The total polarization energy is: 

W'p = -/dT/PdD (5) 

VoL. 

where P is the polarization and D is the 
electric displacement. Using the concepts 
of macroscopic polarization* we divide P into 
an optical part P,,, associated with displace- 
ments of the bound electrons and an ionic 
displacement part P(f, thus: 

P = P„-KPrf (6) 

where 

P<. = ^(1--)D (6a) 

4tT Ki) 


By integrating by parts, one may establish the 
relation: 


f p(r) F(r) dr = j li/fpdr j T(jc,) dt, 

« fi 

+ p(/i) F(x,)dxr (10) 

The right hand side is the expectation value of 
the quantity ^(r): 

g(r) = f F(xi) dxj forr < /? 

— j F(x,)dXi foTr>R. 

Using equations (9-1 1) we obtain: 


and 


47r Ko 


{6b) 


This is not the only way one may split P 
hence equations (6) must be regarded only as 
a first approximation [281. To find an explicit 
relation for the optical part of IT,, we write: 


Kftlii/, r)=eMl — -) f -^[1 -rp(x)] tk 

for r < R (1 2a) 

{or r>R\ (12b) 


D = ^r-^p(r)r (7) 

= Dv 

or 

h'-h I 

Vol 

•dDfdT. (8) 

Equation (8) calculates the energy relative to 
the situation, where the electron is at ‘infinity’ 
(within the crystal), and the vacancy has 
polarized its surrounding. It assumes that the 
electron can be added to the vacancy in 
infinitesimal amounts, whose spatial distri- 
bution is The first integration gives: 

»To = ;^(l-;J-) I ;i[p(r)-ipMr)]dT. 

( 9 ) 


where IT,, is the expectation value of r). 

Returning to (5) and combining it with (6b) 
results in: 


(13) 


Equation (13) assumes that the polarization 
in the dielectric responds to the time average 
field and that it is not modified as one in- 
creases D,r (no i factor). Similar assumptions 
have to be made at some point in all F-center 
calculations. Using (13) we define as 
follows; 


yn=yA^,r)=e^ 


for r < R <14a) 


forr>/?. (14b) 


*See (6, chap. 31 or (2, chap. 9]. 
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Equations ( 1 2) and ( 1 4) give; 

Vp = Vp r) = r) + r) 


Here and an are the free ion polarizabilities 
and a is the 'displacement’ polariz^ility used 
by Mott and Littleton, namely: 


for r>R. (15) 

Equation (15) is based on a continuous theory; 
hence, we limit its use to the dielectric. At 
large distances, one might expect to have 
the ‘traditional’ form, — l/Ko)e^/r, since 
Vd(r — »■ oo) = 0. Our does not approach 
this value, and consequently we examine 
the effects of adding — \IKo)e‘^lr to (15). 
Namely we write* 

Vpi = Vmi'ii, r) = V^ + Vf., = 27'(^ 

for r > R (16) 
or 

Vi = V,„ + Vpi = y,n + K, + V.I + Vi 

for r > R. (16a) 

The depth of the well is the essential feature 
of the problem, and, hence, it is determined by 
a modified form of Mott-Littleton’s first 
approximation 16, 28], For this purpose, two 
dipoles are placed at every ion site. T wo types 
are required, in view of the difference in the 
[1— p] factor of equations (12b) and (14b). 
Thus, at the halogen-ion site: 

IJ-hir) = 

Oif, 

_a + ^{a,, + Ua) 

and 

l^dir) = 


(17b) 


*ln the future Fp of equation (LS) will be denoted by 

Fp,(F,-, = 0). 


a 


a-|-^(aA + a:„) J 



(17a) 



In equation (18), p is the Born-Mayer repul- 
sive constant (see [28 Section 2].t . The 
potential at the center of the vacancy now is: 

0 ) (a) +trdia)]+'^^-^(jLnirt) 

(19) 

The primes of the sums denote that the 
contributions from the nearest neighbors are 
omitted.!: p,„(o) and p,d(u) are calculated 
more precisely by assuming the spherical 
charge distribution |i/>(r)j® for the electron. 
This makes our calculation self-consistent 
[43]. To obtain the total potential, Vp is added 
to using equations (2), ( 1 6) and ( 1 9). 

6. THE USE OF THE FRANCK-CONDON 
APPROXIMATION 

The Franck-Condon approximation is 
based on the Born-Oppenheimer technique 
(see [2, Chap. X] and [32]). The technique 
assumes that the response time for the elec- 
trons is much shorter than for the ionic 
motion. Our problem, however, has two 
electronic response times, and, under these 
conditions, a rigorous derivation of the 
Franck-Condon principle has not been given. 
The binding energies suggest that the ionic 
displacements respond to the average position 
of the electrons, while the core electrons 
respond to the instantaneous position of the 


tAt an alkali-ion site, subscript h in the numerator of 
the first square bracket of equation ( 1 7a) is replaced by a. 

t:The dipole due to the core polarization of the six 
nearest neighbor ions as corrected for the 1 factor in 
equations ( 1 2) hence the prime on pia ( a ) . 
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F-electron. This is reflected in equations (12b) 
and (14b). This is true even in state Eu(^u)- 
Actually, the binding energies of the bound 
electrons may not be an order of magnitude 
larger than for the F-clectron, and this leads to 
uncertainties in the approximations to be used 
(Hartree or adiabatic). Because of the re- 
sponse times, we assume that an eigenvalue 
and eigenfunction of the F-electron depends 
on X as well as the polarization of the ions, 
symbolized by x (displacement of the bound 
electrons). Ignoring the core polarization, the 
Franck-Condon principle gives: 

EM = Eu(XJ-EAX,) (20a) 
EM=^Eu(XJ~E,(XJ (20b) 

Xg and Xu stand for the ionic equilibrium 
positions when the F-electron distribution is 
or When core polarization is 

considered, we believe that the equations 
should have the form; 

E„(a) =Eu(X„,Xu) -Eg(Xg,Xg) (21a) 
F™(e) =£„(Xu,xJ-£„(X„,x„). (21b) 

They imply that Fo adjusts itself to the eigen- 
function the electron is in, while Va depends 
on the past history of the electron. This is the 
reason the two polarizations must be separa- 
ted. The values of X„ and X^ are obtained from 
the very basic equation [3 2]: 

r^^n(X, Xb) j n/»r \ 

1^ ^ J =-0(JV = uorg). (22) 

Here x„ symbolizes the fact that the ionic 
polarizations are determined by the eigen- 
function in which the F-electron is in. In so 
far as we know, a general method of deriving 
equations (21) and (22) has not been given. 
Actually, equation (22) was not used, but our 
technique seems to be equivalent. 

7. THE RADIUS 

The quantity required is the radius of 
the splHc^ cavity. Usually the Mott- 


Littleton value is used. The point-ion calcula- 
tion is an exception. Gourary and Adrian [15] 
calculate Vm in detail (assuming spherical 
symmetry) but ignore Vp in the zeroth ap- 
proximation. One may incorporate their 
calculation into our scheme by writing: 

F= Fm( spherical) (23a) 

and 

y^=X = Eg, = 0. (23b) 

V is just the Madelung potential for a lattice 
with a missing ion. At the center of the im- 
perfection it is —e^otmla while at moderately 
large distances from the vacancy it must be 
—e^jr. The actual behavior of V is given in 
Fig. 1 of [15]. 

An alternate procedure would be to use a 
radius from some ‘classical’ calculation on 
ionic crystals such as Goldschmidt’s [44]. 
We explore this problem in Table 3. Details 
to carry through the calculation will be given 
shortly. The table indicates that the radius 
does not affect the £,„’s critically, although we 
know for a deep well £„ depends only on R. 
The e’s, however, do depend on the radius. 
This indicates that the approach of Simpson 


Table 3. The effect of varying R on 
the calculations £»/£„, (a) and Em(e)* 


Goldschmidt 

radius 

1-8 A 

R = a 

Exp. values 


NaCla 

= 2'81 A 


€,(X,) 

-3-25 

-401 


e.(X,) 

-106 

-1-91 


Em(a) 

219 

2- 10 

2-77t 

«,(X.) 

-2-22 

-2-52 


6,(X.) 

-0-96 

-1-223 


EM 

1-26 

1-29 

lOlt 


KCla 

= 3-14A 


e*(X,) 

-2-96 

-3-44 


€.(X.) 

-Ml 

-1-61 


E„(a) 

1-85 

1-83 

2*31 1 

«.(XJ 

-2-31 

-2-57 


e.(XJ 

-1-04 

-1-28 


Em(e) 

1-27 

1-29 

l-22t 


*A1] calculations were performed for 
r). The energies are in electron volts. 
tTablcl. 
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(b), where there is no boundary between a 
vacuum and a continuum, might be made 
to be superior to the semi-continuum model. 
We shall, for simplicity, use Fig. I of[15], 
however, and write: 

R = a. (24) 

8. SOME DETAILS OF THE CALCULATIONS 
The Hamiltonian, actually the electronic 
part, he, (see [2, Chap. X] or [32]) is obtained 
by using the appropriate potential. Since we 
require a self-consistent solution, the electron- 
ic wave function is included as a parameter. 
To use the modihed Franck-Condon prin- 
ciple, h is written as follows: 

Vm+VoW + K.W + Vcj 

= 7’-hFj;(y= l,2and3). (25) 

T is the kinetic energy operator. The last 
term has been added in the dielectric to cor- 
rect for the asymptotic behavior of our total 
potentials. In addition to = 0), we 

considered the correction: 

Ve,= — - + — for r>R. (26) 

kqK r 

Table 4 describes the potential behavior at 
large distances. Vi is a limiting case, it makes 
the potential weakest at large distances. 

We employ the following normalized envel- 
ope wave functions: 

•//(g) =<^(r.+) = (^)'''(l+ar)e— (27a) 

and 

/Q6\\I2 

(r^-) = \^j r cos e e-®'- (27b) 

i|/(g) is a r,t function which resembles a li 
hydrogenic function. It has been used many 
times. i//(u) is a modified 2p hydrogenic 
function. 

To evaluate the a’s and the /3’s the following 
quantities are required: 


€«,(X.,x„) = <g|T|g) + (g|K«lg) 

+ <g|Fo(g)|g> + <g|Frf(g)|g> + {g\VM 

(28a) 

€«,(Xp,x„) = <tf|T|«)-l!:<«|K„|a> 

+ <ul Fo(«) \u} + {u\VM l«> + <"l VM 

(28b) 

c^(X„,x„) = <g|r|g>-f<g|F«|g) 

+ <8\Vo{8) \8) + <8\ VM \g) + {g\ F«|g> 

(28c) 

and 

€«i(X„,xJ = (u\T\u) + {u\V,„\u) 

-I- (u\Voiu)\u) (u\Va(u)\u) + {u\Vei\u). 

(28d) 

In equation (28) only the V”s are made 
spherically symmetric. The derivation in 
section 5, strictly speaking, applies only to a 
r,'^ function. 

The contribution to the potential energies of 
equations (28) from within the cavity are 


Table 4. Asymptotic behavior of V 



II 

+ K„{*) -1- V^{^) + Vet 

J 

y) 


KforNaCJ 

FforKCI 

1 

-ii-A) 

r 

e* 

-0167- 

r 

-0-204 — 
r 

2 

] 

Ko r 


-0 444 — 

-0-469 f 

3 


r 

-0 722 — 

r 

-0-735 — 
r 


obtained by taking the expectation value of 
K(i/», 0) over R. 0) is obtained from 

equations (2a) and ( 1 9) using the appropriate 
p's as indicated by X and x in equations (28). 

To evaluate the a’s and fi's, as well as the 
energies, we proceed as follows: a value of a 
(or /3) is selected, oi and then h{ai) is evalua- 
ted by numerical calculation. The appro- 
priate value of a to minimize {a\hiai)\a) 
is then obtained, keeping a, fixed. Now the 
new a replaces ai and the process continues 
until the value of a equals a,. For eu((X„, x„) 
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and €giiX„, x„) the known values of the 
parameter for the ground state (or excited 
state) arc used to evaluate {u\Va{g)\u) and 

9. THE NUMERICAL RESULTS 

Our results are now presented. The para- 
meters used are given in Table 5 while Tables 
6 and 7 summarize the calculations. The re- 
sults indicate that the essential features of the 
F-center can be obtained from Mott and 
Gurney’s model. The calculations also indi- 
cate that the dramatic change of the F-center 
properties arises from changes in the polari- 
zations around the negative-ion vacancy. 
This basic concept is obtained from the 
requirement of self-consistency. 


Table 5. Numerical value of 
parameters used in the cal- 
culations* 


Quantity used 

NaCI 

KCI 

Ed,* 

-1'42 

-1-22 

K 

5 62 

4-68 

K(l 

2-25 

2' 13 

fl(in A) 

2'8I 

3' 14 

a(in AQ 

2'8 

34 

a/, (in A") 

3 69 

3-69 

aa(in A'') 

0 18 

0-84 

X + 

Neglected 


m 

Free electron mass 



'•‘The values of the parameters which 
describe the solid were obtained from Mott 
and Gurney [6]. and o„ are Pauling's 
values[6, p. I4J. a was calculated by our 
equation (I8),p being obtained from Table 
8 [6, p. 22] with y set equal to zero. We 
used the equation below; 



to obtain see(2 p. 309]. 

tWe did not use x- i.e,. x = 0. Since Ed, 
was employed, this means that effectively, 
we were using a larger x- For KCI. the 
measured x varies from 0-3 fJ AIN S. C. and 
SOOTHA G. D.,7. Phys. Chem. Solids 26, 
267 (1965)] to 0-7 [TIMUSK T.. J. Phys. 
Chem. Solids 18, 265 (1965)]. Thus, we 
may have overestimated (-x-l-£Vip) if 
should be included in the measured elec- 
tron jpnity. Note that we are using the 
coraM^im X > 0 and < 0. 


One obtains the best agreement by using K, 
for absorption and for emission. We have 
not been able to justify this procedure, how- 
ever. Table 6 indicates that Vy and V 2 are too 
shallow to give accurate values of Em(o)- 
The actual potentials, Table 8 and Fig. 2, 
show that F, resembles the “particle-in-a- 
box potential” more closely than Fg and 
F 3 [Fj(i//, R) — Viiifi, 0) is larger]. This arises 
because the potential in the dielectric is 
‘shallower’, and the electron is confined to the 
vacancy. Fg gives remarkable good results 
for Emie). This is expected since at large 
distances from the vacancy it is the ‘best’ 
potential. In Table 8, F(i/y,0) is not the true 
depth because of F,.*. Values of Fit)/, 0) show 
that there is relatively little polarization for the 
X„) state since the true depth is about 
8eV, which approaches the Madelung 
depth of 9 eV. 

Figure 3 compares our levels to Fowler’s, 
while in Fig. 4 plots are presented of some of 
pir). We have added Fowler’s p(.r) associated 
with Eu(Xu) to show that it is a little less 
diffused than ours. His other p's are similar to 
those obtained here. Table 9 compares our 
values of 6 with others found in the literature. 
8„— S„, is approximately 01a for all cases. 
This indicates that Fowler's use of 0-1 a is 
reasonable. 

Next we indicate that our calculations give 
‘reasonable’ values for the lifetime, in view of 
present uncertainties. The most reliable 
equation at present seems to be Fowler’s, 
namely: 

T = 3A { I <2:> I <Z> un . 

(29) 

Here X is the cross section for absorption, 
obtained experimentally, and A is the cor- 
rection for changes in the local field [10, 
equation (16)]. Using the experimental values 
of E„ from T able 1 , and the measurements of 
Silsbee[45], we obtain: 

TtNaCI)=9-40x 10-M{|<Z)!//|<Z)|,2} sec 

(30a) 
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Table 6. Summary of calculations and the comparison to the 
experimental values 



Absorption 


Energies 

(eV) 


Emission 

r 



*1;) 

Xu) 

So 

E^ia) 

Xfl) 

Cu(Xu* Xy) 

6. E, 

»i(e) 





NaCl 





Exp.* 




2-77 




1-01 


-3-48 

-0-75 

-0024 

2-73 

-3 04 

-0-62 

+0-038 

2-42 

y. 

-3-70 

-1-26 

-0-028 

2-44 

-1-30 

-0-14 

+0-075 

1 16 

y^ 

-401 

-1-91 

-0-007 

2 10 

-2-52 

-1-23 

+0-067 

1-29 





KCI 





Exp.* 




2-31 




1-22 

y, 

-2-88 

-0-52 

-0-03 

2-36 

-3-04 

-0-89 

+0-027 

2-15 

y^ 

-3-33 

-1-37 

-0-018 

I -96 

-1 46 

-0-28 

+0-067 

1-18 

En 

-3-44 

-1-61 

-0-012 

1-83 

-2-58 

-1-29 

+0-060 

1-29 


*From Table I .-S = displacement of the nearest neighbor ion in units of a; + outward- 
inward. Due to an oversight, R was set equal to R„, in KCI (absorption) for F, and Fj 
instead of 'a', as in ail the other cases. In view of the changes in the computing facilities, 
it would be a major undertitking to make these corrections. 


Table 7 . Values of a and ^ used {><■ 10 cm ' 



afon//(g, X„) 

a forifiig, X„) 

)3forii((M. X„) 

/3 for !)>(«. X„) 

E, 

1-067 

NaCl 

1-000 

0-821 

0-758 

Ej 

1008 

0-606 

0-797 

0-078 

E, 

0-931 

0-714 

0-685 

0-476 

K, 

0-995 

KCI 

0 934 

0-722 

0-728 

E. 

0-913 

0-626 

0 696 

0-144 

E, 

0-862 

0-702 

0-587 

0-460 


Table 8. Value of parameters used to describe 
the potential in eV 


NaCI 


Quantity used 

y<(^,o) 

y,(<i>,R) 

E(,i,.F)-E,(,/,.0) 

E, 

Absorption* 
-6.59 -0-72 

+5-87 

E. 

-6-55 

-2-12 

+4-43 

E. 

-6-48 

-3-38 

+3-10 

E, 

Emission 
-5 79 -0-69 

+5-10 

Es 

-2-68 

-1-71 

-1-0-97 

E3 

-4-20 

-3-25 

+0 95 


*ln the table for absorption, the potential was derived from 
t|»(g. Xb) . while (jilu, Xu) was employed in emission. The values 
using ifiiu, \g) and Xu) are slightly different and can be 
obtained from reference [43], 

F,(<)i,«) = Urn F, (.).,/? + €). 
e -*0 
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Bottom of th« Conduction Bond 



Fig. 2 . Self-consistent potential for NaCl. The diagrams shows our calculated potentials 
and the four energy levels associated with absorption and emission. Potential was 

used (See Table 8). 



Fig. 3. A comparison of our cal^lations with Fowler's. 
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0 2 4 6 8 10 12 14 16 18 20 


r /0 

Fig. 4. Plots of p{r) against ria. Here we plot the fraction of the electron within a radius rof the 
vacancy [equation (4a)] for the four levels of interest. Potential F, was used for absorption and 
Fj was used for emission (See Table 10). Fowler’s p is shown for the 0(«, X„) eigenfruction. Note 
that p is calculated from t/i although labelled by 


Table 9. Various values of the dis- 
placement of the nearest neighbors in 
units of a 


Calculation 

X„ X„ 

x„-x„ 

Fowler [10] 

NaCl 

0-1 assumed 

Wood-Joy [9]* 

-0-016 +0-090 
+0-130 

0-106 

0-146 

BenneC[l 1] 

-1-0-015 +0-103 

0-088 

Present (Fj) 

-0-028 +0-075 

0-013 

Molt- 

■Littleton’s displacement 

(negative-ion vacancy) 

+0-078 

KCl 

Wood-Joyf9] 

-0-020 +0-094 
+0-127 

0-114 

0-147 

Bennet[] 1] 

+0-012 +0-102 

0-090 

Present (Fj) 

-0-018 +0-067 

0-085 


*The displacements of Wood and Joy is aniso- 
tropic in the upper state. Note + outward, 
— inward. 


and 

t(KC1)=5-13x 10-M{KZ>UyKZ>,'‘} sec. 

(30b) 

The lifetimes shown in Table 10 were obtain- 
ed by letting A = \ . The result for KCl is 
exactly what one would expect, at present. 


while the result for NaCl is certainly for- 
tuitous. In making the table, we have been 
‘selective' in using one V for absorption 
and another for emission, since we believe 
this gives a better idea of what can be expec- 
ted from the model. Any major improvement 
of the results will require a reliable determina- 
tion of A and the resolution of the problems 
suggested in Section 3. The measurements of 
Swank and Brown do not necessitate a re- 
vision of our ideas regarding the F-center, and, 
by themselves they do not require an upper 
r,+ state. By selecting different F/s, one can 
decrease ther's. 

We believe that our calculations establish 
that the dramatic differences between £"„(«) 
and Emle) and the long lifetime of the excited 
state arise from the differences in the polari- 
zations. Other factors are less important. If 
the upper state is a combination of ri"^ and 
r 4 ~ wavefunctions, the r,"^ function gives an 
infinite lifetime while the part may pve a 
long one. 

Finally, one may ask; Why are our results 
only approximate, and how can they be 
improved? Reliable eigenfunctions and eigen- 
values will not be obtained before we know 
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how to handle the optical and the displace- 
ment polarization about a point imperfection 
in polar solids. This is the major present pro- 
blem. 

We must also remember, that here we are 
only calculating the envelope functions by an 
extremely approximate technique, which 
does not apply to the tightly bound ^'-electron 
associated with £„(«). If only a small fraction 


In view of the measurements of Apker and 
Taft, our corrected levels seem to be too large 
in absolute values. 


9. SUMMARY 

This paper considers two aspects of the 
theory of the F-center. We have presented a 
new self-consistent calculation and compared 


Table 10. Lifetime calculations 


Potential 

employed 


^cai(M see) 

(MSCC) 

y, (ab) 

1 69 

NaCl 


Pj (em) 

0I2.t 

1-3 

1 



KCi 


y, (ab) 

1-93 



y.f (em) 

0 766 

013 

0-58 


‘References [2 p. 95| ori4J. 


of the electron is in the dielectric, as in the 
state, perhaps the above technique 
applies, with the effective mass equal to the 
true mass. This could explain the success 
of the "particle-in-a-box” approximation, 
particularly if R is smaller than a. Actually, 
this is only an approximation in view of the 
ENDOR measurements [2] and the fact that a 
large fraction of the electron is in the dielec- 
tric for X„). The theory applies approxi- 
mately to Ernie) (with an effective mass), and 
E,„{e) might be considered the test of the 
theory. Here our calculations are fairly satis- 
factory. The above limitations arise from the 
nature of the physical problem and not from 
the approximations employed. 

Our e’s are relative to the bottom of the 
conduction band; see equation (2a). For the 
vacuum values, we must add Erf,. This lowers 
our c’s (Fcft < 0) and makes them more in 
line with the calculation of Wood and Joy, as 
well as of Gourary and Adrian. This does not 
resolve the problems of Table 1, since, for ail 
other calculations, Ect, — 0 and x 0-5 e V. 


various calculations of the electronic binding 
energies made previously. 

Our calculations show: 

( 1 ) The ideas regarding the F-center which 
date back to Mott and co-workers are 
sufficient to explain the absorption, the 
emission and the lifetime of the first 
excited state when employed in a selfz. 
consistent manner. 

(2) One may derive the potential terms 
which include various polarization 
effects from energy considerations. This 
shows that there are some inconsisten- 
cies in the derived potential at large 
distances from the vacancy due to the 
various relaxation times. 

(3) A new form of the Bom-Oppenheimer 
technique is sugRested for the case 
when electrons have more than one 
relaxation time. 

(4) It is easy to explain the measured life- 
time by assuming values for parameters 
which enter into the theory. All the 
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calculations have adjustable parameters, 
so that one can not place complete 
reliance on them. The lifetime measure- 
ments alone do not suggest in any way 
that the relaxed excited state is ^-like 
(ri+)- 

Our study of the various past F-center 
calculations indicates that they can be clas- 
sified into four categories:* 

(1) The semi-continuum model. 

(2) The semi-continuum polaron model. 
This model assumes that the electron 
lattice displacement interaction can be 
described by the longitudinal optical 
modes of vibration (infinite wavelength 
approximation). Some local ionic dis- 
placements and distortions may be 
considered. 

(3) The point-ion model (a) without polari- 
zation and (b) with polarization. The 
pseudopotential could be considered a 
variation of (3). or perhaps it should be 
in (4) below. 

(4) The Hartree-Fock model where (he 
internal structure of the ions which 
surround the vacancy is taken explicitly 
into account. Effects of ionic displace- 
ments are also considered. 

The differences in the eigenvalues of the 
lowest and the first excited state give approxi- 
mately the measured values of E,„{a) and 
E„ie). The actual eigenvalues have a very 
large scatter, however. Each classification 
shows some self-consistence except for (3a) 
and (3b). It is impossible at present to deter- 
mine which approach gives the most reliable 
eigenvalues and eigenfunctions. Probably the 
semi-continuum model is the best at present. 

One of the biggest puzzles to us is why so 
many seemingly different models give correct 
values of Em{a) and £„,{€). We believe that 


*The continuum model was not considered here, as 
stated in Section 2. 


the basic reason for this is that the calcula- 
tions of are related implicitly to the 

problem of a “particle-in-a-box”, while the 
calculations of Em{e) are related to the 
problems of the “hydSfogen-atom-in-a-dielec- 
tric.” This might not hold for the Hartree- 
Fock calculations. 

The calculations and the review indicate 
that the theories on the F-center at present 
are strongly limited, since a completely 
general method of calculating wave functions 
at point imperfections in polar solids does not 
exist. Truly useful calculations on the 
F-center problem can only be made after a 
more general theory of point imperfections in 
dielectric solids has been developed. 
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Abstract — The paper deals with the optical properties of single crystals near the fundamental absorp- 
tion edge of the following layer compiounds; Sn (where 0 « x 2), ZrSi, ZrSej, TiS, and 

Cdl,. The dispersion curves were determined from the transmitted interference fringes in the range 
between 0-5 and 3-5 p,m. Energy gaps were found to be due to phonon assisted indirect transitions. 
Birefringence data are also given for a number of crystals in the visible region. 


1. INTRODUCTION 

Layer compounds are characterised by their 
anisotropic properties along difterent crys- 
tallographic directions. With the advent of the 
closed-vapour transport technique, a large 
number of these compounds can easily be 
obtained [1]. An interesting feature of layer 
compounds is that they crystallise as thin 
plates, a form very suitable for the investiga- 
tion of the optical and electrical properties 
and the examination of crystal structure 
defects. Each crystal is composed of thin 
layers stacked upon each other. Within each 
layer, the atoms are bound together by pre- 
dominantly covalent forces as in the chalco- 
genides or strongly ionic as in the iodides. The 
bonds between the layers are extremely weak 
(due to weak van der Waal’s forces). Each 
layer may be formed of three atomic planes 
X-M-X (Cdla-type structure), four planes 
X-M-M-X (e.g. Ga-chalcogenides) or the 
five layers X-M-X-M-X as for BizTcg. 

Due to the extremely weak interaction be- 
tween the layers, these compounds can be 
perfectly cleaved along the basal plane, to 
obtain very thin wafers. Thus, a favourable 
surface to bulk ratio can be obtained and 
Frindt[2] was able to study the optical 
properties of a few unit-cell layers of M 0 S 2 . 

Recently, Bassani and Parravicini [3] 
treated some of the layer compounds as two- 


dimensional lattices. Fivaz and Mooser[4, 5, 
6] discussed how pronounced anisotropic 
properties may affect the motion of free car- 
riers in layer semiconductors. It was shown 
that in these structures the free carriers may 
be localised within individual layers, behaving 
as if moving through a stack of individual 
layers, "independent layer approximations”. 
Several studies, mainly on the optical proper- 
ties, have been carried out in the past few 
years, notably those of Greenaway and 
Nitsche[7] on the group IV-VJ compounds 
and Cdlz; Tubbs [8] on Cdlg and Pblg, and 
recently a large number of the iodides [9]; 
Dugan and Henisch[10, 1 1] on Pbl 2 ; Domingo 
et a/.[12] on SnSj and SnSej; Busch et o/.[13] 
on SnSe 2 and Brebner[14] on the GaSa.Se,_j: 
series. 

2 . EXPERIMENTAL PROCEDURE 
The concept of the iodine vapour transport 
technique introduced by Schafer[15] has been 
successfully used to grow many of the layer 
compounds. Here, the mixed series SnS^Se^-j. 
{where 0 ^ x ^ 2) were obtained; also ZrSj, 
ZrSe 2 and TiS 2 . It is of interest to report here 
that CdL itself has also been successfully 
grown by the vapour transport technique [16]. 
Stoichiometric proportions of the materials of 
5N purity (except for Zr and Ti which were of 
2N8 and 3N8 respectively) were placed with 
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5 mg cm~^ iodine (4N8) as the transport agent, 
in extremely clean quartz ampoules of 1 7 mm 
diameter and 20 cm length. In the case of 
Cdlj, it was found that large crystals can only 
be obtained when the iodine is reduced by 
about 25 per cent from its stoichiometric 
ratio. The ampoules were evacuated ( — 10'® 
mm Hg), sealed off, placed in a horizontal 
two-zone furnace with appropriate tempera- 
tures T, and T^, where Ti is the starting 
material temperature, and Ti the growth 
temperature, and 7, exceeds by approxi- 
mately 50°-I00‘’C. Crystals free from any 
visible .surface defects can easily be obtained 
with thicknesses ranging from I (xm to 300 
ixm. All surfaces exhibited a metallic lustre. 

All the chalcogenides of the IV A and IV B 
metals examined here have the CdL-lype 
structure with the 2H type stacking. The 
crystals of the Cdl^ themselves were found to 
have the 4-H structure (stacking sequence 
((Ay B)(CaB))[17]. 

Laue back reflection photographs showed 
the c'-axis to be perpendicular to the plane of 
the plates. Sharp reflections were obtained 


with no sign of disorder. All crystals were 
characterised by extreme ease of cleavage 
along the basal planes. These properties were 
found useful for studies under the electron 
microscope and for measuring the optical 
properties. 

The spectrophotometers used in the follow- 
ing results were the Unicam SP700 with a 
resolution of ±15 A. and the Perkin Elmer 
model 137. 

All measurements reported here were 
carried out at room temperature. 

3. ORDINARY REFRACTIVE INDEX 

Transmitted interference fringes through 
thin crystals with two parallel faces were 
easily obtained. The analysis used for deter- 
mining the fringe order and the refractive 
index has been described in a previous 
paper [18J. Thickness measurements were 
performed using a modified optical lever[I9]. 

The dispersion curves in the region 0-5-3 -5 
fxm are given for the series SnSj-Se^. j- in 
Fig. 1. Those for ZrS 2 , ZrSe^, TiSo and CdU 
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are shown in Fig. 2, in which SnS^ and SnScj 
are also included. 

4. EXTRAORDINARY REFRACTIVE INDEX 
Following the experimental procedure used 
by Tubbs [8] i.e. the "rings and brushes tech- 
nique”, the birefringence was determined in 
the visible region. This is shown in Fig. 3 for 
Cdlj and in Fig. 4 for SnSj and Pblj. All the 
crystals were negatively uniaxial. 


and can be compared with the experimental 
data obtained here. Figures 1 and 2 were used, 
where («*— 1)"’ against A"*, gave in all the 
cases a linear relationship for the compounds 
examined here. From these relationships, the 
long wavelength refra^tiye index rim together 
with the average interband oscillator wave- 
length Au for all the examined layer semi- 
conductors could be readily determined. 
These are included in Table 1 . 


5. SINGLE TERM CLASSICAL OSCILLATOR 
ANALYSIS 

The dispersion equation using the single 
term Sellmeir Oscillator [20], is as follows: 

1 _ I A(i^ . , 

n^-l ' 


6. ABSORPTION COEFFICIENT AND ENERGY 
GAP DETERMINATION 
(a) Absorption coefficient 

The absorption coefficient a was deter- 
mined from the transmission measurements 



Fig. 2. Refractive index against wavelength for ZrS*, ZrSc:, TiSj and Cdh. SnSj and SnSes are 

also included for comparison. 
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Table 1. Optical parameters determined for the layer compounds 
reported here. Measurements were made at room temperature using 

unpolarised light with E ± C 


Material 

(eV) 

Xq 

(p.m) 

Eo 

(eVj 

«. , 

«-*E,(eV) 

EJS,,X 10-*eV m* 

SnScj 

109 

0-36 

3-44 

316 

109 

4-95 

Sn $0-2 Sci-g 

M9 

0-35 

3-54 

2-96 

91 

3-53 

Sn Sfl-a Scj.ft 

1-33 

0-33 

3-76 

2-95 

101 

5-33 

SnS Se 

1-52 

0-30 

4-20 

2-91 

109 

4-90 

Sn Sj.fl Sco'ft 

1-75 

0-27 

4-58 

2-84 

114 

4-72 

Sn Si.fi Sco -2 

2 02 

0 26 

4-77 

2-73 

112 

4-98 

SnSz 

2-22 

0-24 

517 

2-70 

118 

4-78 

TiSz 

0-70 

10 

1-24 

3-8 

140 

90 

ZrScz 

1-20 

0-52 

2-38 

3-35 

ISO 

6-4 

ZrSa 

1-70 

0 41 

3 02 

2-83 

no 

7-2 

CdL 

3-21 

0-24 

4-48 

2-26 

83 

7-17 


using the following formula [21]: 

7'av = (1 exp — (2) 

where Tav is the average value of the trans* 
mittance, R the reflectance and d the thick- 
ness. In all cases, the value of R was found 
using the following relation: 

^ (« + !)* 

Figure 5 shows log a against hv for the series 
SnSjScz-j., and Fig. 6 shows a plotted against 
photon energy for the compounds ZrSg, ZrScj, 
Cdiz, SnSz and SnSej. The insert in Fig. 6 
describes a vs. hv for TiSz. 


(b) Energy gap determination 

Table 2 summarises the current acceptable 
forms for transitions between valence and 
conduction bands used in analysing the ab- 
sorption coefficient a. The density of states 
N{E) ~ E’'®[211 applies to parabolic bands for 
isotropic structures. On the other hand, for 
extremely anisotropic structures, we may 
assume a two-dimensional form of the density 
of states as discussed by FivaztS] and 
Brebner[14], They showed that the density of 
states is a constant independent of the energy 
and this is shown as N^IE) in the third column 
in Table 2. The table gives the dependence of 
a on hv for the two forms of the density of 



Fig. 5. Log a against photon energy hv using unpolarised light 
with E 1 C for the scries SnS^SCz-i.. 
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Fig. 6. Absorption coefficient against photon energy for the layer compounds shown. The 

insert shows a vs. hv for TiSj. 


Table 2. Enerfiy f>ap determination rules for 
isotropic structures and two-dimensional lattices 


Transition type 

The dependence of a on hv for the two 
density of state forms below 

yvffc) £■'» 

NAE) 

Direct allowed 

(hv-EJ'>-^ 

Independent step 
function 

Direct forbidden 

{hv-EJ^'-^ 

(hv-E,) 

indirect allowed 

{hv — E^±E^)‘^ 

{hv — Eu±E„) 

indirect forbidden 

(hv-El:tE„)^ 

{hv — El±E,.)- 


states. The symbols E,, and E'„ correspond to 
direct and indirect energy gaps and fip is the 
energy of the phonon. 

Figure 7 shows (a plotted against hv 
for the series SnSj.Se 2 _j. where the energy 
gaps were determined from the medians of the 
intercepts on the energy axis. These values 
are given in Table 1 together with those for 
Cdla and ZrSg, which were obtained in a 
similar manner. 


7, DISCUSSION 

The dispersion curves determined here by 
the transmitted interference fringes were of 
the normal shape and magnitude. The analysis 
of the main contributions to the dispersion can 
be envisaged as described by Moss [22]. A 
non-dispersive region was not observed, but a 
continuous linear drop out to 15/i,fn was 
obtained for most materials examined here at 
a PBte of 0-02 (jam)"’ approximately. Pub- 
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lished refractive index data for SnS;,[12] show 
good agreement at long wavelengths with the 
present results, but in region of the absorption 
edge our values are lower. Tubbs’ results on 
the refractive index /lo of Cdla [8] are consider- 
ably higher than those reported here. How- 
ever, the same author reported [23] new data 
for n„ for Cdl 2 which are comparatively simi- 
lar to those reported here for the same com- 
pound. The accuracy claimed here for the 
refractive index data is within ±0-1, where the 
error is dominated by the thickness measure- 
ments and the technique now used accounts 
for the improved values of the refractive 
index for SnSca to those previously given [18]. 

The dispersion curves for SnSj.Se 2 _j., ZrSz. 
ZrSe.j and TiSj have not been reported pre- 
viously. From Hall coefficient measurements 
the carrier concentration in ZrSe 2 was typi- 
cally IQi**— HF" cm''*. The curve shown in 
Fig. 2 has been corrected for the contribution 


to dispersion by free carriers according to the 
classical treatment described by Moss [21]. A 
similar correction has been applied to the TiS.^ 
curve where the carrier concentration was of 
the order of 10**’— 10^* cm~^. Because of the 
extremely high residual absorption in TiSg, it 
was necessary to use crystals less than 5 /im 
thick, resulting in an error which is probably 
much greater than the ±0T quoted for the 
other materials. 

The birefringence A is shown in Fig. 3 as a 
function of wavelength for Cdl^ and in Fig. 4 
for SnS 2 and Pblg. Table 3 shows A and n„ for 
those compounds in which it was possible to 
obtain transmission at A = 0-69 /a. 

The large values of A indicate clearly the 
highly anisotropic nature of the layer com- 
pounds. For Cdia and SnSa, A rises slowly 
when compared with the ordinary refractive 
index in the same wavelength range, 
whereas for Pblj, A increases towards shorter 
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Table 3. Values of birefringence A and ord- 
inary refractive index no for various layer 
compounds, at wavelength A = 0-69 /i 


Compound 

Birefringence 

Ordinary refractive 
index n„ 

ZrS, 

1-4 

3-4 

SnS] 

0-69 

2-85 

Sn Sj.g Scpig 

0-68 

2-94 

Sn S 1.7 Sc^ 3 

0-67 

298 

Sn S|.K Sco'g 

065 

307 

Pbl, 

0-67 

2-8 

Cdl, 

019 

2-36 


wavelength at a similar rate to that of n„[I0].* 
Hence n^ remains reasonably constant be- 
tween A = 0-55 and 0-70 fi. This result for 
Pbla is similar in behaviour to that of MoS-^ as 
observed by Evans and Young [24] in the 
range A = 0-71 /a to 1-5 a- However, it would 
seem reasonable to assume that n^ would 
increase for these materials also at shorter 
wavelengths. 

Recently, Hazlewood and Evans [25] found 
A = 0-38 for SnSca. Therefore, it seems that 
the birefringence A, falls slowly from SnS^ to 
SnScj. This has also been observed for GaS 
and GaSe by Brebner and Deverin[35], where 
A = 0'30 and 0-2 respectively at A = 0-69 /x. 

Absorption data has been previously pub- 
lished for SnSj, SnSe2{I21, Cdlj and ZrSJ?], 
but not for SnS;rSe 2 _jr, ZrScj and TiS 2 . Using 
the relationship in Table 2 we have not been 
able to determine unambiguously the transi- 
tion mechanism for fundamental absorption 
in these compounds. Both the square root and 
cube root dependencies of the absorption 
coefficient as a function of photon energy 
give good fits, and indicate that the transi- 
tions are almost certainly indirect. Following 
Brebner’s analysis [14], one would expect for 
layer compounds that the density of states is a 
constant, shown as NiiE) in Table 2, The 
en^y gaps were therefore determined using 


t crystals of Pblj were obtained from Leicester 
ity. The value of no used in the calculation of S 
lit was taken from [ 10 ]. 


the square root relationship. The fact that the 
cube root relationship is also obeyed indicates 
the possibility of perturbing effects on the 
shape of the absorption edges. These may 
include impurity states, excitons, lack of 
stoichiometry or even polytypism in the 
crystals. 

For TiSa and ZrSeg, it was not possible to 
fit either of these compounds to the absorp- 
tion relationships outlined before, because of 
the high residual absorption. Approximate 
values of the energy gaps were determined 
from the intercepts of the linear plots of the 
absorption coefficients on the energy axis [21]. 
The energy gaps of SnSe 2 , SnS 2 , ZrSj and 
Cdla compare well with the previously pub- 
lished results, but as no previous absorption 
data is available on the series SnSj.Se 2 _j. or for 
ZrScj and TiS 2 a similar comparison could not 
be made. However, Greenaway and Nitsche 
[7], deduced values of the energy gaps for 
ZrScj and TiSj from reflection data. These 
were respectively 12eV and 0-9 eV. which 
can be seen to compare quite well with the 
present results. 

The energy gaps determined from Fig. 7 for 
the series SnSj-SCz-i are plotted as a function 
of composition x in Fig. 8, where it is seen that 
from X = 0 to X = 1-5, the energy gaps very 
linearly with the composition, followed by a 
rapid rise in the sulphur rich region. 

It is of interest to compare the results ob-~ 
tained here for the series SnS^Sej-a. with other 
mixed compound semiconductors. A linear 
variation of energy gap with composition 
indicates that the band structures of the com- 
ponent materials have a similar form, a typical 
example being InAsi_j.Pj.[26]. If the band 
structures are different for the two compounds 
at the ends of the series an abrupt change of 
slope in the energy gap vs. composition rela- 
tionship may be seen at some iatermeffiate 
point. This was observed for example in Ge- 
Si alloys [27] and Bi 2 Te 3 -Bi 2 Se 3 alloys [28]. 
On the other hand, for CdS-CdSe alloys [29] 
the energy gap is a smoothly varying function 
of tlTe composition. Dziuba et fl/.[30] have 
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explained the latter results by adopting an 
additional potential which may be either 
periodic or non-periodic. They also found that 
a parabolic dependence of the energy gap on 
composition fitted the experimental data. 

Within the series SnS^-Sej-j, it is expected 
that the sulphur and selenium atoms distribute 
themselves randomly in the anion-lattice 
sites. The linear variation of energy gap for the 
series when 1-5 reveals a similarity in 
band structures. The rapid rise for x ^ 1 -5 or 
possibly a kink can be manifested as a differ- 
ence in the band structure. This is confirmed 
by the recently published band structures for 
SnSa and SnSe 2 by Au-Yang and Cohen [31]. 

The dispersion curves available in the 
present studies were all found to fit the simple 
classical oscillator described by equation (1). 
Two parameters were obtained from this rela- 
tionship, viz. and \o> ^d these are shown 
in Table 1 for the compounds studied here. 

Moss [32] has connected the long wave- 
length refractive index with the photocon- 
ductive threshold energy Ec by the relation 
n*Ec — 96, and has found that this is true for 


many photoconductive elements and com- 
pounds. He also found theoretically, and justi- 
fied experimentally for the carbon-silicon 
series that n*Eu — 170 where £„ is the optical 
energy gap. As shown in Table 1, n^*Eg was 
calculated for each of the layer compounds 
examined here. 

For TiSa and ZrSea this was found to be 
approximately 150. For the series SnS^pSca-x 
and ZrSa the constant was 105 ± 15, whereas 
for Cdia a value of 83 was obtained. The latter 
is known to be strongly ionic, however. Table 
4 was established in order to discuss the rela- 
tion for materials of different crystal struc- 
tures and of different types of bonding. Since 
all the compounds examined are known to 
exhibit strongly covalent bonding (apart from 
Cdl 2 ) this indicates that the above relation 
could be applied for materials of similar 
crystal structures and equivalent type of 
bonding, with the condition that only one 
absorption band is strongly contributing to the 
dispersion. The large value of =« 9-0 for 
BijTcs, [28] giving = 960, seems to 
indicate that several absorption bands are 
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Table 4. Values of noo*Eg for some layer 
compounds and other compounds of 
different crystal structures 


Material 

E. 

(eV) 


nJE, 

Ref. 

Ge 

0-66 

400 

170 

(211 

Si 

MO 

3'43 

153 

(211 

Diamond 

5-30 

2-38 

170 

(21) 

AlSb 

1-60 

3-18 

160 

[34] 

GaSb 

0-67 

3-70 

125 

(34) 

GaSe 

F97 

2-76 

113 

[35] 

Pblj 

2-41 

2-47 

89 

(361 

MoSj 

1-80 

2-65 

88 

124) 

GaS 

2-52 

2-30 

71 

[35] 

TiOs 

310 

2-40 

70 

[37] 

InSe 

M9 

2-55 

50 

[38] 

SnOj 

3-45 

1-91 

46 

[39j 

Kl 

600 

1-57 

40 

(40) 

NaCI 

800 

1-50 

40 

(40) 


collectively contributing to the ordinary re- 
fractive index. From Table 4 it can be seen 
that as the ionicily of the materials increases 
the constant C (for n*E = C) is decreasing. A 
small change in the ionic contribution of the 
bond can thus allow for the difference in the 
constant found in the present compounds. 

For the parameter or the average inter- 
band oscillator wavelength it is of importance 
to notice that for the series SnSj-Scu-j-. k„ 
varies linearly with the composition x. Au- 
Yang and Cohen [31] also determined experi- 
mentally the imaginary part of the dielectric 
constant e for SnSj in the 0- 1 2 e V region. The 
peak position for E J. c. is at 5-2 eV. This is 
in close agreement with E„ = hc/\o = 5- 17 eV 
determined from the present single harmonic 
oscillator model. 

Equation (1) which describes the single 
term classical oscillator, can also be expressed 
as: 

2 _ 1 — 

" 1-\„W 

where kg = average oscillator wavelength 
So = (n** — 1 l/ko'* = average oscillator 
ngth 

DiDomepico and Wemple[331 showed for 


a number of materials belonging to several 
crystal structures that the refractive index 
dispersion parameter EjSo= (6-0±0’5)x 
1 eV m*. where E„ is the average oscillator 
energy. Table 1 shows EjSg for the materials 
reported here. This was found to be {5-2 ± 
0-4) X 10’*“' eV m^ for the series SnSj.Se 2 -j. 
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Abstract — Crystal field parameters have been calculated, using ah initio LCAO-MO theory, for the 
ion pair Pr^+ — F~ at five metal ligand distances appropriate to Pr**;LaFj. The parameters are found 
to be twice as large as in PrCI^, but with only half the distance dependence. In the absence of precise 
Pr^^;LaF 3 experimental parameters only qualitative agreement with experiment can be recorded. 
However, very good numerical agreement is obtained with the experimental covalency parameters 
for Yb’+:CaFj, which provides a check on the methods adopted for calculating energy denominators. 


1. INTRODUCTION 

A RECENT ab initio molecular orbital calcula- 
tion of crystal field parameters in PrCU 
[1-3] was successful in giving values of the 
n = 4 and n = 6 parameters within a few per 
cent of those obtained experimentally. An 
attempt to extend this work to chlorides con- 
taining heavier rare-earth ions [4] gave para- 
meters which are noticeably less than the 
experimental ones, although still in qualitative 
agreement. In order to obtain a more adequate 
evaluation of the theoretical situation it is 
necessary to extend the range of systems in 
which the molecular orbital theory can be 
confronted with experimental data. It is also 
of particular value to choose a host crystal 
in which the whole range of rare-earth ions 
are easily substituted. 

With these points in mind we have begun a 
new series of calculations on the rare-earth 
trifluorides, which have the following added 
attractions: 

(i) Optical spectroscopic data is available 
for several ions substituted into LaFg. 


* Present address: Rutherford High Energy Laboratory, 

Chilton, Didcot, Berks., England. 


(ii) The site symmetry is low, wid the local 
distortions when another rare-earth ion is 
substituted for should be quite small, 
so that further tests of the superposition 
approximation may be made. However, in 
contrast to the situation for rare-earth 
chlorides, we cannot compare the results for 
ions substituted in LaFs and GdFs as these 
crystals have a different structure [5], 

(iii) Experimental data is also available for 
some rare-earth ions substituted into CaF^. 

(iv) ENDOR measurements of the trans- 
ferred hyperfine interaction may be used to 
get a fairly direct estimate of the degree of 
covalcncy. 

In this first paper we report an LCAO-MO 
calculation carried out on the same lines as in 
our earlier series of papers on the trichlorides, 
which we shall henceforth denote by I [1], II 
[2], III [3], and IV [4]. A new problem that 
arises in the present case is, because of the 
low site symmetry at the rare-earth ion 
(C 2 ), no accurate sets of experimental crystal 
field parameters have previously been derived 
from the spectroscopic data. This has to be 
solved before our results can be compared 
directly with experiment. However, as we 



2732 


D. J. NEWMAN and M. M. CURTIS 


shall see, some definite indications as to the 
validity of the present work can be obtained 
by comparison with the available analyses 
of experimental data for Tm^''^:CaF2[6,7], 
Yb3+:CaF2t8,9] and Nd'^^: LaFJlOJ. 

In the next section we give a brief outline 
of the simplifications of the LCAO-MO 
formalism which have been made for this 
calculation. Section 3 contains a discussion 
of the numerical evaluation of these formulae, 
and Section 4 is devoted to the physical inter- 
pretation of our results. 


2. FORMULATION 


The present calculation follows closely 
the method described in 1 and 111. We shall 
therefore give only a few brief remarks in 
order to unify the previous work and clarify 
some points in its physical interpretation. 
The main advantage of the simplified formal- 
ism used in this work is that it may be used 
directly in calculations for any system and is 
not associated with a particular rare-earth 
complex. 

Only direct interactions between ligand 
outer shell electrons and rare-earth 4/ elec- 
trons are considered, the remaining closed 
shells (in particular the rare-earth n — 5 
shell '^) being treated as contributions to the 
net ionic charge. It is thought that this total 
neglect of configuration interaction does not 
lead to much error in the case of the parameters 
A 4 ^{r*) and /l«"'<f*'); an ad hoc procedure is 
used to correct the parameters Ai"{r^). 

The formulation is based on two initial 
assumptions: 

(i)The crystal field acts on each 4/ 
electron independently of the states of any 
other 4/ electrons. This is equivalent to the 
assumption that a phenomenological (one- 
electron) crystal field exists [11], 

(ii) The superposition prit^iple applies 
for the individual ligand contributions to the 
crystal field, so that all three-centre effects 



late treatment of the n 
PrClj was given in H. 


S shell overlap 


are ignored[12, 13]. Takeii*' together, these 
assumptions allow us to set up determinantal 
treference state) wave functions for the 
two-ion system Pr^"^ — F", consisting of a 
single 4/ wavefunction (^^) and one F~2s^p* 
closed shell with orbital functions x*- Xw, 
X,nr- The two-ion Hamiltonian is axially 
symmetric, so that each of the four single 
4/ electron energy levels may be described by 
the magnetic quantum numbers ±m (wave- 
functions and energies £|mi). We shall 
relate the one electron energies £„ to intrinsic 
crystal field parameters A„ which are equi- 
valent to the conventional parameters 
= A„'\r") for a single ligand. The combina- 
tion of single ligand contributions is achieved 
by using rotation matrices [4]; there is no need 
to introduce symmetry orbitals for a specific 
complex. 

The electrostatic point charge contributions 
have been obtained by explicit evaluation of 
the integrals '|<^,„) (where r,_ is the 

distance between 4/ electron and ligand 
centre) rather than by using the usual formulae 
which assume that the ligand point charge is 
outside the effective radius of integration. 
Nevertheless, it is convenient to express these 
results directly in terms of the relevant radial 
integrals as these are simply related to the 
crystal field parameters. Writing 


Wm\n. Mv’m) = 7 



Xi-lKTin), (2.1) 


we obtain point charge electrostatic contribu- 
tions 


Af^ ==iT(2),AV'- = i7(4),.4/'- = iV7(6). 

( 2 . 2 ) 


The usual approximation is T(n) = (r”)/ 
where R denotes the distance between 
metal and ligand centres. This was found to 
be ^curate for the PrCla calculation, but in 
the present case we have, for example. 
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7(6) = 316X lO-'a.u.; 

= 3-81 X 10-“ a.u. (R = 4-564 a.u.). 


‘exclusion' contribution. It is convenient to 
refer to the covalency and exclusion energies 
jointly as contact contributions. 


This is simply due to the fact that R is much 
smaller in the case of PrFs, so that the 
ligand centre is no longer outside the 4/ 
charge distribution. 

The corresponding two electron matrix 
elements may also be expressed in terms of 
radial integrals by means of equation (2.1); 
the r*(n) determine and the 

7"(rt) determine <^„.Xpll¥’mXp)^ where x,> 
denotes the radial part of the ligand 2p 
functions. The ‘charge penetration’ contribu- 
tions, due to the finite size of the ligand charge 
distribution, may then be written as 

= K„(27M«)+67"(«)-87(«)), (2.3) 


where K„ are the numerical factors in equa- 
tions (2.2). 

It is convenient to consider overlap and 
covalency contributions together as they 
depend on very similar combinations of 
integrals. Gathering the results given in 
equation (4.5) of I and equations (4.2) and 
(5.2) of Ml and simplifying so as to accord 
with the single ligand system being con- 
sidered here, we obtain the following expres- 
sions for these contributions to the orbital 
energies in terms of the quantities 
and defined in 1 11 ; 


Em"'' = -'L Sr{N.,i + 2Nr2),S, = {(PmlXr) 

T 

- 2 - A^x. + ^X2 + ^X3 , 

T 


(2.4) 


(when m — 0 the sum over r includes s and 
p(T, T — pTT gives the m = 1 contributions and 

£2 = £3 = 0). 

The only remaining contribution of import- 
ance is the exchange energy 

= -' 2 , (yJmXxluiXx'Pm) (2.5) 

r 

which we shall combine with the overlap 
contribution (as in I) to form the so called 


3. NUMERICAL EVALUATION 

The matrix elements and radial integrals given in 
Table 1 are computed using specially developed pro- 
grams* based on the (-function method of Bamett and 
Coulson[14]. Each set of integrals is determined at the 
five different metal-ligand distances given by the X-ray 
determination of the lanthanum fluoride structure 115], 
as it is intended to use these values to compare with 
the experimental crystal field for Pr®*;LaF,. The free 
ion Hariree-Fock wave-functions used are those of 
Synek and Corsigliafl6] for Pr®^ and Sugano and 
Shulman [ 1 7] for F~. 

Various approximations are required for those integrals 
which appear in Section 2, but are not listed in Table 1. 
It must be emphasised that all 3-ccntre integrals arc 
automatically eliminated by our initial assumption (ii); 
this is at present the subject of both theoretical [1 8) and 
experimental [13] tests, but the results are not yet con- 
clusive. 

It can be .seen from Table 2 that the dominant contact 
contributions arise from which can be evaluated 
exactly in terms of tabulated integrals apart from 
(ipXilixrXr) for T — pa and pn. The pa integral has been 
estimated from the matrix elements (v^XpIIXjwXp) using 
the numerical factor 1.14 obtained from the ratio of cor- 
responding PrCl, integrals. This, and numerical uncer- 
tainties in the evaluation of integrals lead us to expect 
an error of up to 5 per cent in A't 2 . 

The approximations used for and i^r have 

already been discussed in papers 1 and 111. However, 
in the pre.sent case we do not have available Madelung 
energiest or even approximate values of the integrals 
of the type {ipip^x). We have therefore used the PrClj 
Madelung energy scaled according to the metal-ligand 
distance and PrCI^ values of the (yap|j(px> scaled accord- 
ing to the relative magnitudes of the overlap integrals. 
As neither N,, nor N^n contributions are very important 
to the final result we feel that these approximations can 
make no material difference to the overall accuracy of 
the calculation. The overall numerical accuracy is thus 
expected to be about 1 0 per cent, although there remains 
some uncertainty in the formulation of 5^, (see 111). 
Nevertheless, the present work provides some evidence 
that the numerical values of are very nearly correct 
(see Section 4). 

The exchange integrals in equation (2.6) are approxi- 
mated by writing 

i<f>mX7\g\x^m) = 0-43 <yj„|xr>’ 


*An unpublished research report is available from the 
authors on request. 

tin Ref. [19J a value of the Madelung energy in LaF, 
is given. However, as it is based on an incorrect space 
group (see Ref. [IS]) and, in any case, is very close to 
the LaCI, scaled result, the procedure used seems 
justified. 
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Table 1. Pr^'^ — F~ matrix elements x J(P (in a.u.. 


apart from the overlap integrals) for several metal— 
ligand distances F(a.u.). <p denotes the Pr^'^ 4f wave 
functions and x the F~ 2s and 2p wavef unctions 



4-5645 

4-6213 

4-653 

4-710 

4-994 

(•pIxi) 

1-768 

1-675 

1-625 

1-539 

1-176 

Mx-r) 

1 963 

1 902 

1-869 

1-810 

1-538 


1-630 

1-552 

1-510 

1-437 

1-122 

Mrr'lx.) 

1-327 

1-253 

1 213 

1-145 

0-863 

(<p\r,r'\Xa) 

1-235 

1-177 

1-146 

1-093 

0-865 

<<p\nr'\x*) 

0-798 

0-752 

0-728 

0-686 

0-511 

(‘fixjlix.x.) 

1-175 

MIO 

1-076 

1-015 

0-765 

(’pXtWx.Xi-) 

1-117 

1-055 

1-022 

0-965 

0-727 

<<fiXth<rX,) 

1-136 

1-083 

1-053 

1-012 

0-810 

i<expi\x»Xi>) 

1-103 

1-054 

1-028 

0-982 

0-783 

(<fixMXi,Xt) 

0-752 

0 710 

0-688 

0-647 

0-483 

(y’Xi.llXnXi.} 

0-731 

0-689 

0-667 

0-629 

0-471 

T(2) 

1-118 

1-077 

1-055 

1-018 

0-854 

T{4) 

0-1310 

0-1233 

0-1193 

0-1124 

0-0845 

r(6) 

0-03162 

0-02926 

0-02803 

0-02597 

0-01791 

T‘{2) 

M18 

1-077 

1-055 

1-018 

0-854 

T*(4) 

01 275 

0-1203 

0-1165 

0-1100 

0-0831 

T-(6) 

0-02727 

0-02541 

0-02443 

0-02277 

0-01613 

TP(2) 

1-095 

1-056 

1-036 

1-000 

0-844 

r“(4) 

0-1166 

0-1105 

0-1073 

0-1017 

0-0783 

r-ib) 

0-02273 

0-02129 

0-02052 

0-01922 

0-01395 


Table 2. Calculated contributions toN^iX lO^a.u.) 
with values of (a.u.) and y. 


R = 

4-5645 

4-6213 

4-653 

4-710 

4-994 

A.. 

14-92 

13-79 

13 23 

12-33 

8-50 


-27-44 

-25-85 

-25-00 

-23-58 

-17-72 

N., 

2-28 

2-15 

2-08 

1-98 

1-50 

N. 

-10-24 

-9-91 

-9-69 

-9-27 

-7-72 

N^, 

-5-27 

-3-37 

-5-44 

-5-50 

-5-63 


-22-42 

-21-28 

-20-70 

-19-50 

-14-96 

Acra 

0-96 

0-93 

0-91 

0-88 

0-75 

N. 

-26-73 

-25-79 

-25-23 

-24-12 

-19-84 

N„ 

-4-38 

-4-38 

-4-39 

-4-37 

-4-09 


-12-29 

-11 52 

-11-09 

-10-45 

-7-66 


1-98 

1-89 

1-84 

1-75 

1-36 

A. 

-14-69 

-14-01 

-13-64 

-13-07 

-10-39 


0-787 

0-775 

0-765 

0-752 

0 690 

3. 

1-680 

1 666 

1-658 

1-645 

1-583 

y. 

0-0061 

0-0059 

0-0058 

0-0056 

0-0049 

y« 

0-0340 

0-0333 

0-0330 

0-0321 

0-0288 

y« 

0-0187 

0-0181 

0-0178 

0-0174 

0-0151 


where the numerical factor is that used in I. It is a mean 
ifetennined from the three methods discussed in 
er. We feel that this is the most doubtful approxi- 
pade in the calculation, especially as it makes the 



integrals for m = 2 and /n = 3 zero. It should be noted 
that (according to this estimate) the exchange energy is 
at$SCt a quarter of the overlap energy and opposite in sign. 
(Also see remarks made in Ref. [13].) 



CRYSTAL FIELD IN RARE-EARTH FLUORIDES- 1 


2735 


Table 2 gives an overall idea of the relative magnitude 
of the various contributions to overlap and covalency 
energies, yr^—N^l^r are the conventional covalency 
parameters; their small value demonstrates the fast 
convergence of the perturbation series. Table 3 gives the 
various calculated contributions to the intrinsic para- 
meters. Contributions (i) and (ii), taken together, re- 
present the electrostatic contribution if the finite size of 
the ions is taken into account, (iv) is due to Pauli exclusion 
effects and (iii) is the charge transfer, or covalency 
contribution. In deriving the net value of /f, we have 
allowed for 90 per cent shielding of the external electro- 
static held. This (rather arbitrary) figure may be taken to 
include both configuration interaction effects (calculated 
at 67 per cent [20]) and charge redistribution due to 
overlap (see II). In any case the initial assumption of the 
applicability of the superposition approximation is 
expected to be rather poor for this parameter, so that our 
final results in this case are not as useful as those for 
^ 4 and 


for the rare-earth fluorides. Some parameters 
exist* for an approximate Dm site symmetry, 
but such a rough approximation cannot 
provide more than an order of magnitude 
comparison We are, in fact, using the results 
of the present calculation, in conjunction with 
X-ray data, to predict an initial set of PrFs 
crystal fleld parameters as a preliminary to 
the determination of experimental parameters. 
For the present, however, we note that the 
results given in Tables 2 and 3 are also of 
interest in relation to the calculated and 
experimental parameters in other systems. 

The values derived for the PrFj intrinsic 
parameters are about twice as large as those 


Table 3. Calculated contributions to the intrin- 
sic parameters A„(cm~^) of the system Pr^'^ — F~ 
for the metal-ligand distances R(a.u.) which 
occur in PrF^: (i) point charge, (ii) charge 
penetration, (iii) covalency and (iv) exclusion 


/? = 

4-5645 

4-6213 

4-653 

4-710 

4-994 

n = 6 (i) 

4-3 

4-0 

3-8 

3-6 

2-5 

(ii) 

-«-5 

-7-6 

-7-2 

-6-4 

-3-8 

(ui) 

14-2 

13-7 

13-3 

12-4 

9-5 

(iv) 

210 

19-4 

18-7 

17-0 

11-4 

Total 

31-0 

29-5 

28-6 

26-6 

19-6 

n = 4 (i) 

35-9 

33-8 

32-7 

30-8 

23-2 

(ii) 

-25-6 

-22-7 

-21-3 

-18-9 

-10-8 

(iii) 

37-5 

35-3 

34-2 

31-8 

23-3 

(iv) 

50-5 

46-4 

44-1 

40-2 

26-0 

Total 

98-3 

92-8 

89-7 

83-9 

61-7 

n = 2 (i) 

1227 

1182 

1158 

1117 

937 

10% of (i) 

123 

118 

116 

112 

94 

(ii) 

-151 

-138 

-125 

-119 

-67 

(iii) 

108 

102 

98 

91 

66 

(iv) 

144 

131 

124 

113 

72 

To'ial 

224 

213 

213 

197 

165 


4. RESULTS AND DISCUSSION 
In contrast to the situation for the an- 
hydrous chlorides, no detailed fits of crystal 
field parameters to the existing spectroscopic 
data [21] have previously been carried out 


(experimental and calculated) in PrCla (see 
4, Table 7). This is in accord with both the 

*H. M. Crosswhite (private communication) gives 
Gd’’'':LaF, parameters (cm"’): Rj“=106±l8, 

=■234^:12,5,®- 124 + 22, = 850 ± 170. 
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relative magnitude of the term splittings 
(e.g. see Ref. [21]) and the Da* parameters. 
One feature that the present calculation has 
in common with that for PrCla is that the 
covalency contributions are smaller than 
those due to Pauli exclusion. However, in 
contrast to the usual expectations [21], we 
find that the covalency parameters yj (Table 
2) are larger than the corresponding para- 
meters for the chlorides: 

= 0-0222 = 0-0092 y, = 0-0056. 

Another feature of interest in our results 
is that the crystal field parameters are found 
to be considerably less sensitive to distance 
variation then they are in other rare-earth 
systems that have been studied. If we re- 
present the distance dependence of A„ in 
terms of a power law /?“'« and ignore 
because of the uncertainties in the derivation 
of the following comparison may be made 
between the PrClg and PrF;, calculations: 

PrCI,: /., = 10-3, tH=P-0 

PrF,,: /4 = 5-7±0-], /„ = 5-6±0-3. 

This is of particular interest because it shows 
that molecular orbital calculations do not 
invariably predict power laws which are 
greater than those obtained in the point charge 
electrostatic model. It also suggests that 
ion-lattice interactions in the fluorides may be 
considerably less than those in the chlorides. 
The main reason for such low fluoride power 
laws is apparently the relative nearness of 


the ligand centre emphasising charge pene- 
tration effects which always tend to reduce 
the distance variation of the integrals. The 
calculated ratio /I4//46 = 315±0-02 is very 
nearly independent of distance and con- 
siderably different to the ratio obtained for 
PrCly. This does not accord with our 
previously stated belief[13] that this ratio is 
effectively independent of the host crystal. 

A preliminary analysis of the experimental 
data for Nd®+:LaF3[10] has been carried out 
by Dr. G. E. Stedman. This assumes power 
laws ti = f,i = 5 and gives mean values A^ 
= 54-4cm“’. /!„ = 30-4 cm"* as compared 
with the calculated mean values A^^ = 87-9 
cm"', Afi = 27-9 cm"'. It should be noted that 
the experimental ratio AtlAg == 1 -8 is reason- 
ably close to that obtained for Nd‘’+:LaCl3 
(2.2). The LaCI;, data also leads us to expect 
that the Nd®^ and Pr'+ n — 4 and n = 6 
parameters will be very similar. Hence the 
large discrepancy in the case of /f, is rather 
disturbing. 

It is also of interest to compare our calcula- 
tion with experimental results obtained for 
rare-earths substituted into CaF2. Intrinsic 
parameters may be related to the convention! 
cubic parameters h„ as follows: 

A^=^y.\[.hJ2Kl = 1.325/?4. 

/ffi = 3''.n n.hrJ2^.5 = 3.217 h^. 

Using experimental values of h„ given by 
Bleaney[6] for Tm''^''" and Baker [9] and Low 
[8] for Yb^"'^ we obtain the intrinsic parameters 
shown in Table 4. These are rather less than 



Table 4. Comparison of theoretical and experi- 
mental values of intrinsic parameters and the 
covalency parameter = yr + 



pe+ (4-621) Pr» 

M4-994) 

Tm*M4-46) 

Yb^-'{4-46) 

^4 

92-8 

61-7 

60-7 

68-4 (59-4) 


29-5 

19-6 

16-2 

20-6 (22-2) 


0-0227 

0-0167 

0-0136 

0-0200 


0 05 23 

0-0442 

0-0293 

0-0442 

K 

0-0336 

0-0263.— 0-0186 

0-0282 


1-56 

1-68 

1-58 

I-.57 
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those for Pr^'^ at its mean distance in LaF*, 
as might be expected for ions with a more 
contracted 4/ shejl. The calculated and ex- 
perimental ratios agree well, but in other 
hosts this ratio is distinctly different for rare- 
earth ions having more or less than a half- 
filled shell. 

A useful test of our theory is obtained if 
we compare calculated and experimental 
values of the parameters (It 

should be noted that the values in Table 4 
refer to a single ligand, related to the cubic 
values as defined in the paper by Axe and 
Burns [7]). The Tm^"*^ values were obtained 
by Axe and Burns using the Wolfsberg- 
Helmholtz model and are therefore only of 
marginal interest in the present discussion. 
The Yb'*^ values were, however, derived by 
Baker by a direct analysis of the ENDOR 
hyperfine splitting data, using only an assumed 
ratio Baker gives analyses for several 

such ratios, showing that the results are 
fairly insensitive to the particular value 
chosen. As = 4-994 a.u.) and Yb’"^ 

(/? = 4-46 a.u.) have similar crystal field 
parameters we would expect a comparison 
of the X’s to be realistic. It will be seen from 
Table 4 that the agreement is very good in- 
deed in spite of the slight difference in A„/X^. 
This is a direct indication that our method of 
treating covalency, and in particular the 
formula for gives a reasonable approxima- 
tion to the truth. 

5. CONCLUSION 

Qualitative agreement has been obtained 
between MO-LCAO crystal field theory and 
the experimental splittings in the rare-earth 
fluorides although the predicted value of 
A 4 is apparently too large. The intrinsic 
crystal field parameters are about twice as 
large and half as sensitive to distance variation 
as those in the trichlorides. Very good 
numerical agreement is obtained between 
Yb^^rCaFa ENDOR data and our calculated 


values of covalency parameters. This, and the 
success of our previous calculation of PrCI^ 
parameters, leads us to conclude that the 
, MO-LCAO theory gives an adequate 
representation of the various contributions to 
the crystal field. 
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THE TEMPERATURE DEPENDENCE OF THE SHORT 
WAVELENGTH TRANSMITTANCE LIMIT OF VACUUM 
ULTRAVIOLET WINDOW MATERIALS-!. EXPERIMENT 
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Abstract — The short wavelength transmittance limit or cut-off wavelength, of LiF. MgF|. CaF,, 
LaFj, BaF 2 , sapphire, synthetic crystal quartz and fused quartz has been measured from about I00°C 
to about I0°K. \co is not a well defined quantity, so for the purpose of this experiment it has been 
arbitrarily taken as the wavelength where transmittance could just be measured, usually O-l-O-S per 
cent. With one exception Xco shifted to shorter wavelengths as the sample was cooled; the shift varied 
from about 40 to 80 A over the temperature range from 100“C to 10°K, depending on the material, 
with the largest shift occurring in BaFj. The exception was LaF, which showed no measurable 
change in Kx 'vith temperature. Over the temperature range from 20° to I00°C the slope of K^, with 
temperature for all materials was fairly constant, but below 20°C it decreased, approaching zero as 
the temperature approached 20°-10°K. In the case of synthetic crystal quartz, for example, the 
slope changed from about 0-28 A/“K at room temperature to about 0-055 A/“K at SO^K. 


INTRODUCTION 

A NUMBER of dielectric materials, alkali 
halides, quartz, etc., are useful as window 
materials in the vacuum ultraviolet because 
they can be used to isolate systems from con- 
tamination while transmitting short wave- 
length radiation. These window materials are 
transparent from the visible spectral region 
down into the vacuum ultraviolet where they 
have a short wavelength transmittance limit, 
or cut-off, below which radiation is ab- 
sorbed. There is no general definition of Xco 
because it depends on the sensitivity of the 
transmissometer being used. Consequently 
the definition used in this paper is an arbitrary 
one and is that wavelength at which trans- 
mittance could just be measured, usually 
0-1 -0-5 per cent. 

The cut-off wavelength in various materials 


*Work performed while on sabbatical leave at Imperial 
College. 


has been found to be temperature dependent. 
Knudsen and Kupperian[l] made transmit- 
tance measurements using CaF* from 80“K to 
room temperature and observed a change in 
Xco- Davis [2] did the same for LiF, BaF^ and 
fuzed quartz from 200° to 300°K as did Laufer 
et o/.f3] for various materials from room tem- 
perature to about 100°C. It was the purpose 
of this experiment to measure the change of 
Xco with temperature from about 10°K to 100®C 
for the most commonly used vacuum ultra- 
violet window materials. 

EXPERIMENTAL 

Vacuum ultraviolet radiation was obtained 
from a monochromator using a 1 -m radius of 
curvature diffraction grating in normal in- 
cidence. A d.c. glow discharge in hydrogen 
was used for a radiation source. The resolu- 
tion of the monochromator was 0-8 A; how- 
ever, the useful resolution available for the 
experiment was controlled by the spacing of 
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the emission lines in the hydrogen spectrum 
and was between 2 and 3 A. 

At the exit slit of the monochromator was 
attached a vacuum cryostat for cooling the 
sample. It was pumped by an oil diffusion 
pump using Dow Corning 705 fluid, had a 
liquid nitrogen trap and cold water baffle be- 
tween the diffusion pump and cryostat, and 
attained an ultimate pressure of about 5 x 
10“*Torr. with no windows to isolate either 
cryostat or radiation source from the 
monochromator. 

Figure 1(a) is a schematic diagram of the 
cryostat and detector. The inner container B, 
holds the sample coolant and can be rotated 


to separate the signal due to vacuum ultra- 
violet radiation from that due to any fluores- 
cent radiation that might be emitted by the 
samples. When the mica is in position 1, out 
of the beam, both vacuum ultraviolet and 
fluorescent radiation will contribute to the 
signal, while in position 2 only the fluorescent 
radiation will be seen. Hence by subtraction 
the effect of fluorescence can be eliminated. 

Figure 1 (b) shows a drawing of the sample 
holder. It consists of a flat round copper plate 
to which is attached a heavy copper bar, 
mounted eccentrically, so that the rotation of 
the inner container leaves the radiation beam 
unobscured for a measurement of In the 



Fig. I . (a) Sehemalic diagram of cryostat, (b) Drawing of sample holder. 


about its axis or raised so that the sample 
holder can be removed from the radiation 
beam, thus permitting a measurement of 
lo and the determination of the actual trans- 
mittance. An outer container /f holds the cool- 
ant for the radiation shield R, and itself serves 
partly as a radiation shield for the inner con- 
tainer. R. contains holes to let the radiation 
beam, shown by the line O, pass through to 
the dcttctoc^D. A mica filter M was installed 


center of the copper bar is a radiation port; 
the sample is held in front of this port by weak 
springs. To insure good thermal contact be- 
tween the sample and sample holder, a chan- 
nel was machined around the radiation port 
and slightly overfilled with indium. The sample 
w,^ held against the indium meniscus with the 
springs, and then both sample holder and 
sample were heated to the melting point of 
indium, ISb^C. After the indium had frozen. 





SHORT WAVELENGTH TRANSMITTANCE LIMIT 


2741 


the suitability of the contact could be judged 
by observing the reflectance at the sample- 
indium interface; if a metallic reflectance was 
seen around most of the perimeter of the radia- 
tion port, the thermal contact was usually 
good. If not, the indium was remelted, more 
indium added if necessary, and the procedure 
repeated until a good contact was obtained. 

An EMI 6256, thirteen-stage multiplier 
phototube, coated with p-terphenyl to con- 
vert the vacuum ultraviolet radiation to light, 
was used as a detector. A Keithley micro- 
microammeter amplifled the detector signals 
which were then displayed on a Leeds and 
Northrop strip chart recorder. 

The temperature was measured with a 
copper-constantan thermocouple that was 
held in contact with the sample face with one 
of the springs that held the sample. Calibra- 
tion of the thermocouple was obtained using 
boiling liquid helium and liquid nitrogen, freez- 
ing water and boiling water. In calibrating, no 
correction was made for changes in atmos- 
pheric pressure; however, the accuracy de- 
sired for temperature measurements was 
about ± 2°K so such corrections were not 
necessary. The calibration points were com- 
pared with the results of Powell et ci/.[4] and 
a calibration curve was drawn to the same 
shape as their curve. 

The samples were high purity crystals 
except for fuzed quartz and LaFa whose 
origin was unknown. All of the materials were 


polished and, in addition, a cleaved specimen 
of BaF 2 was available. A description of the 
samples is given in Table 1 . 

RESULTS 

Figure 2 shows the transmittance vs. wave- 
length of a polished piece of MgpK I mm thick 
at 83°, 200° and 296°K (room temperature). 
As the temperature was lowered, \co decreased 
and had the corresponding values of 1097 A, 
1 1 14 A and 1 132 A. Aside from the change 
in Xco. the most obvious feature of the trans- 
mittance curves is the low transmittance at 
83°K. Since there is no reason for the trans- 



1050 1100 1150 1200 

WAVELENGTH (A) 

Kig. 2. Transmittance vs. wavelength of MgF at three 
temperatures. 


Table I . Description of samples 


Sample 

Polished Cleaved 

Supplier 

Thickness <mm) 

Fuzed quartz 

X 

? 

1-3 

Synthetic crystal quartz 

X 

Sawyer 

11 

Synthetic sapphire 

X 

Linde 

2-5 

BaF., 

X X 

Harshaw (pol) 




K.och-Light (cle.) 

0-8 (pol) 

LaF;, 

X 

? 

11 

CaFj 

X 

Harshaw 

10 

MgF, 

X 

Harshaw 

3 0 




10 

LiF 

X 

Harshaw 

3 0 
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mittance to decrease as the temperature 
‘ decreases, the conclusion was that this effect 
was caused by the formation of a layer of con- 
taminant on the surfaces of the sample which 
was assumed to be frozen vapors of the resi- 
dual atmosphere in the cryostat. 

In an attempt to learn something about the 
composition of the contaminant, the trans- 
mittance of LiF that had been cooled to 1 10°K 
in the cryostat for 3 hr was measured. The 
characteristic of the cut-off was completely 
changed under these conditions; there was no 
transmittance at all at wavelengths shorter 
than 1550 A and to longer wavelengths the 
onset of transmission was gradual rather than 
abrupt as is usually the case with LiF. The 
similarity of this transmittance curve with the 
curve showing the measured absorption coef- 
ficient of ice, obtained by Dressier and 
Schnepp[5], was fairly convincing evidence 
that the contaminant was mostly ice. 

An actual time history of the temperature 
and transmittance at 1026 A of a polished 
sample of LiF is shown in Fig. 3. The abscissa 
is the time in minutes after the coolant was 


first put in the inner container of the cryostat, 
and the two ordinates show per cent trans- 
mittance on the left, and temperature on the 
right. At room temperature, LiF is opaque at 
this wavelength; however, when liquid nit- 
rogen was put in the inner container at zero 
time, the sample temperature was already at 
about 250‘’K because the outer container and 
radiation shield had been cooled with liquid 
nitrogen for about an hour beforehand; con- 
sequently, radiation cooling had reduced the 
sample temperature, and the transmittance 
was not zero. 

Liquid nitrogen was the first coolant used. 
As the temperature fell, the transmittance rose 
to a maximum of about 28 per cent at 5 min, 
or 150“K. As the temperature dropped further, 
the transmittance, which should have remain- 
ed constant, dropped because of the formation 
of ice. After 20 min the liquid nitrogen was 
removed from the inner container and the 
transfer of liquid helium started. This subse- 
quently cooled the sample to about 25'’K and 
caused an even faster decrease in transmit- 
tance. Another transfer of liquid helium was 
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Fig. 3. Time history of temperature and transmittance at 1025 A of 
LiF after cooling started. 
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made at 30 min which cooled the sample to 
about lO^K. After the second transfer the 
transmittance was reduced practically to zero 
in about 13 min. 

The same type of time history was obtained 
when an alcohol and dry ice mixture was used 
to cool the sample. The dilferences were; An 
equilibrium temperature of about 200°K, a 
maximum transmittance of about 8 per cent, 
and a lower rate of decrease of transmittance. 
Presumably the contaminant in this case was 
the same as when liquid nitrogen and helium 
were used as the coolant. But, since the vapor 
pressure of ice at 200‘’K is approximately 
2x 10“®Torr.[6], the assertion that the con- 
taminant was mostly ice may seem question- 
able. Blackman and Lisgarten [7] have found, 
however, that other contaminants, such as 
small amounts of oil vapor trapped in the ice, 
tend to lower its vapor pressure. Ice formed 
from the residual gases in an oil-pumped 
vacuum system can exist in vacuo to above 
200“K, whereas ice formed by deliberately 
introducing water vapor into the vacuum 
system sublimed at about 170°K. 

The rapid formation of the contaminating 
layers limited the time available for the meas- 
urement of A.co> particularly when liquid helium 
was the coolant. When liquid nitrogen or the 
alcohol-dry ice mixture was used, the sample 
was allowed to reach its equilibrium tempera- 
ture, the coolant was removed from the inner 
container and the sample allowed to warm up 
with measurements being made during the 
warming period. This procedure was used 
because the rate of warming was slow and 
could be controlled, while the rate of cooling 
when the coolant was put in the inner con- 
tainer was too fast to allow accurate tempera- 
ture measurements and was essentially un- 
controllable. On the other hand, when liquid 
helium was used, precooling had to be done 
with liquid nitrogen after which the liquid 
helium was used. Because of the precooling, 
ice was already forming, so that measurements 
had to be made as the sample was cooling to 
its equilibrium temperature, since shortly 


thereafter the transmittance was reduced to 
zero. 

Figure 4 shows the variation of with 
t^perature for a number of vacuum ultra* 
violet window materials. With the exception 
of LaFj, all the materials showed a similar 
behavior; as the temperature was lowered, 
Xco shifted to shorter wavelengths with the 
magnitude of the shift decreasing as the tem- 
perature decreased. In the case of BaFi, the 
marks show measurements made on the 
polished sample, while the other data points 
are for the cleaved sample. There were small 
variations between different samples of the 
same substance, but never greater than the 



Fig. 4. The temperature dependence of the short wave- 
length transmittance limit of various vacuum ultraviolet 
materials. 
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difference between cleaved and polished 
BaF 2 . The solid lines from 300® to 400®K 
show the results obtained by Laufer et al. 
13] which show good agreement with the 
present results. Their definition of Xco was 
10 per cent transmittance. The dashed lines 
from about 200° to 300°K are the results of 
Davis [2] which are in fair agreement with 
the present results, except for fuzed quartz 
as shown by the uppermost dashed line. This 
discrepancy is attributed to the large differ- 
ences in the optical properties of fuzed quartz 
samples. 


DISCUSSION 

The temperature dependence of the short 
wavelength transmittance limit is explained 
in the next paper in terms of the fundamental 
excitations of the solids in question. The 
values of measured in this experiment fall 
on the low energy side of the lowest exciton 
bands, and it is expected that as the tempera- 
ture increases, accompanied by thermal broad- 
ening of the exciton band. Aco should move 
toward longer wavelengths. As the band nar- 
rows with decreasing temperature, the slope 
of the transmittance vs. wavelength curve 
should become steeper as it appears to do in 
Fig. 2. Knudsen and Kupperian observed the 
same effect in CaF 2 [l]. Not all samples meas- 
ured in the present experiment showed this 
effect for the reason that, as the contaminating 
layer increased in thickness during the course 
of the experiment, the transmittance was con- 
tinually decreasing. With the precautions 
discussed above, however, this effect is 
minimized in the interpretation of Fig. 4. 

Perhaps the most puzzling behavior is that 
of LaFs where no change in Ko was observed 
as the temperature changed. There is no a 
priori reason why a shift in Xco should not 
occur unless, possibly, sufficient impurities 
were present in the sample to mask the effect. 
Other unexpected characteristics of LaFg 
were the comparatively gradual decrease in 
transmittgiiiiS as the wavelength decreased 
tlM^^ transmittance, as shown in Fig. 5. 
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Fig. 5. Transmitiance vs. wavelength of LaFj at room 
temperature showing the gradual onset of transmittance 
from about 1260 A. Shown for comparison is the trans- 
mittance of BaFa which has a more abrupt onset of 
transmittance. 


Here the transmittance vs. wavelength of BaFa 
is shown for comparison. While the gradual 
onset of absorption in LaFs made Xco more 
difficult to locate, the error in doing so would 
certainly not be large enough to mask changes 
such as those seen with the other materials. 
Further measurements on LaF.., samples of 
known pedigree are desirable to investigate 
this effect. 

Three of the fluoride samples, CaF’a, BaF 2 
and LaF,, fluoresced when irradiated with 
extreme ultraviolet photons. As mentioned 
previously, the signal due to the fluorescent 
radiation was separated from the extreme 
ultraviolet transmitted flux using a mica filter. 
While this process increases the possibility 
of errors, the consistency of the results from 
various trials on the same type of crystal 
indicate that such errors were not serious. 
Although the emission at wavelengths longer 
than the mica filter cut-off (= 3000 A) was 
not studied in this experiment, it may be in- 
trinsic luminescence of origin very similar 
to That studied in the alkali halides [8], 

Practical use can be made of the change in 
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Xco with temperature if the problem of contam- 
ination can be overcome. The most apparent 
application is to change the short wavelength 
limit of detectors and sources that use win- 
dows. For example, the radiation from the day- 
time extreme ultraviolet geo-corona is usually 
observed with narrow band, 100-200 A, 
detectors. If these detectors are equipped with 
CaFz windows, Xco being within a few angs- 
trom of 1 2 1 6 A at 20°C, the all pervasive Ly- 
a line of atomic hydrogen could be added or 
subtracted to the total signal by just a few 
degrees temperature excursion of the window 
and its contribution to the geo-corona 
estimated. 

By modulating the temperature of a detector 
window, a crude form of spectrograph could 
be realized, somewhat analogous to the re- 
tarding potential method of analyzing photo- 
electron energies, that would be useful when 
intensities are too low to permit use of the 
conventional spectrographs. 
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ELECTRON PARAMAGNETIC RESONANCE OF Mn*+ 
IN (NH4)2 Co2(S04)3 and (NH4)iNi2(S04)a 
SINGLE CRYSTALS 
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Abstract - EPR studies are reported on single crystals of ammonium cobalt sulphate and ammonium 
nickel sulphate containing ions. In each case only one magnetic complex of Mn^*^ ion is found. 
The resonance lines in the case of Mn*'*^ doped ammonium nickle sulphate are characterised by a 
strong angular dependence of line intensities. The resonance lines in both the cases are fitted to a 
spin-Hamiltonian corresponding to orthorhombic symmetry. 


INTRODUCTION 

Langbeinites, double metal sulphates are of 
the general composition (M‘+)2(M^+)2(S04)3 
where = K, Rb, T 1 or (NH4), and M 2 + = 
Co, Mn, Ca, Cd, Mg, Zn or Ni, They are 
named after the mineral Langbeinite 
KaMg^iSOjy. Langbeinites will form an 
interesting series to study the lattice defects 
formed in these crystals by the incorporation 
of the paramagnetic ion; since both mono- 
valent and divalent metal ion sites are 
available in the host lattice. It will also be 
possible to study the relationship between the 
spin-Hamiltonian parameters and the size of 
the crystal lattice, at constant temperature, 
in these isomorphic diamagnetic lattices with 
a specific paramagnetic impurity. Keeping 
the above mentioned aspects in mind a 
systematic study of different paramagnetic 
ions in these crystals have been taken up and 
the present paper deals with the results 
obtained from the EPR studies of Mn^^ in 
(NH4)2 Co 2(S04)3 and (NH4)2Ni2(S04)., at 
room temperature. There does not appear to 
have been much EPR work on Langbeinites 
which possess complicated structures. This 
is because it is often difficult to visualise the 
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Structure of the unit cell and also, in some 
cases, no accurate data of the atom positions 
have been published. 

EXPERIMENTAL 

In order to grow single crystals of 
(NH4)2 Co 2(S04)3 suitable for the EPR 
studies cobalt sulphate (C0SO4.7H2O) and 
ammonium sulphate ((NH4)2S04) are mixed in 
stoichiometric proportion, to the solution of 
which a little quantity ( 0-5 per cent by weight) 
of manganese sulphate (MnS04.4-5H20) has 
been added. The single crystals are grown by 
the slow evaporation of the saturated solution 
at room temperature. The single crystals of 
(NH4)zNi2(S04)3 doped with Mn®+ ions arc 
grown by similar procedure using nickel 
sulphate (NiS04.6H20) instead of cobalt 
sulphate. The crystals are found to grow 
with large { 110 } faces, A Varian V -4502 EPR 
spectrometer with a 9 inch magnet and 
1 00 kc/s modulation is used to study the 
paramagnetic resonance. As a reference for 
magnetic field strength the resonance line 
of DPPH is used. The magnetic field is 
measured using the varian NMR gaussmeter 
while the frequency of the proton signal is 
measured by a Beckman frequency counter. 
IBM 1620 computer has been used for doing 
the calculations. 
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RESULTS AND DISCUSSION 

EPR data 

The EPR spectrum of Mn*+ arises from 
transitions between the 36 energy levels of 
the free ion ground state as split by the 
crystalline electric held, the manganese 
nuclear spin of i, and the externally applied 
magnetic field. The measurements on both the 
crystals are^done by rotating the magnetic 
field in a (110) plane of the crystal. The 


variation in some of the line positions (M .9 = 
of in (NH 4 ) 2 Co 2 {S 04)3 is 

shown in Fig. 1. The lines connecting the 
solid dots represents the angular variation of 
the resonance lines corresponding to Ms = 
—i -*■ -i, m, = f, — t and — | transi- 

tions, The lines connecting the open dots 
represent the angular variation of the reson- 
ance lines corresponding to Ms = I — ^ i, 
m, i, i, — i, — i and — | transitions. In the 


4400 



[no] 

ANGLE 9 

Fig. I. Angular variation of some of the resonance lines of Mn*+ in (NH 4 )aCo 2 
(S 04 )s for the rotation of the magnetic field uTc 110) plane of the crystal. The 
angle between [110] and H direction in ( 1 1 0) plane is denoted by 0 . 
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region around [110] axis it is not possible to 
identify the resonance lines unambiguously 
mid hence in Fig. 1 the experimental points 
are connected by dashed lines in that region. 

When one the principal axis (x, y and z) of a 
Mn^+ ion parallels the magnetic field, the 
energy level separations of the spin system 
correspond to an extreme value. The orienta- 
tion of these axes can be found by searching 
for the magnetic field direction, where the fine 
structure lines of the EPR spectra lie at an 
extremum in energy. It can be seen from 
Fig. 1 that the two extrema are separated by 
90°. The Z axis was assigned to the direction 
with the large separation between the = 
—I —i and M.s = ] — ♦ i transitions. The 
direction of the second extrema was called 
the X axis. The Z axis makes an angle of 35° 
with [110] axis and incidentally this happens 
to be the [111] axis. The X axis makes an 
angle of 90° with [111] axis in (TlO) plane. 
The Y axis is perpendicular to the ZX plane 
and it coincides with [110] axis. In the 
neighbourhood of static magnetic field parallel 
to the Z and X axes, the measurements were 
made by rotating the crystal about its [ 1 10] 
axis which was held perpendicular to the 
direction of the magnetic field to make sure 
about the extrema observed. The resonance 
lines in the y direction are grouped close 
together and so no accurate magnetic field 
measurements of their positions could be 
made. Magnetic field measurements are done 
along the Z and X directions. The resonance 
lines of Mn**^ doped (NH4)zNi.^(S04)3 are 
found to have similar angular variation as that 
of Mn'^^ doped (NH4)2Co2(S04)3. The 
directions of the principal axes at Mn’^^ sites 


in (NH4 )bCob(S 04)3 and (NH4),Nij(S04)3 
are the same. 

Figures 2 and 3 show the spectrum of 
Mn®^ in (NH4)2Co2(S04)3 when the magnetic 
field is parallel to Z and X axis respectively. 
In addition to thirty resonance lines due to 
one Mn*+ magnetic complex there are some 
very weak lines due to Mn*+, probably in 
some other environments. The study of this 
weak spectra could not be done because of the 
relative intensity of this weak spectra and the 
spectra under discussion. Figures 4 and 5 
shows the spectrum of Mn*'^ in (NH4)2 
Ni2(S04)3 at different angles when the 
magnetic field is rotated in (TlO) plane of the 
crystal. 

The spectrum due to Mn*+ in (NH4)2 
002(804)3 and (NH4)2Ni2(S04)3 has been 
analysed using the spin-Hamiltonian corres- 
ponding to rhombic symmetry. The spin- 
Hamiltonian is given by 

= ^; 8 / 7 . 5 + £) [ 5 ,=* - 1|5 (5 + 1 ) ] 

+ f[5/ + 5„- + V 

-U(S-f 1)(3S“-I-3S-1)] 

+ ASJ 

where the first term is due to the Zeeman 
interaction, the next three terms take into 
account the crystalline electric field at the 
Mn''^* site, and the last term is the interaction 
of the electron spin with the nuclear spin, 
o, D and E are the cubic, axial and rhombic 
crystal field parameters, respectively, and A is 
the hyperfine constant. 

The expressions used to obtain the energy 
differences are; 


(a) For fine structure positions with // || Z: 

//. (M = -i -> -I) = Ho + 4D + 9Ey(Hi-D)-5EViHi-iP)+2a 
H,{M = -i ^ -i) = Ho+2D + 9E^I{H^ + D)-9E^I{H^-D)-5E^I{H2~3D) - (^)a 
H,{M ^ ^ = Ho-9EV{H,- D) +5E-^liH, + 3D) +5EV{H^-3D)~9E^I(H3 + D) 

HAM = i^h) = Ho~2D-9E^I[H, + D)+ 9E^I 5EV {H, -b 3D) + (1) n 

= i) = H„-4D + 9E^I{H:, + D)-5E^I{H, + 3D)-2a 

(b) For hyperfine structure positions with H \\ Z 

H{m m) = -/4m-(/42/2f/o)(/(/+ l)-m2-l-(2M- l)m) 




in (SH^)^Co^(SO^h single crystals at room temperature, the direction of the magnetic field making an angle of 
35° (Z-axis) with [1 10] direction in (110) plane. 




Fig. 3. EPR spectrum of MiP* in (NHJjCojiSOJ, single crystals at room temperatore, the direction of the magnetic field parallel toJf-axis 

(90° from [III] direction). 






— DPPH ^ 

(3340G) 84.68G 



Fig. 5. EPR spectnun of Mn*+ in (NH 4 ),Nis(S 04 ), single crystals at room temperature, the direction the mastic field making 

different angles (65°, 55°, 35° and 15°) with respect to [110] axis. 
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with the magnetic field directed along jc or y 
replace D with — i(D + 3£) and E with 
— i(E±i[)) where the upper sign applies for 
the magnetic field along x and the lower sign 
for ttie magnetic field along y. The spin- 
Hamittonian parameters obtained using the 
above expressions are given in Table 1. For 
the spectrum due to in (NH4)2Ni2(S04)3 
it is not possible to calculate gz and Az since 
the spectrum practically disappears when the 
direction of the magnetic field is parallel to the 


determined. The second order shifts permit 
the determination of the relative signs of the 
various measured parameters. For negative 
DjA, the separations of sextete decrease on 
the low field side when the direction of the 
magnetic field is parallel to Z-axis. In the case 
of Mn®"^ ion negative >4 is commonly accepted. 
In the present experiments the separations of 
sextets decreases towards the high field side 
and hence DIA is positive which in turn results 
D to be negative. 


Table 1 . Spin-H amiltonian parameters o/Mn^+ in (NH4)2Co2(S04)3 and (NH4)2Ni2(S04)3 



ff, gs 

D X lO-'cm-' 

Ex 10-* cm-' 

a X 10“* cm~' 

X 10“* cm-' X 10-* cm'* 

(NH4),Co,(S04)5 

2-00362-0036 

-231-0 

68-7 

2-0 

-88-4 -86-8 

(NH4hNi,(SO.)3 

2-006 

- 133-5 

95-5 

2-8 

-87-1 

(NH4),Cd3(S04)a[7] 

2 000 

-157-3 

0 

5-4 

-94-3 


Z axis. The parameters reported here for 
Mn*+ in (NH4)2Ni2(S04)3 are obtained using 
only the x axis spectrum and hence they may 
not be very accurate. The discussion regarding 
intensity variation of resonance lines in this 
crystal will be presented in the later part of 
the paper. Table 2 shows a comparison of the 
calculated and the experimental fine structure 
positions when the external magnetic field is 
parallel to the Z and the X axis of (N 114)2 
Co2(S04)» and the X axis of (NH4)2Ni2(S04)3. 
The agreement between the calculated and the 
experimental field values is very good. 
Experimentally only the relative signs are 


Location of ions 
The detailed X-ray data regarding atomic 
positions of (NH4)2C02(SO4)3 and (NH4)2 
Nigt 504)3 does not seem to be available in 
the literature. Zemann and Zemann[l] 
studied the crystal structure of K2Mg2(S04)3 
which is isomorphic to (NH4)2C02(SO4)3 and 
(NH4)2Ni2{S04)3. WyckofF[2] listed the 
lattice parameters of many isomorphic salts of 
Langbeinite series. The lattice parameters of - 
(NH4)3 Co 2(S04)3 and {NH4)3Ni2 (804)3 
are [2] a = 9-997 A and a = 9-904 A respec- 
tively. Langbeinite series crystalizes in space 
group P2i3 with cubic symmetry and there 


Table 2. Comparison of experimental and theoretical fine structure positions 
o/Mn*+ in (NH4)2Co 2{ 804)3 one/ (NH4)2Ni2( 804)3 



(NH4),Co,(S04), 



H\\Z 

Experimental Theoretical 

NU 

Experimentai Theoretical 

H\\X 

Experimental 

Theoretical 

2359-0 


Ain-6 

4279-0 



2829 0 



3782 0 

2864-5 

2864-4 

3325-0 

3323-7 


3318-7 

ms-i 

3328-9 

. 3825-0 


2865-0 


3795-0 

3795-1 

^!^318-0 

4319-8 

2405-0 


4285-2 

4284-8 
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are four molecules per unit cell. There are two 
crystallographically nonequivalent divalent 
atoms (Co*"^ or NF"^) and monovalent atoms 
(NH4)'^ in these salts. The two crystallo- 
graphically nonequivalent cobalt or Nickel 
ions arc slightly distorted and octahedrally 
surrounded by six oxygen atoms each. The 
ammonium coordination can not be sharply 
defined, there are four oxygens around one 
type of ammonium atoms and three oxygens 
around a second type of ammonium atom. The 
difference between the environment of two 
divalent sites (Co^*^ or Ni“+) is very small 
compared to the difference between the 
environment of the two ammonium sites. 
The EPR results can be best explained by 
assuming that Mn*^ substitute for Co^"^ ions 
in (NH4)2 Co 2(S04);, and for NF+ ions in 
(NH4)2Ni2(S04)3. Such replacement would 
not be unexpected, given the similarity of 
ionic radii (0-72 A for Co*+, 0*69 A for Ni*+ 
and 0-8 A for Mn*+) and the identity of 
charge. When Mn®'^ ion substitutes for Co*+ 
or Ni*"*" positions one expects two different 
spectra because of the availability of two 
nonequivalent sites. However, the presence of 
only one Mn*+ magnetic complex suggests 
that the Mn^^ ions are substituting for only 
one type of Co®^ or Ni®+ sites. Alternative 
locations for the Mn®+ ions are the (NH4)+ 
sites. Substitution for {NH4)'^ appears im- 
probable because of the difference in charge. 
Intensity pecularities of Mn®+ lines in 

(NH4)2Ni2(S04)o: 

Figure 4 shows the spectrum of Mn®^ in 
(NH4)zNi2( 504)3 recorded when the direction 
of the magnetic field makes angles of —90°, 
— 70°, — 55°, — 47°, -^30° and 0° with respect to 
the [110] axis in (110) plane of the crystal. 
Figure 5 shows the spectrum of Mn®^ in 
(NH4)2Ni2 (804)3 recorded when the direction 
of the magnetic field makes angles of 65°, 55°, 
35° and 15°_with respect to [110] axis of the 
crystal in (TlO) plane. Figures 4 and 5 shows 
that there is a rapid change in the intensity of 
resonance lines as the angle is changed. The 
spectrum corresponding to 35° and — 55° given 


in Figs. 5 and 4 corresponds to the magnetic 
field parallel to Z and X axis of Mn®^ complex 
respectively. Tlie intensity of the allowed 
resonance lines is found to be maxinuun when 
the direction of the ma^etic fieM makes an 
angle of —75° with [110] direction. The 
spectrum practically disappears when the 
direction of the magnetic field is parallel to 
the Z axis. When the direction of the magnetic 
field deviates from those of maximum 
intensity, a quite considerable line broadening 
(by a factor of » 1 *5) is also observed, which 
in itself, however, can by no means explain 
the far sharper decrease in the derivative of 
the absolution line. The intensity of the 
allowed lines changes at different rates for 
different electronic transitions and within the 
limits of one electronic transition, for different 
hyperfine components. Out of the six hyper- 
fine components the two external ones 
decrease most slowly and the two internal 
ones most rapidly. Moreover, there is a slight 
asymmetry in the rate of reduction of the 
intensity between lines which have associated 
with them the nuclear quantum number m and 
— m. The angular variation of the intensity is 
different for different electronic transitions 
and it is maximum for the central transition 
(A/4 = i-»— i) and minimum for lateral 
transitions (M* = — f — f and = §). 

As one can see from Fig. 4, Ms = i — i 
transition is very weak when the direction of 
the magnetic field is parallel to x axis where 
the other transitions are reasonably strong. 

A comprehensive theory explaining the 
intensity variations of the allowed (AM.s = I, 
Am/ = 0). and forbidden (AA/s = ±l, Am,= 
±1) lines was developed by Bir[3]. The 
theory is based on the fact that the direction 
of the large effective magnetic field, due to 
electrons acting on the nuclear spin, differs 
from the direction of the smaller external 
magnetic field, and so the effective field 
direction becomes the nuclear spin quantiza- 
tion axis. The angle between the direction of 
the quantization axis and the external magnetic 
field depends on the orientation of the external 
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magnetic field relative to the crystal field axis 
and on the electron states. When the angle 
between the magnetic field and the crystal 
axes changes, there is a change in the angle 
between the nuclear spin quantization axes 
corresponding to the initial and final states of 
the electron in a given transition, and this 
leads to the appearance of forbidden transi- 
tions and a corresponding reduction in the 
intensity of the allowed transitions. Bir and 
Sochava[4] have used this theory to explain 
the intensity variations of Mn^^ in the axial 
crystal field of SrCl.^. Later Manoogianf5] 
has used Bir’s theory to explain the intensity 
variations of Mn*^"^ in orthorhombic fields of 
tremolite (2(H2Ca2Mgs(Si03)B)). Bir’s theory 
suggests that the forbidden transitions should 
appear whenever there is a large change in 
the intensity of the allowed transitions. But in 
the present case of Mn^+ in (NH^laNiatSO^);, 
there is no indication of the presence of 
forbidden transitions at any angle. Bir’s theory 
also suggests that the intensity of the allowed 
transitions should be maximum when the 
direction of the magnetic field is parallel to 
crystal field axes. But this is not the fact 
observed in the present experiments on Mn"'^^ 
in (NH4),2Ni.2(S04);i. In fact the resonance 
lines are not practically visible when the 
direction of the magnetic field is parallel to 
Z axis. According to Bir's theory the strong 
angular dependence of intensities occurs only 
in the presence of strong crystalline fields. 
But in the present experiments magnitude 
of D which represents the strength of crystal- 
line field is not large. All this suggests that 
there is a further need to check Bir's theory 
and develop a theory which can explain the 
anamolies observed in the present experi- 
ments. The nonobservability of these 
anamolies in the angular variation of the 
intensities of Mn*+ doped (NH4)2Co.2(S04)3, . 
(NH4)2Zn2(S04)3 and (NH4)2Mg2(S04)3[6] 
and the observability in Mn^'^ doped in 
(NH4)2Ni2(SO^I suggests the Ni^^ ions 
might be a promiment role in the 

magnetic b^aviour of the crystal. A search 


for magnetic behaviour, such as antiferro- 
magnetic resonance, of this crystal is desirable. 

Though both the crystals of (NH4)2Co2 
(804)3 and (NH4)aNi2(S04)3 are grown with 
the same concentration of Mn^'’^ impurity the 
line widths of the resonance line in both the 
crystals are not the same. The peak-peak 
derivative width of Mn*+ lines in (NH4)2Co2 
(804)3 is about 8 G while in the case of 
Mn’*+ doped (NH4)2Ni2(S04)3 its value ranges 
from 25 to 50 G. In the case of Mn^+ doped 
(NH4)2Ni2(804)3 the line widths of all the 
electronic transitions are not the same while 
they are the same in the case of Mn^"^ doped 
(NH4)2 Co. 2(804);, crystals. The reason for 
observing large line widths in the case of 
nickel salt might be due to the fact that the 
spin-lattice relaxation time of Ni^^ ions is 
much larger than that of Co^^ ions. At room 
temperature the spin lattice relaxation time of 
Co^"^ is so short that its own absorption lines 
are too broad to be observed. The absorption 
lines of Ni^'^ have been observed at room 
temperature in some cases which indicates 
that the spin-lattice relaxation time of Ni“+ 
ions is much more compared to that of Co^"* 
ions. However in the present experiments no 
resonance could be observed in pure salts of 
(NH4)2 Co 2(SO,,)3 and (NH4)2Ni2(S04),j. It 
may be mentioned here that the resonance 
lines due to Mn^^ ions embedded in (NH4)2 
Mg2(804)3 and (NH4)2Zn2(S04)3[6] have the 
same line width (=» 8 G) as that of Mn^+ lines 
in (NH4)2Co2(S04)3 crystals, which means 
that the spin lattice relaxation time of Co^+ 
ions is comparable to that of diamagnetic 
ions such as Mg^"^ and Zn*"^. 

In conclusion, the results obtained in the 
present study can be compared with the 
preliminary results obtained by TatsuzakI [7] 
earlier in the case of Mn'^"^ doped (NH4)2Cd2 
(804)3. Unfortunately the resolution of 
spectral lines was pretty poor in the case of 
(NH4)2Cd2(804)3. This has been noted by 
the author himself. The comparison of the 
spin-44amiltonian parameters obtained in the 
present study and those in doped 
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(NH4)2Cd2<S04)3 suggests that the crystalline 
field experienced by Mn*+ substituting for 
Co 2 + in (NH4)2 Co 2(S04)3 and Ni*+ in (NH4)2 
Ni2(S04)3 is more than that for Mn*+ substi- 
tuting for (NH4)2Cd2(S04)3. The reason for 
this might be due to the difference in the 
lattice parameter of these salts. Another point 
of interest is the value of the hyperfine 
coupling constant A . The value ofA— — 94-3 X 
10 “ 4 cm“’ found for Mn^+ in {NH4)2Cd2 
(804)3 is more than that found in the present 
experiments. It has been pointed out by van 
Wieringen[8] that the magnitude of A de- 
creases with increasing covalency of the 
magnetic complex. From the electronegativity 
of Mn^"* and negative ions and the numbers 
of the surrounding negative ions, the amount 
of the ionic character can be calculated after 
Pauling [ 9 ], lVlatumura[ 10 ] has shown that 
the relationship between the magnitude of 
A and the ionicity is a linear one if the degree 
of covalency is calculated according to 
Pauling’s rule [ 9 ], From Matumara’s curve we 
obtain that for [A] = 94-3 x lO'^^cm"*, 88-4 x 
10 “^cm ‘ and 87-1 x 10 “^cm“'. as is the case 
respectively for Mn^^ in (NH4)2Cd2(S04);,, 


(NH4)2Co 2(S04)3 and (NH4)2Ni2(S04) there 
is about 96 - 0 , 93-5 and 93-25 per cent ionicity 
respectively. This suggests that the ionic 
character of (NH4)2Co2(S04)3 and (NH4)2Ni2 
(804)3 salts is nearly same and is less than 
that of {NH4)2Cd2(S04)3. 
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Abstract— The linear expansion coefficients of solid light methane CH^ and deuteromethane CD^ have 
been defined in the temperature range 10°-24‘‘K and 6 °-S 8 °K, respectively. The question about the 
nature of rotational motion of molecules in CH 4 and CD 4 crystals and about the existence of low 
temperature phase transition in solid methane is discussed. 


EXPERIMENTAL PROCEDURE AND RESULTS 
The thermal expansion of solid CH^ has 
been investigated in the temperature range 
10“-24‘’K and that of solid CD4 from 6°-58°K. 
The purity of the investigated CH4 was 99-96 
per cent. CD4 (the heavy isotope concentra- 
tion is 98-3%) supplied by the All-Union 
Society ‘Isotope’ contained nitrogen and oxy- 
gen in small amounts. After the CD4 was 
purified by passing it through melted lithium 
at 250“C the total amount of nitrogen and 
oxygen in it was reduced to 0-25 per cent. 

The measurements were carried out using 
the apparatus described earlier[l] with liquid 
helium and hydrogen as refrigerants. The 
copper-constantan thermocouples were cali- 
brated directly in the dilatometer to 4-2°K by a 
germanium thermometer of PR MI USSR. 
The thermocouple e.m.f. was measured by a 
R-308 potentiometer. The error in determin- 
ing the temperature did not exceed 01°C. 
The homogeneous transparent solidified gas 
specimens were grown from the liquid phase. 

The measurements were made on two CH4 
specimens and one of CD4. The specimen 
length-temperature change was measured on 
both heating and cooling— 3 or 4 cycles for 
each specimen. The measurements were car- 
ried out every 0-5®-l®K for CH4 and CD4 in 
the low temperature phases and every 3‘’-4^K 
for CD4 in the high temperature phase. 

The length change of samples was measured 
down to 4-2®K. But the experimental error 


increased rapidly with decreasing temperature 
and made it unreasonable to calculate the 
linear expansion coefficients of solid CH4 
below 1 0“K and of solid CD4 below 6°K. 

We did not carry out detailed measurements 
of thermal expansion in the immediate vicinity 
of the phase transition temperatures or in the 
intermediate crystal phase of CD4. 

The measurements on the deuteromethane 
specimen above became complicated 

because of its high vapour pressure and 
plasticity. The error in determining the linear 
expansion coefficients of CD4 was about 
±10 per cent below lUK, ±5 per cent be- 
tween 13° and 21°K and between 50° and 
58°K, ±3 per cent in the range 28°-50°K. For 
CH4, the error was ± 1 5 per cent at the lowest 
temperature and did not exceed ±5 per cent 
above 1 4°K in the low temperature phase and 
±3 per cent in the high temperature phase. 

The total volume change of solid methane, 
AU/F, calculated from the data of present 
paper and of [2] between 4-2° and 60°K was 
4-3 per cent, and for deuteromethane in the 
temperature range 4-2° to 58°K was 5-8 per 
cent. 

The results of determining the linear ex- 
pansion coefficients a of CH4 and CD4 are 
plotted in Fig. 1. We tdso give data obtained 
earlier [2] for the thermal expansion of CH4 in 
the temperature range 22°-60“K. The 
smoothed volume expansion coefficients 
p(fi = 3a) are presented in Table 1 . 
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Fig. 1. Temperature dependence of the linear expansion 
coefficients for CH 4 and CD^. < 1 ) Results for C Dj obtained 
in the present paper; t2) results for CH^ obtained in the 
present paper; (3) results for CH, published in the 
paperI2]. 


Table 1. Smoothed values of the volume expansion 
coefficients for crystalline CH 4 and CD 4 



(deg' ') 


Pen, ■ 10< 
(deg ') 


pen, ■ 10* 
(deg ') 

r°K 

PCH. ■ 10* 
(deg') 

6 

0-189 

19 

7-26 

10 

0-381 

22 

5-46 

7 

0-330 

20 

8-91 

11 

0-714 

25 

5-58 

8 

0-489 

21 

11-43 

12 

1-14 

28 

6-00 

9 

0-684 

22 

22-5 

13 

1-69 

30 

6-33 

10 

0-915 

28 

11-70 

14 

2-43 

35 

7-11 

11 

1-21 

30 

10-84 

15 

3-29 

40 

7-90 

12 

1-59 

33 

10-53 

16 

4-37 

45 

8-67 

13 

2-07 

35 

10-55 

17 

5-64 

50 

9-36 

14 

2-67 

40 

10-60 

18 

7-71 

55 

1014 

15 

3-33 

45 

10-82 

19 

1218 

60 

10-80 

16 

4-05 

50 

11-21 





17 

4-92 

55 

11-79 

' 




18 

6-00 

58 

12 24 






The difference between the thermal ex- 
pansion coefficient values of CH 4 at 22 °K 
given in the present and previous [ 2 ] papers 
is due t^/he systematical error which was 
subseqibntly taken into account. 


DISCUSSION OF RESULTS 
Let us first discuss the results concerning 
the high temperature phases. CH 4 and CD 4 
are-SphericaJly symmetric molecules and f.c.c. 
lattices in high temperature solid phases 
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[3,4], That is why the crystalline CH 4 and 
CD 4 are closer to solid inert gases than the 
other simple molecular crystals. However, 
while the thermal properties of the solid inert 
gases are determined only by translational 
oscillations those of the methanes will depend 
also on the character of the rotational motion 
of molecules in crystal. The contribution from 
the rotational motion may be estimated 
roughly by comparing the corresponding 
properties of solid methanes with those of 
solidified inert gases. 

Argon is the most convenient substance for 
comparison; its value of the quantum para- 
meter A = ///crV/Mc is close to those of 
methanes[5] (AAr = 0‘187; Ach 4 = 0-235; 

1 ), = O' 209). Here, h is Plank’s constant, a- 
and m the diameter and mass of the molecule 
and e is the depth of the potential well for 
the pair molecule interaction. 

In Figs. 2 and 3 the temperature depen- 
dences of thermal expansion coefficients for 
solidified methanes and argon [ 6 J are com- 
pared in reduced co-ordinates fiielk) vs. 
777’(rf5.7] (where T„. is the triple point tem- 
perature. k is the Boltzman constant) and fi 
vs. r/0n[7-9] (where is the limiting value 
of Debye temperature ai T —* 0). The follow- 
ing values were used: e/kiCH^) — e/A;(CD 4 ) = 
l48°K.€/k(Ar) = 120°K[5], do(CH 4 ) - 135“K 
[10] 0o(CD 4) = 0«(CH4)V(m(CH4))/m(CD4) 

= 12rK. d„(Ar) = 93-3°K[n], r,AAr) = 
83-75“K[ 

0 19 

0 15 

X 


005 
C 

T/T„ 

Fig. 2. Reduced coefficient of volume thermal expansion 
Pielk) vs. reduced temperature TjTtr- (I) Ar, (2) CH^* 
(3) CD,. 


II], TtriCH^) = 90-67°K[l2], 


0 300 0 450 



Fig. 3. Coefficient of volume thermal expansion 
reduced temperature (I) Ar, (2)CH44(3)CD4. 


7 ,r(CD 4 ) = 89‘78°Kfl2J. The solid CH 4 
thermal expansion in reduced coordinates 
practically coincides with the thermal ex- 
pansion of argon, differing from the latter only 
below 28°K, i.e. in the immediate vicinity of 
the temperature of phase transformation. It 
indicates that the thermfil expansion of solid 
CH, in the temperature range T > 28'’K is 
mainly due to translational oscillations. 

The contribution of the molecular rotational 
motion to the thermal expansion of solids 
vanishes in the limit of free rotation [13]. In 
principle, the molecular rotation in solid phase 
is always somewhat hindered. Recently there 
appeared experimental evidence for impe- 
dance of rotational motion of molecules in 
solid CH4[14]. But the sensitivity of the differ- 
ent properties to impedance of rotation is 
different[13-17]. Colwell et a/.[l5] has shown 
that a satisfactory interpretation on the solid 
methane heat capacity in high temperature 
phase can be obtained by means of model of 
hN free rotators. From Figs. 2 and 3 it follows 
that in the case of solid CH 4 the thermal 
expansion (as well as heat capacity) above 
28°K is not sensitive to the extent of hindering 
of molecular rotation. 
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The influence of the retarding held on the 
rotational motion of CD 4 molecules is 
apparently greater. As a result of this, the 
coefficient of thermal expansion of solid CD 4 
in high temperature phase up to is higher 
than that of CH 4 and the temperature de- 
pendence is different from that for inert gases 
(Figs. 2 and 3). The results of a study of pro- 
ton relaxation in methanes [18], according to 
which the times of molecule reorientation, 
increase in the solid phase with the number of 
deutero-substituted hydrogens more rapidly 
than in gas [19] (Table 1 in [18]), also support 
this view. It should be mentioned that the 
value of Ta = 2*4 X 10“*® sec for methane at 
60°K[18] is close to the classical one. 

As the temperature increases, the influence 
of the retarding field on the molecular rotation 
decreases and the coefficients of thermal 
expansion of solid CH 4 and CD 4 draw to- 
gether. 

Let us try to understand what is the reason 
for the greater impeding of rotational motion 
of CD 4 molecules in solid phase. The potential 
barriers that hinder the rotation of molecules 
in CH 4 and CD 4 are about the same. But for 
lower moment of inertia of molecule the zero 
energy of orientational oscillations (librations) 
for CH 4 is greater and one can suppose that it 
makes a greater part of kinetic energy needed 
to overcome the barrier. 

Naturally, in this case the orientational 
order in solid CH 4 should vanish at lower 
temperatures and the hindering influence of 
field at equal temperatures should be less. 

In low temperature phases of solid methanes 
the rapid increase of the expansion coefficients 
near the temperatures of phase transformation 
seems to be due to the processes of destruction 
of long range order. 

At present the existence of a second pfiase 
transition near T 9“K for CH 4 is not settled 
[20, 15, 21, 22, 17]. It has been suggested that 
the observed thermal effects [23] be explained 
by spin conversion in light methane at low 
temperatures. The results of thermal expan- 
sion investigation, in contrast to the results of 


the heat capacity study, are not sensitive to 
heat released during conversion in a sample. 
As has already been mentioned, the coeffi- 
cients of thermal expansion of CH 4 were cal- 
culated only to 10 °K, but the change of sample 
length / with temperature was determined by 
us to 4*2°K. The analysis of the data obtained 
showed that the derivative d//dr in the range 
10®-4-2‘*K decreases monotonously with the 
decrease of temperature and does not depend 
on the experiment duration. Thus the results 
of thermal expansion investigation do not 
indicate the existence of low temperature 
phase transition ( T « 9“K) in CH4. 
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THE FREQUENCY AND TEMPERATURE DEPENDENCE 
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Abstract — In the i.r. frequency regime, renormalization effects of conduction electrons in a simple 
metal alters the frequency and temperature depiendence of the conductivity. This change in conduc- 
tivity Can be described by a frequency and temperature dependent effective mass. The case of alum- 
inum has been calculated as an example. The results obtained indicate that measurements of the i.r. 
optical constants as functions of the frequency and temperature can be used to study the variation of 


the optical effective mass 

1. INTRODUCTION 

The interaction between electrons and 
phonons in a metal plays an important role in 
determining the physical properties of the 
electrons and phonons such as the cyclotron 
effective mass or the sound velocity [1], It is 
paramount in determining the electrical trans- 
port properties of a metal at finite tempera- 
tures [2]. 

In the present work we shall study the infra- 
red conductivity of a simple metal and propose 
that information about the renormalization 
effects of the electrons due to the electron- 
phonon interaction can be obtained by infrared 
measurements. Since at these frequencies the 
conductivity is dominated by the intraband 
contribution [3], we shall ignore possible 
contributions from interband transitions. Thus 
in Section 2 we study the dependence of the 
bulk conductivity of a simple metal in the 
infrared frequency regime on the renormaliza- 
tion effects of the electrons. In Section 3 the 
optical effective mass is expressed in terms of 
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the electron-phonon interaction. The fre- 
quency and temperature dependence of the 
optical effective mass of aluminum is also com- 
puted. In Section 4 we discuss the possibility 
of experimental observation of this effect. 

{A) Electron-phonon interaction 

Let us consider an isotropic model of a 
metal whose Hamiltonian is given by [4] 

// == 2 -+- ^hwQ^^ho^bQ 

+ + ( 1 ) 
k.Q 

where and t > are the creation and annihi- 
lation operators of an electron with momentum 
k and energy e;,, fry"* and h^i are the creation 
and annihilation operators of a phonon with 
momentum Q and frequency coo'"*. The last 
term in equation (1) represents the electron- 
phonon interaction. We assume that only 
longitudinal phonons interact with the 
electrons. 

The properties of a system of interacting 
electrons and phonons described by the above 
Hamiltonian have been studied repeatedly 
[1,4,5]. The properties of an electron are 
modified by the electron-phonon interaction. 
Thus an electron ha.s a finite lifetime propor- 
tional to the inverse of the imaginary part of 
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its self energy. The magnitude of the electron 
self energy is of the order of the phonon energy 
and is therefore small compared to the typical 
electron energy. However, the elFective mass 
of the electrons such as determined from 
cyclotron resonance measurements depends 
on the energy derivative of the self energy, 
which is of the order unity. Thus the cyclo- 
tron effective mass can be appreciably differ- 
ent from the band mass m. The properties of 
the phonons are also nrodified by the electron- 
phonon interaction. Thus the physical phonon 
frequency ata is different from the bare phonon 
frequency wq'®’ due to polarization effects of 
the electrons. 


(«fc±<i+ fea)j 

X 6 (., -.,.0 

Here £/ci= C/o‘®’V(toa‘®V<ya) is the renormal- 
ized matrix element, Nq is the phonon occupa- 
tion number, = 1 — /‘"’(ck), and P 

denotes the principal value part. 

Thus the conductivity can be obtained by 
substituting the solution of equation (3) into 
equation (2). 


{[n, 




(B) The electrical transport equation 
A transport equation valid under the 
conditions €/ ^ hot, hlr, qVf has been obtained 
from perturbation theory [1]. Here oi and q are 
the frequency and wavevector of the electro- 
magnetic wave, T is the relaxation time, and 
€/is the Fermi energy. Since the Fermi energy 
is of the order of several electron volts in 
metals, the above conditions are satisfied in 
the infrared frequency range. From the work 
of Holstein [1], the electrical conductivity 
tensor can be written as 


2. THE I.R. BULK CONDUCTIVITY OF SIMPLE 
METALS 

The transport equation, given by equation 
(3), is difficult to solve for arbitrary values of 
Q), qVf, andr. However, solutions can be found 
for special cases such as in the calculation of 
d.c. resistivity. In the infrared frequency 
range, the relevant wavevector q can be esti- 
mated by q^ = \(^i(t>lc^}cr(q, ft))| (see equa- 
tion (15)). We shall restrict ourselves to the 
case qVf< a> or 1/t so that the transport 
equation can be greatly simplified. 


ar^{q,<ti) = 


n 




( 2 ) 


where is the electron velocity, /'"Xck) is the 
Fermi distribution function, and can be 
regarded as a distribution function. The 
indices i and j specify the space components 
of the quantities involved. The function 
satisfies the following transport equation 


i (q • V* - <«>)<P*' PkJC:tQ{^\±U- ^k) 

(3) 


where 


(A) The transport equation 

Consider the case qVf< w or l/r in which 
the (q.Vfr)4>*' term in equation (3) is smaller 
than the other terms. Thus we can neglect the 
q dependence of the collision integral and 
make the following variational approximation 
of the transport equation 

i (q • Vjt - G>) = r** -I- (^ioia (4) 

where 

« = f y r-) 

Vk • (V* - ^ J 


Pkjc±Q — 
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“ 


X A^eH- 


2 


Vfc . (V. - ^ J 


X S(e(t eic±Q — A<tiQ) 




( 6 ) 


A derivation of this approximation is given 
in the Appendix. The collision integral is 
replaced by the term (iwa — I/t)^!)^', where t is 
the relaxation time which is frequency 
dependent (the dependence being especially 
strong at low temperatures [6J) and a is a 
dimensionless quantity whose properties we 
shall discuss in detail in the next section. 

The distribution function can be obtained 
from equation (4) 

~ - v/ {i[w( 1 + a) - q . Vfc] (7) 

{B) The bulk conductivity 

The bulk conductivity can be obtained by 
substituting equation (7) into equation (2). 
Thus if we choose q along the z-axis and the 
electric field vector along the jr-axis. we find 

3 1 1 

o---(q,a.) = [(1 +a tan-‘/- 1] (8) 


where t = ^«/r/[l — i<ut(1 +a)]. We have as- 
sumed that the Fermi surface is spherical. 

The classical limit can be obtained from 
equation (8) by setting <7 = 0. Thus 

ne^ , 

cr^\oi) = — i<i>T(\+a)]. (9) 

This is similar to the Drude formula[3] apart 
from the extra quantity a . 


3. THE OPTICAL EFFECTIVE MASS 
The quantity a introduced in the last section 
is a function of the frequency to and the 


temperature T. Its physical interpretation can 
best be seen by considering equation (9). 
Conventionally the optical effective mass is 
determined experimentally from the real part 
of the dielectric constant by the Drude 
formula [3] 


er(to)= I 


47rrte* 1 
tn w* + (1/t)* 


( 10 ) 


at frequencies at > Mr. The proper generaliza- 
tion of equation (10) can be obtained from 
equation (9) 


er(ti>) = 1 


where 


47rrte* 1 



( 11 ) 


Weff, = m[l -+-a(a), T)], (12) 


We see therefore [1 -I-a(&), T)] is a renormal- 
ization factor of the usual optical mass. 

(A) The frequency and temperature depen- 
dence of the optical effective mass 

The limiting value ap = o(&> = 0, T = 0) is of 
some special interest because it is related to 
the Landau scattering function (due to the 
electron-phonon interaction) and can be 
determined experimentally from the high 
temperature resistivity [7]. Indeed it is 
given by 


_ ^ [ p(2’o) ' 

® Tirk/i m To 


(13) 


where p(ro) is the d.c. resistivity at tempera- 
ture To- The ratiop(To)/7o does not depend on 
the choice of To so long as To ► ©. 

The general behavior of a(a>, T) as a func- 
tion of 0 } and T can be determined from equa- 
tion (5). As the frequency oi increases above 
the Debye frequency, a ~ l/w* as a conse- 
quence of the fact that important renormal- 
ization effects are restricted to electrons close 
to the Fermi surface within the energy range 
futti,. This is clear from equation (5) in which 
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the energy denominator is of the order tua 
because €* and are restricted within the 
energy range ftcj about the Fermi surface. 
Similarly at high temperatures, the energy 
denominator is of the order kgT so that a ~ 
1/r® as a consequence of the broadening of the 
Fermi surface with an energy range kgT. 
When ho), kgT 4:^0, a(a>, T) tends to the 
limit given by equation (13). 

The above conclusions are independent of 
the model taken in the calculation of a(ai, T). 

(B) The renormalization parameter of alumi- 
num 

A specific example has been computed for 
the case of aluminum, chosen because of its 
high Debye temperature and strong electron- 
phonon interaction. We first find = 0-65 
from the d.c. resistivity assuming three free 
electrons per atom. We then compute the ratio 
D/ao"*’, from which a^\<ii,T) can be 
obtained, with the following simple model. We 
assume a Debye spectrum for the phonons 
with 0 = 395*K, a spherical Fermi surface, 
and the simple matrix element Uq — icQ- 
where c is a multiplicative 

constant. 

The results for a’^Kcu.T’) are shown in 
Fig. 1 in which only normal processes are 
included. The general behavior of T) is 

found to be in agreement with the conclusion 
in part (A) of this section. We also found that 
the frequency and temperature dependence of 
T) is insensitive to the choice of the 
matrix element Uq. 

In principle one should take a more realistic 
model and also include the Umklapp processes 
in the calculation. However, Umklapp pro- 
cesses change only the matrix elements of a in 
equation (5) and do not affect the general 
conclusion of part (A) of this section. Thus 
we expect the same kind of functional depen- 
dence for the actual T) as given in 

Fig. 1. Furtheomre the magnitude ofa'^H<t<< T) 
obtained realistic model including 

the Umklapp processes is not expected to be 
much different from our results because ao ' is 



Fig I. The renormalization parameterat(a), Tlof aluminum. 


fixed by the d.c. resistivity. We therefore 
conclude that the simple model we have taken 
in the calculation ofa'^'ftu, T) gives reasonable 
results both in the functional dependence and 
the magnitude ofa'^Hot, T). 

4. DISCUSSION 

A direct experimental check of the above 
theory would be desirable. The quantities 
determined from infrared measurements are 
the index of refraction n and extinction 
coefficient 4:[8,9]. These optical constants 
are related to the surface impedance Z by[10] 

n-ik = Z-\ (14) 


The bulk conductivity is related to the surface 
impedance by [1 1] 


Z'»(a>) = 


4ioi 


00 

I 


dq 


477 ICO 


(15) 


cr(q, (o) 


if the ‘specular' surface boundary condition is 
assumed. The quantities o and r can thus be 
determined from infrared measurements if 
we substitute equation (8) into equation (15) 
and interpret the surface impedance in terms 
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of the measured optical constants according 
to equation (14). 

In general, a and r can only be obtained 
from the optical constants by numerical 
calculation. However, in the classical limit the 
conductivity is given by equation (9), we find 
upon substituting equation (9) into equation 
(15) 

ATTtiiV ("1 

Z”>(a))=-/ (l+a) + — (16) 

CQ)p L OiT] 

where cop is the plasma frequency. The above 
result gives some idea of the relationship of a 
and T to the surface impedance but is not 
sufficiently accurate to be used in the fre- 
quency and temperature range we are 
considering. 

It is well known that infrared absorption of 
metals depends on the smoothness of the 
surface [10, 12]. Thus it is necessary to know 
the correct boundary condition in order to 
determine the parameters in the conductivity 
such as a and t from the surface impedance. 
It has recently been demonstrated experi- 
mentally that one can make a surface so 
smooth that the specular boundary condition 
is satisfied [ 1 2]. Thus we expect that there will 
be no ambiguity in the determination of a and 
T from future experiments. 

We have calculated the quantity a(aj, T) for 
aluminum in Section 3. As mentioned earlier 
aluminum is favorable to observation due to 
its high Debye temperature and strong clec- 
tron-phonon interaction. It is also to be 
noticed that the experiment must be done at 
relatively low temperatures so that the effect 
would be large as it is evident from Fig. 1. 
However, the temperature must also be high 
enough so that qvf < 1 /t can be satisfied in the 
far infrared. Since the renormalization factor 
aiw, T) is found to be fairly large from the 
above calculation, we conclude that it is 
possible to determine this quantity from 
infrared measurements. 
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APPENDIX 


We want to show in this appendix that the approxima- 
tion made in equation (4) is a reasonable one in the regime 
of interest, namely, qiy < w or I It. Thus for the purpose 
of determining an appropriate approximation to the 
collision integral, we write the transport equation as 

~ i(0<Pii‘ = Vjt' + ^ P*.*It|(‘l>i3:g — 4>||,'). (A-l) 

o.l 

Multiplying equation (A- 1 ) by u* 
and summing over k and /. we obtain 


//'-'(«»)-/'■’(«* + Aa,)T 

1 J 


(CU 2 


hoj 

/""’(Cfr) — /'~'(e» + fall) 

hw 


] 




k.i I 

1 V O + Aqi)"] 

J‘ (•'^■2) 


The coefficient G of the trial function = (U/s'G can be 
determined liom equation ( A-2). Thus we find 

G = [(l+a)-l-;^j (A-3) 

where a and t are given in equations (5) and (6). Notice 
that 

f L — J = Tm 

has been used in the above expression. The above approx- 
imation is equivalent to replacing the collision integral by 
iiua — 1 /t)< 1>*'. Thus we can write the transport equation 
as ^ 

— /(w — q . v*)d>‘ = {A-4) 

which is equation (4). 
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Abstract — A previously described connection between particle waves, momentum transfer, and non- 
elastic deformation in crystalline solids is extended to account for the initiation of detonation by impact 
in explosive crystals. According to the ideas advanced the presence of atoms of different masses in a 
crystal lattice upon impact leads to a required translational velocity difference between dissimilar 
atoms. This, in some cases, is sufficient to cause a rapid change in the interatomic bond distances and 
the consequent repeated breaking of chemical bonds along the lattice. If the products of the broken 
bonds are subject to sudden expansion or react violently with their environment, an explosion or 
detonation wave (depending on the propagation velocity) results. The impact velocity range which 
may result in detonation can be calculated for a given explosive crystal in terms of Planck's constant, 
the crystal spacing, the atomic masses of the crystal atoms, and those of the 'striking pin'; these 
calculated velocities are in good agreement with experimental values in several cases where the 


relevant experimental information is available. 

INTRODUCTION 

A CONNECTION between the propagation of 
particle waves and deformation in crystalline 
solids has been presented in earlier publica- 
tions [1 , 2]. In general the non-elastic deforma- 
tion of such solids is considered to result from 
the motion of certain initially field-free or 
'free' atoms in a solid in very loose analogy 
with the free electron theory of conduction. 
These atoms, moreover, are supposed to 
move through a crystal as particle momentum 
waves with wavelengths calculated from the 
de Broglie relation X.= h/muj-, is the final 
velocity acquired by the free atoms just before 
they pass beyond their initial field-free 
regions, h is Planck’s constant, and m is the 
atomic mass. A schematic representation of 
both external and internal field-free atoms in 
relation to a crystal lattice is shown in Fig. 1. 
The internal field-free atom of Fig. 1(b) is, 
of course, no longer field-free if a stress, 
To, is produced in the crystal by an external 
load. Instead such an atom will now be 
subjected to a force, F,- = where g is the 


*Presented, in part, at the Explosive Chemical 
Reactions Symposium sponsored by Technical Co- 
operation Panel 0-2, Duke University, Durham, N.C., 
U.S.A.,October21-23, 1968. 


number of atoms per cross sectional area in 
the region of the stress. 

An atom located in an initial field-free 
region of width pd in the direction of the force 
will then be accelerated as a particle until it 
reaches the end of the field-free region; after 
this its momentum propagates through the 
crystal as a wave with a wavelength deter- 
mined by the final velocity. By equating the 
work done, by the force Ft through the 
distance pd, to the final kinetic energy of the 
particle and using the de Broglie relation for a 
free particle, a relation between the external 
stress applied to a crystal and the wavelength 
of the resulting particle momentum wave is 
obtained [2], 

^ = h yli^pmdr) 

The parameter, p, which defines a particular 
initially field-free region (s = pd) is the only 
new microscopic constant introduced in 
equation (1); its value is generally taken to be 
less than one as indicated in Fig. 1 . Moreover, 
in some cases, final expressions for macro- 
scopic mechanical quantities are independent 
of p, and the quantities are functions only of 
known atomic constants [2], 
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Fig. 1 . (a) Schematic representation of an external held- 
frce atom incident with velocity, on a crystal with 
periodic potential variation, ti(jc), in a lattice of spacing, 
d. (b) Representation of an internal field-free atom with 
incident velocity, e,, in a crystal with periodic potential 
and spacing, d. The width of the internal field-free region 
is s = pd (where p < 1 ) as indicated. 


These ideas on the propagation of particle 
momentum waves and their role in non-elastic 
deformation are made more specific by the 
assumption of a differential equation for 
momentum transfer. For example, in a one- 
dimensional monatomic row lattice (cf. Fig. 2) 
conservation of momentum among any three 
adjacent masses requires that [2] 

^ (mv„) _ ih . 

(^n+lFPn— 1 2Un) (2) 

where mv„ is the momentum of a general nth 

y 

rt'/ n n-n 

- * • Ofi — Oc^ O . •— -X 

-H H K -1 p- 

nd ■■ ' 


O / 



d — -i 
I 


Fig. 2. Schematic drawing of a one-dimensional (row) 
lattice of identical point masses. Solid circles represent 
of masses; the dashed circles 
of displaced masses (atoms). 


equilibrium -^psitions 
represt^pj^sitions 


mass, m, in the lattice of spacing d,fi = hlln 
and / = V— 1. Equation (2) also results from 
writing the time-dependent Schroedinger 
equation for one of the masses (atoms) of such 
a periodic structure provided that real- 
property waves (i.e., momentum waves) are 
associated with moving particles in place of 
(or in addition to) the Born probability waves 
of orthodox wave mechanics [3. 4]. From 
equation (2) and its solutions a number of 
macroscopic mechanical properties of crystal- 
line solids have been described and some 
mechanical quantities calculated directly 
from atomic constants. These have included 
transition velocities observed in impact 
experiments, threshold velocities for cratering 
in hypervelocity impact, non-elastic audio 
frequency resonances, characteristic stresses 
of plastic deformation, and coefficients of 
sliding friction [2], A stress-strain law in close 
agreement with the experimental results for 
cubic crystals has been formulated, the 
velocity dependence of sliding friction and 
other frictional phenomena accounted for, 
and the cross-sectional shapes of hyper- 
velocity craters formed at oblique impact 
explained [2]. 

The success with which some hypervelocity 
impact and high-speed frictional phenomena 
are explained by the particle-wave view of 
non-elastic deformation suggested that the 
means by which high explosive reactions are 
initiated might also be clarified if considered 
in a similar fashion. In particular, detonation 
by impact has proved susceptible to a particle- 
wave explanation by extension of the ideas 
used for monatomic crystals to diatomic or 
polyatomic crystals. This explanation is 
accordingly presented here after a brief 
review of momentum transfer and impact in 
monatomic crystals. 

1. PARTICLE WAVES AND MOMENTUM 
TRANSFER 

^.Consider the infinitely long, one-dimensional 
row lattice of Fig. 2 with identical point 
masses, m, spaced a distance d apart. A 
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continuity equation for momentum transfer 
or flow along this lattice can be written as 


= Kp - t, J - K, ( t;, - ) (3) 


where 


dimVnMctt 


Kp(l>n_] Vfi) 
^n+i ) 




represents the net time rate of 

change of momentum of the 

nth lattice mass 

is the rate of momentum 

transfer from the mass at 

n — 1 to that at n 

is the rate of momentum 

transfer from the mass at n to 

the mass at « + 1 

is a momentum transfer 

constant for the lattice. 


That is, according to equation (3) above we 
postulate that as a result of an applied force 
some type of momentum transfer occurs in 
the lattice for which the rate of momentum 
transfer depends on the velocity differences 
between adjacent masses. The value of Kp is 
clearly of great importance and it is possible to 
obtain an exact expression for Kp by writing 
a wave solution for v„ in equation (3) of the 
form 


v„ = Be 


~ knd) 


(4) 


where k — 2 tt/X. is the wave vector, d is the 
lattice spacing, B is a constant and the 
frequency is given by 


Vp 


-/2Kp 

TTm 



(5) 


According to the particle-wave view of 
deformation [1, 2], equation (5) gives the 
frequency of a particle (momentum) wave in 
the lattice and in the limit of long wavelengths 
(small it) this expression must reduce to that 
for a free particle, i.e. 


lim 

*-•0 


-/2Kp 

TT/n 



4irm 


A* 


( 6 ) 


where hk^lAirm is the free-particle frequency. 
For small values of k the sine can be replaced 
by its argument in equation (6) so that 


Kp=iil/2(/* (7) 

and substitution of this value for Kp in equa- 
tion (3) yields equation (2) of the Introduction 


d(mv„) ih , 
dt 


+ V„-i 


-2v„) 


( 2 ) 


while equation (5) for the frequency becomes. 


h 

~ nmd^ 



(5a) 


If instead of the inhnite lattice of Fig. 2 we 
turn our attention to a finite lattice of length 
S = Nd with fixed ends, a standing wave 
solution to equation (3) is necessary[1 , 2], but 
again the same expressions for Kp and are 
obtained. Now, however, discrete values of 
the wave vector, A, are demanded such that 

^ = 1.2.3....(A-1). (8) 

Minimum and maximum values of A in this 
case are vINd and tt/c/ corresponding to 
respective minimum and maximum values of 

(min.) = (for 5 = Nd) 

h 

u„ (max.) s (for N large). (9) 


The prevalence of mosaic structures in real 
crystals indicates that finite lattice segments 
with lengths of a few microns will be en- 
countered in momentum transfer through 
crystals [2, 5]. Characteristic values of Vp 
hence range from 10® to 10’® c/s with accumula- 
tions of these particle-wave modes near the 
ends of the frequency spectrum 11,2]. Con- 
siderable experimental evidence exists [1,2] 
for the presence of such non-elastic modes at 
the audiofrequency end of the spectrum 
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where from ‘ equations (5a) and (8) the 
successive modes are to a very good approxi- 
mation supposed to occur according to 

Since both the displacement and the 
momentum can only be measured at the 
positions of the masses in the lattice, we 
expect to be able to know nothing of either 
displacement or momentum wave properties 
between lattice masses [6]. Hence it follows 
that \= 2d is the smallest measurable wave- 
length for real-property waves in a lattice of 
spacing d. Further, in principle real-property 
waves such as the momentum waves discussed 
cannot exist in the lattice at wavelengths less 
than 2d. Then, from the de Broglie relation, 
there will be a limiting free-particle velocity 
(for both external and internal field-free atoms) 
above which the associated momentum wave 
will not propagate through a lattice [ 1 , 2], 

The existence of this velocity limit (for 
stationary lattices) provides a basis for 
explanations of high velocity impact behavior 
of crystals in general and the low-velocity 
impact detonation of some crystals in parti- 
cular. 

Finally it must be mentioned that, although 
all of the preceding discussion has been 
confined to momentum transfer in one- 
dimensional (row) lattices, the results 
are easily extended to three-dimensional 
crystals [2] and lead to no major changes. 
This follows partly from the fact that the 
X, y, z components of momentum are in- 
dependently conserved, and partly from the 
assumption of in-line or central momentum 
transfer between masses (atoms) in a three- 
dimensional lattiop. The practial outcome is 
that the results obtained for row lattices apply 
directly to '^ree-dimensional lattices when the 

% 


periodic spacing, d), between lattice masses 
in a particular direction in the crystal is used. 
Thus the momentum transfer constant in a 
direction with spacing, d), is Kp = ihl2dj^ 
which predicts that the momentum transfer 
constant will be largest for directions of 
closest spacing in a crystal. Thus non-elastic 
deformation of a crystal should occur most 
readily in the directions of closest spacing, 
and this is in accord with experimental 
evidence. The maximum values of limiting 
velocities for field-free particles given by 
equation (11) can be calculated for a particular 
crystal in terms of the distance of closest 
approach d,, by Vi = hf2mdx. Values for cubic 
metal crystals calculated in this way range 
from 9-46 X 10® cm/sec for lithium to 0-238 X 
10® cm/sec for thorium [2]. 

2. HIGH-VELOCITY IMPACT IN 
MONATOMIC CRYSTALS 

The existence of limiting velocities for the 
free particles supposed to be generating 
momentum waves suggests, at first, that such 
waves can not account for high speed deforma- 
tion of crystals. It turns out, however[2], that 
there is a way in which waves generated by 
free particles with velocities above Uj = 
/i/2md, can be propagated in a crystal lattice. 
It is only necessary for a crystal lattice, or 
parts of it. to move against the incident free- 
particle wave. Such reverse motion requires, 
of course, a source of energy, and it is evident 
that this source can only be the vibrational 
(phonon) energy of the crystal lattice itself. 
In fact, as we shall demonstrate, the proposed 
mechanism eventually results in destruction 
of the crystal lattice when the free-particle 
impact velocity is such as to demand a trans- 
lational lattice energy per atom equal to the 
lattice binding energy [2,7]. 

We now consider a row lattice of fixed 
spacing d, moving with a translational velocity 
vi toward an incoming free-particle of velocity 
Vi as indicated schematically in Fig. 3(a). The 
Stance moved by the field-free particle in 
reaching the lattice can be expressed in terms 
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of the lattice spa<;ing as pdt in accordance with 
previous notation. The time required for the 
field-free particle to travel up to a stationary 
lattice is 

t = pdjv, ( 12 ) 

while for a lattice (or lattice section) moving 
toward the incident free particle with velocity 
vi this time is reduced to 

t' = {pdi-v,t')hi (13) 

= pd\,vjh&Tepd\ = pd^ — v,^' . (13a) 


Equation (13) can be solved for t ' to give 


t' = 


pdj 

Vt-hv,' 


(14) 


From equations (12) and (1 3a) it follows that 
d'Jdj = t'jt and from equations (12) and (14) 
the ratio r'lt can be written in terms of the 
velocities as ViliVi + Vi) so that 


d 1 (contracted) = dx — x— . (15) 

Vi -r V/ 


This variation of d', with translational lattice 
velocity is shown in Fig. 3(a). The apparent 
lattice spacing clearly decreases as the lattice 
moves toward the incident particle with 
increasing velocity; therefore momentum 
waves of decreasing wavelengths below 2dt 
can be propagated through the moving lattice. 
In an entirely similar way it can be shown that 
the apparent lattice spacing d\ increases with 
lattice velocity for a lattice moving away from 
the incident particle, and a single expression 
written for both cases (cf. Fig. 3(b)) 

Vi 

d i (apparent) = e/, • ( 1 6) 

where p>ositive values of vi denote lattice 
motion toward the incident field-free particle 
and negative values correspond to lattice 
motion away from the incoming particle. 
Finally, from equation ( 1 6) a new value for the 
limiting free-particle velocity allowing momen- 



h d, -i- 



Fig. 3(a). Effect of translational motion of a lattice 
segment with velocity, vi, on the apparent lattice spacing, 
it',, seen by an incident free particle (with velocity, Vt) 
for the lattice moving toward the incident particle. 


• O O O O 

I- d, -I- d, — f- d, -H 


oo 



Fig. 3(b). Effect of translational motion of a lattice 
segment with velocity, vi, on the apparent lattice spacing, 
d',, seen by an incident fiee particle (with velocity, t)|) for 
the lattice moving away front the incident particle. 
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turn wave propagation in a moving lattice can 
be calculated as uj (max.) = vj = ^/2mdl or, 
from equation (16), 

(max.) = r; = y, (17) 

1^1 

It is instructive to consider the limiting 
free-particle velocity, v\, in equation (17) as 
the independent variable and then determine 
from equation (17) the required values of 
translational lattice velocity, vi, as in equation 
(18) below. 

v, = v\(\-v'Jv,) (18) 

where now negative values of y, indicate 
velocities opposite to the incident free-particle 
velocity, yj, taken as reference. A plot of 
vi vs. v[ reveals an inverted parabola with 
vertex at {vil2, vJA) as shown in Fig. 4. 
From this figure it is clear that at incident 
free-particle velocities above Vi the lattice 
must move with negative velocities (against 
the incident particle) in order to allow propaga- 
tion of the momentum wave associated with 
the incident particle. 

According to our previous discussion it is 
not necessary for any translational lattice 
motion to occur for free-particle velocities 
below y,. All particle waves generated by 
velocities below y, are propagated in an 
infinite lattice, and a series of waves at 
discrete wavelengths are propagated in a 
finite lattice. For a lattice segment of length 
S = Nd values of incident free-particle 
velocities generating such allowed wave- 
lengths are 

h q'lT 

= y,^:q= 1,2,3... (/V-1). (19) 

There will ^erefore be a series of evenly 
spaced allowiii^ velocities along the abscissa 
{Vi = 0)^,j^tween 0 and as indicated in 



O -s hO t-S 2-0 

INCIOENT particle VELOCITY -V/ 

^ UN ITS ) 


Fig. 4. Translational lattice velocity, u,. needed to provide 
an apparent lattice spacing. d\. for which continuous 
values of the incident free-particle velocity. vi = u', will 
be the limiting velocity (branch OBC). Discrete values of 
below v, also occur for n, = 0 as indicated by the points 
along the abscissa (branch ODC). Above v,. lattice 
segments must move against the incoming particle with 
velocities given by the single, negative brance, CE. 

Fig. 4 (branch ODC), as well as the continu- 
ous allowed velocity values for forward 
lattice motion given by the positive branch 
(OBC) of the curve. Thus there is a choice of 
lattice behavior for free-particle incidetrt 
velocities below y,; (1) the lattice remains 
stationary and propagates only particle waves 
of certain discrete wavelengths; or (2) the 
lattice moves forward at varying velocities, 
y,, and propagates particle waves of any 
wavelengths between <x> and 2d,. Above y, 
there is only one possibility; i.e., the lattice 
must reverse and move against an incident 
field-free particle to propagate waves of 
wavelengths less than 2i/|. 

As discussed in detail elsewhere [2], the 
conditions under which the lattice moves or 
remains stationary represent the difference 
betw een transient and equilibrium behavior, 
respectively. The duration times for transient 
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behavior can be estimated for a given lattice 
segment length in terms of the time needed for 
a standing wave to be set up in the segment; 
for a segment length of 10“^ cm. these times 
are usually of the order of 10“* sec or greater. 
Of course there will also be incident velocities 
below Uj between the discrete stationary 
allowed values where only forward lattice 
motion will allow propagation. 

It is also possible to demonstrate [2] the 
existence of a region of instability between 
incident velocities of u,/2 and 3 d,/ 4 where a 
sudden jump to the reverse lattice motion 
required beyond n, takes place. The exact 
location of the instability point on the upper 
branch, OBC, of the curve in Fig. 4 depends 
on the number of lattice atoms in a particular 
segment which are moving with the trans- 
lational velocity vi. This number can never be 
less than two since at least two atoms are 
needed to define an apparent lattice spacing, 
but three, four, or many more atoms may 
eventually share the translational velocity 
(and energy) as the momentum wave proceeds 
along the lattice. Because of the existence of 
these instability conditions for incident 
velocities above vJ2, as a practical matter 
reverse flow may start at some velocity 
beyond v^ll instead of at y,. That is. an 
incoming particle with velocity greater than 
the instability value will sooner or later jump 
to a velocity just above u,. and the lattice will 
move in the reverse direction. The extra 
energy for this jump to a higher velocity is 
supplied to the particle by the lattice since a 
point just beyond corresponds to a lower 
absolute value of translational lattice velocity, 
i),. than a point near vjl. For the case where 
two-atom segments are broken loose, the 
value of translational velocity demanded of 
each lattice atom will reach a final value 
V[f, when the corresponding energy (tnvyi) 
equals one-half the dissociation energy per 
atom (D/2) of the crystal lattice. That is, 

Vif=V{Dlm). ( 20 ) 

The final value of incident particle velocity, 


Vf, will be that which requires the final trans- 
lational lattice velocity or, from equation (1 7) 

v[ (final) =vf='^il + ^i\+4viflv,)). (21) 

For vif»> u, and 2V{%/u,) s> 1, equation 
(2 1 ) becomes to a good approximation 

vr ^ ( 22 ) 

which is accurate to within 5 per cent if 
vtf/vt > 100. Values of Vf necessary to pro- 
duce lattice disintegration or fracture can be 
calculated from a knowledge of n, = hjlrndt 
and the lattice dissociation energy, D, for a 
crystal [2]. Equation (22) also results if we 
consider a four-atom projectile incident 
against a three-dimensional crystal where 
eight-atom chunks now break loose because 
four adjacent two-atom segments are required 
to move at velocities greater than Vif. These 
ideas on lattice disintegration are depicted 
schematically in Fig. 5. A threshold velocity. 
Vf, is thus predicted above which lattice 
break-up and ‘cratering’ begins, for example, 
in high-velocity impact. 

The previous discussion applies to impact 
between similar atoms, but is easily extended 
to provide for a particle of mass nip with 
velocity, v,, striking a lattice with different 
masses m,. for example. For dissimilar 
projectile-target materials, the final velocity 
of equation (22) becomes [2] 

3 . MOMENTUM TRANSFER AND IMPACT IN 
DIATOMIC CRYSTALS 

In order to explain detonation it is necessary 
to extend the ideas on momentum transfer and 
impact to diatomic and polyatomic crystid 
structures. A diatomic row lattice with 
masses mj.m, is shown in Fig. 6(a) with a 
distance da between atoms in each molecule 
and dm between molecules in the lattice. A 
field-free atom of mass m 2 incident at velocity 
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(a) 



Fig. 5. (a) Diagram showing how two-atom segments of 
a row lattice break off to move against an incident particle 
with velocity, Vf, when the required reverse lattice 
velocity, %, equals where D is the dissociation 

energy per atom and m is the mass of a lattice atom, 
(b) Diagram showing how an eight-atom piece of acrystal 
lattice breaks off to move against an incident four-atom 
‘projectile’ with velocity, Vf. 


Vt on such a lattice is also depicted in Fig. 
6(b). The question immediately arises as to 
the manner in which the momentum wave 
associated with the incident particle is 
propagated along this diatomic lattice. 

We assume first that the actual momentum 
transfer process is equivalent to momentum 
waves of different frequencies travelling 
independently along the two sets of masses, 
m 2 and mt- The notation adopted in Fig. 6 is 
such that all even numbered lattice sites are 
occupied by mj masses and odd sites by mi 
masses. From the assumption of independent 
momentum waves the differential equations 
for momentum transfer are accordingly: 


m. 


dVzn 

dt 


2^2 (*^2n+Z + f^2n-2 (23) 


and 

m, = tTTz + ~2P2„+i) (24) 


ih 

2d^ 


where d=da + dm is the periodic spacing 


y 


rn m. m, 



(b ) 


Fig. 6. (a) Schematic drawing of a one-dimcnsional row lattice with two values of point 
masses (m^ > mi) used to represent a diatomic lattice. The notation is chosen so that all 
even-numbered points have masses, m,. and odd-numbered points have masses, m,. The 
distance between atoms, d^, is taken to be smaller than the distance between molecules, 
dn, in this drawing, but in general any relative values for intra and inter molecular distances 
can be assumed, (b) Diagram showing the difference in reverse translational velocities 
(fi] < v,i) required by an incident mass m, with velocity u* against the row lattice of (a). 
The translational velocity difference Ac, = v„ — Vn results in a rapid shortening of the 
interatomic bond distance, da, which can initiate detonation as discussed in the text. 
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between like masses (atoms) in the lattice. 
Travelling-wave solutions to equations 
(23 , 24) are 

«2ii = - *'»«*> (25) 

Van+i = + “a” (26) 

where 

and so that i/j/i/] = mjm 2 . 

The separate differential equations (equa- 
tions (23, 24)) likewise result from writing the 
time-dependent Schroedinger equation for 
one molecule (i.e., two atoms of mass /n 2 , m,) 
and considering the total wave function for 
the two atoms to be ipr — + where =■ 

niiV^ and ip^ = m,Vi in accordance with the 
idea that tp isa momentum wave. 

In any event, such separate momentum 
waves will have different limiting velocities, 
V 2 = hllm^d and Vi = hjlmid, beyond which 
reverse lattice motion of each separate set of 
atoms (i.e. each of the interpenetrating row 
lattices) is required. Furthermore, the effec- 
tive incident velocity of a mass will be 
different for the ‘lattice’ of masses and 
given by n" = (trizlmi ) Vf where Vi is the actual 
velocity of a m 2 mass. In order to describe the 
required translational lattice motion of a 
diatomic lattice under impact as previously 
shown for a monatomic lattice in Fig. 4, two 
curves of d, vs. r ■ are now needed as drawn in 
Fig. 7. 

The curves in Fig. 7 are for a mass ratio 
mzimi = 107-9/14-0 = 7-70. Then, for example, 
an atom of mass m^, incident with velocity 
V 2 has that effective velocity for the m 2 lattice, 
but has a higher effective velocity v" = uj = 
7-70v2 against the m, lattice. A mass m 2 
incident at velocity ^ U 2/2 may thus 
require momentarily that the m 2 masses move 
forward at velocities Vsl4 = 0'25v2 while the 
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Fig. 7. The different translational velocities, v,. required 
of the masses nii and nti (as marked) in the diatomic row 
lattice of Fig. 6 for a particle of mass incident with 
velocity r,'. Curves are drawn for a mass ratio = 

7-70 so that vjvt = 7-70. An incident mass ntt at velocity 
v‘, is equivalent to a mass m, incident at 7-70n(' so that the 
translational velocity difference required for any incident 
velocity can be found from these curves as discussed in 
the text. 

mt masses move forward at the same time 
with velocities t;/4 = 1*925 1 ; 2 . The required 
translational velocity difference between 
atoms in the same molecule hence would be 
1 • 675 ^ 2 . 

For incident velocities of a mass m 2 above 
V 2 (or a mass m^ above Uj) the separate 
requirements of the two interpenetrating 
lattices become alarmingly different in that a 
large steady state or equilibrium translational 
velocity difference is demanded for the atoms 
of each molecule. Furthermore, just as in the 
case of a monatomic lattice we expect that 
final values of the ‘lattice’ velocities will be 
reached beyond which disintegration or 
fracture of the crystal will occur. 

Now, however, there are two possibilities 
for such a crystal break up: (1 ) breaking of the 
lattice bonds between molecules in the 
crystal or (2) breaking of the chemical bonds 
between the atoms forming the molecules. In 
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the first case lattice disintegration will occur 
when 

miPti/ + nizPa^ = D (29) 

where D is the lattice dissociation energy per 
molecule and vnf, Vi^f are the final values of 
translational velocity demanded of each set of 
lattice atoms; again to define an effective 
spacing d' at least two atoms of each lattice 
(a total of four) must move as indicated 
schematically in Fig. 6(b). In the second case 
molecular dissociation into component atoms 
will occur when 

+ = 2Dft (30) 

where now D* is the chemical bond dissociU' 
tion energy per molecule. Final or fission 
velocities of about I O'* cm/sec are again 
expected for incident atoms of mass m.^ or m, 

U/2 = ■v/(t;2 • ; Vfi s Viut ■ viif) 

(31) 

The choice between breaking of intra molecu- 
lar chemical bonds and breaking of inter- 
molecular lattice bonds obviously depends 
greatly on the relative values of Dh^D. If 
2Z>6 < D chemical bonds will be broken 
before lattice dissociation occurs. For IDt, > 
D there will be lattice bond rupture before the 
chemical bonds within the molecule break, 
etc. 

4. DETONATION BY IMPACT 
From these general ideas on momentum 
transfer and the consequent breaking or 
disintegration of a crystal lattice we turn 
finally to an attempt to describe the process of 
detonation in a solid. There is general agree- 
ment on the definition of an explosion as a fast 
chemical reaction forming gases at high 
pressures from a small amount of a solid, 
liquid or gas, but some variation seems fo 
exist among various authors as to just what 
constil^^fc detonation. Robinson [8] says that 
detoimmPis a term applied to the brisant 
expl^^Mn of high explosives while Bowden 


and Yoffee[9] define detonation as any 
reaction propagated at speeds greater than the 
sound velocity in the detonating medium. 
Everyone seems to agree, however, that 
detonation can be initiated by impact and we 
shall consider such initiation. 

The breaking of chemical bonds between 
atoms in a molecule when the required trans- 
lational velocity of the atoms results in a 
kinetic energy in excess of the bond dissocia- 
tion energy has already been discussed. 
Impact velocities of 10® to 1 O'* cm/sec are 
sufficient (depending on the incident atomic 
mass) and the separated atoms will have 
energies (and velocities) in excess of that 
initially required to break the bonds [2], A 
separated or ‘dissociated’ atom in the row 
lattice of Fig. 7 may then strike the remaining 
undissociated lattice with a velocity equal to 
or greater than that of the original incident 
free-particle (atom) and cause additional bond 
breaking, etc. 

The chemical bond breaking process may, 
however, be initiated by free particles (atoms) 
incident at velocities below the fission values, 
Vfi, Vfi if the required translational velocity 
difference Av/ is sufficient to cause a rapid 
increase or decrease ±Ad„ in the equilibrium 
bond distance between the atoms in a mole- 
cule. An interaction potential V 12 between 
atoms in the molecules of Fig. 6 can be 
represented by the curve shown in Fig. 8" 
where the mass m, is at an equilibrium distance 
da from mass m 2 at absolute zero. If now an 
incident mass approaches the lattice at 

some velocity the required transient 

response will result in a forward velocity 
difference Au, between atoms in at least the 
first two molecules as previously discussed. 
As a result the bond distance, will be 
increased with time (against the attractive 
force between the atoms) until finally a new 
distance c/^ is reached corresponding to a 
potential energy equal to the bond energy 
Df,. That is 

^ .d’,^da + Ada (32) 
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Fig. 8. Representation of the interatomic ‘pair’ interaction 
potential, y, 2 , between two masses (atoms) of the 
diatomic row lattice of Fig. 6 as a function of the distance, 
X, between atoms. If the bond distance is shortened an 
amount Ad'„ the resulting potential energy of m, (relative 
to m-i) may equal the bond dissociation energy, Dj,, and 
bond breaking or rupture can result as discussed in the 
text. 

where 

Ac/„ = Ap,/h (33) 

and ih can be defined as the time necessary for 
mass W] to obtain a potential energy (relative 
to tn-i) equal to the bond energy. Equilibrium 
bond distances vary but are most often 
between I -4 x 10“" cm; the exact shape of the 
interaction potential curve will determine 
Ad„, but it can be taken approximately as 
da/2. Then the required time, (*, can be 
estimated from a knowledge of At>, in terms of 
the characteristic velocity For 

Ada = I ‘5 X 10~“ cm and Ac/ = 1 x 10* cm/sec, 
/fc = ^dfJAv, = 1-5 X 10“”’ seconds which is 
well below the transient duration time for 
most lattice segments. The attainment of a 
potential energy equal to the chemical bond 
energy can, of course, occur only by an energy 
conversion from the intrinsic (zero-point) 
phonon or vibrational energy of the molecule. 
Once separated the atoms of each molecule 
can be expected to share the bond energy in 
the form of increased translational kinetic 
energy according to 

(34) 


For typical values of D„ (1 to lOeV/atom) 
equation (34) requires that at least one of the 
separated atomic masses will have a trans- 
lational velocity which may be equal to or 
greater than the velocity of sound in the 
crystal. 

The released mass m, in the second mole- 
cule then becomes an internal incident free 
particle against the rest of the lattice and may 
require, because of its high velocity, reverse 
lattice motion of the next two molecules in 
the lattice. This will result in a decrease in the 
bond distance between atoms in these mole- 
cules until again a distance is reached where 
the potential energy of mass m, (relative to 
ma) is greater than the bond energy (cf. Fig. 
8). In this case, however, 

d;=d„-Ad„ (35) 

where d„ can again be calculated from Ad^, — 
Aujfft and for Ada s dn/2, fj, will be about 
1 O'”* sec as before. Actually, because of the 
non-symmetrical shape of the potential curve, 
the decrease in bond length required to reach 
a distance corresponding to a potential energy 
equal to the bond dissociation energy will be 
less for contraction than for extension. The 
freed atoms of mass m, in this case will be 
repelled back against the unbroken lattice 
once again as incident free particles, and 
further bond breaking produced in the next 
two molecules, etc. 

Detonation by heat can evidently be 
explained along the lines just discussed if we 
note that a rise of temperature in a crystal may 
correspond to an increase in the mean vibra- 
tional energy level of the atoms within a mole- 
cule as well as the mean vibrational energy of 
molecules in the crystal lattice. At any 
temperature there will be a distribution of 
both the vibrational energy levels within the 
molecules and vibrational energy levels of 
molecules in the crystal lattice. If in one 
molecule (or a few) the rise in temperature 
results in raising the vibrational energy level 
to a value Db, dissociation may occur for that 


+ = Db- 
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particular moUecule with the consequent 
creation of an internal high velocity free- 
particle (atom). Such a free particle will in 
turn cause bond breaking in the two adjacent 
mcdecules and so on to initiate detonation as 
previously described. 

According to these ideas initiation of bond 
breaking will occur at lower incident velocities 
when the lattice is at a higher temperature 
since the bond dissociation energy decreases 
as the temperature increases (cf. Fig. 8). 

One further rather unusual feature (among 
many) of the proposed explanation of detona- 
tion must be mentioned. From Fig. 7 it is 
evident that a particle of mass m.^ incident on 
the lattice at exactly the limiting velocity 
Vj will require no lattice motion of either set 
of atoms. This is true since the incident mass 
mg at velocity Vi is exactly equivalent to an 
incident mass m, at velocity, d,. Hence no 
relative motion between atoms in a molecule 
(or molecules in the lattice) is required, 
Auj = 0, and no chemical or lattice bonds are 
broken. This is true even though mg atoms 
incident at lower (as well as higher) velocities 
may initiate bond breaking as previously 
described. 

5. COMPARISON WITH SOME 
EXPERIMENTAL RESULTS 

Many of the concepts introduced in this 
explanation of detonation in terms of particle 
waves are somewhat novel, and it is therefore 
appropriate to look for experimental verifica- 
tion of the ideas where possible. To begin with 
we expect that for a given crystal structure, 
the same spacing between unlike atoms, and 
comparable bond dissociation energies, the 
impact sensitivity should increase as the 
atomic mass ratio of the bonded atoms in- 
creases. This follows since the limiting 
incident velocity at which reverse motion of 
the metal ‘lattice* is demanded, decreases as 
the metallic mass increases (ug = hllntid), 
and also because the required translational 
velocity difference, Aui, leading to rapid bond 
shorteidns increases as the atomic mass ratios 


increase in a particular cryst^ structure. 
Therefore mercury fulminate (Hg, 200*6) 
should be more sensitive to impact than silver 
fulminate (Ag, 107*9) which, in turn, should 
be more sensitive than sodium fulminate 
(Na, 23). According to Marshall[10] this is 
true. In the same way the azides should 
be increasingly sensitive to impact as the 
mass of the metallic atom increases, provided 
the relevant bond lengths, lattice spacings, 
etc. are unchanged. Accordingly we would 
suppose the sensitivity to shock or impact 
to increase for the azides in the order KN3, 
CuNg, AgNg, HggfNglg. TIN3, Pb(N3)g. 
Bowden and Yoffce[9], however, have listed 
the azides of increasing sensitivity or decreas- 
ing stability to heat, light, and shock in a 
somewhat different order as shown in Table 1 
(see footnote (b)). In particular, according to 
Bowden and Yoffee TIN, is next to KN3 in 
stability while CuNg is more sensitive than 
AgNg. From our point of view TIN3 and CuNg 
are out of place, at least insofar as sensitivity 
to impact is concerned. Bowden and Yoffee 
have not listed separately the sensitivities to 
shock, heat, and light for the azides and there- 
fore exact measures or criteria or their sensi- 
tivity scale are lacking; differences in bond 
and lattice dissociation energies could perhaps 
result in a different ordering of the azide 
sensitivities to heat and light than for shock or 
impact. From the data of Gray and Wadding-' 
ton[l 1], in fact, it is possible to calculate the 
difference between the lattice and bond 
dissociation energies, AD = D — Z>a, for some 
of the azides listed in Table 1 . This difference, 
AD, does increase in the order of increasing 
sensitivity as given by Bowden and Yoffee 
(cf. Table 1); thus in terms of the supposed 
atomic potential interaction curve of Fig. 8 a 
localized increase in energy of the crystal 
lattice (resulting from heat or light energy) 
can initiate detonation by producing dissocia- 
tion of a chemical bond (in preference to 
dissociation of a lattice bond which causes 
‘melting’). The occurrence of heat or light 
pf^uced interatomic bond dissociation prior 
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Table 1 . Predicted order of sensitivity for some azides 


Impact'*’ 

sensitivity 

(increasing 

downward) 

Atomic 

weight 

of 

metal 

atom 

Heat"”, 

light 

sensitivity 

(increasing 

downward) 

Lattice'*’ 

dissociation 

energy 

D 

(kcd/mole) 

X-N 

bond"” 

dissociation 

energy. 

(kcal) 

AD 

(O-D.) 

(kcal) 

KN3 

39-1 

KN, 

157 

137 

20 

CuNj 

63-6 

TIN, 

164 

104 

60 

AgN, 

107-9 

AgN, 

205 

112 

93 

Hgs(Ns)j 

200-6 

CuNa 

227 

130 

97 

TIN3 

204-3 

HgtiNa), 


-12 


Pb.(Na). 

207-2 

PbiNa), 

516 

46 

470 


‘“’Impact by an identical metal pin or projectile, i.e. K against KN*. Ag against AgN„ etc. 
For a steel pin (atomic mass of Fe = 55-85) the impact sensitivity of KNj is increased by 
55-85/37- 1 = 1 -428 and that of CuNa decreased by 55-85/63-6 = 0-878 in a falling weight test, 
for example. The relative order between KN, and CuNj which depends on the Cu/K mass ratio 
(1-626) remains unchanged. 

'*’This is also listed by Bowden and Yoffee as the order of increasing sensitivity to heat, 
light, and shock, but such a collective ordering needs further explanation (cf. reference [9]). 

"■’From data of Gray and Waddington (reference [1 1] using Hess’s law. 


to interlattice bond dissociation (melting) is 
more likely as AD increases and therefore 
sensitivity to heat and light might be expected 
to follow AD, while sensitivity to impact 
depends on increasing atomic mass ratios as 
predicted. Of course, a large decrease in 
spacing between like atoms in the Tl-N bond 
direction could also produce a decrease in 
impact sensitivity (increase v^) but this does 
not seem likely. Rather it appears from our 
point of view that ‘sensitivity’ by itself or a 
collective sensitivity may be meaningless and 
that one should always specify sensitivity to 
something (heat, light, impact, etc.) when 
speaking of detonation. 

A numerical estimate of what might be 
called the ‘falling weight sensitivity’ Can also 
be calculated in terms of the diatomic linear 
lattice of Fig. 6 for specific materials where 
the crystal structure in a particular direction 
resembles that of Fig. 6. For example, silver 
azide (AgNg) is orthorhombic with rows of 
alternating silver and nitrogen atoms in line 
along the Ag-N bond direction in [201] 
directions on (010) planes [12]. The Ag-N 
distance is 3-33 A and hence the limiting 
velocity, of an incident silver atom beyond 
which reverse flow of the ‘silver lattice’ is 


required is 

= hllniid 

=- 6-625 X 10“2V2(17-89x 10-*3)(6-66X 10“») 

= 2-78 X 10* cm/sec. 

The limiting velocity for a nitrogen atom 
against the ‘nitrogen lattice’ is, in the same 
way, found to be 

V\{N) = 2-14 X KF cm/sec. 

The velocity = 2-78 x 10* cm/sec would be 
attained by a silver bullet (weight) dropped 
from a height // = 39-3 cm {// = u*/2g), for 
example. Because of the instability cited in 
Section 2, reverse lattice motion (and the 
consequent initiation of detonation) will in 
practice occur at velocities between and 
3 ^ 2/4 or between 1 -39 X 10* and 2-08 X 10* cm/ 
sec. 

This predicted range of striking velocities 
needed to initiate detonation in AgNg crystjds 
of a particular orientation can be compared to 
experimental determinations of the falling 
weight sensitivity for polycrystalline AgNg 
made by Wohler in 1911 and reported by 
Marshall [10]. The tests were performed 
according to specifications set forth by the 
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International (pommittee on Explosive Test- 
ing [10] and consisted of a hardened steel 
weight of 500 g falling against a hardened 
steel striking pin of 12*55 g in contact with the 
AgNa which was backed by a large steel 
anvil. Under these conditions the actual 
striking velocity of the hardened steel pin can 
only be estimated for an assumed coefficient 
of restitution. The minimum height of fall for 
the 500-gram weight to initiate detonation 
was found to be 31*5 cm corresponding to a 
final velocity of 2-46 x 10* cm/ sec for the 
weight. This results in a calculated striking 
velocity for the steel pin against the AgN.-, of 
4*42 X 10* cm/sec if the coefficient of restitu- 
tion is taken as 0*90. The equivalent incident 
or ‘striking’ velocity for a silver pin can then 
be determined from the atomic mass ratio as 

_ 55*85 

^AB — JQ7.9 

s 0*51 X4-42 X 10* cm/sec 

s 2*25 X 10* cm/sec 

which compares well with the upper limit of 
2*08 X 10* for the predicted initiation detona- 
tion velocity of silver against silver azide. In 
fact, since the texture or preferred orientation 
of the polycrystalline sample used by Wohler 
is not known, this is an entirely plausible 
result. The uncertainties surrounding the 
actual incident velocity of the striking pin 
against the sample in this falling weight test, 
however, are too great to justify any definite 
conclusions. The most we can say is that the 
predicted initiation velocity for silver against 
silver azide (or iron against silver azide) is in 
reasonable agreement with the experimental 
data cited in this instance. 

Any falling weight or ’drop’ test in which a 
separate striking pin must be put in motion to 
produce detonation will always create doubt 
as to the actual incident or impact velocity of 
the pin against the sample since assumptions 
about collision between the falling weight 
and ttl^stnking pin must be made. On the 


other hand, Cushman [13] has reportetl more 
recent experiments in which the minimum 
height of fall of a 3-oz weight with steel firing 
pin attached is determined for the onset of 
misfires (non-detonation). Compounds tested 
were iron disulfide (pyrite, FeSa), antimony 
trisulfide (stibnite, SbzS^) and lead sulfide 
(galena, PbS). Extreme precautions were also 
taken to prepare samples of the same finess 
or grain size distribution in each case; equal 
quantities of three sieve sizes being used for 
the test samples of each material. Calculation 
of the initiation velocity is particulrly easy 
for PbS which has the (cubic) sodium chloride 
structure with a lattice spacing [1 4] between 
like atoms in the [100] direction oi d = 
5*936 X 10“* cm. Hence the limiting velocity 
for a lead atom (m — 34*39 x 10“** g) incident 
against the ‘lead lattice’ of PbS is 

i;jj(Pb) = hjlm^d 

s 1*62 X 10* cm/sec 

while that for a sulfur atom against the ‘sulfur 
lattice’ is 

t>i(5') 2 e 1 *05 X 10* cm/sec. 

According to our idea that reversed lattice 
flow results in initiation of detonation, for a 
lead pin incident against PbS this should occur 
for incident velocities between 0*81 x 10* 
cm/sec and 1*21 x 10* cm/sec (i.e. between- 
^' 2/2 and 31 ^ 2 / 4 ). Cushman gives 21*0 in. as the 
minimum experimental drop height producing 
detonation (100 per cent of the time) for a 
steel firing pin, corresponding to a striking 
velocity of 3*24 x 10* cm/sec for a steel pin 
against PbS. The equivalent striking velocity 
for a lead pin is then 

_ 55*85 
“ 207*2 

= 0*269 X 3*24 X 10* 

= 0*871 X 10* cm/sec 

whfch falls very nicely within the predicted 



DETONATION IN CRYSTALLINE SOLIDS 


2785 


initiation velocity range of 0-81 x 10* cm/sec 
to 1 -21 X 10* cm/ sec. 

The expectation of a range of incident 
velocities within which firing or detonation 
may occur is in our view a direct result of the 
presence of an instability region between 
vJ2 and as already described (cf. 

Section 2 and reference [2]). Such a range of 
sensitivities is, indeed, found in the usual 
falling weight or drop tests. Taylor and 
Weale[15] describe drop tests on a mercury 
fulminate mixture using a 2-02 wt. and 0-4 cm 
dia. steel balls as the striking pins. Some of 
their data is reproduced in Table 2 and 
suggested to them a statistical distribution 
“. . . governed by some probability law.” 
However we expect an incident velocity 
range for initiation of detonation, Av^, equal 
to (hVilA — V 2 I 2 ) or 1^2/4 in every case; this 
being the velocity range or difference between 
the highest velocity (3 1)2/4) and the lowest 
velocity (v-i/l) which, in practice, result in 
reverse lattice motion. Further, the ratio of 
the lowest initiation velocity to the highest 
initiation velocity should be exactly 2/3. 
This ratio can evidently be determined in a 
falling weight test (for a constant mass ratio 


Table 2. Percentage ignitions (initiations of 
detonation) vs. height of falling weighT"^ for 
a mercury fulminate mixture 


Height 

of 

fall 

(in.) 

Number 

of 

trials 

Number 

of 

ignitions 

% 

ignitions 

6-0 

12 

12 

100 

5-5 

12 

12 

100 

4-5 

20 

20 

100 

4-0 

20 

20 

100 

3-5 

30 

25 

83-3 

30 

30 

18 

600 

2-7 

30 

11 

36-7 

2 •.‘5 

30 


43-3 

2 0 

30 

8 

260 

1-5 

20 

0 

0 


'“’From Taylor and Weak, reference [15J. Falling 
weight of 2-0 oz (56-7 g) against striking pins of 0-25 g 
(0-4 cm dia. steel balls). Weight of charge 0 034 g, 
thickness 0-02 in. 


of the falling weight to the striking pin) from 
the height for 100 per cent initiation, //joo, 
and the height for 0 per cent initiation ffg 

D,(min.) _ // Ho \ 

rjfmax.) 

and compared with the predicted value of 2/3. 
The experimental values reported by Taylor 
and Weale in Table 2 give \/(l -5/4*0) or 0*62 
which is in only fair agreement with the 
expected value of 0-67. More extensive tests 
were subsequently carried out by Taylor and 
Weale in which 100 samples were tested at 
each of eight heights of fall. These gave a 
ratio of = V(3*7/8-0) or 0-68 

which is in good agreement with the predicted 
ratio of 0-67 (i.e. 2/3) for the initiation veloci- 
ties. As mentioned above it is important in 
this calculation that all tests be carried out 
with the same falling weight for a given mass 
and type of striking pin so that the actual 
incident velocity of the striking pin against 
the explosive will vary only with the height of 
fall. In some cases [16, 17] the percentage 
ignition (0-100 per cent) vs. height of fall is 
reported for several values of falling weights 
and the corresponding striking-pin velocities 
are therefore not proportional to the falling 
heights alone, but instead depend on the differ- 
ent falling weight to striking pin mass ratios, 
coefficients of restitution, rigidity of the anvil 
on which the explosive is placed, etc. 

The foregoing comparisons of predicted and 
experimental results for the initiation of 
detonation in crystalline solids are far from 
extensive. However, the agreement between 
the calculations and the observations is 
sufficiently close to encourage further investi- 
gation of the general ideas used here to 
account for the initiation of detonation. 
Further, it must be emphasized that the 
critical incident velocities are calculated 
entirely in terms of fundamental microscopic 
constants (Planck’s constant, atomic mass, 
and crystal spacing) without the aid of 
assumed values for any new parameters. 
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I CONCLUSlCmS 

Many unanswered or even unasked 
questions about detonation remain, but there 
are a few general conclusions that can be 
stated in terms of the simple model discussed. 
First, it is proposed that in order for repeated 
bond-breaking to proceed in a solid there must 
be atoms of different mass bonded together 
with their bond directions in line for an 
appreciable distance. Second, for a given 
bond length, lattice spacing, and bond 
dissociation energy, the instability of such 
a solid should increase as the mass ratios of 
the bonded atoms increase. This results from 
the difference in required reverse translational 
velocities for each tyF>e of atom, and the 
separate dependence of each translational 
velocity on the reciprocal atomic masses. 
That is, for an incident free atom of velocity, 
Vi, against a lattice with masses mj and m^, 
the required translational velocity difference, 
Avi, is a function of the mass ratio The 

exact expression for Avt for an incident mass 
is, 

(36) 

which is zero only for m, = or Vf = Uj- This 
difference in translational velocity may result 
in bond rupture or dissociation as described in 
Section 4. 

A third conclusion is that the impact 
sensitivity will be a function of the incident 
velocity resulting in reverse lattice motion; 
because of the instability region cited, this 
incident velocity will be between V 2/2 and 
3 V 2/4 for an incident mass, m 2 , identical to one 
set of lattice masses (or between i;,/2 and 
3e,/4 for an incident mass, m,, identical to the 
other set of lattice masses, for example). The 
incident velocity for initiation of detonation 
can always be calculated for an atom of mass, 
m*, in terms of one of the lattice masses by 
determining the equivalent limiting velocity 
Wfc = or Vk= {nijmi)vt, etc. 

Accordingly the detonation initiation velocity 
for a le adj^ rikine pin should be less than that 


for a steel striking pin against the same 
explosive; that for a steel striking pin less than 
that for an aluminum striking pin, etc. It also 
follows that the actual impact velocity of the 
striking pin against the explosive is the 
relevant quantity, and not the velocity of a 
falling weight against a striking pin. 

Finally, it is necessary to explain why all 
solids with large atomic mass ratios do not 
explode! Ice, for example, has a mass ratio of 
16:1, but is not a high explosive under usual 
conditions. In terms of the simple ‘in-line’ 
model of Fig. 6 this can be attributed to the 
lack of any long-range alignment of the O-H 
bonds in ice where, in fact, the positions of 
the hydrogens in the lattice do not seem to be 
well defined [18]. In other cases recombina- 
tion of the broken interatomic bonds may take 
place after the momentum wave has passed, 
provided that the products of the broken bond 
are not subject to sudden expansion, or react 
violently with their environment. Thus the 
presence in crystals of chemical bonds 
between atoms of different masses is proposed 
as a necessary, but far from sufficient condi- 
tion for a detonation wave to be initiated. 

It is further possible that rows of adjacent 
atoms with different periodic spacings will 
have different limiting or critical velocities 
for reverse lattice motion even when the 
atoms are of comparable masses. Then 
chemical bonds between atoms in adjoining ~ 
rows could be broken as a result of the 
required translational velocity difference 
between rows. Such bonds would have to 
have identical orientations over some distance 
in the crystal, but would not necessarily have 
to be ‘in line’ as supposed from our simple 
one-dimensional model. 

Further understanding of the initiation 
process for detonation will depend on the 
acquisition of more information on the crystal 
structures of explosives together with their 
chemical bond strengths, and, in particular, on 
the design and performance of more meaning- 
ful experiments where the truly relevant 
physical quantities (e.g., velocities) can be. 
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and are directly observed. In the meantime, 
we remain in complete agreement with 
Willoughby Walke’s conclusion [19] of 1897: 

. . .According to this view, detona- 
tion is the result of a combination of true 
chemical and dynamical reactions, 
neither of which alone suffices to explain 
the attending phenomena. ..." 

Acknowledgements — The suggestion that some of the 
ideas previously used [2] to describe non-elastic deforma- 
tion of solids in terms of particle momentum waves might 
prove useful in understanding the initiation of detonation 
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directing my attention to this, and for his subsequent 
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TECHNICAL NOTES 


Anomalies in the low temperature heat 
capacities of BeO and MgO^ containing Fe^'*^ 

iReceivediO December 196S', in revised form 1 May 1969) 

In the present work we report the heat 
capacity data of five powder-sintered samples 
of BeO-0-6% CaO and MgO-0-35, 0-5, 1,2% 
CaO (atomic weight percentage) containing 
iron as main impurity. The BeO-0-6% CaO 
specimen, initially prepared to study the 
Helium-bubble-formation during neutron- 


x% CaO) no more specific heat anomalies 
appeared [1]. Also recent measurements of 
the heat capacities of pure alkaline-earth 
oxides, BeO, MgO, CaO, SrO, BaO, from 
low temperatures, 1-2°K up to room tempera- 
tures, 340“K[1, 2] do not show any abnormal 
behaviour of their specific heats. But no data 
for Fe in MgO or BeO has been reported 
yet. 

Some of the characteristics of the used BeO 
and MgO samples are listed in Table 1 . 


Table I 




Impurities in ppm (at. wl.) 

Sample sintered 

Specimen 

%CaO 

Total 

Fe 

At TCC) Forrthr) 

BeO 

0-6 

500 

160 

~ 1600 10-12 

MgO 

0-5 

600 

340 

1600 2 

MgO 

1 

600 

340 

1600. 1800 2.4 

MgO 

0-35 

600 

420 

1600 2 


irradiation by means of heat capacity measure- The fairly standard technique for measur- 
ments at low temperatures, showed a not ing specific heats was used by thermally in- 
understood specific heat anomaly at helium- sulating the specimen from the helium-bath, 
temperatures, Assuming that the anomaly is applying a known amount of electric heat 
due to an electron dipole interaction between input and measuring the temperature increase 
the different ions (Be^+/Ca-^+-0-~) in the cry- of the sample. Both the He-4-cryostat[3J 
stal, the MgO-CaO matrix, easier to prepare set up for calorimetric measurements between 
than the toxic BeO compositions should show 1-2 and 300°K, and the He-3-cryostat[4] 
the same effect. Therefore, four MgO-x% together with the data treating and ther- 
CaO specimens have been prepared to test momeier calibration have been described in 
this idea. We found again specific heat ano- detail recently. In both cryostats specimen 
malies. However, by further investigations cooling was performed by thermal mechanical 
it turned out that the iron which was not switches [3] without use of He-exchange gas. 
added initially, but contained hasardly in all The Allen-Bradley carbon resistors used have 
these samples is the origin for the observed been calibrated by the He-3 (1963 scale) 
anomalies. This is the reason for the rather or He-4 (1958 scale) vapour pressure and 
peculiar compositions of these specimens, above 4®K by a gas-thermometer[3]. Test 
In later experiments with very pure samples runs on the T965 Calorimetric Conference 
of various mixtures of the alkaline-earth copper standard T4-4’ gave results [4, 5] 
oxides (BeO-Jc% CaO, CaO-x% BeO, MgO- in very good agreement with those reported 
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previously by o^her investigators. 

Magnetic fields iq) to 1 3 kG are produced 
by a superconducting coil incorporated in 
the bath of the He*4 cryostat. 

Coming to the relatively low specific heat 
of BeO and MgO the heat capacity of the 
addenda was sometimes 85 per cent of the 
total. The sample holder therefore was always 
measured separately with the same accuracy 
as the specimen. The total error in the deter- 
mined smoothed curves of the specific heats 
is estimated to be less than 1 per cent above 
1-5“K. 

The “MgO” samples have been measured 
between 0-3°K and 40“K. The interesting 
results are below 4°K and are shown in Fig. 
1. The sample with 340 ppm iron show a 



Fig. I. Specific heat of MgO-x% CaO as function of 
temperature. •, MgO-0-5% CaO, 340 ppm Fe®*; O, 
MgO-1% CaO, 340 ppm Fe®*; x, MgO-2% CaO, 
340 ppm Fe®*; A, MgO-0-35% CaO, 420 ppm Fe®*; 
MgO(I), GaO(ll). 

Strong variation of specific heat (curve 
III), compared with |||^e MgO (curve l)[3] 
W pure CaO (curve ^^1]. The sample with 
4|20ppm iron nprasured only between 1-2° 
a^ 4-2'’K sho3^a still larger specific heat 
ano)«|^y (curve IV). 


Above 4'’K the experimental curves 
approach the specific heat of pure MgO 
strictly by a 1/T* law; near 15“K there is no 
more a visible difference between pure and 
iron doped MgO. An influence of CaO on the 
measured values (curve III) was not detected. 

Figure 2 represents the results for the BeO 
sample with 160 p|jm of iron. The peak of 



Fig. 2. Specific heat of BeO-0 6% CaO, 160 ppm Fe, 
as a function of temperature and magnetic field, H. 
A, BeO-0-6% CaO; A, BeO-0-6% CaO, irradiated (see 
footnote), zero field; •, 3-25 kG; +, 6-5 kG; O, 9-75 kG; 

X, 13kG;— ^ — . BeO (I). 

the anomaly is very well pronounced at 0-57°K 
(curve II). Curve I gives the specific heat of 
pure BeO(l) and curve 1 the contribution of 
the anomaly only. Near 2()-25°K the measured 
curve is not identical to the specific heat of 
pure BeO. 

The large anomaly given by the dotted line 
in Fig. 1 can be characterized by a Schottky 
type, but it is not clear that the parameters 
fitting the curve have any simple meaning. We 
could make different models where the tail 
falls off as AT“®. But this does not explain 
the physical origin of the observed phenomena, 
whictL is not yet clear. Therefore we make 
only the following comments; 
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Table 2 gives some characteristic para- 
meters deduced from the experimental curves. 

Table 2 

Specimen T^*‘K) A AC(inax) S 

(in J/mole ‘’KKmJ/mole °K)(mJ/inoie) 

MgO-jf%CaO 21 ±0-2 10 ± 0-5 0-65 1-3 ±0-1 

BeO-0-6%CaO 0-57 ± 0 03 0 11 ±0 05 0 12 0 2 ±003 


These are: the temperature of the maximum, 
Tm‘, the constant, A\ the maximum specific 
heat, AC* (max); the entropy of the anomaly, 
s « 

A dipole interaction between Ca®'*' or Be*"^ 
and 0~[or (OH)“] ions in BeO (or precipi- 
tated CaO) as seen f.i. by Shepard [6] be- 
tween (OH)“ and K+ ions in KCl can be ruled 
out. We have made measurements of the 
dielectric constant, €, in the possible energy 
region A£ = h - v ^ SK, where S = EjK is 
the energy separation measured in “K for a 
Schottky anomaly [°K]. « did not show any 
abnormal behaviour. 

Also adiabatic depolarisation experiments 
performed at helium-temperatures in an 



Fig. 3. specific heat of MgO-1% CaO as a function of 

magnetic field. , MgO-1% CaO, zero field; x, 

3-25 kG; A, 6-5 kG; + 9 75 kG ; 13 kG. 


electric field up to 60kV/cm failed, and no 
visible effect could be detected. 

Therefore, we applied a magnetic field to 
the specimens. A very strong variation of the 
specific heat was found for all samples. This 
surprising effect is shown in Figs. 2 and 3, 
where the specific heats at different magnetic 
fields are traced. The dotted lines (curves 
1-5) in Figs. 2 and 3 show in both figures the 
contribution, due to the anomalies. t 

(No experiments could be done in fields 
below 1°K for the BeO-samples.) Neverthe- 
less, for BeO we can see a displacement of 
the peak-position of the anomaly with the 
magnetic field. Contrary for MgO such a 
variation was not seen. 

The surprisingly large growth of the specific 
heat in a magnetic field can not be explained 
by known magnetic effects. We measured 
the magnetic susceptibility of the specimens, 
which show a very small antiferromagnetism, 
but it is still too small to cause the observed 
phenomena. Certainly small iron precipita- 
tion are included in the samples. The magnet- 
ization curves, taken at 1-2, 2, 3, 4 and 20°K 
do not saturate in a field of 40 kG. 

Finally, chemical analysis proves that iron 
is the main impurity in these samples. We are 
sure that Fe is the origin of the observed 
anomalies. This is supported by paramagnetic 
resonance experiments. At 35 GHz an intense 
ray for Fe®"^ was detected. It is a very sur- 
prising fact that no Fe*+ could be detected. 
(Commonly, Fe*^ is found in these cubic 
oxids but no Fe®'*".) Here were only traces of 
Mn**"*" and Cr®"*" corresponding to impurities 
smaller than 50 ppm, in accordance with the 
chemical analysis. 

We assume that the samples are chemically 
stable. The specific heat for the specimens 

tNote to Fig. 2; The specimen used for the measure- 
ments in magnetic field is another one (curve 111) than the 
specimen in curve 11. It was irradiated and shows there- 
fore a supplementary contribution due to He-gas- 
precipitation in BeO. This supplementary heat capacity 
together with the heat capacity of the pure oxids is 
deduced from the measured curve in order to get the 
contribution of the anomaly only (curves 1-5, Fig. 3). 
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sintered at 1600"C, is the same as for the MgO, 
1 % CaO, sintered at 1 800®C. 

So we conclude: It is possible that the great 
specific heat anomaly is of the same origin, 
observed recently with Fe*"^ and Fe^"^ (200 
ppm) in Pyrex glass [7] where the magnetic 
moments have been saturated only at 90kG. 
We suggest that the anomaly is caused by a 
long distance interaction between Fe^+ ions 
in substitution in the MgO or BeO matrix. 
This could be possible by a superexchange 
performed by the 0“ ions in the oxide matrix. 
This process was yet proposed by Guermer 
et al.[9\ to explain the interaction of Ni®"^ 
ions in MgO. 

E. GMELIN 

Physikalisches Institute der U niversitdt Wiirzhurg, 
Experimentelle Physik III, 

Wurzburg, 

Germany 
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Mossbauer study of the disintegration products 
of a high surfai^.. area iron oxide gel 

J {Received 12 March 1 969) 

AU^||] Study;? of the high surface 
area mon oxide gel discussed by Gregg and 
Hill^] has been initiated. We have investi- 
gated the nature of the iron compounds formed 


in the production of the iron oxide gel and in 
the subsequent heating used to reduce the 
surface area. There are several iron oxide and 
iron oxyhydroxide phases, and for the same 
stoichiometry, there may exist several struc- 
tural forms [3]. The Mossbauer parameters of 
some of these iron forms are known [4-6] 
and are used to facilitate identification of 
the iron species which are present in the 
samples. 

The iron oxide gel was prepared in the 
manner described by Gregg and Hill [2] and 
consists of arranging that streams of iron 
chloride solution and ammonia meet under 
water. The precipitate thus formed was dried 
and sieved and the surface area of this starting 
material was then obtained by the B.E.T. 
gas adsorption method [7], using argon with an 
assumed cross-sectional area of 13-7 It 
was found that the gel had a specific surface 
area of 256 m*/g. 

Several samples of the starting material 
were heated in vacuum at different constant 
temperatures for periods of 22 hr. Heating 
in this manner causes a decrease in the surface 
area. An empirical relationship between 
specific surface area in m*/g, S, and sintering 
temperature in °K, T,, has been determined. 

It is given by In 5 =y4-F (C/r*), where A — 
-3-75 and C = 4-28 x 10»"K. This behavior 
occurs only between a threshold temperature _ 
of approximately 460°K and the highest 
temperature which was investigated, 580°K. 

The spectra shown in Fig. I were exhibited 
at temperatures between 296° and 82°K by 
a sample of specific surface area 72 m^g 
obtained by sintering at 532°K. The room 
temperature spectrum exhibits a magnetic 
absorption with a superposed paramagnetic 
doublet. The magnetic splitting corresponds 
to a field at the nucleus of 5 1 5 kOe which 
is the value obtained for a-Fe 203 . As the 
temperature is lowered to 82°K, the positions 
of the lines ascribed to a-FejOg (la-6a) 
remain the same. At the lowest temperature 
theifris another magnetic contribution which 
is much less intense and not fully resolved 
(lb-6b). The positions of these lines are 
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- 8-0 -40 0-0 «40 *80 

VILOCITY (MM/SfC) 

Fig. I . Mossbauer spectra exhibited at different tempera- 
tures by the sample of specific surface area 72 mVg- The 
velocity scale is with respect to Cu. 

interior to the original magnetic pattern and 
have a splitting corresponding to a mag- 
netic field of 470 kOe at the nucleus. This 
second feature sets in as the intensity of 
the paramagnetic doublet diminishes. The 
splittings of the two-line contribution at 296'’K 
and interior six-line contribution (lb-6b) at 
82°K are the same values which have been 
reported in the literature [4-6] for/3-FeOOH 
above and below its Neel temperature. As a 
consequence the sample of specific surface 
area 72 m^/g is identified as a mixture of 
a-FczO.-, and 0-FeOOH. 

Room temperature spectra of several 
samples having different surface areas are 
shown in Fig. 2. The spectrum obtained from 
the material of surface area 256 m^/g exhibits 
only the quadrupole line corresponding to 
paramagnetic j3-FeOOH. Sintering at higher 
temperatures increases the intensity of the 
a-Fe 203 magnetic pattern relative to the 
doublet until for the sample of specific surface 



Fig. 2. Room temperature Mossbauer spectra exhibited 
by samples of specific surface area 256 m*/g. 72 mVg 
and 37 m‘lg obtained from heating at temperatures of 
453®. -^32° and 580°K, respectively. The velocity scale 
is with respect to Cu. 

area 37 m^/g there is almost no contribution 
from the doublet. 

The analysis thus far indicates that the 
initially prepared iron oxide gel is composed 
exclusively of a finely divided hydrated iron 
oxide. As a consequence of the Mossbauer 
data, this form has been identified as /3- 
FeOOH. Sintering at higher temperatures 
appears to have the dual effect of decreasing 
surface area and transforming increasing 
amounts of the hydroxide into a-FejOs. 
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A high-pressure superconducting polymorph of 
cadmium germanium diarsenide*'' 

{ReceivedTS February 1969; in revised form T! May 1969) 

Recently, we discovered a high-pressure 
polymorph of CdSnAsjfl]. In an attempt to 
further study the high-pressure behavior of 
A" compounds, we have turned to 

CdGeAsj. The low-pressure semiconducting 
form of CdGeAsj has an energy gap of 0-53 
eV[2] and the chalcopyrite crystal structure 
with a = 5-942 A and c/a = l-889[3]. We 
have found that under pressure it undergoes 
a phase transition to a more-dense super- 
conducting metal. 

The CdGeAsj used was prepared from 
stoichiometric quantities of the elements 
(99-99+% purities) sealed in a quartz tube 
under an argon atmosphere, heated to 850'’C 
(m.p. = 670“C) for 48 hr, and then slowly 
cooled to room temperature. The material 
was then finely powdered and a Debye- 
Sherrer X-ray diffraction pattern taken. All 
of the refiections observed were accounted 
for by the reported chalcopyrite structure. 
No extra diffraction lines were present and 
the prepared material is believed to be homo- 
geneous and single-flhase. 


*Work supported in part by the Chemical Directorate 
of the U.S. Air Force Office of Scientific Research. 
Grant Na AF-AFOSR-1255A and the Air Force 
Office q^Scientiic Research, Office of Aerospace 
Researclt!' U.S. Air Force, under AFOSR Grant No. 
AF-AFOSR-631-67. 


Pressure was generated in a piston-cylinder 
apparatus with an internal graphite heater[4]. 
Appropriate modifications were made in 
order to allow us to work in the 60-70 kbar 
range [5]. The samples were contained in 
either boron-nitride or niobium capsules 
and the temperature was measured with a 
Cromel-Alumel thermocouple. No allowance 
was made for the effect of pressure on the 
thermocouple emf. 

The samples were pressurized to 60 kbars 
and then heated to the desired temperatures. 
It was found that at least 300°C was needed 
in order for the samples to convert to the high- 
pressure form. Samples heated to lower 
temperatures showed no change from the 
as-cast material in X-ray diffraction patterns. 
The same high-pressure polymorph was 
formed at all temperatures in the 300“-800°C 
range in either the boron-nitride or niobium 
capsules. After heating for approximately 
20 hr, the samples were slowly cooled at a 
constant pressure of 60 kbars and finally 
at room temperature the pressure was 
released. The product is a metastable metallic- 
looking form which we have been able to 
retain for months at room temperature 
and atmospheric pressure. The isolation and 
retention of similar metastable metals some- 
times requires liquid-nitrogen tempera- 
tures [6]. 

Samples of this new polymorph were 
then powdered and X-ray diffraction patterns 
were taken with a Norelco diffractometer 
using CuKa radiation. There were no reflec- 
tions observed corresponding to the low- 
pressure chalcopyrite structure, but some 
weak lines attributed to CdgAsj were present. 
The rest of the reflections could be indexed 
assuming a tetragonal unit cell with 
a = 4-632 A + 0-008 A and c = 5-307 A 
+ 0-008 A, The lattice parameters were 
refined by least squares on an IBM 360/75 
computer using a program written by Sparks, 
Grantzel and Long [7]. The data is presented 
in-^able 1. Direct water-displacement 
measurements of the density yield a value 
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of 6-3g/cm* indicating that there are six 
atoms (li formula units) per unit cell. This 
suggests that the Cd and Ge atoms are 
disordered. The volume change in going from 
the low to the high-pressure form is 23*4 
per cent calculated from the lattice constants 
of each at room temperature. 


Table 1 


HKL 

2ff(observed) 

20 (calculated) 

Approximate 

intensity 

111 

31-94 

32-11 

VS 

002 

33-81 

33-78 

ms 

210 

43-73 

43-70 

ms 

112 

43-73 

43-91 

ms 

211 

47-19 

47-09 

s 

212 

56-26 

56-34 

m 

300 

59-72 

59-90 

m 

203 

66-72 

66-51 

mw 

222 

66-72 

67-17 

mw 

004 

71-06 

71-05 

mw 

320 

72-% 

73-75 

mw 

104 

74-05 

74-38 

mw 

114 

77-02 

77-65 

m 

223 

79-99 

79-81 

mw 

303 

82-69 

83-01 

mw 

214 

87-19 

87-26 

mw 

411 

88-41 

89-08 

mw' 

330 

90-09 

89 84 

w 

005 

93-26 

93-16 

w 

402 

93-26 

93 16 

w 

323 

95-67 

95-74 

vw 

205 

106-09 

106 06 

w 

422 

106-09 

106 07 

w 

413 

107-99 

108-76 

mw 

500 

112-73 

112-64 

w 

324 

112-73 

113-29 

w 

511 

118-46 

118-85 

■ w 


Superconducting transitions were deter- 
mined by monitoring the self-inductions of a 


coil containing the sample. The temperature 
was measured by determining the vapor 
pressure of the helium over the bath in which 
the samples were emerged. The superconduct- 
ing transition temperature was found to be 
2*84°-3 02‘’K. This is approximately 1 degree 
higher than that of the high-pressure modifica- 
tion of CdSnAsg which has the NaCl (Bl) 
crystal structure. 
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ERRATA 

I 

L. DOBRZYNSKI and D. L. MILLS: Vibrationa] properties of an adsorbed 
surface layer on a simple model crystal. J. Phys. Chem. Solids 30, 1043 (1969). 


TkE AUTHOR regrets the following minor errors: 

(1) On page 1055 the statements “/3/M = 0125 x 10“‘'(c.p.s.)*” and « 
935°K” should be changed to read 


and 


/3 

2— = 0-125x 10«(c.p.s.)* 
M 


d„ ^ 660“K. 


(2) The scale on the abscisses of Figs. 1, 2, 8, and 9 should read 7'/(0pV2) rather 
than TiSo. 


11 

LUIZ G. FERREIRA: A local approximation for exchange and correlation in 
band structure calculations. J. Phys. Chem. Solids 30, 1113 (1969). 


It has been called to our attention that the second term in the right-hand side of 
equation (6), namely the term that depends on the imaginary part of the dielectric 
constant, is in error and should be 






k+K 


_J 

Ao + ku 


(see, for instance, D. R. RAMMON and A. W. OVERH AU SER, Phys. Rev. 143, 
183 (1966)). A computer calculation of this term, using the RPA dielectric con- 
stant, revealed that it has a very weak dependence on the kinetic energy. For the 
electronic densities one encounters in band and atomic calculations, and whenever 
this term is important, it can be approximated by 

0 054/t/In (V129) 

which is a non-negligible correction in the low-density regions. In an actual 
calculation, one should add the expression above to equations (8a) and (8b). For 
K = kf (and this is the most important case since one is really interested in energy 
levels close to the Fermi energy), we found that for a wide range of densities, the 
total exchange could be grossly approximated by 

e = 0-5 kf 

which is to be compared to Slater’s 

€ = 0-95 kf 
2797 
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' ( 

and Kohn and Sham’s 


t = 0-64 kf. 


m 

P. 3. LIN-CHVNG and R. F. WALLIS: Zeeman perturbations on shallow 
acceptor states in germanium. J. Phys. Chem. Solids 30, 1 453 ( 1 969). 

The author regrets that equation (3) on page 1 454 should read: 

= 2 2 c,^A/He,^)fiir) 

t k 

and on page 1456, the first term of the fourth line of the second column should 
read: 


1728 
^ 1225 


C'32C34(y3®). 
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2. niiutradons should not be included in the 
typescript of the papei;, and legends should be 
typed on a separate sheet. Line drawing which 
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details and clear instructions for the draughts- 
man. If figures are already well drawn it may be 
possible to reproduce them direct from the 
originals, or from good photo-prints if these 
can be provided. It is not possible to reproduce 
from prints with weak lines. Illustrations for 
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sufficiently large and bold to permit this reduc- 
tion. Photographs should only be included where 
they are essential. 

3. Tables and figures should be so constructed 
as to be intelligible without reference to the text. 
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an explanatory heading. Units of measure must 
always be clearly indicated. The same data should 
not be published in both tables and figures. The 
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printers: 0 , 9 ,+, x , A, A. 0i ♦.V,T- 

4. References are indicated in the text by 
numbers on the line in brackets, and the full 
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not be included in the numbered reference system. 

5. Due to the international character of the 
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spelling will be observed, but each paper should 
be consistent within itself as to symbols and units. 
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